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SOLUTIONS

3] 1. (a) First,

1 ' 1 3 t
=[9-)"7) =t(9-t*) "2 = ——.
] o=t o o)
Next,
[ t ]’: VI 2 —2(16+)72 16 |
V16 +t2 16 + 2 (16 + t2)3
Finally,
[t cos(mt)]" = cos(mt) — wt sin(7t).
Hence
t 1
r'(t) = - 0 -, cos(mt) — wtsin(wt) ) .
(9—1¢2)2 (16 +t?)2
5] (b) First,

/ ! dt ' (t > +C
= arcsin | — .
VI— 2 3 '

Second, if we let u = 16 + ¢ so 3 du = tdt then

t 1

Third, using integration by parts,
L . I 1, . 1
tcos(mt) dt = —tsin(mt) — — [ sin(nt) dt = —tsin(nt) + —; cos(7t) + Cs.
T T T T

Hence
t 1 1
/r(t) dt = <arcsin (5) + C1, V16 + 2 + Cy, —t sin(wt) + — cos(nt) + Cg> .
s T

3] (c) Using the results from part (b), we have

/3 L PR (t)r in(1) — arcsin(0) = &~ — 0 =
— |arcsin ( — — arcsin — arcsin = = — = —,
o VI | 31, 2 2

3 -
t 3
. _dt= \/16+t2] —5—4=1,
/0 V16 + t2 s 0
3 r 3
1 1 1 1 2
/0\ tCOS(?Tt) dt = -%t Sin('ﬂ't) + F COS(’ﬂ't):|0 =0- ﬁ —0- F = _ﬁ

Thus

/Ogr(t) dt = <g1—%>
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2. We have

2(t)v(t) = 2()(f (1), 9(t)) = (2(t)f (1), 2(t)g (1))

so the lefthand side becomes

(@) = [(=(0) £ (1), 2(t)g ()]
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On the righthand side, we have

and

Hence

as required.

3. (a)

We have v/(t) = (3t — 5,2t, —4) so r'(2) = (7,4, —4) and

I¥'(2)]| = /72 + 42+ (—4)2 = 9.

(2 74 4
T(g):u: L2 2N
@) \9° 9" 9
We know that both r’(2) and T’(2) are vectors pointing in the direction of the tangent

line, and since r(2) = (—2,4, —8) the point (—2,4, —8) lies on the tangent line. Thus
two possible parametrisations are

Hence

4 4
r(t)=(—2+T7t,44+4t,—8 —4t) and r(t) = <—2 + gt,él + §t, —8 — §t> .

We have 1/(t) = (3t* — 3,2t — 2,4t> — 4t) and this is continuous for all t. We need to
determine whether there is any value of ¢ for which r'(¢) = 0 so first we set

32 -3=0 = *=1 = t=+=+1.

For t =1,
2t —2=0 and 4> —4t=0.

Hence r(t) is not smooth. (We could also observe that r'(—1) # 0, but this does not
alter our conclusion.)
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(b) We have r/(t) = (3t — 3,2t + 2, 4t> 4 4t) which is also continuous for all . Again we set
37 —3=0 = t==1
as before. This time, when ¢t = 1,
204+2=4 and 4t°+4t=38.
Furthermore, when ¢t = —1,
20+2=0 but 4t°+4t=-8.

Since there is no value of ¢ for which r'(t) = 0, we conclude that r(¢) is smooth.

5. In order for the two curves to intersect, we must have ¢t = t?, 1 — 2t = —t2, and 2t = % + 1.

Thus we solve
t=t = t'-t=0 = tit-1)=0

and sot =0ort=1. If t =0, the other two equations are inconsistent. However, when
t=1wehave 1 —2t = —t> = —1 and 2t = t> + 1 = 2. Hence the curves intersect at t = 1.

The angle of intersection # will be determined by the angle between the tangent lines — or,
equivalently, the tangent vectors — to the two curves at ¢ = 1. The tangent vectors are

v (t) = (1,-2,2) =r,(1) and 1, = (2t,—2t,2t) = r)(1)=(2,—2,2).

We know that
ry - vy = [[ri]][rh]] cos(6)
and so
10 =3V12cos(f) = cos(f) = —— = ——.

. We have

r'(t) = (4t,3t,3t%) = |r'(t)]| = V1612 4 912 + 9t4 = t/25 + 9t2.

Thus, if we let u = 25 + 9¢* so -5 du = t dt,
4

L:/ V25 4+ 9t2 dt
0
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7. (a) We have

r'(t) = (e’ cos(t) — e'sin(t), e’ sin(t) + €' cos(t), ') = e'{cos(t) — sin(t), sin(t) + cos(t), 1)

SO

It/ (8)|| = e'/[cos(t) — sin(t)]2 + [sin(t) + cos(t)]? + 12 = et\/Q cos?(t) + 2sin?(t) + 1 = e'V/3.

Hence
s(t) = /Ot V3 du
= va[e],
= V3(e' — 1).

From part (a) we have

3

r(s) = <<?s+ 1>)COS (ln <?s+ 1>> , (?s—i— 1))sin <ln <\/§

etzﬁs—l—l — t:1n<\/?§s+1>.
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