TWO-LEVEL FOURIER ANALYSIS OF MULTIGRID FOR
HIGHER-ORDER FINITE-ELEMENT METHODS*
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Abstract. In this paper, we employ local Fourier analysis (LFA) to analyze the convergence
properties of multigrid methods for higher-order finite-element approximations to the Laplacian
problem. We find that the LFA smoothing factor fails to accurately predict the observed multigrid
performance. This failure of the LFA smoothing factor is explained, and we propose a modification
to the analysis that yields a reasonable prediction to help choose the correct damping parameters
for relaxation. Finally, we present two-grid and multigrid experiments, and the corrected parameter
choice is shown to yield a significant improvement in the resulting two-grid and multigrid convergence
factors.
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1. Introduction. Multigrid methods [2, 7, 19, 23, 24] are very popular to solve
the linear systems that arise from the discretization of many PDEs. The choice of the
multigrid components, such as grid transfer operators and the relaxation scheme, has
a great influence on the performance of these algorithms. In this paper, we focus on
the Laplace problem,

(L.1) u(z) =g, x €09,

{ —Au(x)=f, z€Q,

discretized using higher-order finite elements. In the literature, there are many effi-
cient multigrid methods for problem (1.1), see [9, 21]. It is worthwhile, however, to
understand how these methods work efficiently. LFA [21, 24] has proven a good tool
for theoretical investigation and multigrid method design, including for the curl-curl
equation [1, 15], parabolic partial differential equations [6, 22], the Stokes equations
[10, 14, 15], and the Poisson equation [8, 17, 21].

Recently, some studies have reported that LFA fails to accurately predict some
multigrid results, see [5, 6]. In [6], LFA does not offer its usual predictivity of the
convergence behavior of the space-time diffusion equation and its generalizations.
However, in [5], the authors develop new tools to make up for the failure of standard
LFA to provide insight into the asymptotic convergence behaviour of multigrid meth-
ods for these problem. In [15], an LFA is presented for general problems, focusing on
analyzing the complementarity between relaxation and coarse-grid correction (CGC)
within multigrid solvers for systems of PDEs with finite-element discretizations. In
that paper, the smoothing factor of LFA overestimates the two-grid convergence fac-
tor for the Taylor-Hood (Q2 — Q1) discretization of the Stokes equations. However,
no further explanation is given. We show here that the failure might be related to
the Q2 approximation used for the velocity unknowns.

To our knowledge, the vast majority of existing LFA for the Poisson problem
focuses on discretization using finite differences or linear finite elements [19, 21, 24].
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In contrast, [8] studies the convergence of a multigrid method for the solution of
a linear second-order elliptic equation by discontinuous Galerkin methods. In [17],
the cell-centered finite-difference discretization on triangular grids is considered. A
variant of LFA is applied to discretization matrices arising from Galerkin B-spline
isogeometric analysis in [4], focusing on 2-level analysis in place of classical smooth-
ing analysis. Here, we focus on standard higher-order finite-element discretizations
of Poisson’s equation with weighted Jacobi relaxation, and use LFA to understand
performance. In contrast to the cases of standard finite-difference or (bi)linear finite-
element discretizations, we will see that the LFA smoothing factor does not offer a
good prediction of performance in the higher-order case.

In the literature, there are many studies about higher-order methods for different
types of PDEs. The spectral element method for second-order problems was studied
both numerically and theoretically in [16, 18], showing good smoothing properties of
simple Jacobi relaxation for the Laplace problem. The impact of different higher-
order finite-element discretizations for the Laplace problem on multigrid convergence,
with Richardson and Jacobi relaxation, was considered in [13]. Comparison of differ-
ent multigrid methods for higher-order finite-element discretizations, either as direct
solvers or preconditioners, was reported in [20]. There, the convergence behaviour was
seen to strongly depend on the polynomial order when multigrid is used as a precon-
ditioner, but not for multigrid as a solver. Other studies of higher-order finite-element
methods and multigrid include those for nonlinear problems [3] and the incompressible
Navier-Stokes equations [12, 11].

Supporting numerical results demonstrate some key conclusions of our analysis.
First, there is a notable gap between the classical LFA smoothing factor and the
two-grid convergence factor for these elements. The standard LFA assumption of
an “ideal” coarse-grid correction operator, which annihilates the low-frequency er-
ror components and leaves the high-frequency components unchanged is not true
for higher-order finite-element discretizations, where our results show that the CGC
reduces some high-frequency error quickly. Furthermore, minimizing the classical
smoothing factor does not minimize the corresponding convergence factor.

The outline of the paper is as follows. In Section 2, we recall the standard
definitions of LFA. In Section 3, we analyse the weighted Jacobi relaxation scheme for
the @2 finite-element approximation in one dimension (1D) and show how to obtain
optimal parameters to minimize the convergence factor. We extend this analysis to
higher-order finite-elements in Section 4. In Section 5, two-grid LFA is presented for
biquadratic Lagrangian elements in two dimensions (2D), and we discuss the optimal
parameter choice. Conclusions are presented in Section 6.

2. Definitions and notations. In order to describe LFA for finite-element
methods, we first introduce some terminology. More details can be found, for ex-
ample, in [21]. We first consider one-dimensional infinite uniform grids, Gy,. Let Ly,
be a scalar Toeplitz operator acting on Gy,

(2.1) Ly, o [sk]n (k €V); Lpwp(z) = Z sxwp(x + Kh),
keEV

with constant coefficients s,, € R (or C), where wy,(z) is a function in (?(G},). Here,
V' is taken to be a finite index set of integers, V' C Z. Note that since Ly, is Toeplitz,
it is diagonalized by the standard Fourier modes (6, z) = e*?"*/" where 1> = —1.
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DEFINITION 2.1. If for all grid functions ¥(0, x),

Lhw(gv iE) = Eh(0)¢(97 $)7

we call Zh(Q) = Z $.€'9% the symbol of Ly,.

KEV
Here, we consider multigrid methods for finite-element discretizations with standard
geometric grid coarsening; that is, we construct a sequence of coarse grids by dou-
bling the mesh size in each spatial direction. High and low frequencies for standard
coarsening are given by

The error-propagation operator for a relaxation scheme, represented similarly by
a Toeplitz operator My, applied to a finite-element approximation is

Sn(w,0) =1 —wM,; 'Ly,

where w is an overall weighting factor.

DEFINITION 2.2. The error-propagation symbol, gh(ﬂ), for smoother Sy, on the
infinite grid Gy, satisfies

T 37

3h¢(9a$) = §h¢(9a$)7 9 S [_ §a 7);

for all (0, x), and the corresponding smoothing factor for Sy, is given by

(22) Hloc = Uloc(sh) = eg’}'ah)i(gh {‘gh(eﬂ }

DEFINITION 2.3. Because the smoothing factor is a function of some parameters,
let D be the set of allowable parameters and define the optimal smoothing factor over

D as
Hopt = Hllji)n Hloc-

In what follows, we consider (g x ¢) linear systems of operators, which read

1,1 1,
Lyt o L
Lp=1 + ...
LZ,I . Lz,q
The L;;’j (i,7 =1,2,...,q) are scalar Toeplitz operators. Each entry in Ly, is computed

as the (scalar) symbol of the corresponding block of Lf{j , following Definition 2.1. For
simplicity, we reuse the notation in (2.2) for the case of block symbols as described in
the following.

On a collocated mesh, all blocks in Lj, are diagonalized by the same transfor-
mation. However, in our setting, we consider Gj, = G, v |J Gh,c, for quadratic La-
grangian elements, with

(23) Gh,N = {xk,N = kh,k’ S Z},and Gh,C = {$k7c = kh + h/2, ke Z}
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Here G, contains two types of meshpoints, the nodes of the mesh and the cell centres.
The coarse grid, Gap, is defined similarly. Each block L7 in Ly, for i, j = 1,2 is defined
as in (2.1), with V' taken to be either a finite index set of integer (V) or half-integer
(Vo) values, with Vy C Z and Ve C {z + %|z € Z}. The operators discussed later are
naturally treated as block operators, and the Fourier representation of each block can
be calculated based on Definition 2.1, with Fourier bases adapted to account for the
staggering of the mesh points. In Definition 2.2, the symbol S () will be a matrix,
thus, |§h(0)| is replaced by |)\(<S~’h(9))|, the absolute value of the eigenvalues of Sy (6),
in (2.2).

The resulting Fourier functions are (6, ;) € span{pn (0, z1), pc (0, zx)} on Gy,
in which

on (0, 34)= (070 0)", po(0,m) = (0 e mre/m)t

where T' denotes the (non-conjugate) transpose of the row vectors. Because ¢(0, xy)

is periodic in @ with period 27, we consider the domain 6 € [— s 37”)

3. LFA for quadratics in 1D. Here, we consider the discretization of problem
(1.1) in 1D, using quadratic (Q2) finite elements, and nodal basis functions defined at
the nodes of the mesh and cell centres (but the analysis could be modified for other
bases), and will focus on weighted Jacobi relaxation.

3.1. Quadratic Lagrangian Elements. For these quadratic Lagrangian el-
ements, the elementary contributions to the stiffness and mass matrices as 3 x 3
symmetric matrices are

L (T 81 w4 2 -1
EK=g- |8 16 8| EM=_.(2 16 2|,
1 -8 7 ~1 2 4

respectively. We can decompose the resulting stencils into connections among and
between the degrees of freedom (DOFs) located at the nodes of the mesh and those
located at cell centres. The node-to-node connections yield the stencils

1
3h

The node-to-centre stencils are given by

h
[ 14 1] and o5 [-1 8 1]

1 h

— -8 x -8 d —12 * 2|,

Tl ] and o5 | ]

with transposed connections between centres and nodes, where x stands for the degree-
of-freedom position in the off-diagonal blocks. The centre-to-centre stencils are diag-

onal,

1 h
— |16 d — [16].
5 [16] and o5 [16]
On the infinite grid Gj, each of these stencils defines a Toeplitz operator on ¢3(Gp +)
and, so, the block systems can be block diagonalized by considering the invariant
subspace given by linear combinations of ¢ (6, x) and ¢c(0, ). The resulting block
symbols of the stiffness and mass operators are

1 (14—|—2c0s9 —16C083) B ) h (8—2c059 40053)
5 h )

(3.1) Ax(0) = 3h \ —16cos 2 16 ~ 30 4cos 16
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respectively. The error-propagation symbol of weighted Jacobi relaxation is given by
(3.2) Sn(0) = T —wM;  (0)An(0),

where Mh(ﬁ) is the symbol of the diagonal operator,

1 (14 0
(3.3) Mh_gh(o 16[).

Using (3.1) and (3.3), we plot the distribution of eigenvalues of M{l(a)ﬁh(e), at the

left of Figure 1. Note that as a block symbol, M,:l(O)gh (0) has 2 eigenvalues, each
of which can be seen to be a continuous function of 6 /7.

) | /

05 \\

-0.5 0 0.5 1 15 -1 -0.5 0 0.5 1
Ol cosf

25

A i(cost9)

Fic. 3.1. At left, the distribution of the two eigenvalues of M{l(ﬁ)gh (0) as a function of 0/w.
At right, the distribution of the two eigenvalues of M,;l(e)ﬁh(a), as a function of cos6.

To derive an analytical expression for the eigenvalues of M, h L(0) An(6), we note
that the determinant of M, *(6)A,(0) — M is
cos 6 4

- ) — ?(1 + cos ).

A—1)A—1—

Let Ay and A_ be the eigenvalues of J/\\/[/h_l(ﬁ)gh(ﬁ); from above, we have

) 14 + cosf £ y/cos2(0) + 112 cos 6 + 112
+ = .
14

Taking z = cos 6, then we can write

4 +z+ Va2 + 1122 + 112 \
o 14 T

4+2z—va?2+ 112z + 112
(z) = ” .

At (z)

It is easy to check that
1

ot

At (@) max = A4 (1) = —, Ap(@)min = A4 (1) =1,

~lo Y

A (@) max = A (—1) = =, A_()min = A_(1) = 0.
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We plot Ay (x), A_(x) at the right of Figure 1.

Throughout this paper, we denote Amax,u and Aminu as the biggest and smallest
eigenvalues over only the high frequency range, respectively. Since A_(z) < Ay (x),
for high frequencies (z € [—1,0]), we have

T+ 2V7

7207
7 B '

Amax,H - A-&- (0) 7

Amin,H = (O)
Thus, the classical optimal choice of w that minimizes the resulting smoothing
factor for relaxation scheme (3.2) is given by

2
3.4 L ——
( ) /\min,H + )\max,H

and the corresponding smoothing factor is

s 2V/7
* : . ~
po =min max IMSh(w,0))| = — 0.760.
Note, however, that this choice of w* leads to a diverging relaxation scheme, as |1 —
w*A4(1)] > 1. While this might be acceptable assuming ideal CGC, it is worrisome
from the perspective of robustness of the resulting multilevel algorithm. Thus, we
consider another relaxation weight,

(3.5) - 2 M osss
. W = = ~ (0.838,
Aax T Aming 22— 2V/7
where A%, is the biggest of all eigenvalues; that is A, = A(1) = 2. For this

choice, the corresponding smoothing factor is

= 4 7
ws" = max |)\(Sh(w**,9))’ = i ~ 0.795.

peThien 11— VT

To understand and compare these choices, we now consider two-grid LFA and
measured two-grid performance. We use the notation TG(v1,12) and V(v1,19) to
indicate the cycle type and the number of pre- and postsmoothing steps employed.

Here, we use the defects d;zk)(k: =1,2,---, with dgk) =b-— Ahxgk)) to experimentally
(1)

measure the convergence factor as ﬁglk) =9 HZ’&J) ”2 (see [21]), with k = 100. We
o112

consider the homogeneous problem, A,x, = b = 0, with discrete solution x, = 0, and
start with a random initial guess, xéo), to test the multigrid convergence factor. The
coarsest grid is a mesh with 4 elements. Rediscretization is used to define the coarse-
grid operator (CGO). For comparison, we present the LFA-predicted convergence
factors, pp, for two-grid cycles with 14 prerelaxation and v postrelaxation steps (see
(3.14) ). We consider periodic boundary conditions.

In Table 1, we use w* as the weight. Note that the LFA convergence factor is larger
than the smoothing factor. As noted earlier, while we see convergence for vy + 15 < 3,
we see divergence when vy + vo = 3,4 for the two-grid method. Furthermore, even
though the smoothing factor fails to predict the convergence factor, we see that the
measured convergence factor matches well with the LFA-predicted two-grid conver-
gence factor. For w = w**, Table 2 shows a good improvement in the convergence
factor compared with the choice of w*. We again see a good agreement between the
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measured convergence factor and the LFA-predicted convergence factor, but now the
two-grid convergence factor is smaller than the smoothing factor, in contrast to the
case of w*. Moreover, while the smoothing factor for the choice of w** is larger than
that of w*, the two-grid factor is much better.

TABLE 1
Two-grid convergence factors for the Qo approrimation with w* in 1D

Cycle

5 TG(0,1) | TG(1,0) | TG(1,1) | TG(1,2) | TG(2,1) | TG(2,2)
h
w = w* = 1.000, u* = 0.760
Ph=1/128 0.821 0.821 0.985 1.118 1.119 1.279
0 e 0.813 0.815 0.974 1.096 1.102 1.255
~(100)
Ph—17256 0.814 0.814 0.972 1.104 1.100 1.263
TABLE 2

Two-grid convergence factors for the Qo approrimation with w** in 1D

Cycle
5 TG(0,1) | TG(1,0) | TG(1,1) | TG(1,2) | TG(2,1) | TG(2,2)
h

w=w** = 22_1‘2* = ~ 0.838, u™* = 0.796

Ph=1/128 0.526 0.526 0.495 0.372 0.372 0.302
~(100)
Pr—17/128 0.522 0.521 0.491 0.365 0.366 0.296
P 0.521 0.522 0.491 0.366 0.366 0.298

3.2. Two-grid LFA in 1D. Two natural questions are raised by these results.
First, why is the LFA smoothing factor such a bad predictor of performance? Secondly,
is w** the best choice for a weight, in terms of two-grid performance? To answer these
questions, we consider two-grid LFA in more details.

DEFINITION 3.1. The 2h-harmonics, Fap(0), are given by

]:Zh(e) = Span{SOh(gO, ,’L'), cph(Hl, CC)},
with 0 = 6° € TV := Oy, and 6% = 0 + am, where o = 0, 1.
To apply LFA to the two-grid operator,

(3.6) MEOM = sz MESC sy,
we require the representation of the CGC operator,
CGC -1
Mp=Y =1—PA;, RAy.

Inserting the representations of Sy, Ap, Aap, R, P into (3.6), we obtain the Fourier
representation of two-grid error-propagation operator as

MESM(G) = §22(0) (I — P(0)(A21(20)) L R(0)AL(6)) 51 (6),

where

Ap(6) = diag {Zh(e), A0+ 7r)} Sn(0) = diag {§h(9), Sn(0+ 77)} :

Pu(6) = (Pa(6): Pu(0 + ) R (8) = (Ru(6). Bu (0 + 1)),
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and

~ 1 (144 2cos(20) —16cosé
A2h(2‘9)_< —16 cos 16 ’

6h
in which diag{ 4, B} stands for the block diagonal matrix with diagonal blocks, A and
B.
The symbols A,(6) and A,(6 + ) are as given above, while the symbols for
relaxation are

Sh(0) = I —wM;  (0)An(0), Sn(0+ 1) =T —wM; (0 +7)Ap(0 + 7).

To derive symbols for the grid-transfer operators, we first consider an arbitrary re-
striction operator characterized by a constant coefficient stencil R £ [r]?". Then, an
infinite grid function wy, : G, — R (or C) is transferred to the coarse grid, Gy, in the
following way:

(Rwp)(z) = Z rewp(z + kh) (x € Gap).

KEV

In our case, we have two types of grid points on the fine and coarse grids, so the restric-
tion operator can also be decomposed based on the partitioning of DOFs associated
with nodes of the mesh and cell centres.

Let @ (0%, z) = 9"*/" We have the following equality

(3.7 ©on (0%, x) = e ™/ Py, (260 1), for all x € Gap,.

Note that ¢ (6%, z) coincides on G,y with the respective grid function 0on(260°, 1),
since e/*™*/" = 1 in (3.7), when z = 2jh for j € Z. However, e**™*/h = (—1)® when
x=2(+ %)h coincides with a point in Gap, ¢

Using this for z € Gsp,, we have

(R(ph)(ea, )(m> _ Z ,rneL(x-'th)@a/h _ Z rnem‘gae‘o‘m/hwgh(%o,x).
reEV rEV

DEFINITION 3.2. We call R(6%) = Z reettd” grame/h o — Z T the restriction
KEV KrEV
symbol of R.
Remark 3.3. If the restriction operator is defined on a collocated mesh, we have
only Gaop, N, and etem@/h = 1 in Definition 3.2, which coincides with the definition of
the classical restriction symbol [24, Section 6.2.3].

We consider biquadratic interpolation, and the corresponding adjoint operator
for the restriction of the corrections. In stencil notation, the restriction operators are
given by

(3.8) Ry 2 [(rn)aln=1[0 —

00|
jan}
oolw
[
—
>*
N—
olw
an}
00|
jan}
[t

and

(3.9)

=
Q
1>
—
R
Q
S~—
2.
=
I
(=]
N[
—
—
%
=
N1
=)
>
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where N, C stand for the node and centre points, respectively, and the * denotes the
position (on the coarse grid) at which the discrete operator is applied. Note that these
stencils include contributions from both find-grid nodes and centers to the coarse-grid
quantities. We illustrate these in Figure 2.

1 I I 1 h I

| |
T T
| I | | |

T
N C

oo

Fic. 3.2. At left, Ry -restriction operator. At right, Rc-restriction operator.

As with the fine-grid matrix, both Ry and R¢ require values from nodes and cen-
tres on the fine grid. We decompose Ry as [Ry(N), Ry (C)] and Re as [Ra(N), Re(C)R
defined in the following

(3.10) Ry(N)=[U, By(©)=[-5 % » 3
3 3

then apply Definition 3.2 to each piece separately to obtain the symbol of the restric-
tion operator.

THEOREM 3.4. Define R as in (3.8) and (3.9). Then the Fourier representation
of R is given by the (2 x 4)-matriz
ko) = (R R("))

1 3005(%);005(379) 1 —3sin(%i—sin(%)
= S ) 3sin(¢ ’
1 3co;(2) ] 3 (2)

2

Proof. Let € Ggp, and consider a fine-grid mode ¢(6%,y) = Bneon(0%,y) +
Beypc(0%,y) for y = x + kh € G). Clearly the value of [Rp(6%),-](x) depends on
whether z is a node on the coarse grid (and (3.8) is used) or x is a cell centre on the
coarse grid (and (3.9) is used). From (3.10) and (3.11), we write the symbol for R in
matrix form,

= oy _ (BN(N,0%) Ry(C,0%)
(3.12) R(9%) = <§g(N79a) ﬁg(&“))’

acting on the vector (B N ﬁc)T, where T denotes the (non-conjugate) transpose of
the row vectors.
From (3.10), (3.11), and Definition 3.2, we obtain the symbols

~ o ~ o 3 0 1 30¢
Ry(N,0%) =1, Rn(C,0%) = 708 (7) — 7 08 (7),
~ ~ 3 0

Rc(N,0%) = (-1)%, Rc(C,0%) = 9 cos (7)(71)01'

Concatenating R(6) = <§(90) E(Gl)) gives the symbol in the statement of the
theorem. d
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A similar calculation (see [15]) gives the symbol of biquadratic interpolation as

1 1
2 2
R 3005(%)7005(3—29) 3Cos(%)
(3.13) PO) = g o,
—3sin(§)—sin(3?) 3sin(2%)
4

satisfying the usual relationship that P(0) = %(R(Q))H , where H denotes the conju-
gate transpose.

We again use rediscretization for the CGO, which matches the Galerkin CGO.
The asymptotic two-grid convergence factor, pasp, is defined as

(3.14) Pasp = sup{p(M(0)TM) : 6 € @y, }.

In what follows, we consider a discrete form of p,s,, denoted by pj, resulting from
sampling pasp over only finite set of frequencies. We consider only the case of a single
relaxation; that is v; + 1o = 1. Without loss of generality, let 11 = 1, giving the
two-grid representation as

(3.15) ME(O) = (I = P(0)(A21(20) " R(0)Ar(0)) Si ().

3.3. A lower bound on convergence in 1D. To gain some insight and a lower
bound on convergence, we consider now the limiting behavior when § — 0. When
0 = 0, the two eigenvalues of

Sp(0+7) =1 —wM; (0 + ) A0 + ),
are 1 —w,1 — %w and the eigenvector corresponding to 1 — w is v; = (O l)T.
From (3.13), when 6 = 0, we have the representation of interpolation

N[t NI

P(0) =

N

O N | 00 =
=}

and vector 07 = (0 0 0 1)T is not in the range of interpolation. Taken together,
this tells us 9, is an eigenvector of MFEM(6) in the limit as § — 0, allowing us to
establish a lower bound on convergence.

THEOREM 3.5. For MISM(0) defined as in (3.15),

- 79
t li M) =2 - —w.
race(elg%)/\/lh (9)) T
Proof. By standard calculation, we have

7T—15w —7+15w —7+6w 0
~ TGM o 71—415cu _ —%%—15&1 _ —278-1—60.1 0

li 0) = 2 28 — 56
91_12% M= (0) 7 11i5w _ 7—11-415w . 72§6w 0

0 0 0 1l—w
7—15w =7+ 1bw —7+ 6w 79

l—w=2-4
14 28 9 1T 55

Thus, trace( gintl) M;GM(H)) =
—
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Note that P(0) is full-rank, so there must be two zero eigenvalues of gir% MFEM(p) I
—

As 1 —w is also an eigenvalue of gin(l) MECM(@), Theorem 3.5 tells us that the other
—

eigenvalue is 2 — 9w — (1 —w) = 1 — Stw. In order to minimize the spectral radius

of gir% MIECM(9), we have the following result.
—

LEMMA 3.6.
N 23
(3.16) min ¢ max{|A\*|} : \* € A( Lim MIM(0)) b = == ~ 0.291,
w 6—0 79
and only w = w*** = % achieves the minimum.
Proof. Note that the four eigenvalues of lim J\;IEGM (9) are 0,0,1—w, and 1— %w.
0—0
Setting |1 — w| = [1 — 3w, gives w = 35, d
COROLLARY 3.7. For any w, the optimal two-grid convergence factor for a single

relazation (i.e., v1 + vo = 1) is not less than %, and this factor can be achieved if

and only if w = w***.

Corollary 3.7 only tells us that the two-grid convergence factor has a lower bound,
but we do not know whether it can be achieved or not. We show this numerically.
For the remaining part of this paper, let u and p be the LFA-predicted smoothing
and two-grid convergence factors, respectively, computed with h = &. For p, we
consider only one step of pre-smoothing (which gives the same results as one step
of post-smoothing). We plot the predicted smoothing and convergence factors as a
function of w in 1D. The left of Figure 3 indicates that when the classical smoothing
factor achieves its optimal value, the corresponding w does not minimize the two-grid
convergence factor. The choices of w* and w** in (3.4) and (3.5) both are clearly not
the best choice. The left of Figure 3 shows that the optimal w is w*** = % ~ 0.709,
as proposed in Corollary 3.7. We explore the reasons for this below.

To see that the prediction of Lemma 3.6 is not a coincidence, we plot the two-grid
convergence factor and max {|1 — wl,|1 — %w|} as a function of w. Comparing the
left and right of Figure 3 indicates that, for all w, the two-grid convergence factor is
given by max {|1 — w|,[1 — Jw|}.

0 0.5 1 15 0 0.5 1 15
w w

Fic. 3.3. At left, LFA-predicted two-grid convergence and smoothing factors as a function of
w. At right, LFA-predicted two-grid convergence factor and max{|\*|} as a function of w for the
Q2 approxzimation in 1D.
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3.3.1. Two-grid and multigrid performance in 1D. Table 3 confirms that
* provides the best observed convergence factor, compared with the choices w*

and w*

* shown in Tables 1 and 2. Table 3 also confirms that a single pre- or post-

relaxation offers the most cost-effective cycle. Table 4 shows that similar convergence
factors are obtained for full V-cycles.

TABLE 3
Two-grid convergence factors for the Q2 approximation with w*** in 1D
Cycle
o TG(0,1) | TG(1,0) | TG(1,1) | TG(1,2) | TG(2,1) | TG(2,2)
w=w"* =58 ~0.709, p = 0.822
Ph=1/128 0.291 0.291 0.249 0.090 0.090 0.064
IS 0280 | 0200 | 0245 | 0088 | 0.088 | 0.063
P oss 0289 | 0280 | 0246 | 0088 | 0088 | 0.063
TABLE 4
Multigrid convergence factors for the Q2 approzimation with w*** in 1D
Cycle
on V(0,1) | V(1,0) | V(1,1) | V(1,2) | V(2,1) | V(2,2)
w=w* =58 ~0.709, p = 0.822
Ph=1/128 0.291 0.291 0.249 0.090 0.090 0.064
IS 0.281 | 0282 | 0.246 | 0.080 | 0.081 | 0.068
P o5 0.284 | 0.280 | 0.246 | 0.083 | 0.082 | 0.068

3.4. A modified two-grid analysis. To better understand the failure of classi-
cal smoothing analysis for the ()2 approximation, we first consider why the smoothing
factor is a good predictor of performance for the (; approximation. In the () case,
we denote the CGC operator as MCGC( ), and the symbol of the relaxation scheme
as Sl)h(ﬁ), which are both 2 x 2 matrices. Here we use linear interpolation for P and
R = PH. By standard calculation, we have

In the standard LFA smoothing analysis, we assume an “ideal” CGC operator, Qp, in
place of the true CGC, MCGC( ), that annihilates the low-frequency error components
and leaves the high- frequency components unchanged, see [21]. A natural choice for

Q) is as a projection operator,
0 0
0 1/

To compute the convergence factor, we replace the CGC operator in (3.14) by O,
giving

(317) sup{p(thLh(Q)) :0 e @2h}.
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Remark 3.8. Note that (3.17) is equivalent to form (2.2).

From the form of Qj, we can consider optimizing the smoothing factor by working only
over the high frequencies as in Definition 2.3. In Figure 4, we plot the LFA-predicted
two-grid convergence factor (3.14) and the smoothing factor as a function of w and see
that the smoothing factor perfectly captures the LFA-predicted two-grid convergence
behavior.

0 0.5 1 15

Fic. 3.4. LFA-predicted two-grid convergence and smoothing factors as a function of w for the
Q1 approxzimation in 1D.

However, as shown above in Subsection 3.1, generalizing Qj, to

o O O O
o O OO
o= O O
_ o O O

does not give a good prediction of the two-grid convergence factor for the Q2 approx-
imation. Instead, we note that for the Q1 case,

. ~ 0 1
tin 755°0) = ({ 1).

and, if we replace Qp by this limit, then the eigenvalues of QhSLh(H) do not change.

This suggests that using girr%) M?E’C (0) as the ideal CGC operator may improve the
- ;

robustness of the smoothing factor. We now extend this approximation for two-grid

analysis of the Q2 approximation.
Define

(3.18) Qo := lim (I — P(0)(A2,(20)) L R()A(9)).

By standard calculation,

N|—=
N|—=
=

\9)
=)
|
SIENE

(@) CIERNTEN
O B —00|—
_ o O O

o
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To see how well Qp works as an idealized CGC operator when predicting the
two-grid convergence factor, let

(3.19) po = po(w) = sup{p(Qon(0)) : 0 € Oz, }.

We plot p as a function of w, compared with the LFA-predicted two-grid convergence
factor p. Figure 5 shows that py provides a much better prediction than the classical
smoothing factor. Note that for smaller values of w, pg slightly overpredicts the con-
vergence factor, as Qg captures poorly the true effects of CGC for values of 6 near
+7. We see that the optimal parameter of pg is very close to the optimal parameter
for the two-grid convergence factor, p. Whether further improvement is possible is an
open question.

0 0.5 1 15
w

F1c. 3.5. p and po, as a function of w for the Q2 approzimation in 1D.

We now consider a modified two-grid error-propagation operator,
MMTEM () .= Q,S5(6), 6 € Oy,

which gives a good prediction for the convergence of multigrid for the Q5 approxi-
mation. Now, we consider minimizing the spectral radius of MMTGM(9): that is, to
minimize pg.

By standard calculation, we have

1—w(l+ C°s7(0)) 8 cos(§)w 0 0
$(0) = cos($)w 1—w 0 0
0 0 1—w(l— <0y Sgin(f)
0 0 —sin(§)w 1-—w

Because Qp has rank 2, MMTGM(§) has at most rank 2. By a straightforward cal-
culation (done using a computer algebra system), the four eigenvalues of QyS(6) are
given by

A0)=1-gs(O)w, 0, 0,
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where g4 (0) is

112 + 44 cos(£) + 2 cos(0) £ \/2(1381 + 44(cos(£) + cos(32)) — 412 cos(6) + cos(26)) I
112 '

We can check that g+(f) is an increasing function over [-7,0] and a decreasing
s

function over [0, 7]. We plot g+ (6) as a function of 6 over [~7, 7] in Figure 6.

DN

< X g
o 09 f Vol e
f X
/ X
0.85 z e 1.76
/ \
f ¥
0.8 : ‘ : 1.74 :
-1 1 -1 0 1
6 6
Fic. 3.6. At left, g—(0) as a function of 0. At right, g+(6) as a function of 6.
The extreme values of g1 (6) are obtained at § =0 and 6 = £7; that is,
51
0)=— _(0)=1
9+0) =55, 9-(0)=1,
(@)= 56+ 11V2+ 69 _ 51
Ity = 56 28’
T, 56+ 11v2— /690
g-(£=) = < 1.
2 56
Thus,

po = sup{p(QoSK(#)) : 0 € Oy} = max{|1 — g—éw|, ‘1 - g_(:tg)w’}.

Then, the optimal parameter minimizing pg is given by

2
W), =
Oopt = 5y | 56+11v2- /690
28 56

~ 0.760,

and the corresponding predicted smoothing factor is

51 _ 56+11v/2-1/690

=2 5% ~ 0.385
Po,opt = 7y | 56+11/2—/690 009
28 56

Recall the optimal parameter and the true two-grid convergence factor are w*** =
0.709, p = 0.291, respectively. Compared with the true two-grid convergence, pg over-
predicts the convergence factor based on the mode 6 = £75. However, this modified



16 YUNHUI HE, SCOTT MACLACHLAN

MMTEM () still offers useful information and a reasonable predictor of performance.
Whether this “ideal” predictor can be used for other higher-order finite-element ap-
proximations will be explored in the following sections.

Remark 3.9. Improved two-grid behavior can be achieved by considering different
weights for the DOF's at nodes and those at cell centres for Jacobi relaxation; that is,
putting distinct parameters in each diagonal block in the diagonal operator in (3.3).
Then, the LFA shown above can be extended to this relaxation scheme to optimize
the two-grid convergence factor, resulting in somewhat better convergence.

4. Higher-order finite-element methods. In this section, we consider the
finite-element spaces @, for p = 3,4 and again examine the relationship between the
LFA smoothing and two-grid convergence factors. In order to distinguish the block
symbols for different p, we use superscripts in the matrices and block symbols in this
section.

4.1. Cubic Lagrangian Elements. For cubic Lagrangian elements (Q3), using
nodal finite-element basis functions defined at the mesh nodes and the 1/3 and 2/3
points of the element, the elementary contributions to the stiffness matrix can be
written as

206 —189 54  —13
BK® _ 1 [-189 432 -297 54
h 40n | 54 =297 432 —189

-13 o4  —189 296

The corresponding symbol of stiffness operator is

—2.0 L.o 2.0 —Ll.0
148—13 cos 8 54e 37" —189e3 54e3 7" —189¢ 3
~ 1 5, 20 i 40 40 |
AB)(f) = — | 54e50—189¢ 757 54 _ 297¢3*
h h , 40 5, 10 ’
54¢~3°_189¢3*° _ 297¢3*° 54
40 40 5

ordered as mesh nodes, then the 1/3 points and 2/3 points, respectively. The error-
propagation symbol of weighted Jacobi relaxation is given by

(4.1) §2(0) = 1-w(3,”(0) " 4 (0),
where
Z 0o o0
— 1[5
MPo) =50 % o
0 o0

In Figure 7, we plot the eigenvalues of (1\7}53)(9))‘1223)(9). Considering the high
frequencies, we see Apinn = 0.085 is obtained at § = 7, and Apaxn = 2.394 is
obtained at 6 = .
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157

>

057

0 ° .
-0.5 0 0.5 1 15

F1G. 4.1. The distribution of eigenvalues of (M,gg)(ﬂ))_lgl(f)(ﬁ) as a function of 0/m

Thus, the classical optimal choice of w for (4.1) is given by

2
. E— Y
3 >\min,H + )\max,H
and
* - a(3) o )\max,H - >\min,H -
pg =min max NS (w, 0))| = SRS W 0.931.

Denote the cubic finite-element interpolation operator as R®) and the corresponding

symbol as R®), Similarly to Theorem 3.4, we can write the symbol of restriction,
R®)(6%), as

e 0% 5 1,ga 1 ,-8.,04 5 ,—L.,0° 13,0
p(3) (po _9161;6“ 16 Ees; +11—ng i 1€ ° 5+ 57963
RO@) = | gebos et a=fe™)s |,

%6_§L9a62 (1—%€_L0a)ﬂ2 %egLQQBQ

where 8 = (e3*7)®. Thus, the symbol of R®) is the 3 x 6 matrix
RO©0) = (RO(°) RO(6")), where § = 6° € Oy,
The Fourier representation of P®) is given by the 6 x 3 matrix,
. 1, - o
PO ) = Z(R®())".
(6) = 5 (R ©))

We plot the smoothing factor and LFA-predicted two-grid convergence factor as
a function of w for cubic elements in 1D. Figure 8 indicates that when the smoothing
factor achieves its optimal value, the corresponding w does not minimize the two-grid
convergence factor. From Figure 8, note that the optimal convergence factor, p, is
0.491 with w = 0.650, but the corresponding smoothing factor is 0.943, which is larger
than the smoothing factor of 0.931 for w3 = 0.807 given above.

As the LFA smoothing factor again fails to predict the convergence factor, we
extend the modification above to yield a new prediction based on MMTGM(g) | cal-
culating Qp again using the limit in (3.18). We plot pg, compared with the true
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convergence factor at the right of Figure 8, and see that using Qg accurately predicts
the true convergence factor, except for a small overestimate for w less than 0.65, as
Qo captures poorly the true effects of CGC for values of 6 near £75. We observe that
when 6 = 0, pg underestimates the true two-grid convergence factor. However, the
optimal parameter of MMTGM(H) is very close to the true optimal parameter for the
two-grid convergence factor.

14 ‘ ‘ ‘ ‘ 1.4

127

0.8

0.6

0.4

Fic. 4.2. At left, the LFA-predicted two-grid convergence and smoothing factors as a function
of w. At right, p and po as a function of w for the Q3 approximation in 1D.

4.2. Quartic Lagrangian Elements. For quartic Lagrangian elements (Q4),
using nodal finite-element basis functions defined at the mesh nodes and the 1/4,1/2,
and 3/4 points of the element, the elementary contributions to the stiffness matrix
can be written as

9850 —6848 3048  —1472 347
| | -6848 16610 14208 5888 1472
EKY = | 3048 14208 22320 —14208 3048 |,
950 | _1479 5388 14208 16640 —6848
347 —1472 3048  —6848 9850

and the corresponding symbol of stiffness operator is

9850+347(n *+n*) _ 6848n4+14727~%  1016n 2410165> _ 68487 41472,°
945 5 945 315 945,
" 1 | _ 6848y '+1472¢ 3328 47367 58887
AY @) = — , 945 189 | 315 945
h h 101672410167 47367 496 47367
315 315 21 315
_ 6848n+1472n" 3 588812 47360 " 3328
945 945 315 189

where n = e%, with both ordered as mesh nodes, then the 1/4, 1/2, and 3/4 points

of the mesh (followed by the right-hand node in EK ,(14)).
The error-propagation symbol of weighted Jacobi relaxation is

8§,(0) =1 - w(M; (0) A7),
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where
1970
== 0 0 0
4) 1 BB 00
Mh (9) - 7 0 0 496 0 ;
2L 4398
0 0 0 =55

Using these symbols, we plot the distribution of eigenvalues of (M 54)(0))71;4/;:1)(0) in
Figure 9. From Figure 9, we see that the smallest eigenvalue over the high frequencies,
Amin,z = 0.036 is obtained at 6 = 5 or 37” Similarly, Amax,u = 2.557 is achieved with

™ 3m
0= 7% or 5.

= S o5
SN o
g o
Bagpenee®

Ol

F1G. 4.3. The distribution of eigenvalues of (M,(L4) (9))_1;414)(9) as a function of 0/

Thus, the optimal w for the classical smoothing factor and the corresponding
smoothing factor are

2
4.2 = ———=0.772, p; =0.973
( ) i )\min,H + AmaX,H > Ha ’

respectively.
As in the @2 case, the biggest eigenvalue over all frequencies is A% . = 2.789 >
Amax,H, obtained at = 0. We, thus, consider the case of

2
wy*=———6/¥——=0.708.
‘ /\min,H + A:‘nax

Then, the corresponding smoothing factor is

*
)‘max

- )\mln
2 — 0.975.

*%k (4 W

@cThigh

Denote the quartic interpolation operator as R® and the corresponding symbol as
R®. Similarly to Theorem 3.4, we can write the symbol of restriction, R (%), as

1 128£+ 12§ - 128§ T 1g8§73 0 128g + 1%§ - 12857 - %53
§(4)(9a) _ 0 3§ 5 )'7 v ( §+ 3§ )’Y
A (- 55 + 18 0 (645 s’

2
0 (316 + 58 3 (—5¢3 + 26)y°
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where ¢ = T,y = (e3™)®. Thus, the symbol of R is the 4 x 8 matrix
RO0) = (RO(00) RO(0Y)), where 0 = 0° € O,

The Fourier representation of P4 is given by the 8 x 4 matrix,

H.

PO () = - (R (0))

N |

We plot the LFA smoothing and two-grid convergence factors as a function of w for
this algorithm. At the left of Figure 10, we see that the LFA smoothing factor again
fails to predict the two-grid convergence factor, and that the optimal convergence
factor p is 0.608 with w = 0.640. The choices of w in (4.2) and (4.3) both fail.

We present the results of the modified prediction using MMTGM (0) here again
defining Qg following (3.18). At the right of Figure 10, we compare py with p, as a
function of the relaxation parameter, w, seeing that py matches well with the true
convergence, except for a small overestimation for small w, as Qq captures poorly the
true effects of CGC for values of ¢ near 5. We also observe that when 6 = 0, po is
exactly the true two-grid convergence factor, which is the same as in the case of the
()2 approximation.

F1a. 4.4. At right, LFA-predicted two-grid convergence and smoothing factors as a function of
w. At right, p and po as a function of w for the Q4 approzimation in 1D.

5. LFA for the (Q; approximation in 2D. In this section, we consider LFA for
problem (1.1) in 2D, using biquadratic finite elements and the nodal basis functions
defined at the mesh nodes, edge midpoints and element centres. We order the DOFs
of the )2 approximation as nodes first, then midpoints of the edges parallel to the
z-axis (the “z-edges”), followed by the midpoints of the edges parallel to the y-axis
(the “y-edges”), and then the element centres. In this way, the grids in 2D are defined
as

Gr =Gy, @ Gh,,
where
x := (z,y) € Gy if and only if x € G, and y € Gy,

where G}, and Ghy are defined as in 1D, see (2.3). Here, we consider h, = hy = h.
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Thus, G, can be rewritten as G, = G, |J G U G U G, with
Ghn@PGCrn if =1,
Gro@P Gy if j=2,
Ghn@DGCro if j=3,
Gre@PGre if j=4

G =

We refer to G,ll, G%, Gi, and G;"L as the NN-, CN-, NC-, and C'C-type points on the
grid G, respectively.

5.1. Representation of the stiffness and mass operators. It is known that
the stiffness and mass matrices for the @1 approximation in 2D can be written using
tensor products of their 1D analogues. However, for the ()2 approximation in 2D,
we must carefully consider the ordering of the DOFs and the block structure of the
resulting system. Assume that the stiffness and mass matrices in 1D are ordered by
nodes and centres in 2 x 2-block matrices, given by

A A B B
(2) _ nn nc (2) _ nn nc
A N (AC'H. CC) ’ B N (BC’I'L BCC) ’

respectively. For the 2D case, we use the Tracy-Singh product to preserve block
structuring in the product. Let A be an (s x t)-block matrix, whose (i, j)-block is
denoted by A;;, and B be a (p x g)-block matrix, whose (i, j)-block is denoted by B;;.
The Tracy-Singh product of A and B is defined by the pairwise Kronecker product
for each pair of blocks in matrices A and B, that is,

AlléB AltéB Aij @B -+ Aijj ® Byg
AoB = : : ,where 4; ;@B = : :

Ag®B .- A,2B Ai;® By -+ Aij @ By,

where ® is the standard Kronecker product. Then, the stiffness and mass matrices in
2D are given by

Ay = AP o B? 4 B 6 AR B, = B2 o B2

respectively, and the ordering of the 4 x 4 block system corresponds to the indexing
of the G, given above. Similarly, if the biquadratic restriction matrix in 1D is given
in block form as

(2) _ R, Ry
R = (Rm Rm)’

then the corresponding restriction matrix in 2D is given by
Ry = RA o R(?)7

with the same block ordering as the blocks in As.
Using the Tracy-Singh product for the discretized operators allows us to compute
symbols using standard Kronecker products. Given the symbols of the stiffness and
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mass operators for the Q2 approximation in 1D, Avh(ﬁ) and éh(ﬂ), respectively, the
symbols of the stiffness and mass matrices in 2D are given by

Ay(61,02) = Ap(62) @ Bp(61) + Bu(62) ® Ap(6y),

Bs(61,62) = Bj,(62) ® By (61),
respectively.
The above discussion is not limited to ()2, and extends to Q) as follows.

Remark 5.1. The stiffness and mass matrices for the Qj discretization in 2D can
be written as

Ap = AW o BF) 4 B o AK) B, = BF) o B
respectively, where A®*) and B*) are stiffness and mass matrices for the Qy, discretiza-

tion in 1D, respectively.

Remark 5.2. The symbols of the stiffness and mass matrices for the Q) discretiza-
tion in 2D are as follows

Ar(01,05) = AP (02) © B (01) + B (62) © AL (0y),
Ek(91792) = éﬁk)(az) 0 Eék)(al)a

)

respectively, where ggk) and E,(lk are the stiffness and mass symbols for the Qy

discretization in 1D, respectively.

Remark 5.3. The restriction matrix corresponding to the @ approximation in
2D is given by

Ry = R® o RK)

with the same block ordering as Ay, if R(¥) is ordered consistently with A%,

5.2. Fourier representation of grid transfer operators. Now we turn to the
representation of biquadratic interpolation and its adjoint operator, restriction, in 2D.
The extension of the restriction operator given in (3.8) and (3.9) from 1D to 2D with
blocks ordered as mesh nodes, z-edge midpoints, y-edge midpoints, and cell centres
can be written as R = {Ryn, Ron, Rnc, Roc }, respectively. Let Ryn, Ron, Rync,
and RCC be their Fourier representations. We show the representation of transfer
operators is given by tensor products of their symbols in 1D.

Let

a = (a1,az) € {(0,0),(1,0),(0,1),(1,1)},
0% = (65",052) = (61 + arm, O + aam), 6 := 00

We use the ordering of o = (0,0), (1,0), (0,1), (1,1) for the four harmonics.

DEFINITION 5.4. Assume that T = [t.,] and S = [s,] are two stencil operators
in 1D. The 2D stencil SQ@QT is given by

S®T = [Prlh, with v, =1, Sk, and k = (K1, Ka),

so that R is the outer product of S and T'.
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We use this outer-product notation to simplify the computation of the symbol of
the restriction operator in block form. Rewrite (3.8) and (3.9) as

(5.1) Rv=[-1 0 2 1 2 0 -],
and
(5.2) Re=[} 1) 3],

respectively, by discarding the points outside the stencil of restriction. Then, the four
restriction stencils in 2D for the @5 approximation can be denoted by

(53) RIzIy = Rly ®Rlz = [T’Q]Izly7

where I;,I, € {N,C}.
We can extend Definition 3.2 to a “standard” restriction operator in 2D as follows.

DEFINITION 5.5. Let T'(0%) = [tx] be a restriction stencil in 2D given as T =
ToQTi. We call

(5.4) T(0%) =) tee™®eme®/h =N "f = Y ot

KREV KEV (Kl,KQ)GV

the restriction symbol of T'.

Here, by “standard”, we mean the restriction operator is associated with only one
type of meshpoint.

Remark 5.6. It is easy to check that in (5.4),

T(Oa) = Z Zﬁlzﬁz = Z Zgﬁlfﬁz = 7‘1(91&1)7‘2(92&2)7

(k1,k2)EV K1 K2

where T; (07") and '75(932) are the restriction symbols for 71 and 73, respectively, due
to the tensor product of 7o ® 7.

Note that Ry, ;, draws values from four types of meshpoints on the fine grid.
Similarly to 1D, the stencil Ry, ;, can be split into 4 types of substencils, and the
Fourier representation of Ry, ;, can be written as a (1 x 4)-matrix as follows,

(5.5)

Ry,.,(0%) = (Efmfy,NN(aa) Rp,1,cn(0%) Rpp, ne(6%) Ezwzy,cc(f)")) -
The subscript J,.J, of Ry, 1,.7.7,(0%) (Jz, Jy, € {N,C}) denotes the contributions of

the J,J,-type points on the fine grid to the I,I, points on the coarse grid.
Thus, we can use Definition 5.5 to calculate Ry, g, 7, ,(0%).

THEOREM 5.7. The entries in ij]y (0%) in (5.5) are given by,
(5.6) ﬁlzfy,.lz.fy (0%) = ﬁly(Jya 932)§II(JM 07")

where I, I, Jy, J, € {N,C}. Note that the notation for the right-hand side of (5.6)
is defined in the proof of Theorem 3.4.



24 YUNHUI HE, SCOTT MACLACHLAN

Proof. Consider a 2D Fourier mode with frequency with 8%, restricted to the
coarse grid by the tensor product restriction operators given in (5.3). Because Ry, 1, =
Rr, @ Ry, , Ry, 1, can be split into four substencils Ry, 1, s, s, , where J,, J, € {N,C},
with corresponding symbol R 1.1,,7.J,- Since the tensor product preserves the stencil
structure, Ry, 1, 5,5, = Rr,(Jy) ® Ry, (J;), where Ry, (J,) stands for the substencil of
Ry, corresponding to the contributions from .J,-type points on the find grid, see (3.10)

and (3.11). Thus, §[$Iy7jw 7, can be calculated based on Definition 5.5. According to
Remark 5.6, Ry, 1,.5,5, = Rr, (J2,07" )R, (Jy,05). 0

COROLLARY 5.8. The symbol of restriction in 2D can be written as a tensor prod-
uct of the restriction symbols in 1D, that is, R(0%) is the 4 x 4-matriz given by

R(6%) = R(65*) © R(07"),

ordered as mesh nodes, x-edge midpoints, y-edge midpoints, and cell centres.
Furthermore, the Fourier representation of R is given by the (1 x 4)-block-matriz

R(0) = (R(6Y) R(OUY) R(OCY) R(OW)).

The Fourier representation of P is given by a (16 x 4)-matrix and

This approach can be extended to @ or any other nodal basis for ()2 as long as
the 2D node points are given as a tensor-product of 1D meshes.

COROLLARY 5.9. The restriction symbol for the Qy discretization in 2D can be
written as a tensor product of the corresponding restriction symbols in 1D. That is,

~ (k
R( )(00‘) is the k% x k%-matriz given by

~(k ~ ~

R (07) = B9 (05%) & RO (07),
ordered correspondingly to the order of R®)(091). Furthermore,

P(k)(e) _ %(R(k)(a))H.

5.3. A lower bound on convergence in 2D. Here, we also discuss the weighted]
Jacobi relaxation for the Q2 approximation in 2D. The symbol of the two-grid error
propagation operator is

MAEON () — (I - P<0>A2h<2e>-1R<0>Az<e>) 52(0).

where

A2, (20) = Agp,(2602) ® Bop(2601) + Bap(262) @ Agp(264),
A2(0) = ding { A(07), A,(07), A,(0°V), Ax(0" )}
)
)

— diag {S(61°),8(6"),5(6 1), S(6"))},
= (ﬁ(g(o,o))’ﬁ(e(l,o))’ﬁ(e(o,l))vﬁ(e(l,l))) ’
1,4

= 1 (R@©)",
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in which

S(0%) = I — wM; ' Ay(6%), with

112
L2 0 0
— %5 176 0 0
M=y § 1m
45
0o 0 0 2¥

45

First, we take a look at the eigenvalues of MQ_ 14, (0). The left of Figure 11 shows
the eigenvalue distribution of ]\72_ 1 A5(8) over [—Z,37]2. Note that both the smallest
and the biggest eigenvalues are achieved over the low frequencies, [~Z, Z]2. As shown
at the right of Figure 11 and discussed in more detail below, the standard smoothing

272
analysis fails to predict the two-grid convergence factor in this case as well.

14

127

0.8f

061

0.4

F1a. 5.1. At left, the distribution of eigenvalues, X\, of MQ_IZQ(O) as a function of @ = (01,02).
At right, LFA-predicted two-grid convergence and smoothing factors as a function of w for the Q2
approximation in 2D.

_Motivated by the analysis in Subsection 3.3, we consider the limiting behavior of
MFEM(Q) when 6 — 0. We first look at the range of the restriction operator when
6 = (0,0). From Corollary 5.8, we can calculate R(0), given by

1 1 1 1 1 0 1 0
- T T A I 10 Z1og
RO0)=|, 1 3 4[.RmO=| , & ol
3 3 8 2
L 5 1 1.0 =3 0
1 é 0 0 1 000
- 13 00| = -1.0 0 0
— 2 —
RO.m = 4 —3 00 CRmm =11 0 0 0
-1 -2 00 1 0 0 O

Note that the dimensions of the null spaces of INZ(W, 0), I}(O, 7) and I~2(7r, ) are 2, 2,

and 3, respectively. Because 15(0) = %R(O)H , we can easily identify seven vectors
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that are not treated by coarse-grid correction, and provide a lower bound on the
two-grid convergence behavior.
To find the seven vectors (and the associated eigenvalues of girr%) MFEM(0)), we
—

consider the high frequencies corresponding to (69, 69) = (0,0). Let Ty = M{lﬁg (m, 0),'
T3 = My ' A5(0,7), and Ty = My ' Ay(7, 7). By standard calculation, we have

% (1) _0% y % _1% 8 8 ? (1) 8 8
o1 — | 22

o= -5 0 1 0 B=1 0 0 -5 =10 010

0 -2 0 1 0o 0 -2 1 0 001

Standard calculation shows that 75 has two eigenvalues, 5\1,2 =1+ %, with the

corresponding eigenvectors 1 o = (0 1 0 =44/ %) , which are the in the null space

~ R T
of R(?T,O)H. Denote 12 = (Z Ti2 % Z) , where z stands for a zero vector

with size 1 x 4. Similarly, it is easy to check that ;\3,4 =1+ 4—94 are the two

eigenvalues of T3 corresponding to eigenvectors x34 = (0 0 1 £/ i—é) . Denote

. T
3.4 = (Z Z X34 Z)

Finally, the structure of T3 tells us that it has three eigenvalues: A5 67 = 1 and
the corresponding eigenvectors are x; = (() 1 0 0) , Tg = (0 0 1 0) , Ty =

(0 0 0 1) , which are in the null space of R(ﬂ', 7)H. Denote &5 = (z z 7z £U5)T,
Tg = (Z Z Z arﬁ)T, T7 = (z zZ z x7)T
The above discussion gives seven eigenvalues of the two-grid operator gimo M;GM (0),'
—

leading to the following results.

LEMMA 5.10.

. /9
(5.7) min{max{A**}:A**:1—mj,1§jg7}: 11~ 0453,
w

and only w = w3 =1 achieves the minimum.

Proof. Since the smallest and largest values of 5\j (j=1,2,---,7) are 1 — %

9 ) . . i % 2 _
and 1+ 4/ 7, respectively, the optimal w for (5.7) is w5 = VRNV 1. It
follows 1 — w3 <1 — 494) =/2 d
COROLLARY 5.11. For any w, the optimal convergence factor for the two-grid
algorithm wusing a single weighted Jacobi relaxation (i.e., v1 + ve = 1) on the Qo

discretization in 2D, is not less than and this factor can be achieved if and only

9
44>
if w=w;.

5.3.1. Two-grid and multigrid performance in 2D. In order to see how the
parameter w3 performs in practice in a multigrid method, we present two-grid and
multigrid results. Table 5 shows that w3 achieves the best possible results, with mea-
sured multigrid convergence factors that coincide with the LFA-predicted convergence

factors. The same convergence factor is also obtained using full V-cycles, shown in
Table 6.
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TABLE 5
Two-grid convergence factors for the Q2 approzimation in 2D

5 “vele | a1y | Ta,0) | Ta) | Taa,2) | Tae ) | Tae,2)
3
w = w3 = 1.000, u = 0.842
Phe1/128 0452 | 0452 | 0.288 | 0.23 | 0.23 | 0.091
0 0442 | 0442 | 0280 | 0119 | 0119 | 0.088
A0 0442 | 0442 | 0280 | 0119 | 0119 | 0.088
TABLE 6
Multigrid convergence factors for the Q2 approxzimation in 2D
S v | v [ vy [ V) | e | ves)
w = w3 = 1.000, x = 0.842
Phe1/128 0452 | 0452 | 0288 | 0.123 | 0.123 | 0.091
") 0.442 | 0442 | 0280 | 0.117 | 0.117 | 0.097
) 0.442 | 0442 | 0281 [ 0116 | 0.117 | 0.097

5.4. A modified two-grid analysis for the (); approximation in 2D. Con-
sidering the classical LFA smoothing and convergence factors, The right of Figure 11
indicates that the optimal w minimizing the two-grid convergence factor is 1, and that
the LFA smoothing factor fails to predict the two-grid convergence factor for the Qo
finite-element approximation in 2D.

In contrast, we plot the LFA-predicted two-grid convergence factor and max{|A**|}|]
as defined in (5.7) as a function of w, at the left of Figure 12. This shows that for
all w, the two-grid convergence factor is given by max{|\**|}, and that convergence
is dominated by the harmonic space associated with 8 = (0, 0).

The modified prediction given by defining Qp using the limit in (3.18) and pg
as in (3.19) can also be extended to this case. We plot pg, compared with the true
convergence factor at the right of Figure 12. We see that pg again overpredicts the
convergence factor, as Qg captures poorly the true effects of CGC for values of (61, 05)
near (+75,+7). However, pg still offers a reasonable prediction of convergence and of
the optimal relaxation parameter.
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12

0.8

0.6

0.4 : :

Fia. 5.2. At left, LFA-predicted two-grid convergence factor and max{|\**|} as a function of
w. At right, LFA-predicted two-grid convergence factor and po, for the Q2 approzimation in 2D.

6. Conclusion. In this paper, we apply LFA to analyse and optimize the two-
grid convergence factor for multigrid methods with higher-order finite-element ap-
proximations, especially focusing on optimal parameter choice for quadratic Lagrange
elements in 1D and 2D. We find that minimizing the classical LFA smoothing factor
fails to accurately predict the two-grid convergence factor. Ideal CGC operators are
provided to overcome this failure, and optimal parameters that minimize the two-grid
convergence factor are chosen based on the LFA results. With these parameters, we
see good agreement between the measured convergence factor and predicted LFA con-
vergence factor with periodic boundary conditions. Compared with the traditional
parameter choice, based on minimizing the smoothing factor, we note a big improve-
ment in performance with the corrected parameters. This may also explain why the
LFA smoothing factor cannot predict the two-grid convergence factor for higher-order
finite-element approximations to other types of PDEs, such as the Q2 — ()1 approxi-
mation to the Stokes equations, which was observed in [10].
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