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SOLUTIONS

. First observe that

det(2AB™'AT B?) = det(2A) det(B™ ') det(A”) det(B?).

First, det(24) = 2°det(A) = 96. Second, det(B™!) = = = —

det(B) 1. Third, det(A") =
det(A) = 3. Finally, det(B?) = [det(B)]* = 16. Therefore,

1
det(2AB™* AT B?) = 96 - (—1> 316 = —1152.

. First we reduce A to row-echelon form, keeping track of row interchanges and row multipli-

cations. We have

1 -3 —1 2 Eg:ﬁg:&:f%ﬁ; 1 -3 -1 2
-2 6 5 3 R4—>R_4;4R1 0 0 3 7
-1 3 -1 2 O 0 -2 4
|4 -9 2 2] 0 3 6 -6
[1 -3 -1 2 1 -3 -1 2
Ryo s 0 3 6 —6 RQiRz 0o 1 2 =2
0O 0 -2 4 0O 0 -2 4
0o 0 3 7| 0 0 3 7
1 -3 -1 2 1 -3 -1 2
Rs»—3Rs [0 1 2 =2 Ry R 3Rs 0o 1 2 =2
0 0 1 -2 0O 0 1 -2
0 0 3 7| 0 0 0 13

Let’s call this final matrix U, so

det(U)=1-1-1-13 = 13.
We have performed one row interchange, and performed scalar multiplications of rows by %
and —%. Thus

det(U) = det(A) - (—1) - % : (—%) = édet(A)

and so

det(A) =6det(U) =613 =T78.



[4]

3. (a)

We set

det(A—/\]):‘?’;)\ 4;‘

=M -7A+10=(A—-2)(A—=5) =0,
soA=2and A=5. For A\=2, A— Al is
11 . 11
2 2 0 0

soif x = {il] then x5 =t is a free variable and x; = —x9 = —t. Thus the eigenspace
2

corresponding to A = 2 is the set of all vectors of the form
—t -1
<=0
-2 1 R -2 1
2 -1 0 O

SO x9 = t is a free variable and x; = %xg = %t. Hence the eigenspace corresponding to

A = 5 is the set of all vectors of the form

For A\=5, A— Xl is

We set
4= X =2 B
det(A—)\I)—‘ 1 2_)\'—)\—6>\+10—0,
so by the quadratic formula
+v36 -4

For A\=3+4+1, A— X\l is
1—1 —2 . 1 —1—1 . 1 —1—1
1 —1—1 1—2 —2 0 0

because (1 —i)(—1 — i) = —2. Therefore if x = Bl] then zo =t is a free variable and
2

x1 = (1 +1i)xy = (1 +¢)t. Thus the eigenspace corresponding to A = 3 + i is the set of

all vectors of the form
(49t ; 1+
X = ; = e

IR S N F S R
1+i -2 0 0

For A=3—14, A— M\l is

14+¢ =2
1 -1+



so w9 = t is a free variable and x; = (1 — i)xs = (1 — i)t. Hence the eigenspace
corresponding to A = 3 — 7 is the set of all vectors of the form

<[

~1-X 2 3
det(A—X)=] 1 —2-X —1|==-N+A+2=-)2A-)1-2)
-2 44—\

= _AA—2)A+1) =0,

6] (c) We set

soA=0,A=2and A=—1. For A\=0, A — A is

-1 2 3 [1 -2 —1 1 -2 -1
1 -2 -1 — |—-1 2 31— |0 0 2
-2 4 4 _—2 4 4 0 0 2
1 —2 —1 1 -2 -1
— (0 0 1| —10 0 1
0 0 2 0O 0 0
x1
so if x = |xo| then x5 =t is a free variable, x5 = 0, and x; = 2z5 + x3 = 2t. Thus the
T3

eigenspace corresponding to A = 0 is the set of all vectors of the form

2 2
x=|t|=¢t]1
0 0
For A =2, A— A\l is
-3 2 3 (1 —4 —1 1 -4 -1
1 -4 —1| —1|-3 2 3|—10 =10 ©
-2 4 2 -2 4 2 0 —4 0
[1 —4 —1 1 —4 —1
—10 1 o|l—10 1 0
0 —4 0 0 0 0

so x3 = t is a free variable, xo = 0, and xy = 429 + x3 = t. Hence the eigenspace
corresponding to A = 2 is the set of all vectors of the form

t 1
x= 1|0l =t |0
t 1



Finally, for A = —1, A — A\ is

0 2 3 1 -1 -1 1 -1 -1
1 -1 -1 —1|0 2 3| —1|0 2 3
-2 4 5 -2 4 5 0 2 3
[1 -1 -1 1 -1 -1
— 10 1 3|—1]0 1 3
o 2 3 0 0 0
so x3 = t is a free variable, o = —%x3 = —%t, and r1 = 19 + 23 = —%t. Hence the
eigenspace corresponding to A = —1 is the set of all vectors of the form
—5t 1
X = —%t =t|3
t —2
We set
2—A 0 0
det(A—X)=] 0 —=3-X 5 [=-X+2)\2—-16)\+ 32
3 -5  3-=A

= -AN(A=2)—16(A—2) = —(A—2)(\* +16) = 0,

soA=2, A=4iand A = —4i. For A\ =2, A— Al is

0 0 0 3 =5 1 1 —g % 1 _g %
0O -5 5 —1]0 -5 5| —|0 =5 5| — (0 1 -1
3 =5 1 0 0 0 0 0 O 0 0 0
I
so if x = |wxy| then z3 =t is a free variable, zy = 23 = t, and%:gxz—%xg:%t.
L3

Thus the eigenspace corresponding to A = 2 is the set of all vectors of the form

4
3t 4
x=|t| =t]|3
t 3
For A =4i, A— A\ is
2 — 4i 0 0 1 0 0 1 0 0
0 —3—4 5 |— |0 =3-4i 5 |[— |0 1 —3+4
3 —5 34 3 -5 34 0 -5 3—4
[1 0 0
— [0 1 =244
00 0




so x3 = t is a free variable, xo = (% — %z) T3 = (g — %2) t, and 1 = 0. Hence the

eigenspace corresponding to A = 41 is the set of all vectors of the form

0 0
X = (g—%i)t =t |(3—4
t 5
Finally, for A = —4i, A — A\I is
2+ 4i 0 0 1 0 0 1 0 0
0 -3+ 4 5 — |0 =3+ 4 5 — |0 =3+ 44 5
3 -5 3+ 4i 3 -5 3+ 41 0 -5 3+ 4
1 0 0 10 0
— |0 -2l — 01 —2-4
0 =5 3+4 00 0
so r3 = t is a free variable, o = (g + %z) T3 = (% + gz) t, and 1 = 0. Hence the
eigenspace corresponding to A = —4i is the set of all vectors of the form
0 0
x=|(2+%)t| =t|3+4
t 5
6] (e) We set
—-5—-X 8 -8
det(A—X)=| —4 7T—X —4|==-XN+52-31-9=—-(A-3*\+1)=0,
0 0 3—=2A

where we can use the Rational Roots Theorem and synthetic division (or long division)
to carry out the factoring. Thus A =3 and A = —1. For A =3, A — Al is

-8 8 -8 1 -1 1 1 -1 1
-4 4 4| — |-4 4 —-4] — [0 0 O
0 0 O 0O 0 3 0 0 O
T
so if x = | x5 | then x3 =t and x5 = s are free variables, and z; = x9 — x3 = s —t. Thus
Zs3

the eigenspace corresponding to A = 3 is the set of all vectors of the form
s—1 —1

1
t 0 1



For A\=—1, A— Ml is

-4 8 -8 (1 -2 2 1 -2 2
—4 8 —4| — |—4 8 -4 — |0 0 4
0 0 4 0 0 4 0 0 4
[1 —2 2 1 -2 2
— 10 11— 10 0 1
0 0 4 0 0 O
SO T9 = t is a free variable, x3 = 0, and x; = 2x5, — 2x3 = 2t. Hence the eigenspace
corresponding to A = —1 is the set of all vectors of the form
2t 2
x=|t|=t]1
0 0
Observe that
—5—A 8 -8
det(A— M) =] —4 T—=X —4 |=-X+N+50+3=-A+1>*N-3)=0,
0 0 —1-A
sodA=—land A=3. For A\=—-1, A— X is
-4 8 -8 1 -2 2 1 -2 2 1 -2 2
—4 8 -4 —|-4 8 —4| — |0 0 4] — |0 0 1
0 0 O 0O 0 O 0 0 O 0 0 O
T
so if x = [xo| then x5 =1t is a free variable, x3 = 0, and x1 = 229 — 223 = 2t. Thus the
T3
eigenspace corresponding to A = —1 is the set of all vectors of the form
2t 2
x=|t|=t]1
0 0
For A\=3, A— X\l is
-8 8 -8 1 -1 1 1 -1 1
—4 4 —4f — |—4 4 -4 — |0 0 O
0 0 —4 0 0 -4 0 0 —4
[1 -1 1 1 -1 1
— {0 0 —4| — |0 0 1
0 0 0 0 0 O

SO x9 = t is a free variable, 3 = 0, and ;1 = x5 — x3 = t. Hence the eigenspace
corresponding to A = 3 is the set of all vectors of the form

t 1



