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Abstract—In this paper, we consider an n-species Lotka-Volterra periodic competition system.
Using a comparison method and the Brouwer fixed point theorem, we obtain some sufficient conditions
for the ultimate boundedness of solutions and the existence and global attractivity of a positive
periodic solution. We also point out that these results constitute a generalization of K. Gopalsamy
and J. M. Cushing's.

1. INTRODUCTION

Most mathematical models for the dynamics of population growth are autonomous, which is
to say that they attempt to describe the growth and interaction of species with constant vital
parameters living in a constant environment. While this hypothesis of constant environment and
vital parameters is justifiable under some circumstances, a more realistic model would certainly
allow for the temporal variation of these parameters. Much of this temporal variation could
naturally be assumed to be periodic due to seasonal (or other periodic) effects of food availability,
weather conditions, temperature, mating habits, etc.
In this paper, we consider the n-species Lotka-Volterra system

d””-.mam—Zkuma D n21z20, i=12..n, M

where b;(t), a;;(t) (i,j = 1,...,n) are continuous w-periodic functions with [ b;(t)dt > 0 and
a;j(t) > 0. In Section 2, it is proved that any solution of (1) with positive initial value is ultimately
bounded. In Section 3, some sufficient conditions for the existence and global attractivity of
positive periodic solution of (1) are obtained.

2. ULTIMATE BOUNDEDNESS OF SOLUTIONS

Consider the Logistic equation

B = 20)60) - a)e®), = €R, @

where a(t) and b(t) are continuous w-periodic functions. From the change of variable y = 1/2
and explicit solution of the resulting equation, we can prove the following

LEMMA. If [ b(t)dt > 0,a(t) > 0, then Equation (2) has a unique globally attracting positive
stable w-periodic solution. Moreover, let x,(t) and z4(t) be the unique positive solution of (2)
with b(t) = b1(t), b2(t) respectively. If by(t) > ba(t), then z,(0) > z2(0).

If g(t) is a continuous w-periodic function, we denote max g¢(t) by g* and min g(t) by ¢'.
0<tsw 0<t<w

Choose K; > 0 such that K; > b¢/al, (i = 1,2,...,n). Denote
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S ={(z1,23,...,25);0< 21 < K;,(i=1,2,...,n)}.

THEOREM 1. Any solution (z1(t),...,2n(t)) with ;(0) > (i = 1,2,...,n) of (1) ultimately
lies in S.
PROOF. Let Z;(t) be the unique positive periodic solution of the Logistic equation

dz; .
% =1"i(bi(t)'_ aii(t) xi(t))l (2 = 112""’n)' (3)
If 7;(¢) attains its maximum when ¢ = ¢;, then ﬂ:“ﬂl = 0, and hence
= bi(ts) 8
(1) = <+
= Gy =

Then %;(2) < b¥/al;. Let u;(t) be the solution of (3) with u;(0) = #;(0), by Lemma,
Jim ((0) = 7(0) =0

As
&0 i - Za., (1) 2;(8)) < :(B)(:(t) - ass(®))

by the differential inequality theorem [1],
0 < z;(t) < ui(t), 0<t<+oo.
Take ¢; = K; — b¥ /al; > 0, then there exists T = T(z1(0),...,2,(0)) such that when t > T,
lui(t) — %(1)| < &, (i=12,...n).
Then

by
U,'(t) = u,-(t) - T,’(i) +'f,'(t) < €+ a—; = K;.
ii
Therefore, when t > T, 0 < z;(t) < K; (i = 1,2,...,n), Le.,(z1(t), z2(t),...,2n(t)) € S. This
completes our proof.
From the process of the proof above, it follows that any solution z(t) = (zi(%), ..., za(t)) with
z;(0) > 0(i = 1,2,...,n) of (1) is defined on [0, +00).

3. THE EXISTENCE AND GLOBAL ATTRACTIVITY
OF THE PERIODIC SOLUTION

THEOREM 2. Let T;(t) be the unique positive periodic solution of (3) (i = 1,2,...,n). If

/b(t)dt> Z /a,,(t)z,(t)dt G=1,2...n),

j#i, j=1

then Equation (1) has at least one positive (componentwise) periodic solution.
PROOF. Let

Bi(t)=bi(t)— > a;()T(1),  (=1,2,...,n),
J#i =1
then B;(t +w) = B;(t) and [ B;(t)dt > 0. Let &;(t) be the unique positive periodic solution of
the Logistic equation
dz;

= =B —as)z),  (=12..,n). (4)
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As b;(t) > B;(t), by Lemma, then T;(0) > £;(0). Therefore the set
D={z1,...,2,); #(0) < z; <T(0), (i=1,2,...,n)}
makes sense. Define Poincaré mapping A : R* — R" as follows
A(z®) = z(w, 2°), z° € R*,
where z(t,z°) is the solution with z(0,z°) = z° of (1). Because (1) is w-periodic system, it
follows that if * = A(z*), then x(t £*) is the w-periodic solution of (1). For every z° =

(29,23,...,20) € D let z;(t) = z;(t,2z°)(i = 1,2,...,n), then

"”' (‘) = z(t)(bi(t) - Za., (t) 25(1) < 2:(O)(5:(t) - ais(t) z:(8))-

As z;(0) = z¢ < 7;(0), by differential inequality theorem

zi(t) < Fi(t), 0<t< +oo.

Therefore
B0 5 @b - Y w0 - axt)2) = wOB0 - ®) ().
J#i,j=1

As z;(0) = z? > #;(0), then
zi(t) > #(t), 0<1t< +oo.

Therefore
() < (1) <E(), 0<t<+oo, (i=1,2,...,n).
Then
#(0) = #;(w) < zi(w) < &i(w) = F:(0), (i=1,2,... n),

therefore A(z°) € D, i.e., AD C D. By Brouwer’s fixed point theorem, there exists z* € D such
that Az* = z*. Therefore, 2(t,z*) is the positive w-periodic solution of (1). This completes our
proof.

COROLLARY 1. Suppose that f: bi(t)dt > 0, a;; are positive constants and
/ bi(t) dt > Z 2 / b(t)dt, (i=1,2,...,n),
Jj#i, j= 1

then Equation (1) has at least one positive periodic solution.
ProoOF. Because T;(t) > 0,

iit = F(t)(b:i(2) — ais(t) Ti(t)),

then it
Ti(1) ;lt = bi(t) - aii Zi()-

Integrate both sides of this equality over [0,w], we have

/0 " bi(t) dt = an /0 “z0)dt.
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Then
w Wb‘.
/’fi(t)dtzw, (i=1,2...,n).
A -

ai;
Therefore
/b,.( a> 3 “”/ byd= 3 / ai; T (1) d.
0 j#i =1 i j#i =1

By Theorem 2, Corollary 1 holds.
CoROLLARY 2. (K. Gopalsamy [2]). Suppose that b;(t) > 0, a;;(t) > 0 and

Z a,, ,  (=12,...,n),

J#i, =1

then (1) has at least one positive periodic solution.
PROOF. As b;(t) > 0, then [’ b;(t)dt > 0. From the proof of Theorem 1, it follows that

b‘u
:cJ(t)S—f—, (i=1,2,...,n).

ajj

Then ( )
by id
bi(t) > b} > Z (azl y = > wi®)T;().
J#E, j=1 7j J#L I =1

Therefore

/ob(t )dt > E /a,](t):c,(t (i=1,2,...,n).

J#1,j=1
By Theorem 2, Corollary 2 holds.

NoTE 1. For Equation (1), with n = 2, J.M. Cushing ([3], Theorem 1), using bifurcation theory,
proved that a branch of positive periodic solution exists for a finite interval of values of bifurcation
parameter [by] = (% f: bo(t)dt, with py = [a2:71(2)] as one of its endpoints. However, another
endpoint and the bifurcation direction are not determined. As the conditions of Theorem 2 for
n = 2 become

/w bl(t) dt > /w alg(t) -:L‘—z(t) dt, (Cl)
0 0

/0 oty dt > /0 ¥ an ()7 (1) dt. (C2)

Therefore (C2) means py > pu;. Clearly, another endpoint relates to (C1). For example, if
a;j(i = 1,2) are positive constants, then p; = (ag1/a11)[b1], and (C1) means (from Corollary 1)

a
p< pg = 22y,
a2

and hence
H1 < p < pa.

In the following, we say that a periodic solution, say u(t) = (u1(), ..., un()), of (1) is globally
attractive if every other solution z(t) = (z1(t)...,zn(t)), with z;(t) > 0(i = 1,2,...,n) of (1) is
defined for all t > 0 and satisfies

z—lj+mm |zi(t) — ui(t)| = 0, (1=1,2,...,n).
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THEOREM 3. Suppose that the conditions in Theorem 2 hold, and if, in addition,

n

;i) > D ayt), telw], (G=12,...,n)
i£j,i=1

then Equation (1) has a unique positive periodic solution which is globally attractive.

ProoF. By Theorem 2, (1) has a positive periodic solution u(t) = (u1(2),...,us(t)). Let 2(t) =
(z1(2),z2(t), - .., zn(t)) be any other solution with z;(0) > 0(: = 1,2...,n) of (1). By the
additional condition given, since a;;(t) are continuous and w-periodic functions, we can choose
a > 0 such that

n

a”(t)— Z a,-j(t)Za, t€[0,+00), (j=1,2,...,n).
i£f,i=1

Let X;(t) = log =;(t), U;(t) = log u;(t). Consider continuous function

n

V() = 1X:(t) = Us(t)].

i=1
As u(t) and z(t) are two solutions of (1), then

n

60 - U0) = ~as @0 ~w@) ~ Y w0 - @), (=120,

J#Lj=1

If y(¢) is any continuously differentiable scalar function defined on [0,+00), we define a function
o by
1, ify(t)>0or y(t) =0and &1 >0

oy®)=4 0, ify(t)=0and Bl =g
-1, ify(t) <O0or y(t) =0 and MMQ < 0.
One can verify that
()] = y(Dow) (D),
and

D* ()] = oy () 52,

where D' denotes the upper right derivative. It follows from the above that

DHV(t) =3 DHIXi(t) — Ui(o)l

i=1
<3 (~onlm - wOl+ Y a0 - w0
i=1 i, =1
=- Zzaz’j(t)ixj(t) —ui(t)] (@ = —ai, i # J; Ti = ai;)
i=1lj=1
== (ajj(t) - > a,-j(t)) 2 (t) ~ u;(2)]
Jj=1 i=1,i#j

<—a ) lzi(t) — u(t)] < 0.

i=l
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Then V(t) is decreasing on [0, 4+00). Therefore, 0 < V(t) < V(0) and lim; 4o V(t) = V* > 0.
Since u(t) is a positive periodic function, then there exist two positive real numbers e, and ay,
such that

0 < a; <ut) < ay, (i=1,2,...,n).

Then U;(t) = log u;(t) is bounded. As
1X: ()] < 1X:(t) = U@)] + 100 < V() + [U: (D),
then X;(2) is also bounded. So we can assume that for some Mg > 0,
1X:(1)] < My and [U;(t)| < Mo, (:=1,2,...,n).
As
i) — wi(t)] = X0 — VO] = DX, (1) - Ui(2)],

then
m|Xi(t) — Ui(t)| < |zi(t) — wi(t)] < M|X;(t) — Ui(t)], (i=1,2,...,n),

where m = e~ Mo M = eMe, Then

DtV(t) < —-amzn: | X;(t) = Us(t)| = —amV(t).

We claim that V* = 0. Suppose V* > 0, then V() > V* > 0, for t € [0,400). Therefore,
D*V(t) £ ~amV*. Then

V() < V(0)—amV*t  tel0,+00).
If t > V(0)/amV*, then V(t) < 0. This leads to a contradiction. Since
|z: (1) — wi(t)| < MIXi() — Us())] < MV (2)

then
t_lég_noo l2;(t) —u;(8) =0 (i=1,2,...,n).

This completes our proof.
NoTE 2. It follows from the proof of Theorem 3 that the condition

n

a;t)> Y ayt), (=12...,n)

i=1,i#]

is actually a sufficient one for the global attractivity of any positive periodic solution of (1). So,
the local asymptotic stability of positive periodic solution in Theorem 4 of [3] is actually the
global one.
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