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SOLUTIONS

3] 1. (a) The characteristic equation is
rt 4+ 4r° 4+ 13r* 4 36r + 36 = (r + 2)*(r* +9) =0,

which has a double root r = —2 and complex conjugate roots r = £3i. Hence the general
solution is
y = Cre™? + Cote ™ + C3 cos(3t) + Cysin(3t).

3] (b) The characteristic equation is
At =13 + 157 = Tr +1 = (r — 1)%(4r — 1),

which has a triple root » = 1 and a distinct real root r = %. Hence the general solution
is
t
y = Cre' + Cote! 4+ Cst*e! + Cyet.

4] (c) The characteristic equation is
rrr?—6r=0=r(r+3)(r—2)=0,

which has three distinct real roots » = 0, r = —3 and r = 2. Hence the general solution
is
y = C) + Coe 3 4 Cye?

Furthermore, this means

d

d_?; = —30267& -+ 203€2t
d? _
d_tg = 9026 3t + 4036%.

The initial conditions, then, yield the system of equations

Ci+Cy+C5=0
—-3C+2C3=9
9Cy 4+ 4C'53 = 33.
Solving this, we obtain ¢} = —7, Cy = 1, ('3 = 6 and so the particular solution of the

initial value problem is
y=—T7+e 3 4 6e*.



[4]

2. (a)

The solution of the corresponding homogeneous equation is
Yo = C1e” + Coe™.
The appropriate form of the particular solution is

y, = Asin(5t) + B cos(5t)

d

_CZP = 5Acos(5t) — 5B sin(5t)
d*y, .
o —25Asin(5t) — 25B cos(5t).

Substituting these into the given equation, we have
[—25Asin(bt) — 25B cos(5t)] — 8[5A cos(bt) — 5B sin(5t)]
+ 15[Asin(5t) + B cos(5t)] = 5sin(5t)
(—10A + 40B) sin(5t) + (—10B — 40A) cos(5t) = 5sin(5t).
Equating coefficients, we obtain the system of equations

—10A+40B =5 and —10B —40A =0,

1 2
with solution A = 31 and B = T Hence the general solution of the nonhomogeneous
equation is

1 2
Y=Y+ yp=Cre” + Coc® — v sin(5t) + T, cos(5t).

The solution of the corresponding homogeneous equation is
Ye = (;'1(37425 + Cgt€74t.
The appropriate form of the particular solution is

yy = At + B* + Dt + E

Yo _ 34 L oBt 4 D
dt
d*y,
dt?
Substituting these into the given equation, we have
[6At + 2B] + 8[3At> + 2Bt + D] + 16[At® + Bt* + Dt + E| = 64t

16At* + (24A + 16B)t*> + (6A + 16B + 16D)t + (2B + 8D + 16E) = 64>

= 6At + 2B.

Equating coefficients, we obtain the system of equations

16A =64, 24A+16B=0, 6A+16B+16D =0, 2B+8D+16E =0,

9 3
with solution A =4, B= -6, D = 3 and F = —5 Hence the general solution of the
nonhomogeneous equation is
9 3

Y =1ye+y,=Cre " + Cote " + 4t> — 6> + 5t ~5



4] (¢) The solution of the corresponding homogeneous equation is
= (1€’ cos(2t) + Cae’ sin(2t).
The appropriate form of the particular solution is

y, = Ate™" + Be ™"

d
% — —Ate™' + (A— B)e™

d*y _ _
dt2p = Ate™" + (B — 2A)e™"

Substituting these into the given equation, we have
[Ate™" + (B — 2A)e™ "] — 2[—Ate " + (A — B)e "] + 5[Ate™" + Be '] = 16te™"
8Ate™" + (8B — 4A)e™" = 16te™"

Equating coefficients, we obtain the system of equations

8A =16 and 8B —4A =0,

with solution A = 2 and B = 1. Hence the general solution of the nonhomogeneous

equation is
Y =Y.+ Yy, = Cre’ cos(2t) + Coe sin(2t) + 2te™ +e7".

5] (d) The solution of the corresponding homogeneous equation is

t . t
Ye = Cl COS (g) + CQ S1n (g) .

Since the nonhomogeneous function g(t) is also a solution of the corresponding homoge-

neous equation, the appropriate form of the particular solution is

yp = Atsin (%) + Btcos <§>
d 1 t t 1 t t
% = §At cos <§> 4+ Asin <§) — §Btsin (5) + B cos (g)
d? 1 t 2 t 1 t 2 t
dtyZP = —§AtSIH (g) + §A COS (g) — §Bt COS (5) — §B sin (g) .

Substituting these into the given equation, we have

[ (3 e(2) ()30
fon (3 ()] - 2
o (§) st () -3




Equating coefficients, we obtain the system of equations

6A=0 and —6B=1,

1
with solution A = 0 and B = 5 Hence the general solution of the nonhomogeneous

t t 1 t
Y =Y.+ yp = Ci cos (3) + Cysin (g) — étcos <§) )

The solution of the corresponding homogeneous equation is

equation is

Ye = 016% + Cgte%

Since both e and te? are the solutions of the corresponding homogeneous equation,
the appropriate form of the particular solution is

Yp = At?e?
d 7 t t
% = §At2e% + 2Ate
d2 49 t t t
Wyf = ZA 20% + 14Ate + 24e" .

Substituting these into the given equation, we have
Tt
2

49 t t t 7 t t t
4 ZAt%% + 14Ate” + 2Ae72} — 28 {iAtZeé +2Ate? | +49[At%e %] = e

Tt

7t 7t
8Ae? =e2.

1
Equating coefficients, we see that 84 =1 so A = 3 Hence the general solution of the

nonhomogeneous equation is

1
Y=Yt Yp= C’16% + OQtC% + thG%.

. The corresponding homogeneous ODE has characteristic equation

rt 4 — 502 =2 (r +5)(r —1) = 0.

It has a double root r = 0, and distinct real roots r = —5 and r = 1, so its general solution

1S

Ye = Cl + Cgt -+ 036_5t + C4€t.



The appropriate form of the particular solution of the given equation, then, is

y, = Ate' + Bt*

% = Ate' + Ae' + 2Bt
% = Ate' +2Ae" + 2B
d;gp = Ate' + 3Aé'
% = Ate' + 4Ae".

Substituting these into the nonhomogeneous equation, we obtain

[Ate' + 4Ae"] + 4[Ate' + 3Ae!] — 5[Ate’ + 2Ae" + 2B] = 18" — 10
6Ae’ — 10B = 18¢' — 10,

so 6A = 18 (and hence A = 3) and —108B = —10 (implying B = 1). Thus the solution of
the given equation is

Y =Y.+ Yy, =C1+ Cot + Cse™ + Cye’ + 3te' + t*.



