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SOLUTIONS

3] 1. (a) We can rewrite the given equation as

S S
(y+2)(y —3)

/ Wl(y_g)dy - / tan(t) dt
/(%_yi) dy = —In(cos(t)) + C

%ln(y -3)— %ln(y +2) = —1In(cos(t)) + C.

dy = tan(t) dt

This is sufficient, but note that we can simplify this to an extent. If we replace C' with
In(C') and use the properties of logarithms, we have

In(y — 3) — In(y + 2)] = — In(cos(t)) + In(C)
u(52) o ()

(%) - coiw’

which is a bit simpler than our original answer.
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3] (b) The equation becomes

t dy _ o t?
1+y2dt et

= (t*% —te*t) dt
v

/1+1y2 dy:/<t5—tet> dt

arctan(y) = 2Vt +te '+ e+ C,

where the integral on the righthand side can be evaluated using integration by parts with
u=tand dv = e~ tdt.
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2. (a) We can rewrite the equation as

dy _y+t

dt  y—t

So let
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Hence this equation is homogeneous.
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(b) Let y = vt so d—i — o+ t2. The equation becomes
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Note that the integration on the lefthand side can be performed by u-substitution, with

u=—v>+42v+1.




[5] 3. We rewrite the equation as

d
y_%d—?z +2 cos(t)y% = 2 cos(t).
This is a Bernoulli equation with n = %, so we set

1 d’U
= 2 d 2— = .
(% Y an dt Y n

dy

I

The equation becomes

2% + 2 cos(t)v = 2 cos(t)

d
d_: + cos(t)v = cos(t).

This is a linear ODE with integrating factor

o= ef cos(t)dt __ esin(t)'

Multiplying both sides of the equation by u, we obtain

d .. i
%[esm(t)v] _ esm(t) COS(t)
€Sin(t)1) _ /esin(t) COS(t)
€Sin(t)U — esin(t) +C
v=1+ Ce st
—14+Ce sin(t)
y = [1 + OG_Sin(t)]Q.

[NIES

Y

—e' and N(t,y) = —8y°csc(V1)

SO

OM  4y? esc(Vt) cot(V1) and ON 493 csc(V/t) cot(V/t)
oy Vi ot Vi '

Hence this equation is exact.




Now we know that

U(t,y) = —8/y3 cse(Vt) dy

= —2y" ese(V1) + f(t)
o ylesc(VDeotVh)
5 NG + f'(¢)
yrese (Vi eotVD) , ytese(vD) eotV) |,
Ny —e = Y + f'(t)
' = f(t)
—e+C = f(1).

Hence the general solution is

—2yt cse(Vt) — et = C.

Here,
M(t,y) =ty —y and N(t,y) =t+2y°
SO . .
oy o
Hence this equation is not exact. However, note that
OM _ 9N
B o _ 2Ay-2_ 2Aty-1) _ 2
—-M -y ylty—-1) y

which is purely a function of y. Thus an appropriate integrating factor is

= 64]% — p2In(y) _ y_2.

Multiplying both sides of the equation by pu, we obtain

dy
t—y = (ty 2+ 2y)—= = 0.
Y (ty™" + y)dt
Now
M*(t,y):t—y_l and N*(t,y):ty_2+2y,
SO

oM,

N*
dy Y and 0 =y 2

ot Yy




so the equation has indeed been made exact. Then
wlt) = [ty

_ Ll ty ™+ f(y)

2

g—zj =ty + f'(y)

ty ™24+ 2y =ty> + f'(y)
2y = f'(y)
y*+C = f(y).

Thus the general solution is

1
§t2——ty*1+—y2::(1

Here,
M(t,y) =eYsin(t) and N(t,y) =¢€Y
w0 oM ON
— =¢Ysin(t d — =0.
oy e’sin(t) an T
Hence this equation is not exact. But observe that
OM _ ON :
oy o _ € sin(t) _ sin(t)
N ey ’

which is purely a function of ¢. Thus a suitable integrating factor is

o= efsin(t) dt _ e~ COS(t).

Multiplying both sides of the ODE by u, we get

dy

y ,—cos(t) o3 ¢ y,—cos(t) 7d _ 0.
eve sin(t) + eve o
Now
M*(t,y) = e’e”Wsin(t) and N*(t,y) = e¥e” W
w0 OM" N
oy eve”Wgin(t) and 5 = Ve~ «Win(t),



so the equation is now exact. We have
U(t,y) = / eve” W dy
= =0 4 f(1

%—Qf = Ve~ W gin(t) + f/(t)

Ve cos(t) sin(t) = eYe— cos(t) sin(t) + f/(t)
0=f(t)
C=f

Thus the general solution is
eVe ) — O,
Alternatively, we could use the fact that

%—Aj—%—jj_ e¥ sin(t) _

-M  —evsin(t)

which can be viewed as purely a function of y. Then the integrating factor is

Multiplying both sides of the ODE by u yields
dy

= 0.
dt

sin(t) +
In this case,
M*(t,y) =sin(t) and N*(t,y) =1
SO
oM* ON*

= d
By 0 an BT

Again, the equation has been made exact. So
wit) = [ dy
=y+ f(t)
= f'(t)

sm(t) — /()
—cos(t) + C = f(t).

= 0.

0¢

Hence the general solution is
y —cos(t) =C.

(Note that these two solutions are completely equivalent: just exponentiate the second
version and replace e by C to obtain the first version.)



[4] 5. (a) This equation is nonlinear and is neither separable nor a Bernoulli equation, so we should
determine if it’s homogeneous. The equation can be rewritten

dy _ AN
a =< (3)+7
SO
) Y
= (2)
f(t,y) = sec " + "
ky\ | ky
kt, ky) = — —
b - () 1
_ Q) Y
= sec (t + ;
= f(t,y)
Let y = vt so % =v+ t%. The equation becomes
v+ td—v =sec(v) +v
dt
d
td—qt} = sec(v)

1
cos(v) dv = n dt

/cos(v) dv :/%dt

sin(v) = In(t) + C
sin <%> =In(t) + C.

To find the particular solution, we substitute the initial condition into the general solu-
tion:

sin (%) =In(l)+C

1

- =C.
2
Hence the particular solution is
: y) | 1
=) =In(¢ —.
sin <t n(t) + 5
[5] (b) This is a nonlinear equation which is not separable, and it’s easy to see that it is not

homogeneous or a Bernoulli equation. Thus we must hope that it is either exact, or can
be made exact. Here,

M(t,y) = ye +1 and N(t,y) = -1+ tety



SO

oM ON
(9_y = e 4 tye” and s e 4 tye'.

Hence this equation is exact.

Now we know that

blt,y) = / 1+ te] dy

= —y+eV+f(1)
0y

5 ye' + f'(t)
ye' + 1 =ye" + f'(t)
1= f(t)
t+C = f(t).
Hence the general solution is
—y+e¥+t=C.

Finally, we substitute £ = 0 and y = 5 into the general solution and find that

54+’ +0=C
C=—-4.

Thus the particular solution is

—y+e¥+t=—4



