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Abstract The i-covering property of omega limit sets is established for monotone
and uniformly stable skew-product semiflows with a minimal base flow. Then the
convergence result for monotone and subhomogeneous semiflows is applied to
obtain the asymptotic recurrence of solutions to a linear recurrent nonhomogeneous
ordinary differential system and a nonlinear recurrent reaction-diffusion equation.
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1 Introduction

Tt is well known that the skew-product semiflows approach is a powerful tool
in the study of linear and nonlinear nonautonomous evolution systems (see,
e.g., [4,5,8,9]). This approach has also been used extensively to generalize
certain important results on global dynamics of monotone autonomous and periodic
systems (see, e.g., [1, 12]) to monotone almost periodic and recurrent systems, see,
e.g.,[2,6,10,11; 14] and references therein. Recently, Jiang and Zhao {2] established
the 1-covering property of omega limit sets for monotone and uniformly stable
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skew-product semiflows with a minimal and distal base flow, and obtained the
asymptotic almost periodicity of bounded solutions for monotone almost periodic
systems with a first integral or subhomogeneous nonlinearity. It is natural to expect
that there are similar convergence results in a more general nonautonomous case.
To be more precise, we lake into account a nonautonomous ordinary differential
system x' = f(r,x) with f € C(R x R",R"), and let H(f) be the hull of f with
respect to the compact open topology. The function f is said to be time recurrent
if H(f) is compact and the translation flow is minimal on H(f). Note that any
uniformiy almost automorphic function in C(R x R” R™) is time recurrent (see [10,
Sect. 1.3.1]). Accordingly, one may ask under what conditions on £, every bounded
solution of such a recurrent system is asymptotic to a recurrent full solution. Clearly,
one can not use the abstract resuits in {2] to prove this kind of asymptotic recurrence
since the base flow is onty minimal in our current case. More recently, Novo, Obaya
and Sanz [6] have presented some general results on the structure of uniformly
stable and uniformly asymptotically stable compact invariant sets for skew-product
semiflows with a minimal base flow. In particular, they proved that the omega limit
set of a precompact and uniformly stable forward orbit admits a minimal and fiber
distal flow extension. Further, we observe that if a compact invariant set K of such
a skew-product semitlow admits a flow extension and its section map is continuous,
then X is an 1-covering of the base space whenever its intersection with some fiber
is a singleton (see Lemma 2.4).

The purpose of our current paper is to generalize two abstract convergence results
i [2] 1 skew-product semiflows with a minimal base flow in such a way that
we can obtain the asymptotic recurrence for monotone and subhomogeneous or
uniformly stable recurrent evolution systems. For a monotone and subhomogeneous
semiflow, we can not directly utilize the afore-mentioned results under the norm-
induced metric. However, we can prove the l-covering property by employing
the uniform stability of compact and strongly positive invariant sets with respect
to the part metric (Lemma 3.1). For a monotone and uniformly stable skew-
product semiflow, we will introduce a new assumption of the strong componentwise
separating property (see (A4)) to prove the convergence result without assuming that
the positive cone P is solid (i.e., Int (P) # ©). We should point out that our arguments
were highly motivated by those in [2,6, 14].

The remained part of this paper is organized as follows. In Sect.2, we present
some basic concepts and results in the theory of skew-product semiflows. In Sect. 3,
we prove the 1-covering property of omega limit sets for subhomogeneous and
strongly monotone skew-product semiflows in the case where Int(P) # @ (Theorem
3.3), and for monotone and uniformly stable skew-product semiflows with the strong
componentwise separating property without assuming Int(P) # @ (Theorem 3.4).
Section 4 is devoted to the application of the convergence result to a linear recurrent
nonhomogeneous ordinary differential system (Theorem 4.1) and a nonlinear
recurrent reaction-diffusion equation (Theorem 4.2).
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2 Preliminaries

Let R. = [0,00), (M,dy) be a complete mewic space, and (Y,dy) be a compact
metric space. We use d to denote the metric on the product space M < Y, which is

induced by dy; and dy. N - . . |
A continuous flow & : ¥ x R — Y is said t be minimal if Y contains no nonempty,

proper, closed invariant subset. Clearly, a low ¢ : Y x R — Y is minimal if and only

if every full orbit is dense in Y. . ‘ | .
Consider a continuous skew-product semiflow IT: M x ¥ x K, — M =¥

defined by
Oy, 1) = (u(x.y,). o). Yy e MxYx R..

For convenience, we also use I, to denote IT(-.r). A subset K of M x %v; said 5
be IM-invariant if IT,(K) = K for all r > 0. Further, the skew-product mﬂd_mcs‘ Iis
said to be recurrent if its base flow (Y. c.R) is minimal. Throughout this paper, we
always assume that I is recurrent.

Definition 2.1. Let T be a skew-product semiflow on M x Y. A forward o.&:
I {x0,¥0), ¢ = 0, is said to be uniformly stable if for every € > 0, there is a
8 = 8(g) > 0, called the modulus of uniform stability, such that

d(N{x.y0, T+ 1), M(x0.y0.T+1)) <& 920

whenever T > 0 and da{u(x,¥0. 7). u(x0.y0, 7)) < 8. LetK C ?«,x.% be a compact
[-invariant set. The semiflow (K.JLR, ) is uniformly vmw&_m it for every € > 0.
there is a & = 8(¢) > 0 such that d(T(x.y,1). T(x2.3,7)) < &, ¥t 2 0, whenever
A.«Tvav,mkmqw,v € K with QEA«S_HNV < 4.

A compact IT-invariant set K C M x Y which admits a flow extension is said 0
be fiber distal if for any y € Y, any two distinct points (x1. v). (x2,¥) € K, we have

Emm&\s??rvﬂf u{xa.y,1)) > 0.
reRk

For any given set K C M x Y, we define K, :={x € M : (x.y) €K}, Vy€Y, and

Yo(K):= {¥ €Y : for any ¥ € K;, y € I’ and any sequence {1} - R with )
o, (y) = §. there is a sequence {x;} C K such that u{x;, y. L) — I}

Further, K is said to be an 1-covering of Y if K is a singleton forallye?.

Theorem 2.2 [6, Theorem 3.4} Let K C M XY be a EEE.Q [-invariant ,S
such that every point of K admits a backward orbit. Q,‘QNW zm::.&cs. (K .E.ﬁ; ) :.
uniformly stable, then it admits a flow extension which is fiber &5& and E‘:\cz,i y
stable as t — —oo. Further, the section map for K, y € ¥ — K., is confinuous ar

every y € Y with respect to the Hausdorff metric.
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Theorem 2.3 [6, Proposition 3.6]. Ler {T(&,7,1) : 1 > 0} be a precompact
Jorward orbir of the skew-product semiflow T1 and let K denote the omega-limit
set of (£,7). Then the following statements are valid:

(1) If K contains a minimal ser K which is uniformly stable, then K = K and it
admits a fiber distal flow extension,

(2) Ifthe forward orbit is uniformly stable, then its omega-limit set K is a uniformly
stable minimal set which admits a fiber distal flow extension.

Lemma 24. Ler K be a compact M-invariant ser such that it admits a flow
extension. If the section map for K is continuous at every y € Y with respect to
the Hausdorff metric, then Yo(K Y=Y, and K is an L-covering of Y whenever K, is
a singleton for some vy € Y.

Proof. Clearly, it suffices to prove that ¥ C Yo(K). Let 5 € Y be given. For any
X € Ky, y €Y and any sequence {#;} C R with 0;(y) — 3, by the continuity of
the section map y € ¥ Ky, we can deduce that there is a sequence x; € NQM o)
such that x; — . Note that K is invariant under the flow extension Il, we have
Nﬁ () = u(Ky,y,5;). It then follows that there is a sequence {x;} C Ky such that
X =u(x;,y,1;) and u(x;,y,4) — %, and hence, ¥ € Yo(K). This proves that H(K)=7Y.
Now we assume that Ky, = {x0}. For any given ¥ € Y, the minimality of the base
tlow implies that there exists a sequence {t} C R such that 6;, (o) — y as n — oo,
Since y € Y = Yy(K), it follows from the definition of Yo(K) that for any ¥ € K,,
there holds limy, .. u(xg, yg,f,) = £ This implies that K, is a singleton. O

Let (X, P) be an ordered Banach space. For x1,x; € X, we write x, <xpifxy—
X EP X <xpifxy—x; € P\ {0}, x; « x5 if Int(P)#£ @and x; —x; € Int(P).
A subset U of X is said to be order convex if for any a,b € U with a < b, the order
interval [a,b)y = {xe X a<x < b} is contained in U,

In the rest of this paper, we assume that V is a closed and order convex subset of
the positive cone P.

Let Q:V xY — Y be the natural projection. For a skew-product semifiow,
we always use the order relations on each fiber Q71 (y). We write (x1,5) 2y (>y,
2y)(x2,y) if x> xa(x) > x0,x > x2). Without any confusion, we will drop the
subscript “y”.

A skew-product semiflow II, on V x ¥ is said to be monotone (strongly
monotone) if

:~ AH_ ?«.v m AAAv:» ARN,%V

wheneverz > 0 and (x1,y) < (x2, ) ((x1,y) < (x2,)).
To study omega limit sets of a monotone skew-product semifiow I, we need the
following assumptions.

(A1) Every compact subset in V has both the greatest lower bound (g.L.b.) and the
least upper bound (Lu.b.).

(A2) Forevery (x,y) €V x Y, there is a fo =1p(x,y) such that {IT; (x,y) 11 > 1} is
precompact,
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(A3) The skew-product semiflow I1, : V x Y — V x Y 15 monotone, and every
forward orbit of T, is uniformly stable.

Note that if (A2) holds, then every omega limit set w{x,y), (x.y) €V <Y, isa

nonempty, compact and I'l-invariant subset in V x Y. .
Let K C V x Y be a compact [1-invariant set. For any given y € ¥, we define

(p().y) =glb. of KNQ™'(y)

and B
(g(y).y) =Lub. of KNQ '(¥).
By (A1), p(¥) and g(y) are well defined. . 4
In view of Theorems 2.2 and 2.3 and Lemma 2.4, it is easy (o see that 5@. proot
of [2, Propositions 3.1 and 3.2] still works in the case where the base flow is only
minimal. Thus, we have the following result.

Theorem 2.5 {2, Propositions 3.1 and 3.2]. Assume that (A1) — (A3) :QE. Ler
K:=w(x0.y0), (x0.y0) € V x Y, be fixed. Then the following statements are valid:

(1) Foranyy €Y, both w(p(y).y) and @(q(y).y) are 1-coverings of Y. »

(2) Let (p.(y),y) = @(p(y),y) Q7' (v) and (¢-(y},y) = @(g(y).y) " Q" (¥).
Then (p.(y).y) < (p(y)-¥) < (z,¥) < (q(¥).y) < (¢-(v).). V(z.y) €K

a\@xmawwm%az&am%‘Sm%\EE@:A?C_VQ,CHhkggv.

3 Global Convergence

In this section, we establish the l-covering property for omega limit sets of
monotone and uniformly stable recurrent skew-product semiflows. N
We first consider a monotone skew-product semiflow (ILV x Y, R ) in the case

where Int(P) # 0. We use the notations
¥ (x,y) = {IL(x,y) :1 > 0}

and ,,
yiey) = {IL(x.y) 1t € R}

to denote the forward orbit and full orbit (if it exists) through (x.y), respectively. IT

is said to be subhomogeneous if

ulox,y,t) > au(x,y,1), Yixy)eVxY aec(0.1),1>0. ()

Asin [2,7, 13, 14], we define the part metric p on [nr{ P} by

plxy,xp) =inf{lna: o > 1 and o tx) <xo <axy, Vx,x € Int(P).
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Then (Inz(P),p) is a metric space (see, e.g., [7], [13]). We denote the metrics of
the product space /nt(P) x Y induced by (p,dy) and (|| - ||,dy) as d, and d
respectively.

WE::S 3.1 [14, Claim 1]. Iy (ILV x Y,R.) is monotone and subhomogeneous,
then

DASA.«_L_.NY:O«N.vii < plx,x2)
Jorall xy,xy € Int(P) and (y,1) € ¥ x Ry with u(x;,y,t) € Int(P),i=1,2.

Clearly, Lemma 3.1 implies that for any two forward orbits y* (x;,y) C Int(P) x
Y.i=1.2, we have )

dp (Mg (x1 ) Tle(32,3)) < dp (Me(x1,y), Me{xa,y)), 120,720, )

Given xg € Int(P), we can choose a real number r > 0 such that the closed noﬁs‘

ball B(xo,2r) := {x € X : ||x — xol| < 2r} C Im(P). Then for any x € B(xo, ), there
holds B(x,r) C Int(P). By [3, Lemma 2.3 (i)], we have

{lx = xol|

Dﬁk“kovm:_ 1+ ) {kmMAkol.v. 3

r

TWEE» 3.2 2, Lemma 5.1]. Assume that y*(xg,y0) C Int(P) X Y is precompact
in (Int(P) x Y,djy) and its omega limit set SA\«oQovu_‘.: C Ini(P) x Y. Then
¥ (x0,)0) is also precompact in (Inf(P) x Y,dp ), and @(x0,¥0)a, = 8?@@35_ I

Theorem 3.3. Assume that the skew-product semiflow (ILV x Y,R.) is subho-
mogeneous and strongly monotone, and (A2) holds. If 1 admits a forward orbit
Y™ {xg,y0) CInt{P) < Y such thar @(xg,y0) C Int(P) X Y, then for any (x,y) €V x ¥
with x > 0, @(x,y) is an 1-covering of Y, and imy . lu(x,y,t) — u{x*,3,0)|| =0
where (x*,y) = o(x,y) N0~ (y). - _

Proof. Forany (x,y) € V x Y with x >> 0, we can choose a point (£,y) € @(xp,y0) C
Int(P) x Y such that x > of for some sufficiently small o € (0,1). It then
follows that “

I (x,y) = (u(x,y.0), 00 (v) = (w(@® 1), 00 (y)) = (qu(x,y,1),0:(y)), Vt>0,

and hence K := o(x,y} C Int(P) x Y. Note that ®(x,y) = w(%,¥) for any (%.7) €
Y (x,¥). Without loss of generality, we then assume that ¥ (x,y) C .::QJ. xY
‘me:vn Lemma 3.2 implies that K = SQ_E@‘ In view of Lemma 3.1, (2) and @.
1t is easy to check that IT is a semiflow on the compact metric space (K,d,) m:a,
that any Il-invariant subset of K is uniformly stable in d,. It then mo:minm ,@05
ﬁﬁo&.ﬁm 2.2 and 2.3 that K is a minimal set which admits a fiber distal flow
@x.gsm_o? and the section map for K, y € Y — K,, is continuous at every y € Y
@5 respect to dp. Let Yp(K) be defined with 8%02 to dp. Thus, Lemma 2.4
implies that Yy := Y5(K) = ¥ in our current case. By [10, Theorem 11.3.1], we then

Monotone and Uniformty Stable Recurrent Skew-Product Semiflows 397

conclude that forany y €Y, KN 0~ !(y) contains no pair of strongly ordered distinct
points. By the same contradiction argument as in {2, Theorem 5.1}, it follows that
Card(KNQ~H(y)) =1 forally €Y, thatis, o(x,y) is an 1-covering of Y.

To prove Hmy e flu(x,3,1) — u(x*,y.1)]| = 0, we assume, by contradiction, that
there exist an & > 0 and a sequence f, — e such that fee(x.y,tn) — ulxyta)|| 2
g, Yn > 1. Clearly, o(x*,y) € K = @(x.y). In view of (A2), we can further
assume, without loss of generality, that limy e (¥, 3,2) = {x7.y") € K and
limy e TT(x*.y,1,) = (x5.¥") € K. Since Card(KNQ7H(y™)) = 1. we have x] = x.
Thus, 0 = f|x} —x3]| = limy e ffu(x.y.0n) — u(x™y.1a)l| = €0, a contradiction. U

merémmmgc:msﬁrm_-oo<ma:mw8wm:v\ oﬁoiamm:E:mmGH,oquo:oE:a
and uniformly stable skew-product semiflow with the strong componentwise sepa-
rating property without assuming / nt(P) # 0.

Let (X;,P), 1 <i<n, be ordered Banach spaces. For each I = {j1sdae s Jm}

t

C N:={1.2,---,n}, we define

m m

X; = :N\ﬁ Pp= Emu\».
k=1 k=1

Then (X;,Pr) is an ordered Banach space. Let <; and <; be the orders induced by
P; in X;. In the case where [ = N, we use (X.P) to denote the ordered Banach
space (Xn.Py), and omit the order subscripts to get the orders < and < in X,
respectively. For each 1 <i<nmlet @ X xY =X be the projection mapping

defined by Qi(x,y) = xi.
Let V be a closed and order convex subset of X. For the skew-product semiflow

M-VvxY xR, =VxY,

we make the following additional assumption.

(A4) For each 1 < i< n, there exists a continuous map P; : X +— Z;, where (Z,,Z;")
is an order Banach space with Int(Z]) # 0, such that

Piu(x1,y,t) > Pit(xz,¥,1), Ve > 0.y € ¥, wheneverx; > xp withPix; > Pixa.

Theorem 3.4. Assume that (A1) — (A4) hold. Then for any (ag,y0) EV XY, K=
@(x0,Y0) is an 1-covering of Y, and Wy oo f (30 Y0 1) — u{xg. Y0, )| = O, where
(x5,30) = @ (x0,50) Q" (¥o)-

Proof. By Theorem 2.2, Theorem 2.3 (2), and the assunptions (A2)-(A3), we
can deduce that K := o(xp.yy) has a flow extension which is minimal and fiber
distal, and the section map for K,y €Y +— K, is continuous at every y € Y. Thus,
Lemma 2.4 implies that ¥ := Yp(K) =Y in our current case. Invoking Theorem 2.5,
we conclude that foreach ¥ €Y,

w(p().3) =K"= {(p.{y).¥) 1 yEY]. (4
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where (p(§).¥) = g.Lb.of KNQ™1(F) and (p.(3).y) = @(p(¥),5) N Q1 (y) for every
v €Y. Let (x,y) € K be given arbitrary. Since K is minimal, there is 7, — oo
mzow that Iy, (x,y) — (x,¥) as n — e=. Note that p(y) <x, (p.(y),y) = o(p(y),y) N
ma. {¥). On the other hand, (A2) implies that there exists a subsequence ow T

.éﬁo: we relabel as 7, such that I, (p(y),y) = (p.(y),y). Hence p.(y) < x. >m
in the proof of {2, Theorem 4.1], we now prove that there is a subset J C ﬁ,l: -,n}

denoted by J = {1,2,---,m} without loss of generality, such that o

Pip.(y) = Pix foreach (x,y) € Kandi¢J, 5)

Pip.(v) << Pix foreach (x,y) €Kandi€J, 6)

and that there exists an & > 0 such that

Pi(B (p.(v).&)) < Pix foreach (x,y) € Kand i€ J, (7
where BY (p.(y), &) denotes the set

AH = A\«T‘ S X Pamk Ly Pan) EV X > E*CQ and :RI%*A.«Q: < mov

We first show that if Pip.(¥) = Pif for some i € {1,---,n} and (%,7) € K
then \N.?C,v = Pix for any (x,y) € K. Thanks to Theorem 2.2, we wroé Emm
K admits a flow extension and Pu(p.(¥),7,s) = Pu(%,7,s) for all s € (—e,0).
OSon.,Smn, there would be 5 € (—o0,0) with Piu(p.(7),7,s) < Pu(%,7,s). H,:o:
.TEV, mdm__wmwr that P;p.(¥) < Pi%, a contradiction. Let (x,y) € K be m?a:,. Since K
is minimal, there exists a sequence s, | —e y £, ¥

In view of Theorem 2.5 Gv,@s\m EZM ' Puch that @, (5) =y and u(F $ion) =

ﬁ;lﬁﬁ:@%in,wwﬁ:%,qi.évua_mwﬁ?ﬁq;@znﬁw*cﬂv.
Thus, we have Px = Pip,(y) for each (x,v) € K.

Now we prove that if P;p.(§) < P;% for some j € {1,---,n}, then we have
Pjp.y) < Pjxforany (x,y) € K. The flow extension on K implies P;u(p.(5),7,s)
A.ﬁ.:@,.ﬁ& for all s € (—e<,0). Suppose not, then there would _um s € Al,oo“ov
with Pju(p.(¥),¥.5) = Pju(%,¥,s). By Theorem 2.5 (3) and the above mnm:Em,E
we see that P;p.(¥) = P;X, a contradiction. Note that for any (x,y) € K, there oxmmﬁm,
a sequence s, | —oo such that &, (¥) — y and u(¥, 7,5, ) — x. Let 5 > O be given, it is
QmE that Gy, 1, (V) —+ Oy (y), (X, 5,50 ~10) = X € Kg_,_(y) and u(%, 0_¢, (), V,Hx
By Theorem 2.5 (3) again, we have o e .

Pjx = Im Pju(%, 5,50 —19) > im Pju(p.(5), 5,5, — to)

aet n—roo
= lim Pip. (05,1, (7)) = P;pa (01, ()):
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By the above result, we can deduce that P& > Pjp.(0-q,(y)). Hence, (A4) and
Theorem 2.5 (3) imply that

Pix = Pju(F, 0 (¥)s10) > Pjut(ps(Osy () O (¥)to) = Pipy)-

Since (6) implies (7), (5)—(7) follow immediately from the above arguments.
Let (x,y) € K and define x¢ = (1 — o) p.ly)+ o for o € [0, 1], and

L={oc0.1]: o(xq,y) =K}

Invoking Theorem 2.5, we see that o(p.(v).y) = K. Combining this with the
monotonicity of the semiflow, we deduce that if0 < o €L, then [0.0] C L.

Next we show that L is closed, that is, if [0, &) C L, then o € L. Since {TT{x, 3. 1) ¢
¢ > 0} is uniformly stable, let 8(¢) > O be the modulus of uniform stability for
e. Thus, we take B € [0,) with [xg —xgll < &(g) and we obtain Jlu(xg.y1) —
u(xg.y,1)|| < & foreachr > 0. Moreover, @(xg,y) = K™ and hence. there is a ) such
that [|u(xg,y,t) = p.(0:(3))]l < € foreach t > 1. Then, we deduce that {lu(xq,y.1)—
p.(0:(y))]] < 2e foreach r = 1y and ®(xq.y) = K*, as claimed.

Now we prove that L = [0, 1]. Assume, by contradiction, that L = [0.a] for some
0 < ¢ < 1. Let g be the number defined in mf? (v),€p) of (7). Then the uniform
stability assumption implies that we can take & <7 < 1 such that

urqayt) — ey y0)| < 2. ¥ 20, )

As above, from @(xg,y) = K* we deduce that there is af; 2 0 such that u(xe,¥.1)
—p.(o: ()] < § foreachr = 1. Consequently, for each r > 11,

Hu(xy,y.0) = pe(a ()] < & 9)

Let (£,7) € 0(xy,y), i.e, (£,3) = limy e (#(xy, 32 0n). O3, (¥)) Tor some g T oo The
monotonicity, p.(y) < xy and Theorem 2.5 (3) imply that p.(0y, (¥)) < ulxy,y.0n),
which yields to p. () < £. Since p.(y) < xy <x, we have p.(o, (V) < u(xy.y,0) <
u(x,y,t,), and hence, by (5), we deduce that Pip.(oy, (v)) = Piu(xy, 1) for each
i ¢ J. This yields to P;p.(¥) = Pix for each i ¢ J. For any given (z,¥) € K, it follows
from (5) that P;p. (7) = Piz for each i ¢ J. By (9), we deduce that £ € B, (p.(¥). &)
In view of (7), we have P;% < Pz foreachi€ J. Thus, we can conclude that p.(7) <
£ < 7. Since this holds for each (z, ) € K, the definition of p provides p.(¥) < ¥ <
p(§). From (4) we see that o(p(§),7) = K*. It then follows from Theorem 2.5 that
o(%,7) = K* € w(xy,y). By (A3) and Theorem 2.3, we conclude that @(%,5) =
o(xy,y) =K*,and hence y € L, a contradiction.

Since L = [0, 1], we have @(x,y) = K*, and hence, the minimality of K implies
that K = K* and J = 0. Thus, K is an l-covering of Y. As in the proof of

Theorem 3.3, we can deduce that lmy e [[#(x0,y0,) — u(xy.yo0,0)|| = 0, where
(xt,30) = ©(x0,30) 10~ (¥0)- U
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4 Applications

In this section, we applied the results in Sect. 3 to study the asymptotic recurrence
of solutions to two recurrent evolution systems.
First, we consider

d
% =A(Du+f(1), u(0)eR", (10)
where A{r) is a continuous n x n matrix function, and f = (fi,...,f4) ' R - R*isa

continuous function. We assume that there exists & > 0 such that
A1) 2 &, filt) > 6, VI <i#j<n

Detine As(r) = A(s~+1) and fs(r) = f(s+1). We further assume that the set { (A, f;) :
s € R} has compact closure H(A, f) with respect to the compact open topology, and
that the flow 6 : H(A, f) x R = H(A, ), defined by o((B,g),t) = (Br,g),t €R, is
minimal. For any given (B,g) € H(A, f), letu(r,x,B, g),t > 0, be the unique solution
of the linear system 2 = A(r)u + f(1) satistying u(0) = x € R".

Theorem 4.1. Assume thar for any (B,g) € H(A,f) and x € R"., the solution
u(t,x,B,g) is bounded. Then (10) has a unique positive, recurrent and bounded
Jull solution u™(t) such thar imy .. lu(r,x,A, f) — u*(1)| = 0 for any x € R%.

Proof. Foreachx € R and (B,g) € H(A, f), let u(t,x, B, g) be the unique solution
of (10) with (A, f) replaced by (B, g). By the comparison theorem for cooperative
systems, each u(r,x,B,g) exists globally on [0,e) and u(t,x,B,g) > 0,Vr > 0.
We define the skew-product semifiow IT, on R” x H(A,f) by TL(x,(B,g)) =
{u(t,x,B,g),0:(B,g)). By the comparison theorem for cooperative and irreducible
systems and the variation of constants formula for inhomogeneous linear systems,
it then follows that the skew-product semifiow I, is strongly monotone and
strongly subhomogeneous. By our assumption on f, we see that the omega limit
set 0(x,4, f) is compact and w(x,A, f) C Int(R%) x H(A, f) for any x € R".. Thus,
Theorem 3.3 implies that for any x € R%, o(x,A, f) is a 1-covering of H(A, f).
Clearly, ; t0(x,A, f) = o(x,A, f) is a compact, minimal and fiber distal flow.
Let 2% € R% U@ given, and define u*(r) := u(t,x*,A, f), where (x*,(4,f)) =
o(x%,A b NQ7YA,f). It then follows that u *(r) is a positive, recurrent and
bounded full vo_::os of (10). In order to prove that @(x,4,f) = 0(x°A,f)
for any x € , by the minimality of both IT; : @(x,A,f) - @(x,A,f) and
oA le? A, f), it suffices to prove that @(x,A, f) N w(x°,A, f) # 0.
Assume, by contradiction, that @(x,4,f) N w(x°,A,f) = 0. Then we have
d(@(x,A, f). o(x°A, f)) > 0, where d is Sm metric on the Eom:oﬁ space
RY x H(A, /). Let (x1.B.) = 0(xA, )N 0" (B,g) and (x2,B.8) = 0(x", A, f)1
07'(B,g). On the other hand, by the minimality and the 1-covering property,
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there exists f, — o= such that lim,_..T1, (xi.(B,g)) = (x;,(B,g)), and hence
limy, o0 u(tn, xi, B, g) = xi, i = 1,2. For any fixed 1o > 0, let

(x},(B,g)) =1, (x1,(B,g)) € o(x,A,f) C Int(R )y < H(A, f),

and A
(x5, (B,g)") = My (x2,(B.g)) & w(x’ A, f) C Int(RY) < H(A, ).

Then | \ ) o
::%.«TAW,%VV = :?\“CA».T:W,%V v, Vi= _,t,: =z 1.

By the strong monotonicity and strong subhomogeneity of [T, Claim 2 in the proof
[14, Theorem 2.1}, and [14, Remarks 2.1 ~2.2}, we then obtain

plxi,x2) = lim p(u(ty, x1,B,8), ulty, x2,B,8))

oo

= lim p(u(ty —to,x),(B.&)"), ults —10,%5,(B,8)"))

n—ye0

p(¥y, xy) = p(ulto, x1,B,8), ulto.x2,B,8))
< p(xy, x2),

|

|

V\

a contradiction. Therefore, ©0(x,A,f) = w(x A, f) for any x e Ry m then _,c::s_m
from Theorem 3.3 that limy . ju(t,x,4, f) = u™(t)] = 0 forany x € R, O

Next, we consider the scalar nonautonomous Kolmogorov parabolic equation

Ww d(t)Du+uf(x,t,u) in € x (0,00}, ()
Bu=20 on dQ x (0,00},

where Q is a bounded and open subset of %2 with smooth boundary d€, A is the
Laplacian operator on RY, Bv=vor By = u; + av for some nonnegative function
o e C'O(IQ R), d(-) € C(R,R), and f € CH{Qx R x R, ,R).

Let H(d, f) be the closure of {(d, f) : s € R} with respect to the compact open
topology, where (dy, f;) € C(R,R) x C(Q x R x R, R) is defined by

dy(t) =d(s+1), folx,t,u)=flx,t+s,u), Vinu) e QxRx R,

Define o,(11,8) = (i1, &), (1t.8) € H(d, f), t € R. We assume that

(B1) H(d,f) is compact with respect to the compact open topology and the flow o,
on H(d, f) is minimal. o

(B2) d(-) € C(R,R) is bounded with d(t) > dy, ¥t € R, for some dy >0, and d(t V is
Hélder continuous in t € R; f € C2(€ x R x Ry, R) is bounded, £, (x,f,u) <
0,V(x,1,u) € @ x R x Ry, and f(x,1,0) is uniformly Holder continuous in
(t.x) eRx Q. i

(B3) There exists My > 0 such that Flx,t,Mg) <0, 9(x,1) € QxR
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Let p € (N, ) be fixed. For each § € (1/2+N/(2p), 1), let Xp be the fractional
power space of X = LP(€) with respect to (~A, B). Then Xp 1s an ordered Banach

space with the cone X,j” consisting of all nonnegative functions in Xg, and xm has

nonempty interior ?ka;v. Moreover, Xg C ﬁ_+<ADv with continuous inclusion for
ve[0,28~1~-N/p). We denote the norms in Xg and LY(Q) by || - g and |- |2,
respectively.

By the theory of semilinear parabolic differential equations (see, e.g., {1, Sect.
HI. 20}), it follows that for every ¢ € kmf and (1,8) € H(d, f), the parabolic problem

Ww =u()Au+ug(x,t,u)  inQx (0,0),
Bu=0 on 9Q x (0, o), (12)
:A;Ov =¢

has a unique regular solution u(x,?, ¢,4,g) with the maximal interval of existence
1(¢,14,8) C[0,50), and I(9, 11, 8) = [0,e0) provided u(-,t,9,1,8) has an L-bound
oni(¢,u,g).

According to [4,5], the principal spectrum of the linear nonautonomous parabolic
problem

v
= =d(t)Av+ f(x,t,0)v, xeQ teR,
= = d(1)8v+ f(x.1,0) "

Bv =0, X€I, teR

1s defined to be the dynamical (Sacker-Sell) spectrum of its associated linear skew-
product flow restricted to the one-dimensional subbundle of Xg x H(d, f(-,-,0)).
By {4, Theorem 2.6 and Proposition 2.11 (i)), it follows that the principal spectrum
of (13) is a nonempty and compact interval [Aint(d, (-, 50)), Asup(d, £, -, 0))],
and (13) admits a unique strongly positive full solution v(t),t € R, with [|[v(0) |, =
such that

Aint(d, f(-,-,0)) = lim w:m_om__iﬁv:ul log{jv(s)li2

t—s—roo t—s !

and

g (. £ 0)) = limsup 2B IO = ogiv(s) >

[ =300 t—s

We are now in a position to prove the following result on the global convergence
for (11).

Theorem 4.2. Let (B1)~(B3) hold. Then the Jollowing two statements are valid:
(1) If Asup(d, f(-,+,0)) < O, then lim, .. lu(-,t,¢.d,f)lip =0 for every ¢ € xm_.
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(2) If Ame(d, f(-,-,0)) > O, then for every ¢ m\xm‘ \ {0}, ,Sm% exists o pusi-
tive, recurrent and bounded full solution u(x,:,9~,d,f) of (11) such that
Esalvoo :tﬁ.,?ﬁqu&ﬁv - tA.1N, Sx,Q,,\,v:u =0.

Proof. For any (i,g) € H(d, f), both (B2) and (B3) imply that u = M, M > \.Soﬂ
is an upper-solution of (12), and hence, by the comparison 509.2: and a priori
estimates of parabolic equations (see, e.g., [1]), each solution u{x,z, .? W, g) exists
globally on {0,c0), and for any 1o > 0, the set {u(-,t, ¢, 1,g) 1 > 1fp} is w_.moo:GmQ
in Nmr. We define the skew-product semiflow IT; “Nm, x H{d,f} — km x H{d,f)
by IL{(¢,u,8) = (u(-,,¢,1,8), & ). Then for each (¢.p,g) € me x H(d, f), the

omega limit set (¢, i, g) of the forward orbit y* (¢, 1, g) := {IT,(¢. 1, g): N.N 0}
is well defined, compact and invariant uader I1,, ¥ > 0. Moreover, ,Sm BPA,%:E
principle for parabolic equations implies that I, QXM MO < H{, f)) C §2Nm B
H{d,f),vt>0. o

In the case where Aqwp(d, f(-.-,0)) < 0, we choose a sufficiently small num-
ber & > 0 such that Aqp(d, f(-,-,0}) + & < 0. It then follows that [[v(1)]]; <
elAsup(dof (04811 for sufficiently large 7, and hence lim, .. |[v(z)|[2 = 0. For any
¢ € X, there exists a sufficiently large number K > 0 such that ¢ < Kv(0). Note

that u(x,z,¢,d, f) satisfies the following ditferential inequality
ou A 1O inQx (0.0) ‘
MM&QV tnT\,A.x, . v . ,, A_r\_,v
Bu=0 on d€2 x (0,ee).

By the comparison principle, we see that
u(-,1,0,d, f) < Kv(t), vt > 0,

and hence, limy_,« |ju(-,7.¢.d, f)]2=0. Now we prove lim,... Jlu(-,¢.9.d, [} 3=0.
For any (w,f.g) € w(¢,d.f), there exists a sequence f, — ¢ such that
limy e Ih, (9,4, f) = (w,1,¢), and hence, limy, o lu(-.10,¢.d. f) — ylg = 0.
Since Xg C C1(Q) with continuous inclusion, we have :E:lz:?m:e,&,b,u
w(x) uniformly for x € €, and hence, ||yl = 0. Since y(x) is nonnegative
and continuous on £, we further obtain that y(-) = 0. It then follows that
limy e __tﬁ.v?ﬁ,&f\.i_m =0. N o

In the case where Ape(d,f(-.-.0)) > 0, we fix a positive number
£ < Ains(d, f(-,+,0)). Then we have the following claim.

Claim. There exists & > 0 such that limsup, . |ju(-,7.¢,4,8)|lg = & for all

(9,14:8) € (X5 \ 10 < H(d.). -
Indeed, since H(d,f) is compact and the trapslation flow o; is minimal on
H{d, f), there exists & > 0 such that

lg(x,t,u) —g(x,1,0)| <&, VxeQ,teR uecl0,&] (U.g)€Hd.f).
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Since Xg C C '(Q) with continuous inclusion, there exists § > O such that for any
¢ € Xp, |9llpg < 6 implies that [[¢]l. < &. Suppose for contradiction that for
some (¢, 1, 2) € Cmm \{0}) x H(d, f). there holds limsup, .. u(-,1,¢,1,8)||5 < 8.
Then there is 1) > O such that {|u(-,7,¢,1,g)|lg < & for all # > 1o, and hence
::é,?cf%k&:@ < 8 for all + > 0, where T\\;\,\Nv = TA;S,&::,%VL& s 81 v €
N:RNNWJ x H(d, f). By the choice of & and &, it follows that u(x,t, ¥, v, k) owwammom
the following differential inequality

J ,
u.w > Y1) u+ (h(x,1,0)~ €)u  inQ x (0,00),

(15)
Bu=0 on dQ2 x (0,0).

It .wm.ommv\ o o:\mnw that (7,A(-,-,0)) € H{d, f(-,-,0)) and the translation flow o, is
minimal on H(d, f(-.-.0)). Thus, we have H(y,h(-,-,0)) = H(d, f(-,-,0)). It then
tollows that

wsa,m.u\,bA.JJOvv - ?EAQ,\,A.,.,OVV > E.

Letw(r) be the unique strongly positive full solution of the linear parabolic equation

du
5 = V() Au+h{x,1,0)u  in Q x (0,), (16)
Bu=0 on 8 x (0, ).

We choose a sufficiently small number &, > 0 such that Aie(¥,h(:,-,0)) > £+ &,
By [4, Proposition 2.11 (i)}, it then follows that [jw(z)[|, > e(hur(VAC-0)=8) for
mcmmn,mmz:v\ large 1, and hence, lim; .. {|e™¥w(r){j; = . Since W >> 0, there exists
a mw:mnomosav\ small number k > 0 such that y > kw(0). By (15) and the comparison
principle, it follows that

u(~ 1,y Y, h) > ke w(t), ¥r > 0,

and hence, :nglzi.} ¥, 7.h)ll2 = o, which contradicts the boundedness of
u(-, 1.y v, k) in C(Q).

) By the claim above and the same arguments as in [14, Theorem 3.1], we further
ave

0(9.1.8) CIn(X5) < H(d f), (p,41,8) € (X3 \ {0}) x H(d, f).

Letu(¢,u.g.1):=u(-,1,¢,1,8),t > 0. By the standard comparison theorem, it then

Mo_ﬁoém that u(-, i, g,1) is srongly monotone on kmr for each (u,g,1) € H(d, f) x
.Ao.oov. It is easy to see from (B2) that each function ug(x,r,u), (4,g) € H(d, f)
is subhomogeneous in « for any fixed (x,r) € Q x R,. By the integral <Qmmo_w 0m
parabolic (12) (see, e.g., [1}), it then follows that u(-, i, g,t) is subhomogeneous

+ for each ( c
on Xy for each (1,8:t) € H(d, f) x R,. Thus, the skew-product semiflow IT, is
subhomogeneous and strongly monotone on km x H(d,f). By Theorem 3.3, it
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follows that for every ¢ € Nm \ {0}, w(¢.d,f) is a I-covering of H(d, ), and
limy e Ju-,1,0,d, f) —u(-,1,9*.d. f)llp = O, where {¢*,d.f) € o(¢.d,f). Since
TL: 0(¢,d, f) = ©(¢.d, f) is aminimal flow, u(-.1,¢".d. f) is a positive, recurrent
and bounded solution of (11). |

Finally, we remark that Theorem 3.4 can be applied to establish the global
asymptotic recurrence of bounded solutions for n-dimensional monotone and
recurrent nonautonomous differential systems with a first integral, which gener-
alizes the resuits on the almost periodicity for these systems obtained in (2, 11].
For such a system with infinite time delay, one may choose the phase space X tobe
an appropriate subset of C({—e,0].R") and the ordered Banach space (Z:,Z7) 10
be (R,R*), and define Pi(¢) = ¢;(0) in order to verify the assumption (A4) for the
associated skew-product semiflow.
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