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SOLUTIONS

We have
M(t,y) =5ty +4y*> and N(t,y) =t* + 2ty
SO
oM

ON
— =5t+8y and — =2t+2y.
By Y ot Y
Since %—A; # %I, the equation is not exact.

However, note that

1 (OM ON _ 3t+6y  3(t+2y) 3
N\oy ot) 42y tit+2y t
which is a function of ¢ only. Hence an appropriate integrating factor is

= of Tdt _ 3In(t) _ 43

Multiplying through by the integrating factor, the ODE becomes

dy

EZO

(5tty + 4t%y?) + (t° + 2t'y)

SO
M*(t,y) = 5t'y +4t3%y* and N*(t,y) = t° + 2t'y.

now OM" N
= 5t! 4 8ty =
ay Ty =
so the equation has been made exact. Thus there exists a function ¥ (¢, y) such that
9 4 3,2 N 5 4
— =0t 4t d — =t"+2t"y.
BN y+4t"y” an By + 2ty
This means that
ult) = [ (5tty+ 462 d
=ty + t'y* + C(y)
0
9% _ 5+ 2ty + C'(y) = t° + 2ty
dy
C'(y) =0
Cly) =C.

Finally, the general solution must be ¥(¢,y) = C, that is,
Py +thy? = C.



[30] 2. (a) This equation is separable. It can be written

(t2—3t+2)@=t

a7
1 t
/—dy:/—dt.
Yy 2 —3t+2

To evaluate the integral on the right, we use partial fractions:

t B t A LB
2-3t+2 (t—-2)t—-1) t—-2 t—1

t=A(t—-1)+ B(t—2).

When ¢ = 2 we have 2 = A(1) so A =2. When ¢t =1 we have 1 = B(—1) so B = —1.

Thus
[y [ (Fa-ma)
In(y) =2In(t —2) — In(t — 1) + In(C)
=In <_O(tt__12)2>
C(t —2)?
t—1

Finally, since y(3) = 8 we have

y(3)=%:8 —  (C=16.

Thus the particular solution is
16(t — 2)?
y=——""
t—1

(b) This equation is linear (but not separable) so we first rewrite it as

3
Hence p(t) = —3 and therefore an appropriate integrating factor is

= 3  tdt _ =3In(t) _ 43



Multiplying through by t=3 we obtain

d
t_3d—zz — 3ty = tcos(t)

%[t?’y] = tcos(t)

t 3y = / t cos(t) dt
= tsin(t) + cos(t) + C
y = t*sin(t) + t* cos(t) + Ct>.

Note that the integral on the right can be evaluated using integration by parts.
Alternatively, we can rewrite the given equation as

dy

—3y —t°cos(t) +t— =0
y = teos(t) +t- =0,
for which
M(t,y) = =3y —t°cos(t) and N(t,y) =t

Then Y ON

—=-3 d — =1

By Y

oM  ON

and since — # —— we know that the equation is not exact. However,

dy ot

N\ay ot t

and so an appropriate integrating factor is

1 <8M 8]\7) 4

= 6—4f%dt _ () _ 44

Multiplying through by pu, the equation becomes

d
—3t™*y = tcos(t) + t_?’d—?i =0,

which can be verified to be exact. Hence
bt y) = /t‘3 dy =t"%y + C(t)

and so
%:f =3ty +C'(t) = =3ty — tcos(t)

C'(t) = —tcos(t)

C(t) = —/tcos(t) dt

= —tsin(t) — cos(t) + C



via integration by parts. Hence the solution is ¥ (¢,y) = C, that is,
t 3y — tsin(t) — cos(t) = C.

Since the equation was linear, we must solve for y and conclude that
y = t*sin(t) + t* cos(t) + Ct>.

(c) We can rewrite this equation as

dy t+ty+y°
dt 12 '

24ty + 12
t2

If we let f(t,y) = then, for any constant k,

(kt)* + (kt)(ky) + (ky)*

kt, ky) =
B k2t2+/{?2ty—|—k2y2
- k2t
GRS
k22
Pty 4P
-
= f(t,y)
and so this equation is homogeneous.
d d
Now we let y = vt so d—? = d_:t + v. The equation becomes
dvt n t2 + vt? + v*?
— U fr—
dt 12
=1+0v+0?
dv
—t =1+
i +v

1 1
/1+v2dv_/¥dt

arctan(v) = In(t) + C

arctan (%) =In(t) + C.

Although the equation is non-linear, it is straightforward to solve for y, and thus the

solution is
y = ttan(In(t) + C).



(d) This is a Bernoulli equation with n = 3, so we first rewrite the ODE as

_gdy 1 o 1

it Vi TV
1d d
Now we let v = y=2 so —§d—z = y_3d—’7i. The equation becomes
1 dv N 1 1
- —) = —
2dt i ¥
dv 2 2

%—%’U— W

Since this is a linear equation with p(t) = ——- an appropriate integrating factor is

Vit

—2[ L at -
n=e f\/f :64\/2_

Multiplying the equation through by u yields

d 2 2
6_4\/%—1)——6_4\/21) eVt

dt /'t Vi

d
— [e"lﬁv] = —1674‘/E
dt Vi
1
-4Vt -4Vt
e v=-2 [ —e dt.
|
2
In order to evaluate the integral on the right we let u = v/t so du = —% dt. Now we
have
e WViy = / e du
="+ C
e
v=1+ Ce*

y 2 =1+ Ce™

Alternatively, we could use the fact that this equation is separable since it can be written



The integral on the left requires partial fractions, for which we have

1 1 A B C

Py yy-D+1) y g1 y+l
1=Ay—-1(y+1)+By(y+ 1)+ Cy(y — 1).

When y = 0 we have 1 = A(— )soA——l When y = 1 we have 1 = B(2) so B = 3
When y = —1 we have 1 = C(2) so C' = 5 as well. Thus we obtain

1 1 1
/[‘;Uiﬁ 2 } y‘/_dt

1 1
—In(y) +5n(y = 1)+ 5y +1) =2Vt +C

m( (y—1><y+1>> Vit C

Y

vyl — Ce?Vt,

Y

These solutions may not appear to be equivalent, but note that we can further rewrite
the latter solution by squaring both sides to get
y* -1
Y2
g —1=CeViy?

— CetVt

Y +Ce4‘[ 2=1
1+ CetVt — y_2,

as before.



