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1. (a) We have

Hence
68_5 — %—g =2y — 2z
%—%:%—(—Zx) =2z + 22
% — 2—5 = (—2z) — (—2y) = 2y — 2.
Thus

curl(F) = (2y — 2z, 2z + 2z, 2y — 2z).
Since curl(F) # 0, F is not conservative. Furthermore,
or _0Q _OR _
or Oy 0z
SO
div(F)=0+04+0=0.
(b) We have

P(z,y,2) = zsin(y), Q(z,y,z) =xzcos(y), R(z,y,z)=xsin(y).

Hence
g_]; _ % — 2 cos(y) — wcos(y) = 0
%?—%gzamm—mmw=o
g_g _ ?;—]; — 2 cos(y) — 2 cos(y) = 0.
Thus

curl(F) = (0, 0, 0) =0
and so F is conservative. Furthermore,
oP OR 0
s 0 and 8_362 = —zzsin(y)
SO
div(F) =0 — zzsin(y) + 0 = —zzsin(y).



(c) We have
y yIn(z) y* In(z)
P - R —
(:L‘7 y? ) IZ? Q(x7 y’ ) Z ) <x7 y? ) 222
Hence
OR_0Q __yh() ([ yin()\
oy 0z 22 22 B
oP _OR _ 1y _(_ ¥\ _v -2
0z Ox  x2? 2022 ) 2x22
0@ or _y 1 _y-1
oxr Oy w2z xz 2
Thus 2 g )
_ Yy — 2y Y-
curl(F) = <0, 577 ' 12 >
Since curl(F) # 0, F is not conservative. Furthermore,
or _y  0Q ln(:c) oR _ y*In(x)
Ox 222 oy oz | 9z 23
SO
div(F) — _% N In(z) N y? lr;(x) _ 222 In(z) + :L“;y; In(z) — yzQ‘
x2z z z x2z
2. Omitting the dependences on z, y and z for clarity, we assume that F = (P, ), R) and so
gF = (9P, g9Q, gR).
Thus
. . 0 0 oP 8@ OR
div(gF) — gdiv(F) = —(gP) +
W(gF) — g div(F) = - (4P) + 5 (6@) + 5o — 9 (G + 52+ 5
oP 89 0Q OR dg 8P 8@ 8R
=g— +P=+g— —+R —
ga+a+ay+Q g, TRy g - 99y 9oz
dg
+ Q + Rg.
Futhermore, we observe that
. dg 0g 0Jg
F-d = (P R A
o) =P, Q. 1) (5 20
9y
= P— + Q + R
0z
as well. Hence
div(gF) — gdiv(F) =F - Vg,

as required.



3. To evaluate the line integral directly, we first observe that S is shaped like a triangle with
vertices (4,0,0), (0,1,0) amd (0,0,8). Thus its boundary consists of the three lines joining
each pair of vertices.

First consider C; from (4,0,0) to (0,1,0). The line is described by the function
r(t) = (4 —4t, t, 0)

for 0 <t <1. Thus
F(r(t)) = (4t — 4t*, —t, 8t — 8)

and
r'(t) = (-4, 1, 0)
SO
F(r(t)) - r'(t) = —16t + 16t* — t = 16> — 17¢.
Thus

o 19
F.dr = (16t° — 17t) dt = ——.
Ch 0 6

Next consider Cy from (0, 1,0) to (0,0,8). The line is described by the function
r(t) = (0, 1—t, 8t)

for 0 <t <1. Thus
F(I‘(t)) = <O7 9t — 17 O>

and

r'(t) = (0, —1, 8)
” F(r(t))-r'(t) =1-9¢t.
Thus

! 7
/ F-dr:/ (1= 98 dt — ——.
Co 0 2

Lastly consider C from (0,0,8) to (4,0,0). The line is described by the function
r(t) = (4t, 0, 8 — 8t)

for 0 <t <1. Thus
F(r(t)) = (0, 8 — 8, —8&t)

and

r'(t) = (4, 0, —8)
" F(r(t)) - r'(t) = 64t.
Thus

1
/F-dr:/(64t)dt:32.
Csy 0



Hence

j{F-dr:/F-dr+/F-dr+/F-dr:E.
oS Ch Co C3 3

Alternatively, we have
curl(F) = (-1, 2, —x)

and we observe that the plane can be written as the function

z=8—2x — 8y.

//curl(F) LdS = //[2(—1) +8(2) + (—)] dA = //(14—1;) qA

where D is the region of integration. The projection of 2x + 8y + z = 8 onto the xy-plane is
the line 2z +8y =8 ory =1 — }13:. Since we are only interested in the first octant, then, D
is bounded by 0 <y <1 — %135 and 0 < z < 4. We can therefore write

4 l—%x
// curl(F) - dS — / / (14 — 2) dy da
£ 0o Jo
4 :1—%1
= / [y(14 — x)] ! dx
0 y=0
a!
= /0 (sz — ga: + 14) dx

T
T

Thus

. In order to evaluate the circulation directly, we would have to compute four individual line
integrals to represent each side of the rectangle. Instead, we can observe that the surface S
bounded by C'is part of the plane z =4 for 0 < x < 3 and 0 < y < 2. Furthermore,

curl(F) = (0, =3, 2z)

so, since an upward-pointing normal to S is given by the vector (0, 0, 1) we have

3 2
j{F-dr://curl(F)-dS:/ / 2z dydx
c o Jo
S
3 =2
= / [xQ]y dz
0 y=0



5. The hemisphere is bounded by the curve S comprising the circle (x — 2)% + y? = 4. Thus
it can be parametrised by the function

r(t) = (2cos(t) + 2, 2sin(t), 0)

for 0 <t < 27. Then
F(r(t)) = (0, 2sin(t), 2cos(t) + 2)

and
r'(t) = (—2sin(t), 2cos(t), 0)
F(r(t)) - r'(t) = 4sin(t) cos(t).
Hence

é/ curl(F) - dS = jgs}? -dr = /027r4sin(t) cos(t) dt

2w

- [2 sin2(t)}
—0.

0

6. The boundary of F consists of the paraboloid, which we will call S, together with the disc
22 4+ 3% = 1, which we will call S,. Given the circular nature of S,, we will work in polar
coordinates.

Thus S; can be parametrised by the function
R(r,0) = (rcos(d), rsin(d), r* cos*(#) + r?sin*(0)) = (rcos(f), rsin(f), r?)
where 0 <r <1 and 0 <8 < 2r. Then
R, = (cos(#), sin(d), 2r)

and
Ry = (—rsin(f), rcos(f), 0)

SO

Ry x R, = (2r?cos(f), 2r*sin(6), —r).

(Note that we need this normal rather than R, X Ry to ensure that it points outward which,
given the bowl-like shape of the paraboloid, would require a negative z-component.) Next,

F = (rcos(d), rsin(f), r*cos(d)sin(f))

F - (R, x Ry) = 2r® cos®(6) + 2r® sin®(0) — 7° cos(#) sin(#) = 21> — r° cos(#) sin(h).



Now we have

S1

_ /O ' B#—érﬁ cos(6) sin(e)rl

r=0

_ /0 v E - écos(@) sin(@)} do

= [19 - — SiHQ(Q)} -

Next, Sy can be parametrised by the function
R(r,0) = (rcos(f), rsin(f), 1)
where 0 <r <1 and 0 <6 <2x. Then

R, = (cos(d), sin(f), 0)

and
Ry = (—rsin(f), rcos(f), 0)
S0
RT X Rg = <0, 0, 7“>.
Furthermore,
F = (rcos(d), rsin(f), r*cos(#)sin(f))
S0

F - (R, x Ry) = 7 cos(0) sin(#).

/ / F-dS = /0 " /0 1[7‘2 cos(6) sin(6)] dr do

Now we have

Sa

r=1
1 3

_ /0 ! {gr cos(0) sin(@)} i

r=0

_ /0 7 [1 cos(0) sin(e)] d

Il
=

/ / F.dS— /O " /O 209 — 15 cos(8) sin(0)] dr 6

do



Hence

/ aEF-dS://F'ds+//F'dS:7T+0:7T.

S1 52

Alternatively, we have
div(F)=1+14zy =2y +2.

In cylindrical coordinates, this becomes
div(F) = r? cos(0) sin(f) + 2.

The region of integration is defined by 0 < r < 1 and 0 < 0 < 27, and because the paraboloid
becomes the curve z = r2, we also have 7> < z < 1. Hence

/// div(F)dV = /OZW /0 1 / :W cos() sin(0) + 2] - r dz dr df

o 1 1
= / / / [r® cos(8) sin(6) + 2r] dz dr df
0 0 Jr2

27 1 z=1
/ / [r?’z cos(0) sin(0) + 2rz dr df
0 0 z=r?

/o27T /ol [r® cos() sin(#) + 2 — r° cos(t) sin(t) — 2r%] dr df

Sl 1 1]
/ —r*cos(6) sin(0) + > — =% cos(f) sin(9) — ~r* db
. |4 6 2" |

/0 " [1—12 cos(0) sin(6) + ﬂ 4

1 L 1 21
= [ﬁ sin®(6) + 59}0
=7

7. In order to evaluate the surface integral directly, we would have to recognise that S is
the union of six surfaces, each of which would have to be separately parametrised and the
corresponding surface integral evaluated. Instead, we simply compute

div(F) = 3y°z

and observe that S bounds the cube for which 0 <2 < 2,0 <y <3 and 0 < z < 4. Hence,



by the Divergence Theorem,

é/F~dS:/E//3y2,de

2 3 4
:/ / / 3y?z dz dy dx
o Jo Jo
2 3 3 z=4
= / / {—gfzg} dy dx
o Jo L2 2=0
2 3
= / / 2442 dy dx
o Jo
2 =3
= / [Sy?’}y dx
0 y=0
2
= / 216 dx
0

2
_ [21693]
0

= 432.

8. By the Divergence Theorem, we can write
//F~dS:///div(F)dV.
s E

div(F) = div(curl(G)) = 0.

[/F-dS:/E//OdV:O.

9. The constraint is described by the function g(z,y) = 32 + 4y so

But

Hence

Vf=(1,2) and Vg= (6z, 8y).
Hence we require
(1, 2) = X6z, 8y)
and so 1 = 6Ax and 2 = 8\y. From the first equation,
_ 1
6z

and therefore, substituting into the second equation, we have

3

1
2=8{(— — = —x.
(6x>y Y=ot



10.

11.

Thus the constraint can be written

2
3z% +4 <;x) =3

122° =3
1
2—_
!
T =5
Whenx:%,y:%and sof(%,%) =2 Whenx:—%,y:—% and thusf(—%,—%) = -2

Hence we conclude that the minimum value of the function is —2.

Since we want to minimise the distance from the desired point P(x,y, z) to the origin, we
wish to minimise the function

flz,y,2) = V(@ =024 (y— 02+ (2 — 0)2 = /22 + 42 + 22.

However, we can make our work simpler by recognising that this is tantamount to minimising
the function

F(z,y,2) = [f(z,y,2)]> = 2® + y* + 22
Either way, the constraint is described by the function
g(x,y,z) =x+ 2y + 3z
Thus
VF =2z, 2y, 2z) and Vg=(1, 2, 3).

Now we have
(2x, 2y, 2z) = (1, 2, 3).

Thus 2z = A\, 2y = 2X so y = A, and 2z = 3\. This means that z = %y and z = %y
Substituting back into the constraint, we find

1 9
—y+2y+-y=7
592yt gy

Ty =—14

y=—2.
Thus © = —1 and z = —3 and so the point P has coordinates (—1, —2, —3).

Let ¢, w and h be the length, width and height of the box. We wish to maximise the function
f(l,w, h) = 20h 4+ 2wh + ¢w where the constraint is described by g(¢,w, h) = 20 + 2w + 2h.
Thus

Vf=2h+w, 2h+{, 20+2w) and Vg= (2, 2, 2).

We therefore require
(2h + w, 2h + €, 20+ 2w) = \(2, 2, 2)



—10—-

and so 2h +w = 2\, 2h + 0 = 2) and 20+ 2w = 2\ so { +w = A. The first equation tells us
that w = 2\ — 2h and the second equation likewise yields ¢ = 2\ — 2h. Substituting these
into the third equation, we obtain

(2A — 2h) + (2A — 2h) = A

3\ = 4h
3
h=CS)
4

and therefore w = ¢ = %)\. The constraint can now be written

() ) o)

7
-A=235
2
A =10.
Thus w = ¢ = 5 cm and h = 1 c¢m, which means that the maximum surface area is

)
55 — 987.5 cm?.



