MEMORIAL UNIVERSITY OF NEWFOUNDLAND
DEPARTMENT OF MATHEMATICS AND STATISTICS

ASSIGNMENT 7 MATH 2260 SPRING 2019

SOLUTIONS

[10] 1. (a) The solution of the corresponding homogeneous equation is

Ye = Cre 2 + Cyte ™.

To solve the given equation, we set

y=u(t)e ™ +u(t)te ™

d d d
d_g — d—?e*‘“ — 4u(t)e ™ + d—gte"“ +o(t)e ™ — 4u(t)te ™.
We assume that p p
U 4 UV, 4
el ¢ —
dt € + dat'c 0
SO
d
d—gi = —du(t)e ™ +v(t)e ™ — do(t)te ™
d? d d d
d_t?; - _4d_1;e—4t + 16u(t)e * + d—:e_4t — 8u(t)e ™ — 480t 4 16v(t)te .

dt

Substituting back into the nonhomogeneous equation, we obtain

dv

d
—e M —8u(t)e ™ — i

d
—4d—?e’4t + 16u(t)e ™ + o o te " + 16v(t)te ™

+ 8 [—du(t)e ™ +v(t)e™ — dv(t)te™] + 16[u(t)e " + v(t)te ] =t 2~

du dv dv
—A—e M e g e = 2,
dt dt dt
Hence we must solve the system of equations

du _, dv, _y,
— —t =0
at Ta'
_4du e dv dv

B s
dat € € at'c ¢

Multiplying the first equation by 4 and adding the equations together, we see that

dt ‘
dv 9
=
dt
v(t) = —t~ 1 4+ Cy



Furthermore, we now have

d
d—?e*‘“ +(t)te =0
d
d_?e—u L le it —
du
B
dt

Hence the general solution is

y=[—In(t) + Cile ¥ + [—t7! + Cylte™
= Cre ™ + Oyte™ —In(t)e ™ — e,

[10] (b) The solution of the corresponding homogeneous equation is

t . t
y. = C cos (g) + (5 8in (§> )

To solve the given equation, we set

Y = u(t) cos (%) +o(t) sin (%)
W s (%) ~ Sult)sin (%) + % (%) + Su(t) cos (g) .

We assume that

SO

dzy__ldus, t\ 1 (1) cos ¢ +1deOS t\ 1 (t)si ¢

e~ 3dt"\3) 9" 3) " 3ar"\3) 9"\WM\3)

Substituting back into the nonhomogeneous equation, we obtain

9 _1dus_ ty 1 (1) cos t +1dvcos ty 1 ()i t
3dt” \3) 9" 3) " 3at \3) 9" T\3
t t t

+ [u(t) cos (§> + v(t) sin (§>} = sec (5)
gdu (1) gl (Y[

5| 3 g eos|g) =secls).



Hence we must solve the system of equations
du t n dv . [t
_ — — S1N —_ =
at “°\3) a3
3du A . 3dv t t
—3—sin | = —cos| =) =sec|=].
dt 3 dt 3 3

Multiplying the first equation by 3 sin (%), the second by cos (%), and adding the resulting

equations, we obtain
d t t
Bd_QtJ {sin2 <§> + cos® <§>] =1

dv
3£—1
dv 1
dt 3
ot
v(t) = §+Cg.

Furthermore, we now have

Hence the general solution is
t t t t
y = [— In (sec <§>) + Cl} cos <§> + {5 + 021 sin <§>
t . t t t t . t
= (' cos (5) + Cysin (§) —In (SGC (g)) cos <§) + 3 sin (5) .

[10] 2. (a) The solution of the corresponding homogeneous equation is
Ye = Clt4 + Cgt2.
To solve the given equation, we set

y = u(t)t! + o)

dy du , 5 dv ,
— = —t 4u(t)t —t 2u(t)t.
ot TAnE 4 2e(t)



We assume that

du dv
—tt 2=0
a’ T !
SO
d
d—:‘t/ = 4u(t)t + 20(t)t
d2y

_du g 9 dv

Substituting back into the nonhomogeneous equation, we obtain

42 4d_“t3 + 12u(t)t® + 2@75 +20(t) | — 5t[du(t)t® + 2v(t)t]

dt dt
+ 8lu(t)t' + v(t)t?] =
du dv
4—t° +2—t° =
AT
Hence we must solve the system of equations
du dv
—tt — =0
a’ T
du dv
4—1° + 2—1° = /1t
gl gt =V
We can solve the first equation for ‘fl—?:
du dv _,
— =2
dt dt
Substituting into the second equation yields
dv
4l ——t2 )t 2t =t
() o2 =i
dv
—2—13 =/t
dt Vi
dU 1 5
- — __t 2
dt 2

Furthermore, we now have

Vi
Vit



[10]

(b)

Hence the general solution is
1 1
y= |-t i+ Ot |2t 4 Oy 2

7 3
4 o 1 1

=Gt + Ot — Vi + VI

4
= Cit* + Cot” + ﬁ\/Z.

The solution of the corresponding homogeneous equation is
y. = Ot~ + Cyt ' In(2).
To solve the given equation, we set

=u(t)t™ + o)t ' In(t)

dy du,_, o dv 2 2
== Et u(t)t™= + %t In(t) —v(t)t ™2 In(t) + v(t)t=.
We assume that J J
u, v,
—t —t " In(t) =0
il Tt m=0
SO
% = —u(t)t ™ — o)t *1In(t) + v(t)t 2
d*y du,_, 3 dv 3 3 dv
— = ——1 2u(t)t™> — —t “In(t 20(t)t 7 In(t) — 3v(t)t™ —t .
= S u(n — S In() + 200 () — 3u(0) 0 +
Substituting back into the nonhomogeneous equation, we obtain
du dv dv
2 | AU, _o -3 v _5 -3 _ -3, W, 9
t dtt + 2u(t)t dtt In(t) + 2v(t)t " In(t) — 3v(t)t ™ + dtt
+ 3t [—u(t)t™* — v()t > In(t) + v(t)t 2] + [w(t)t™" + v(t)t " In(t)] = t1n(t)
du dv dv
—— — —1In(t — =tlIn(t).
gt~ Ot g =)
Hence we must solve the system of equations
du,_, dv,
Tt n(t) = 0
du dv dv
—— ——1 — =tIn(t).
i n(t) + 7 tIn(t)
Multiplying the first equation by ¢ and adding the two equations together, we get
dv
— =tlIn(t
o = tin(t)

1 1
v(t) = §t2 In(t) — Zt2 + Cy,



where the integration can be carried out by parts. Furthermore, we now have

d
S 4 ()]t In(t) = 0
dt
du
— = —t[ln(t))?
— = ()
u(t) = —th[ln(t)]Q + Lp In(t) — L +C
2 2 4 b
Hence the general solution is
1 2 2 1 2 1 2 -1 1 2 1 2 -1
Yy = —Et [In(t)] +§t In(t) _Zt +C |t + 5zf In(t) _Zt + Cy |t In(¢)

= Ot 4+ Cot ™t In(t) — %t[ln(t)]2 + %tln(t) — }lt + %t[ln(t)]Q — itln(t)

1 1
=Cit '+ Cot ' In(t) + () — 3t

[1] 3. (a) Since mg = kL, we have

1] (b) Critical damping will occur when
v? = 4km = 4(5)(20) = 400 = v =20.

(Note that we must have v > 0.)
4] (c) We have

d*u du
2 E8 g et
az g tuTe

The corresponding homogeneous equation is

d*u du
4— +4— =
72 + 7 +u =0,

with characteristic equation
4 +4r+1=0 = (2r+1)>=0

so T = —% (a double root). Thus the complementary solution is

_1 _1
u. = Cre 2t 4+ Cyte 2",



Applying the Method of Undetermined Coefficients, we set
u, = Ae™"

SO p o
Up —t Up
— = —Ae and
dt dt?
Substituting into the non-homogeneous equation yields

= Aet.

4[Ae” +4[—-Ae |+ Aet =€t
A=1

and so u, = e~*. Hence the general solution is
—1t -1 —t
u=Che 2"+ (Cote 2" 4+ e ",

This time we have

Pu du g 0
m—- — U =
a2 Ta g
d*u du 1
20— + 20— + 5u = He~ 2!
az Vg ton= e
d?u du 1
4@ + 4% +u=e 2°.

Again, the complementary solution is
Ue = C’le_%t + C’gte_%t.

This time, however, g(t) is a solution of the corresponding homogeneous equation so we
must treat it as t2e~ 2! in order to apply the Method of Undetermined Coefficients. Thus
we set

Uy = At2e 3t

SO y .
% — 2Ate 3! — §At26’%t
and P )
d;p = 2Ae 2t — 2Ate 2t + ZAt%—%t,

Substituting into the non-homogeneous equation this time yields



e~t. Hence the general solution is

1
amdsoup—8

1
u = C’le_%t + C’Qte_% + §t26_%t.

Note that we could instead use the Method of Variation of Parameters in parts (c)
and (d), but it is far more straightforward to use the Method of Undetermined Coeffi-
cients.



