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ABSTRACT. This paper is devoted to the study of uni- 
form persistence and periodic coexistence states in infinite 
dimensional periodic eemiflows. Under a general abstract set- 
ting, we prove that the uniform persistence of a periodic semi- 
flow is equivalent to  that of its associated Poincarb map, and 
that the uniform persistence implies the existence of a pe-
riodic coexistence state, which generalizes and unifies some 
related earlier results. As an application, we discuss in de- 
tail the periodic Kolmogorov predator-prey reaction-diffusion 
system with spatial heterogeneity and obtain some sufficient 
conditions for the uniform persistence and global extinction 
of the system under consideration. 

1. Introduction. A central problem in population dynamics is to 
study the asymptotic behaviors of the model systems. Uniform persis- 
tence (permanence sometimes in the literature) characterizes a special 
kind of global asymptotics, that is, the long-term coexistence of inter- 
acting species. There have been extensive studies on uniform persis- 
tence (see survey paper [24],review paper [19]and references therein). 
Most of these discussions have centered on models governed by au- 
tonomous systems of ordinary differential equations (ODES), delay dif- 
ferential equations (DDEs) and reaction-diffusion equations (RDEs). 
Clearly, more realistic models should include both spatial and tempo- 
ral effects in the real world, which results in general nonautonomous 
systems. A natural consideration of a periodically varying environ- 
ment (e.g., the seasonal fluctuations and periodic availability of foods) 
leads to the study of periodic systems of differential equations. For 
uniform persistence and (or) positive periodic solutions of some peri- 
odic systems, we refer to [2, 3, 7, 10, 15, 16, 22, 25, 26, 28-32] 

Received by the editors in revised form on July 6 1995. 
Key words and phrases. Periodic semiflow, ~dincart5 map, global attractor, 

uniform persistence, coexistence state, periodic parabolic systems and principal 
eigenvalue.

AMS Subject Classifications. 34C35 58F25 58F22, 58F39, 35B40, 92D25. 
Research supported in part by the kationai Science Foundation of P.R. China 

and the Science Foundation of Academia Sinica. 
Copyright 0 1 9 9 5  Rocky Mountain Mathematics Consortium 



474 X.-Q. ZHAO 

and references therein. With appropriate conditions, solutions of an w- 
periodic system (w > 0) generate an w-periodic semiflow T(t) : X + X 
( X  is the initial value space) in the sense that T(t)x is continuous in 
(t, x) E [0, +oo) x X,  T(0) = I and T(t + w) = T(t)T(w) for all t 1 0. 
The purpose of this paper is to study the uniform persistence and the 
existence of periodic coexistence states of infinite-dimensional periodic 
semiflow T(t) : X + X under a general abstract setting. Our ap- 
proaches are via the associated Poincar6 map T(w) (i.e., time-w-map) 
and the infinite-dimensional dynamical system theory. 

It is well known that the existence and stability of periodic solutions 
of a periodic system of differential equations are equivalent to that of 
the fixed point of its associated Poincar6 map (see, e.g., [6, 151). For 
the uniform persistence problem, one naturally expects the equivalence 
between a periodic semiflow and its associated Poincarh map holds 
as well. This will be confirmed under a general abstract setting in 
Section 2 (Theorem 2.1). Accordingly, some general approaches and 
results on the uniform persistence of maps (i.e., the discrete semi- 
dynamical systems generated by iterations of maps) (see, e.g., [9, 171 
and references therein) may find their wide applications to infinite- 
dimensional periodic semiflows. In particular, we can get an acyclicity 
theorem on uniform persistence of maps (Theorem 2.2), which is 
essentially due to Freedman, Hofbauer and So [9, 171. It is also 
clear that, under appropriate assumptions, the uniform persistence of 
periodic systems of ODES implies the existence of a periodic coexistence 
solution (see [25, Theorem 4.111 and [26, Lemma 11). In Section 
2, we prove a similar conclusion for the infinite-dimensional periodic 
semiflow. More precisely, we prove that the uniform persistence of a 
map, which is defined on a closed subset of a Banach space, implies 
the existence of a coexistence fixed point (Theorem 2.3). Clearly, 
an autonomous semiflow can be viewed as an w-periodic semiflow for 
any given w > 0. It follows that there is an analogous result on the 
existence of a stationary coexistence state (Theorem 2.4), which also 
generalizes and unifies earlier similar results given in [18] for one class 
of autonomous systems of ordinary and delay differential equations and 
in [5] for autonomous two-species interacting reaction-diffusion systems 
(Remark 2.5). 

In Section 3, as an application of general results, we consider the pe- 
riodic Kolmogorov predator-prey reaction-diffusion systems with spa- 














































