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SOLUTIONS

1. By the definition of the Laplace transform,

F(s) = / T et dt.

0

Furthermore, -
ﬁ{f(kt)}:/o e f(kt) dt.

Let u = kt so du = kdt. Thent:%uanddt:%du. When t =0, v = 0 and as t — o0,

u — o0o. Thus | e
LU) = ¢ / e % f(u) du.

But the integral is now in the same form as the definition of F'(s), except with s replaced by

7. (Remember that the variable of integration here doesn’t matter, so there’s no problem

with the fact that it’s now u instead of ¢.)In other words,

1 S
L{f(kO} = 2F (7))
as desired.
2. We can write

L{cosh(kt)} = £ {M}

2

= %E{ekt}#— %E{e‘kt}
11 1/ 1
_§<s—k) +§<s+k:)
1 2s

T2 (32—k2)

g2 — k27

3. (a) Observe that

SO



(b) We can write
4s — 1 5 1 s 1 4
Fs)= ——~ —4 _ —q (=)=
(s) 5?2+ 16 <32 +42) 52 + 42 (32 —1—42) 4 <32 —|—42)

F(t) = dcos(4t) — %lsin(élt).

SO

(¢) Completing the square gives
5—3 5—3 s—1 2

F — = —= —
)= T2t  Gorrd GO E oL

SO
f(t) = €' cos(2t) — ' sin(2t).
(d) We have
2 1 1 1
F(s) =2~ —2(-) -
(s) 5 s5+2 (s) 5+2
SO

fit)y=2(1)—e*=2—¢c*,

4. (a) We take the Laplace transform of both sides of the differential equation to get

2

sC{y} —y(0) + 3L{y} = S+ 1
2
2

(5+3)£{y}—8+—1—|—1

_s+3

Cos+1
-

y Cos+1
y=e"

(b) We take the Laplace transform of both sides of the differential equation (remembering
the use the Shift Theorem for the righthand side) to get

sL{y} —y(0) —2L{y} = ﬁ
(s —2)L{y} = ﬁ
1
['{y} - (S _ 2)2 +9
3



(c) We take the Laplace transform of both sides of the differential equation to get
s*L{y} — sy(0) —y'(0) = 5[sL{y} — y(0)] +4L{y} =0
S2L{y} +2s — T —5sL{y} —10+4L{y} =0
(s —bs +4)L{y} = —2s + 17

Lok =5 iS5Jsrjlu74
—2s 417
T (s—D(s—1)
3 5
Ts—4 s—1
y = et — 5el.

(d) We take the Laplace transform of both sides of the differential equation to get
s*L{y} — sy(0) — /' (0) + 2[sL{y} — y(0)] + 10L{y} =0
s*L{y} — 3+ 2sL{y} + 10L{y} =0
(s +2s+10)L{y} =3

3
Lyt = 52 +2s5+10
#
(s +1)2+
y = ¢ 'sin(3t).

5. (a) The Laplace transform of the system is
sC{z} — 2(0) = 3L{x} — 2L{y}
sC{y} —y(0) = 4L{x} + TL{y},
which simplifies to
(s —3)L{z} +2L{y} = 3
—AL{z} + (s —7)L{y} = 2.

The solution of this system is

— 25 2546
Llay= 522 =
fo} = 103 g7 M ) e T P
First, observe that we can write
35 —25  3(s—5) 5(2)

Lz} = (8_5)2+4_(8_5)2_|_4_(s—5)2+4’



S0
x = 3¢ cos(2t) — 5e” sin(2t).
Next, we can write
Ly} = 2s+6  2(s—5) 8(2)
=52 +4 (s5-52+4 (s—52+4

SO
y = 2¢e” cos(2t) + 8¢ sin(2t).
The Laplace transform of the system is
1
sC{z} —x(0) = L{z} — 4L{y} + a1
sC{y} —y(0) = L{x} + L{y}
which simplifies to
1
—L{z}+ (s — 1)L{y} = 0.

The solution of this system is
2—s

2—35
£{m}232—23+5 and ﬁ{y}:s3—352+73—5'

First, we can write
—(s—1) 1)

2—s
Lo} = (s—1)2+4 - (s—1)2+4 (s—1)2+4
SO .
z = —c'cos(2t) + §et sin(2t).
Next, we can write
Cly) = 2—s 1 st
(s—=1)(s?—=2s+5) s—1 (s—1)2+4
i a=1) 32
s—1 (s=1)24+4 (s—1)2+4
% 1, 1, 1,
y=¢ ¢ cos(2t) — ¢ sin(2t).
6. (a) Observe that ¢! = e!=2+2 = e!=2¢? where ¢? is just a constant. So then
1 228
s—1 s—1

L{f(t)} = L{uz(t)e'2e*} = > L{uy(t)e'*} = e*(e *L{e'}) = ¥ ¢



We can write
f(t) =4 4 ug(t) cos[3(t — 4)]
SO A A e
L{F()} = = + e L{cos(3t)} = — + ——.
() =~ + e LleosBO} = - + 5
We can write
f(t) =tlui(t) —us(t)] = ur(t)t — us(t)t = uy (t)(t — 1) — ug(t)(t — 3) + uy (t) — 3us(t).
Thus
—s —3s -5 —3s e’ 6_38 e’
L{f(t)} =eL{t} —e P L{t} + e *L{1} —3e > L{1} = 2 o .
Since
1
Ty
£lemh = s—1T
we can write )
6_ S

E{Ug(t)€7(t_2)} == ,9,——7
Hence f(t) = uy(t)e™ .
Completing the square, we have

s —4s+29= (s —4s+4) +25 = (s — 2)* + 25.
Then we can write
5 B s
§2 —4s5+29  (s—2)2+25

B §—2 + 2

C(5—2)2+25  (s—2)2+25

B 5§—2 n 2 )

C(5—2)24+25 5\ (s—2)2+25)"
By the Shift Theorem, we know that

2t 5—2 2% -
Hl=—"—"" and H=— "
L{e*" cos(5t)} PRI and L{e*sin(5t)} PEDIEETT

Hence

L {U3(t)62(t_3) cos[5(t —3)] + §U3(t)62(t_3) sin[5(t — 3)]}

B s—2 +2
C(5—2)24+25 5\ (s—2

So f(t) = ug(t)e*° [005(575 —15) + gsin(5t — 15)} :

5
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(c) Observe that
1 1
s2—2s+1 (s—1)2
and we know, by the Shift Theorem, that

1
(s —=1)*

L{e't} =

Thus

L{uy(t)e'2(t —2)} = (86_ 1)2 and  L{us(t)e"(t —5)} =

We now conclude that f() = ug(t)e!2(t — 2) — us(t)e!5(t — 5).

8. The Laplace transform of the given equation is

SPL{y} — sy(0) — y'(0) + 9L{y} =™ - >

s24+1
e s
(s* +9)L{y} = 5 +2
—TS 2
L{yy = ——

+
(s24+1)(s24+9) s2+49
_%e‘”s %e‘”55+2 3
o241 249 3\s2+49

1 1 2 .
y = guﬂ(t) cos(t — ) — gun cos[3(t — )] + 3 sin(3t)

2 1
=3 sin(3t) — guw(t) [cos(t) — cos(31)]-

Here we have simplified our expression for y using the fact that cos(z + k7) = — cos(zx) for
any odd integer k.



