Notes on Liang and Zhao’s 2010 JFA paper

A remark on compactness:
All results in Liang and Zhao’s paper [2] are still valid if the assumption (A3) is

replaced by the following weaker one:

(A3’) For any number s > 0, there exists k = k(s) € [0,1) such that for any
interval I = [a,b] of the length s and any & C K with T,[U] = U,Vy € H,
we have a((Q[U])r) < k(s)a(U;). Here o denotes the Kuratowski measure of

noncompactness in Cj.

To see why this observation is true, it suffices to check the preliminary results

where the assumption (A3) is used.

(1) [2, Lemma 2.4] is true since its proof only used the above (A3'). Note that A,
defined in the proof, satisfies T}, [A] = AWy e H.

(2) To prove [2, Proposition 2.4] under (A3'), we define Ay = K and

n=1

Ai: {Ty[U] IS URC,I/H[AiflL yEH}, > 1.

Clearly, T, [/L] = A, Vy e H,1>0,and A; C A;, Vi > 0. Then the arguments
in [2, Proposition 2.4] (after replacing 4; with A;) imply that

o0

a(U(-Rc,l/n[Ai])I) < Eim.

n=1

Since

(Aija)r C U(Rc,l/n[Ai])I C U(Rc,l/n[Ai])Ia

n=1

it follows that a((Asy1)r) < kK im.

(3) [2, Proposition 2.5] is true because its proof only needs [2, Lemma 2.3] and

the new Proposition 2.4.



An a-contraction result:

The construction of the equivalent norm in [1, Theorem 4.1.1] is not right. There
are two reasons. First, S(t) is not a semigroup on C, e.g., S(0) # I. Second, |- |*
is not a norm in C since |c[* = 0 for any constant function ¢ € C. However, the
conclusion of [1, Theorem 4.1.1] is still valid, that is, there does exist an equivalent
norm in C' such that S(t) is an a-contraction for each ¢ > 0. The third paragraph on

page 879 in paper [2] provides a modified proof with an obvious change of notations.

Some typos:
(1) Page 864, line —3, the left (A;); should be (A;41);.

(2) Page 881, in the paragraph below Theorem 5.2, lim |V(z,z)—8(z)| = 0 and
hrf |V (z,2)| = 0 should be 5lim V(& z) — B(z)| =0 and 5ligl V(& x)| =

0, respectively; lirf \V(z,2) — B(z)] = 0 and lim [V (z,z)[ = 0 should be
£ligrn V(& z) — B(z)] =0 and glim [V (&, 2)| =0, respectively.
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