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CONVERGENCE IN ASYMPTOTICALLY PERIODIC 
TRIDIAGONAL COMPETITIVE-COOPERATIVE SYSTEMS 

XIAO-QIANG ZHAO 

ABSTRACT. It is shown that there is no cyclic chain of 
fixed points of the Poincarb map associated with periodic tridi- 
agonal competitive-cooperative systems. The convergence in 
asymptotically periodic tridiagonal competitive-cooperative 
systems is then obtained by appealing to asymptotically pe- 
riodic semi-flow theory. 

1. Asymptotically periodic semi-flows. In this preliminary 
section we summarize some general results on asymptotically periodic 
semi-flows. For their motivations and proofs, we refer to the recent 
paper [20]. 

Let (X,d) be a metric space. A continuous mapping : A x X +X, 
A = {(t, s); 0 5 s 5 t < co), is called a nonautonomous semi-flow if 
satisfies the following properties: 

(i) @(s ,s ,x)  = x  for all s 2 0, x E X;  

(ii) @(t,s,@(s,r,x)) = @(t, r, x) for all t 2 s 2 r 2 0. 

Recall that T(t) : X --+ X, t 2 0, is called an w-periodic semi- 
flow on X if there is an w > 0 such that T(t)x is continuous in 
(t,x) E [0, co) x X ,  T(0) = I and T(t + w) = T(t)T(w) for all t 1 0, 
see [5, 181. For convenience, we also use the notation T(t, x) = T(t)x, 
X E X , t > O .  

Definition 1.1. A nonautonomous semi-flow @ : A x X -+ X is 
called asymptotically periodic with limit periodic semi-flow T(t) : X -+ 

X,  t > 0, if 

+(tj + njw, njw, xj) -T(t)x, j + co, 
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for any three sequences t j  -+ t, n j  -+ w, X j  -+ X, j -+ m, with 
X, x j  E X. 

Theorem 1.1 (Reduction). Let + : A x X 4 X be an asymptotically 
periodic semi-Bow with limit w-periodic semi-Bow T(t)  : X -+ X, t 2 0, 
and Tn(x) = +(nw, 0, x), n 2 0, x E X and S(x) = T(w)x, x E X. 
Assume that A. is a compact S-invariant subset of X .  If, for some 
y E X, limn,, d(Tn (y), Ao) = 0, then 

lim d(+(t, 0, y), T(t)Ao) = 0. 
t+co 

By a sequence of continuous mapping Sm : X -+ X ,  rn E N, we 
define a discrete dynamical process by 

where I : X -+ X is the identical mapping on X. For x E X, we let 
y+(x) = {Tn(x);n > 0) denote its orbit and w(x) = {y; y E X and 
there is nk -+ co such that Tn,(x) -+ y as k 4 co) its w-limit set. 

Definition 1.2. Let Tn : X 4 X ,  n 2 0, be a discrete dynamical 
process and S : X -+ X a continuous map. Tn, n 2 0, is called 
asymptotically autonomous with limit discrete semi-flow Sn ,  n 2 0, if 

for any two sequences m j  -+ co, X j  + 2, j -+ 00, with X , X j  E X. 

Let N = N u { a ) .  For any given strictly increasing continuous 
function 4 : [O, co) -+ [O, 1) with d(O) = 0 and +(co) = 1, e.g., +(s) = 
s/( l+s) ,  we can define a metric p on N as p(m1, rnz) = Id(rn1)-d(rnz)l, 
for any rnl, rnz E m ,  and then N is compactified. Let x = m x X .  We 
define a mapping 3 : X -+ x by 






























