THE ISOMORPHISM PROBLEM FOR UNIVERSAL
ENVELOPING ALGEBRAS OF LIE ALGEBRAS

DAVID RILEY AND HAMID USEFI

ABSTRACT. Let L be a Lie algebra with universal enveloping algebra
U(L). We prove that if H is another Lie algebra with the property
that U(L) = U(H) then certain invariants of L are inherited by H. For
example, we prove that if L is nilpotent then H is nilpotent with the
same class as L. We also prove that if L is nilpotent of class at most
two then L is isomorphic to H.

1. INTRODUCTION

We shall say that a particular invariant of a Lie algebra L is determined
by its (universal) enveloping algebra, U(L), if every Lie algebra H also pos-
sesses this invariant whenever U (L) and U(H) are isomorphic as associative
algebras. Thus, roughly speaking, an invariant of L is determined by U(L)
whenever it can be deduced from the algebraic structure of U(L) without
any direct knowledge of the underlying Lie algebra L itself. For example,
it is well-known that the dimension of a finite-dimensional Lie algebra L is
determined by U (L) since it coincides with the Gelfand-Kirillov dimension
of U(L). The main purpose of this paper is to demonstrate that certain
other invariants of L are also determined by U(L).

The most far reaching problem of this sort is the isomorphism problem for
enveloping algebras. It asks whether or not (the isomorphism type of) every
Lie algebra L is determined by U(L). This problem has its historical roots
in the corresponding isomorphism problem for group rings: is every finite
group G determined by (the ring-theoretic properties of) its integral group
ring, ZG? A positive solution for the class of all nilpotent groups was given
independently in [12] and [15]. The isomorphism problem for group rings
does, however, have a negative solution in general (see [5]). We remark that
easier counterexamples exist when the base ring Z is replaced by a field.

Although the isomorphism problem for enveloping algebras is well-known
among researchers, few results have appeared in the literature. An inspec-
tion of an example constructed by Mikhalev, Umbirbaev and Zolotykh for
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another purpose (see Theorem 28.10 in [9]) readily provides a counterex-
ample to the isomorphism problem for enveloping algebras of Lie algebras
when posed in its most general form.

Example A. Let F be a field of odd characteristic p and let L(X) be the
free Lie algebra generated by X = {x,y,z} over F. Set h = x + [y,z] +
(ad x)P(z) € L(X) and put L = L(X)/(h), where (h) denotes the ideal
generated by h in L(X). Then L is not a free Lie algebra even though
U(L) is freely generated on 2 generators (and so U(L) is isomorphic to the
universal enveloping algebra of the 2-generator free Lie algebra).

An interesting open problem asks whether or not similar examples can
occur in characteristic zero; that is, does there exist a non-free Lie algebra L
over a field of characteristic zero such that U (L) is a free associative algebra?

Given the existence of Example A, it makes sense to focus the isomor-
phism problem on specific classes of Lie algebras. As mentioned above, it is
known that the dimension of a finite-dimensional Lie algebra is determined.
Thus, if L is also abelian then L is determined by U(L). There is also a
recent low-dimensional result. Based on results for simple Lie algebras in
[8], it was shown in [3] that L is determined by U(L) in the case when L is
any Lie algebra of dimension at most three over a field of any characteristic
other than two.

Motivated by the positive group-ring-theoretic results, it seems natural to
direct our attention to the isomorphism problem for nilpotent Lie algebras.
We shall also consider nilpotent-by-abelian Lie algebras. The highlights are
listed in the next paragraph. An explanation of unfamiliar terms can be
found below in Section 2.

Main Results The following statements hold for any Lie algebra L and its
derived subalgebra L.

(1) Whether or not L is nilpotent is determined by U(L). In the case
when L is nilpotent, both its minimal number of generators and its
nilpotence class are determined. If L is nilpotent of class at most
two then L itself is determined by U(L).

(2) The quotient L'/L" is determined by U(L). If the dimension of
L'/L" is finite then the following statements also hold. Whether or
not L' is nilpotent is determined by U(L). In the case when L' is
nilpotent, both its minimal number of generators and its nilpotence
class are determined. In particular, whether or not L is metabelian
s determined.

The proof of these results can be found in Sections 2 through 7. Inspired
by these results, one might hope that all finite-dimensional nilpotent or
metabelian Lie algebras are determined by their universal envelope. How-
ever, this is not the case - at least in positive characteristic - as seen by the
following example (see also a similar example by Kuznetsov in [7]):
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Example B. Let A = Fxog + --- + Fz), be an abelian Lie algebra over a
field F of characteristic p. Consider the Lie algebras L = A+ F\ + Fr and
H = A+ FX + Fz with relations given by [\, z;] = zi—1, [7, 2] = xi—p,
[\, 7] =[2,H] =0, and x; = 0 for every i < 0. Note that L and H are each
metabelian and nilpotent of class p+1. Further notice that the centre of L is
spanned by xy while the centre of H is spanned by z and xg; so, L and H are
not tsomorphic. However, using the PBW theorem, it is easy to see that the
Lie homomorphism ® : L — U(H) defined by @ a5y = id, (7)) = 2 + NP
can be extended to an algebra isomorphism U(L) — U(H).

In fact, we will see in Section 8 that the natural Hopf algebra structures
of U(L) and U(H) are isomorphic. Along this same line, we shall also take
a closer look at Example A in order to prove that the minimal number
of generators of the Lie algebra L is not determined by the Hopf algebra
structure of U(L). In sharp contrast, the enriched Hopf algebra structure
of U(L) is known to completely determine any Lie algebra L over a field of
characteristic zero. We stress that, in spite of all this, the characteristic zero
case of the isomorphism problem remains entirely open.

In Section 9, we show that the universal enveloping algebra of a Lie su-
peralgebra L does not determine L even when L is 1-dimensional. In the
final section, we use one of our intermediate results to derive a new proof of
a theorem of Bahturin (see [1]): every nilpotent-by-abelian Lie algebra can
be embedded into an associative envelope satisfying a polynomial identity.

2. PRELIMINARIES

Throughout this paper, L denotes a Lie algebra with an ordered basis
{z;}jeq over a field F. We also fix a second Lie algebra H with the property
that U(L) = U(H).

Let 71 (L) := L. We denote by 7, (L) := [y,—1(L), L] the n-th term of the
lower central series of L. Hence, L' = 42(L). Recall that L is said to be
nilpotent if v, (L) = 0 for some n; the nilpotence class of L is the minimal
integer ¢ such that y.4+1(L) = 0. Also recall that L is called metabelian if L’
is abelian, whereas, L is called nilpotent-by-abelian whenever L’ is nilpotent.

The Poincaré-Birkhoff-Witt (PBW) theorem (see [1] or [13], for example)
allows us to view L as a Lie subalgebra of U(L) in such a way that U(L) has
a basis consisting of monomials of the form :I};lll . {L‘;ltt where j; < .- < 4y
are in J and ¢ and each a; are non-negative integers. The augmentation map
er, : U(L) — F (with respect to L) is induced by er,(x;) = 0 for every j € J.
Clearly €1, depends only on L and not on our particular choice of basis. We
shall denote the kernel of e, by w(L); thus, w(L) = LU(L) = U(L)L. For
each y in U(L), we define deg(y) to be the maximum (total) degree of the
PBW monomials appearing in the PBW expansion of y.

Let M be an ideal of L and consider the natural epimorphism L — L/M.
It is well-known that this map extends to an algebra epimorphism U(L) —
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U(L/M) with kernel MU(L) = U(L)M. Moreover, L N MU(L) = M and
so L+ MU(L)/MU(L) = L/M.

A first natural question is whether or not the enveloping algebra of L
determines w(L). The following lemma answers this question in the positive.

Lemma 2.1. Let L and H be Lie algebras and suppose that ¢ : U(L) —
U(H) is an algebra isomorphism. Then there exists an algebra isomorphism

Y : U(L) — U(H) with the property that ¥(w(L)) = w(H).

Proof. Consider the map 1 : L — U(H) defined by n = ¢ —epgp. It is easy to
check that 7 is a Lie homomorphism. Hence, by universal property of U(L),
there exists a unique algebra homomorphism 7 : U(L) — U(H) extending
n and preserving unity. Observe next that 7(w(L)) C w(H) since n(L) C
w(H). Tt remains to show that 7, or equivalently =17, is an isomorphism.
Let y € U(L) and express it as a linear combination of PBW monomials:
Y= g  a, 21" -zl for some ag, 4, € F. We have

e ) = 9T QO aaraan(@)™ - (@) ™)
= Y ay, e (@1 —emp(@1))™ - (20 — erp(an)™"
= y+2,

where z is such that deg(z) < deg(y). According to the PBW Theorem,
however, y and z are linearly independent and so ¢~'7(y) = 0 if and only
if y = 0. Thus 17 is injective. To see why ¢ ™17 is surjective, first notice
that F C Imy~'7 since ¢ and 7 preserve unity. Thus, L C Ime~'7 since,
for every x € L, we have ¢~ '7(x) = ¢~ 1(n(z)) =  — egp(x). Since FU L
generates U(L) as an algebra, it follows that Imp~'% = U(L), as required.
O

Henceforth, ¢ : U(L) — U(H) denotes an algebra isomorphism that
preserves the corresponding augmentation ideals.

3. POWERS OF THE AUGMENTATION IDEAL

Since ¢ preserves w(L), it also preserves the filtration of U(L) given by
the powers of w(L):

U(L) =w(L) Dw' (L) 2w*(L)D....
Corresponding to this filtration is the graded associative algebra
gr(U(L)) = @izow' (L) /w' (L),
where the multiplication in gr(U(L)) is induced by
(i + ™ L) (25 + W L)) = yizj + WD),

for all y; € w¥(L) and 2z; € w¥(L). Certainly gr(U(L)) is determined by
U(L).
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There is an analogous construction for Lie algebras. That is, one can
consider the graded Lie algebra of L corresponding to its lower central series
given by gr(L) = @;>17(L)/vi+1(L).

For each y € L, we define the height, v(y), of y to be the largest subscript
n such that y € v,(L) if n exists and to be infinite if it does not. We shall
call an ordered basis {z;};c7 of L homogeneous (with respect to the lower
central series of L) if v, (L) = (z;|v(x;) > n), for every n > 1.

Theorem 3.1 ([11]). Let L be a Lie algebra that admits a homogeneous
basis {x;}jes. Then the following statements hold.

(1) For each integer n > 1, the set of all PBW monomials of the form
aflxl? - xl® with the property that Soroqagv(zj,) > n forms an
F-basis for w™(L).

(2) For every positive integer n, L Nw™(L) = vyn(L).

(3) Nuz1w™(L) = 0 if and only if Pu17n(L) = 0.

(4) The homomorphism U(gr(L)) — gr(U(L)) induced by the natural
embeddings Yn(L)/Yni1(L) — Yn(L) + 0" TY(L) /W™ (L) is an iso-
morphism of graded associative algebras.

We remark that part (4) was proved first by Knus ([6]) in the special case
when L is finite-dimensional over a field characteristic zero.

It was assumed in [11] that every Lie algebra admits a homogeneous basis.
A similar oversight appears in [13], see Section 1.9. However, this is not
always true. The following example shows that some finiteness condition is
required to guarantee the existence of a homogeneous basis.

Example C. Let L = ®;>1L; be a graded Lie algebra such that each L; is
finite dimensional and L is generated by Li. For example, one can take L
to be a finitely generated free Lie algebra. Let M be the Cartesian product
M = 11,>, Li, where the multiplication in M is induced from L. Then M
does not admit a homogeneous basis.

Note that v;(M) = [[;5; L; and v(M)/vi41(M) = L;, for every i > 1.
Suppose, to the contrary, that M possesses a homogeneous basis X. For
each i > 1, put X; := X N~;(M) and let W; be the subspace of M spanned
by the set difference X; — X; 1. Since X is a homogeneous basis, each X; is
a basis for v;(L). We may embed v;(M)/vi4+1(M) as a subspace of M under
the natural vector space isomorphism ~;(M) /41 (M) = W;. It is not hard
to show that the induced linear map

¢ @i>1%(M)/visr (M) — M
is an embedding. Moreover, X is in the image of ¢. So, ¢ is actually a
vector space isomorphism. However, this is impossible since a basis for L is
countably infinite whereas a basis for M is uncountably infinite.
Nonetheless, it is easy to see that homogeneous bases exist in two impor-

tant cases: if the lower central series of L stabilizes or if L is graded over
the positive integers and generated by its first degree component. In fact,
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we shall see below that parts (2) through (4) in Theorem 3.1 hold true for
arbitrary Lie algebras. An examination of the proof of Proposition 3.1 in
[11] shows that part (1) can be replaced by the following general result:

Corollary 3.2. Let L be an arbitrary Lie algebra and let X = {&;}iez be
a homogeneous basis of gr(L). Take a coset representative x; for each ;.
Then the set of all PBW monomials :U?llej - xy® with the property that
Si_iagv(zi,) = n forms an F-basis for w™(L) modulo w™ (L), for every
n>1.

Corollary 3.3. Let L be any Lie algebra. We have LNw"(L) = v,(L), for
every positive integer n.

Proof. Since every nilpotent Lie algebra possesses a homogeneous basis, the
statement holds for nilpotent Lie algebras, by part (2) of Theorem 3.1. So,

Ljn(L) Nw™(L/ (L)) = yn(L/vn(L)) = 0.
Under the identification U(L/v, (L)) = U(L) /v (L)U(L), we have L/, (L) =
L+ m(L)U(L)/(L)U(L) and w™(L/yn(L)) = w"(L)/¥n(L)U(L). Hence,
(L +m(L)U L)/ (L)U(L)] N [w" (L) [ (L)U(L)] = 0.
This means that
LNnw™(L) C LNy (L)U(L) =y, (L).
The reverse inclusion is obvious. ]

A Lie algebra L is called residually nilpotent if N,>17,(L) = 0; anal-
ogously, an associative ideal I of U(L) is residually nilpotent whenever
ﬁnzlf " =0.

Lemma 3.4. Let L be a residually nilpotent Lie algebra. For every finite
linearly independent subset {x1,...,x:} of L there exists a positive integer
N such that 1, ...,z are linearly independent modulo yn(L).

Proof. Suppose, to the contrary, that z1,...,z; are linearly dependent mod-
ulo v, (L), for every n > 1. Without loss of generality, we can assume
that ¢ is minimal in the sense that there exists an integer N such that each

of the finitely many proper subsets of {z1,...,2;} is linearly independent
modulo vy (L). By assumption, for every n > N, there exist coefficients
1, -0, € F, not all zero, such that

Up = Q1 &1 + Q2n%2 + - -+ Qpp®t € Yp(L).

Notice that, by our choice of N, none of the coefficients «;, are zero. So,
without loss of generality, we assume that oy y = 1. Now we have oy ,vn —
vy, € YN (L), for every n > N. But aq pon — vy, = Boxa + - - - + By, for some
B2,...,0 € F. It follows that ay vy — v, = 0, for every n > N. Hence,
UN = Oéf}ﬂ)n € Yo (L), for every n > 1, contradicting our assumption that L
is residually nilpotent. O
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Corollary 3.5. Let L be a Lie algebra. Then L is residually nilpotent as a
Lie algebra if and only if w(L) is residually nilpotent as an associative ideal.

Proof. Clearly Np>1vn(L) € Np>1w™(L); hence, sufficiency holds. In or-
der to prove necessity, suppose that L is residually nilpotent but there
exists non-zero z in Np>1w™(L). Then there is a finite number of ba-
sis elements xj,,...,2; of L such that z = 3 ax} ---z%. By Lemma
3.4, there exists a positive integer N such that x; ,...,xz; are linearly in-
dependent modulo vy (L). Now consider the natural homomorphism ¢ :
U(L) — U(L/yn(L)). Since L/yn(L) admits a homogeneous basis, we have
d(Np>1w™(L)) € Np>1w™(L/yn(L)) = 0, by Theorem 3.1, part (3). There-
fore, (2) = G(X @z - 2%) = 32 ey, +7n (L)) -+ (5, - (L)% = 0.
However, z;, +yn(L),...,x; + v~ (L) are linearly independent, and so each
a = 0 by the PBW Theorem. Hence, z = 0, a contradiction. [l

Finally, we generalise part (4) of Theorem 3.1. The map
V(L) /n+1(L) = (L) +w" (L) 0" TH(L)

is a well-defined vector space embedding by Corollary 3.3. It is easy to
check that this induces a Lie algebra embedding gr(L) — gr(U(L)) which
extends uniquely to an associative algebra homomorphism ¢ : U(gr(L)) —
gr(U(L)). Because ¢(y1(L)/72(L)) = L + w?(L)/w*(L) = w'(L)/w?(L)
generates gr(U(L)) as an associative algebra, it follows that ¢ is surjective.
The fact that ¢ is injective is easily deduced from Corollary 3.2.

Corollary 3.6. For any Lie algebra L, the map ¢ : U(gr(L)) — gr(U(L))
is an isomorphism of graded associative algebras.

4. NILPOTENT LIE ALGEBRAS

Proposition 4.1. The graded Lie algebra gr(L) is determined by U(L).

Proof. By Corollary 3.6, we can embed gr(L) into gr(U(L)). Under this
identification, v1(L)/v2(L) = w!(L)/w?(L). Consequently,

gr(L) = (n(L)/r2(L))te = (W' (L) /w?(L))wie
is determined by U(L). O

Corollary 4.2. For each pair of integers (m,n) such that n > m > 1, the
quotient Yn(L)/Ym+n(L) is determined by U(L)

Proof. An easy calculation shows that ~,(gr(L)) = ®i>nvi(L)/vit1(L).
Thus, each quotient v, (L)/Yn+1(L) = Yn(gr(L))/vn+1(gr(L)) is determined
by U(L). Since abelian Lie algebras of the same (possibly infinite) dimen-
sion are isomorphic, it follows that each 7, (L)/¥n+m(L) is also determined.
O



8 DAVID RILEY AND HAMID USEFI

We are now ready for our first main result.

Proposition 4.3. The following statements hold for every Lie algebra L.

(1) Whether or not L is residually nilpotent is determined by U(L).

(2) Whether or not L is nilpotent is determined by U(L).

(3) If L is nilpotent then the nilpotence class of L is determined by U(L).

(4) If L is nilpotent then the minimal number of generators of L is de-
termined by U(L).

(5) If L is a finitely generated free nilpotent Lie algebra then L is deter-
mined by U(L).

Proof. Part (1) is the conclusion of Corollary 3.5. Suppose now that L is
nilpotent of class ¢. Then ~.41(gr(L)) = @izet17i(L)/vit1(L) = 0. Hence,
by Proposition 4.1, v.4+1(gr(H)) = 0; in other words, Yet1(H) = Yey2(H).
But L, and hence H, is residually nilpotent by part (1). Thus ~.41(H) = 0,
proving (2) and (3). It is well-known that the minimal number of generators
of a nilpotent Lie algebra L is exactly dimp(L/L"). But L/L’ is determined
by U(L), as was shown in Corollary 4.2. This proves (4). Finally suppose
that L is finitely generated free nilpotent and U(L) = U(H). Then, by parts
(3) and (4), there exists a Lie epimorphism from L to H. Hence, L and H
are isomorphic since they have the same finite dimension. O

5. NILPOTENT LIE ALGEBRAS OF CLASS AT MOST TWO

In this section, we adapt a group ring technique from [10] in order to
show that all nilpotent Lie algebras of class at most 2 are determined by
their enveloping algebras.

First, for each n > 1, let us fix a subspace K, (L) of w™(L) such that

WM(L) /W L) = (L) + " L) /0" TH(L) @ Kn(L) /" (L)
is vector space decomposition.

Lemma 5.1. For every n > 1, the following statements hold.
(1) Kn(L) is an ideal of U(L).
) (L) +w" (L) = yn(w(L)) +w" (L)
) (W (L) + W (L)) = yu(H) + w1 (H).
) W' (H) /W' (H) = o (H)+w™H (H) Jw" M (H) @Ky (L)) fw" 1 (H).
) o(m(L) + Knt1(L)) = 1 (H) + @(Kni1(L)).

Proof. Since w1 (L) C K, (L) C w™(L) by definition, certainly (1) holds.
Part (2) follows from repeated application of the identity [zy, z] = z[y, 2] +
[, z]y. Whence (3) and subsequently (4) follow. In order to prove (5), let
2 € yu(L). Then p(x) = y+2 € v, (H)+w" 1 (H) by part (3). But, by part
(4), we have z = u+v € Y41 (H) +p(Kpt1(L)). Thus, p(z) = (u+y)+v €
s (H) + 9(Kns1(L)), and we have proved ¢(1n(L) + Kns1(L)) € 7u(H) +
©(Kpt+1(L)). In order to prove the reverse inclusion, one can employ a sim-
ilar argument to show that ¢! (v, (H) + ¢(K,41(L))) € (L) + Knp1(L),
as required. O
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Proposition 5.2. For every n > 1, we have the following isomorphisms of
Lie algebras.

(1) (L) /vny2(L) = (L) + Kny1(L)/ Knya(L).
(2) W(H)/Ynr2(H) = 0 (H) + ¢(Knp1(L))/o(Knt1(L)).
(3) (L) /vny2(L) = yn(H)/yni2(H).

)

/3(H).
Proof. It follows from part (1) of the previous lemma that the natural map
Uy (L) = (L) + Kpy1(L)/Kps+1(L) is a well-defined Lie epimorphism.
We now compute its kernel. Indeed, Corollary 3.3,

ker(¥) = (L) N Kng1(L) € y(L) Nw" (L) = Y1 (L);

therefore, ker(¥) = v,41(L) N Kyy1(L) = ya1(L) N 2(L) = ~,12(L).
This proves part (1). The proof of (2) is similar. Next, notice that, by part
(5) of the previous lemma, ¢ induces an isomorphism

(L) + Kn1 (L) Kni1 (L) = yn(H) + @(EKny1 (L)) /o (Knp1 (L))
Thus, (3) follows after reviewing parts (1) and (2). O

In particular, L/vs3(L) =2 H

We can now deduce the main result of this section.

Corollary 5.3. Fvery nilpotent Lie algebra of class at most two is deter-
mined by its enveloping algebra.

Proof. Suppose that L is nilpotent of class ¢ < 2. Then H is also nilpotent of

class ¢ by Proposition 4.3. Proposition 5.2 now yields that L = L/y3(L) =
H/~v3(H) = H, as required. O

6. SUBALGEBRA CORRESPONDENCE

Throughout this section, S denotes a subalgebra of L. We fix a basis
{zi}iez of S and extend this basis to an ordered basis {x;}icz U {yx }rex of
L, where the z;’s are less than the yi’s. So, a typical PBW monomial in
U(L) has the form zj! - ykl y,l;".

Proposition 6.1. Let S be any subalgebra of L. The following statements
hold for every integer n > 1.

(1) w(S) Nw™(S)w(L) = w™1(9); hence, L Nw"™(S)w(L) = yn11(S) .
(2) w(S)NW*(S)U(L) =w"(S); hence, LNW"(S)U(L) = v, (S).
(3) w™(S )/w”“(S) embeds into W™ (S)U(L)/w"(S)w(L).
(4) w™(S)/w™(S) embeds into W™ (S)U(L)/w™(S)U(L).

Proof. Obviously, w™™(S) C w(S)Nw™(S)w(L). Let z be a non-zero element
in w(S) Nw"(S)w(L). Then z = Y st, where each s € w"(S) and each ¢ is

a non-trivial PBW monomial of the form 33?11 . :U;?:yzll . yZ” So each st

has the form st = sz’ - xamyki . ~yZ’;, where either by +---+ b, # 0 or

im

bi+---+b,=0and a; + -+ a,, # 0. Now we have

z:Zauv—i—Zﬁw,
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where each v is a PBW monomial in w(S), each v is a non-trivial PBW
monomial in the y;’s only, and each w is a PBW monomial in w(S) such that
3" Bw € w™t(S). This is the unique PBW representation of z. However,
z € w(S) and therefore, by the linear independence of PBW monomials,
z =Y Bw € w1 (S). This proves the first assertion in part (1). To prove
the second assertion, let z € LNw"(S)w(L) € LNw(S)w(L). So, z =) st,
where each s € w(S) and each ¢ is a (possibly trivial) monomial in the y;’s
only. In fact all the ¢’s must be trivial since elements of L are of degree one.
It follows that z € w(S) and the result now follows from the first assertion
and Corollary 3.4. To prove (2), let z € w(S)Nw™(S)U(L). Then z =r+s €
Ww™(S) + w(S)w(L). Thus, s = z — 1 € w(S) NwW™(S)w(L) = w"T1(S), by
part (1). Hence z € w™(S5), yielding the first assertion in (2). The second
assertion follows as above. Parts (3) and (4) are simple consequences of (1)
and (2). O

Corollary 6.2. We have S/S" = w(S)U(L)/w(S)w(L). Consequently, if T
is a subalgebra of H such that ¢(SU(L)) = TU(H) then S/S" = T/T".

Proof. By previous proposition, we know that S/S" 2 w(S)/w?(S) embeds
into w(S)U(L)/w(S)w(L). But, w(S)U(L) = w(S) + w(S)w(L), so this
embedding is an isomorphism. Now notice that w(S)U(L) = SU(L) and
w(S)w(L) = (SU(L))w(L). Therefore,

p(w(SHU(L)) = ¢(SU(L)) = TU(H) = w(T)U(H)

and
pw(S)w(L)) = ¢(SU(L))p(w(L)) = w(T)w(H).
It follows that S/S" = T/T”, as required. O

Proposition 6.3. The following conditions are equivalent for every subal-
gebra S of L.

( ) mn>1'Yn( )
(2) Nnz1w"(5) =
(3) Np>1w™(S)U(L ) 0.

Proof. Corollary 3.5 informs us that conditions (1) and (2) are equivalent,
and certainly (3) implies (1). It remains then to prove that (2) implies (3).
The PBW representation of any element z in U (L) has the form z = ) auwv,
where each v is a PBW monomial in terms of the x;’s only and each v is a
PBW monomial in terms of the y;’s only. Now suppose that z is a non-zero
element in Ny>;w"(S)U(L). We may factor the PBW representation of z
into the form z = > (> fu)v, where all the v’s are distinct. We will prove
that for each v the corresponding element > fu lies in Np>1w™(S). So, fix
n and regard z € w"(S)U(L). Then z = ) st, where each s € w"(S) and
each t is a (possibly trivial) PBW monomial in the y;’s only. Without loss
of generality, we assume that the t’s are distinct. It now follows from the
uniqueness of the PBW representation of z that each t is equal to some v
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and Y fu = s € w"(S). Since n was arbitrary, it follows that each )  fu
lies in Np>1w™(S). Hence (2) implies (3) and the proof is complete. O

Now let I be an ideal of L. Recall that the kernel of the natural map
U(L) — U(L/I) is equal to IU(L) = U(L)I. It follows that w™(I)U(L) =
I"U(L) = (IU(L))"™, for every n > 1, where I™ is the vector subspace of
w(L) spanned by all elements of the form z12z5 - - - z,, where z; € I.

Corollary 6.4. The Lie ideal I is residually nilpotent if and only if the
associative ideal IU (L) is residually nilpotent.

It is easy to see that every enveloping algebra U(L) has the invariant
dimension property; in other words, the rank of every free U(L)-module is
uniquely defined. We shall use the fact that U(L/I) has the invariant dimen-
sion property below. Next observe that each quotient I"U(L)/I"1U(L) has
a natural U(L/I) = U(L)/IU(L)-module structure given by

(u+ I"TU(L)) - (2 + TU(L)) = uz + I"TU(L),

for every u € I"U(L) and z € U(L).

For the remainder of this section, we fix a homogeneous basis {z;};cz of
gr(I) and take a fixed coset representative z; for each ;. So, {z;}ic7 is a
linearly independent subset of I that can be extended to an ordered basis
X of I. Finally, we extend X to an ordered basis X U {yx}rex of L, where
the elements in X are less than the y;’s.

Lemma 6.5. Let I be an ideal of L. Then each factor I"U(L)/I""*U(L)
is a free U(L/I)-module with rank of equal to the vector space dimension of

w™(I) Jw"TH(I).

Proof. By Corollary 3.2, we know that w™(I)/w"*!(I) has a basis of the form
{tm + w1 (I)}mer, where the u,,’s are PBW monomials (involving only
the z;’s with i € 7). We claim that {u,, + I""U (L) };nenm is a U(L/I)-basis
for I"U(L)/I""U(L). The fact that it is a U(L/I)-generating set is clear.
It remains to show U(L/I)-independence. If we suppose to the contrary,
then there exist elements mq,...,m; € M, scalars a1,...,a:, and PBW
monomials vy, ...,v; € U(L) with non-trivial images in U(L/I) such that

Z 1= 0 Um, V1 + - 0y, U € I"+1U(L).

Notice that the restriction on the v;’s is equivalent to each v; being a PBW
monomial in the y;’s only. Collecting terms, we may write z in the form
z = >(3" Bum,)vj, where the v;’s are distinct. However, z € I"T1U(L) =
Ww(IU(L). So, z =Y st, where each s € w™"!(I), and each t is a (possi-
bly trivial) PBW monomial in the y;’s only. Collecting terms again allows
us to assume that the ¢’s are distinct. It now follows from the uniqueness
of the PBW representation of z that each ¢ is equal to some v; and the cor-
responding element " Bu,,, of each v; is equal to some s € W™ (I). This
contradicts with the fact that u,,’s are a basis for w"(I) modulo w"*1(I).
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It remains to show that the rank of I"U(L)/I""1U(L) coincides with the
dimension of w™(I)/w™(I). Certainly

rankyr,I"U(L)/I"U(L) = g + I"'U (L) bnem|

< ‘{um + wn+1(1) }mEM’
= dimpw™(I) /™ T(I).

Thus, if equality did not hold then w,,, + I"T U (L) = up, + I"T1U(L) for
some distinct m1, mg € M. However, then 2z := wy,, — U, € ["U(L) and
so (arguing as above) U, — Um, € W"T1(I), a contradiction. O

For each integer n > 1, put ¢, = ¢, (I) = dimpw™(I) /w1 (I) and d,, =
dn(I) = dimpyn(I)/vn+1(I). Observe that if ¢; = d; is finite then every
cn, and d,, is finite. Indeed, let A := @,>1w"(I)/w"T(I). Then A is ¢;-
generated and so the dimension ¢; + --- 4+ ¢, of each nilpotent quotient
AJA™ s finite.

Proposition 6.6. Suppose di(I) is finite and suppose J is an ideal of H
such that o(IU(L)) = JU(H). Then the following statements hold.
(1) en(I) = en(J), for every n > 1.
(2) dn(I) = dp(J), for every n > 1.
(3) YD) /Yman(I) = Yo (J) /Yman(J), for each pair of integers (m,n)
such thatn > m > 1.
(4) If I is nilpotent then J is nilpotent of the same class.

Proof. Since p(IU(L)) = JU(H), we have p(I"U(L)) = ¢((IU(L))") =
(JU(H))" = J'U(H), and so I"U(L)/I""'U(L) = J*U(L)/J"U(L).
Now (1) follows from Lemma 6.5. In particular, diy = ¢; = ¢1(J) = di(J).
In order to prove (2), first notice that it follows from Corollary 3.2 that

n ) 1
Cn+1 = dn+1 —+ Z H <dz +;\; )7
A +2X0+.. . +nA,=n+1i=1
for each n > 1, where the \;’s are non-negative integers. Therefore, the
sequence ci, Ca, ... is uniquely determined by the sequence di,do, ..., and
conversely. Thus (2) follows from (1). Part (3) follows as in the proof of
Corollary 4.2. To prove (4), suppose that I is nilpotent of class ¢. Then,
Yet1(J) = Yera(J), by part (2). However J is residually nilpotent by Corol-
lary 6.4. Consequently, ve4+1(J) = 0. O

7. NILPOTENT-BY-ABELIAN LIE ALGEBRAS

We remark that the commutator ideal L'U(L) = [w(L),w(L)]U(L) of
U(L) is preserved by ¢. Therefore, the results of the previous section can
be applied to the case I = L' and J = H'.

Corollary 7.1. Let L be any Lie algebra. Then the following statements
hold.
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(1) The quotient L'/L" is determined by U(L).
(2) Whether or not L' is residually nilpotent is determined by U(L).

Corollary 7.2. Let L be any Lie algebra such that L'/L" is finite dimen-
sional. Then the following statements hold.

(1) For all integers n > m > 1, the quotients v, (L") /Ym+n(L') are de-
termined by U(L).

(2) Whether or not L' is nilpotent is determined by U(L). In the case
L’ is nilpotent, the nilpotence class and the minimal number of gen-
erators of L' are each determined by U(L). In particular, whether
or not L is metabelian is determined by U(L).

Put (L) = L and denote by §,4+1(L) = [0n(L), 0, (L)] the n-th term of
the derived series of L. Recall that L is said to be soluble if 6, (L) = 0 for
some n; the derived length of L is the minimal integer [ such that §;(L) = 0.

Corollary 7.3. Let L be a finite-dimensional Lie algebra over a field F of
characteristic zero. Then whether or not L is soluble is determined by U(L).

Proof. Suppose that L is soluble and let F be the algebraic closure of F. Set
L := L ®pF. Then dimg(L) = dimp(L) and L has the same derived length
as L. Now consider the adjoint representation of L, ad: L — gl(L). Since
the kernel of ad is the centre, Z(L), of L, we have L/Z(L) = ad(L) C gl(L).
Thus, according to Lie’s theorem, we can embed L/Z(L) into upper triangu-
lar matrices. This proves that L/Z(L) is nilpotent-by-abelian; consequently,
so is L. Applying the previous corollary now shows that H is nilpotent-by-
abelian; in particular, H is soluble. O

Actually, Corollary 7.3 holds in arbitrary characteristic for, according
o [14], the enveloping algebra of a finite-dimensional Lie algebra can be
embedded into a (Jacobson) radical algebra if and only if L is soluble.

Proposition 7.4. If L is a finite-dimensional Lie algebra over a field of
any characteristic, then whether or not L is soluble is determined by U(L).

It is an interesting problem to decide whether or not the derived length
of L is also determined.

8. ENVELOPING ALGEBRAS AS HOPF ALGEBRAS

Because enveloping algebras are Hopf algebras, it also makes sense to
consider an enriched form of the isomorphism problem that takes this Hopf
structure into account.

Recall that a bialgebra is a vector space H over a field F endowed with an
algebra structure (H, My, up) and a coalgebra structure (H, Ay, €3) such
that Ay and ey are algebra homomorphisms. A bialgebra H having an
antipode Sy is called a Hopf algebra. It is well-known that the universal
enveloping algebra of a Lie algebra is a Hopf algebra, see for example [2] or
[9]. Indeed, the counit €z is the augmentation map introduced in Section
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2 and the coproduct Ay(z) is induced by  — 2 ®1+1®z, for every x € L.
An explicit description of Ay (z) can be given in terms of a PBW basis of
U(L) (see, for example, Lemma 5.1 in Section 2 of [13]). The antipode
Sy(r) 1s induced by x — —z, for every z € L. The following proposition is
well-known (see Theorems 2.10 and 2.11 in Chapter 3 of [2], for example).

Proposition 8.1. Let L and H be Lie algebras over a field F of character-
istic p > 0.

(1) If p =0 then the set of primitive elements of U(L) is L. Thus, any
Hopf algebra isomorphism U(L) — U(H) restricts to a Lie algebra
isomorphism L — H. Conversely, any Lie algebra isomorphism
L — H induces a Hopf algebra isomorphism U(L) — U(H).

(2) If p > 0 then the set of primitive elements of U(L) is Ly, the re-
stricted Lie subalgebra of U(L) generated by L. Thus, any Hopf
algebra isomorphism from U(L) — U(H) restricts to a restricted
Lie algebra isomorphism L, — H,. Conversely, any restricted Lie

algebra isomorphism L, — H, induces a Hopf algebra isomorphism
U(L)—U(H).

Observe that part (1) completely settles the characteristic zero case —
assuming that the Hopf algebra structure of U(L) is taken into account.

Turning to the positive characteristic case, we shall require two more basic
facts.

Lemma 8.2. Let L be a Lie algebra over any field F and let M be an ideal
of L. Then MU(L) is a Hopf ideal of U(L).

Proof. We need to show that MU(L) is a coideal; in other words,
Ay (MU(L)) CU(L) @ MU(L) + MU(L) ®p U(L).

Since Az is F-linear, it suffices to show this on an F-basis of MU(L). So,
extend a basis {z; };cz of M to an ordered basis {z; };c7 U{yk }rex of L, with
the property that each xz; is less than every yi. It follows from the PBW
Theorem that MU (L) has a basis consisting of the PBW monomials of the
form
Igll ce xiﬁ?y/ﬁi .. yZ:’

where each submonomial x?ll e zi: is nontrivial. The assertion now follows
easily from the aforementioned description of Ag(p). O

Lemma 8.3. Let L be a Lie algebra over a field F and let M be an ideal of
L. Then, U(L)/MU(L) = U(L/M), as Hopf algebras.

Proof. Consider the natural epimorphism 6 : L — L/M and its extension

0:U(L) — U(L/M). 1t is clear that Sv iyt = H_SU(L). Since the kernel
MU (L) of § is a Hopf ideal of U(L), as seen by Lemma 8.2, we only need
to check that 6 is a coalgebra homomorphism, that is,

Ayrnt = (0@ 0)Ay ).
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But clearly AU(L/M)é(x) = (§®§)AU(L) (z), for every x € L. Since Ay, /ar), 0
and Ay are algebra homomorphisms and L generates U(L) as an algebra,
the proof is complete. ([l

We are now ready to adapt Example A to the setting of Hopf algebras.
Recall that the universal enveloping algebra of the free Lie algebra L(X) on
a set X is the free associative algebra A(X) on X.

Example A'. Let F be a field of odd characteristic p and let L(X) be the
free Lie algebra on X = {x,y,z} over F. Set h =z + [y, z] + (ad 2)P(z) €
L(X) and put L = L(X)/(h), where (h) denotes the ideal generated by
h in L(X). Then L is not a free Lie algebra. There exists, however, a
Hopf algebra isomorphism between U (L) and the 2-generator free associative

algebra. Furthermore, the minimal number of generators required to generate
L is 3.

Indeed, by Lemma 8.3, we have
U(L) = U(L(X))/(MU(L(X)) = A(X)/ () A(X),

as Hopf algebras. Setting u = y+aP and v = z in A(X), we find that {u, v, h}
freely generates A(X). Now let H = L(u,v), so that U(H) = A(u,v). The
map A(X) — U(H) given by u — u, v — v and h — 0 is a bialgebra
homomorphism. Consequently, U (L) = U(H) as Hopf algebras, even though
L % H as Lie algebras. Now suppose, to the contrary, that there exist
a,b € L such that L = (a,b). Then U(L) is generated by a and b, as an
associative algebra. But U(L) is the free associative algebra on 2 generators,
c and d, say. Define a map U(L) — U(L) by ¢ — a and d — b. Since this
map is an epimorphism, it is an automorphism (see [4], Proposition 6.8.1,
for example). So, {a,b} freely generates U(L) and consequently L = (a, b)
is a free Lie algebra, a contradiction.

We remark that, while L requires 3 generators, it can be deduced from
Lemma 8.1 that L, is a free restricted Lie algebra on 2 generators.

Finally, let L and H be as in Example B. Since L, is the universal re-
stricted Lie algebra envelope of L, the Lie algebra homomorphism ® : L —
H,, extends to a restricted Lie algebra isomorphism L, — H,,. It now follows
from Lemma 8.1 that U(L) and U(H) are isomorphic as Hopf algebras, as
was asserted in the Introduction.

9. LIE SUPERALGEBRAS

We now present an example illustrating that the analogous isomorphism
problem for enveloping algebras of Lie superalgebras fails utterly.

Let F be a field of characteristic not 2. In the case of characteristic 3,
we add the axiom [z, z, 2] = 0 in order for the universal enveloping algebra,
U(L), of a Lie superalgebra L to be well-defined.

Example D. Let L = Fxq be the free Lie superalgebra on one generator xg
of even degree, and let H = Fx1 + Fyg be the free Lie superalgebra on one
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generator x1 of odd degree, where yo = [x1,x1]. Then U(L) is isomorphic
to the polynomial algebra Flxzo] in the indeterminate xo. On the other hand,
U(H) = Flz1,y0]/1, where I is the ideal of the polynomial algebra Flx1,yo)
generated by yo — 2z3. Hence, U(H) = Flx1] = Flxg] = U(L). However,
L % H since they do not even have the same dimension.

10. AN APPLICATION TO SPECIAL LIE PI-ALGEBRAS

A Lie algebra L is said to be special if L can be embedded into an as-
sociative algebra A satisfying a polynomial identity. A result of Bahturin
(see [1]) asserts that if L is nilpotent-by-abelian then L is special. As an
application of Proposition 6.1, we offer another proof of this fact.

Proposition 10.1. Let L be a Lie algebra such that L' is nilpotent of class
c. Then L has an associative envelope satisfying the polynomial identity

[$17 yl] e [:Eca yc]chrl =0.

Proof. According to Proposition 6.1, L N (L')w(L) = yc41(L') = 0. Conse-
quently, the natural Lie homomorphism L — w(L)/[w(L),w(L)]w(L) is an
embedding. O
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