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1. (a)

SOLUTIONS

The characteristic equation is

9?+1=0
with roots
1
2 [ ——
Ty
1
=+,
T 3Z

These are complex conjugates with A = 0 and p = % Hence the general solution is

t [t
y = (' cos (5) + (s sin (g) .

The characteristic equation is

r?—2r+5=0
with roots
244 —20
7’2#:1:&%.

These are complex conjugates with A = 1 and p = 2. Hence the general solution is
y = C1e' cos(2t) + Coe’ sin(2t).
The characteristic equation is
P —=8r+15=(r—5)(r—3)=0

with roots » = 5 and r = 3. Since these roots are real and distinct, we know that the

general solution is
y = Cre® + Coe™.

The characteristic equation is
r+8r+16=(r+4)>=0
with a double root » = —4. Hence the general solution is

y = Cre M + Cote ™.
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(e)

The characteristic equation is
2r + 11r +12 = (2r +3)(r +4) =0

with roots r = —% and » = —4. Since these roots are real and distinct, we know that
the general solution is ,
y = Che 2! 4+ Che ™.

The characteristic equation is
2 4+10r+34=0

with roots
—10 £ /100 — 136 .
r = 5 = -5+ 3.
These are complex conjugates with A = —5 and p = 3. Hence the general solution is
y = Cre " cos(3t) + Cye™ " sin(3t)
and so

y = —5C1e " cos(3t) — 3C e " sin(3t) — 5Cye " sin(3t) + 3Coe " cos(3t).

From the first initial condition,

From the second initial condition,
y'(0)=-5C1+3C,=2 = 30C,=12 = (Cy=4.

Hence the particular solution is

y = 2e~"" cos(3t) + 4e~ "' sin(3t).
The characteristic equation is

47 —28r+49 = (2r —7)2 =0
with a double root r = % Hence the general solution is

Y= Cle%t + Cgte%t

and so - -
y/ = écle%t + C’ge%t + 502t€%t.
From the first initial condition,

From the second initial condition,
7
@/(O) = 501 + 02 = -4 — 02 = —4.

Hence the particular solution is .
y = —4tez".



3] 3. (a) We have

t t
_ In(#*)  In(#?)
ot t

Since W (t) is zero for all ¢, y; and y» do not represent a fundamental set of solutions.
3] (b) We have

Wit = O,
= sin(¢)[2 cos(2t)] — cos(t) sin(2t)
= 2sin(t) cos(2t) — cos(t) sin(2t)
= 2sin(t)[2 cos?(t) — 1] — cos(t)[2sin(t) cos(t)]
= 4sin(t) cos?(t) — 2sin(t) — 2sin(t) cos*(t)
= 2sin(t) cos®(t) — 2sin(t)
= 2sin(t)[cos?(t) — 1]
= 25sin(t)[— sin’(t)]

Since W (t) is not identically zero (the function sin®(¢) is zero only for t = kr, k € Z),
y1 and ys represent a fundamental set of solutions.

[6] 4. (a) Assume that y = v(t)t? so

dy dv, >y d*v dv
W_ W opmt and “Y = LV 4% o).
2 = qt T2Mt and g =ontt A+ 20(t)

Substituting these into the ODE yields

d? d d
242 d_t;’ﬂ + 4d—7;t + 21}(25)1 —t {d—zﬁ + 2v(t)t] —4u(t)t* =0

d?v dv
3t —— + 1182 — = 0.
az T



Let u = ‘f;; SO % = dt2 The equation reduces to
du
3t'— + 11Pu =0
a
du  11dt
w3t
du 11 [ di
w3 t
11
In(u) = -3 In(t) + Cy
u = Cgt_%
dv 11
— =t 3
at — °
V= C2t*% + Cl
Hence

y=(Cat ™5 + C1)t2 = Ot + ot 5
is the general solution, and ,
Yya =1 3.
To verify that y; and y, form a fundamental set of solutions, observe that
dyz dy,

WO =gy —veyy

= 8 t,
3
which is not identically zero.
6] (b) Assume that y = v(t)t! so
dy dv _ 9 *y v, dv _, -3
— = —t t)t d ———t 1 _9—¢ 2u(t)t™".
a = arl W ad G = e al T
Substituting these into the ODE yields
d*v dv dv
2 S0 9802y gy t|—t =)t ? !
et =2l 3 [ S = o0 o)

o do
dt?  dt

=0

=0.
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Let u = % so 9 = <v  The equation reduces to

dt dt a2
du
t— =0
i +u
du__ [t
u t
In(u) = —In(t) + Cy
=In(t™) + Cy
Cy
u = —
t
dv_Cy
dt  t
v = 02 1Il(t) + Ol.
Hence
CQ ln(t)

1 C
y=[Coln() + O] - 5 = —H+ =

is the general solution, and

To verify that y; and y, form a fundamental set of solutions, observe that

dy> dy,
1) =y 22 — 2L
W() Y1 di Y2 o
_1/1 In(t) In(?) 1
ot 2 12 t t2
_1
=3
which is never zero.
6] (c) Assume that y = v(t)v/t so
dy dv 1 1 d*y  d*v dv 1 1 3
8 i Sut d —2 =2 i+ — Zp(t)t s,
a = @Y T gv® and Zo = TEVid G = (D)

Substituting these into the ODE yields

dQU dv 1 1 3 dv 1 1

22 | — - S —3 — - “3| =2 =

t dt2\/¥+ e UOL z] +5t{dt\/z+2v(t)t 2 v(t)Vt =0
5d2’U s dv



— v gy odu _ dv '
Let u = % so & = 5. The equation reduces to

zti% Tt =0
du T [dt
w2/t
7
In(u) = —3 In(t) + C,

Hence o
Yy = (Czt_g + Cl)\/g = Cl\/g—f‘ t_22
is the general solution, and
1
Y2 = t_2'

To verify that y; and y, form a fundamental set of solutions, observe that

dys dy
t pr— — — PR—
”() Y1 i Y2 i
2 1 /1
B \/Z(_t_f’)) e (ﬁt )
5 5
— ——t 2
2 )

which is never zero.



