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1. (a)

SOLUTIONS

Observe that

2—-A -1

det(A—)\[):’ 54—

‘:)\2+2)\—3:(A+3)(>\—1):0,

soA=-3and A=1. For A\= -3, A— Al is

5 —1 R 5 —1
5 —1 0 0
soif x = [il then x9 = ¢ is a free variable and z; = %:cg = %t. Thus the eigenspace
2
corresponding to A = —3 is the set of all vectors of the form
1t 1
—= 5 =
<[5 - ff
For A\=1, A— A\l is
1 -1 . 1 -1
5 =5 0 0

SO 9 = t is a free variable and z; = x5 = t. Hence the eigenspace corresponding to
A =1 is the set of all vectors of the form

Observe that

det(A — \I) =

3—X 2
6 4-A

‘—)\2—7)\—)\()\—7)—0,
soA=0and A=7. For A\=0, A— Al is

32 [ g 13

6 4 6 4 0 0

soif x = El] then xo = ¢ is a free variable and z; = —%xQ = —%t. Thus the eigenspace
2
corresponding to A = 0 is the set of all vectors of the form



For A\=7, A— X\ is
-4 2] I R 1 -1
6 -3 6 —3 0 0

SO x9 = t is a free variable and x; = %332 = %t. Hence the eigenspace corresponding to
A = 7 is the set of all vectors of the form

[0}

7T-X 0 —4
det(A—X)=| 0 5-X 0 |[=-X+10\%—-31A+30
5 0 —2-2A

— (A —2)A=3)(A—5) =0,

Observe that

where the polynomial can be factored by either long division or synthetic division. So
A=2 A=3and A=5. For \=2, A— A\l is

50 —4 10 —3 10 —3 10 —3
03 0f—|03 0] —1]03 O0]|—1]01 O
5 0 —4 5 0 —4 00 0 00 0
T
so if x = |xo| then z3 = t is a free variable, x5 = 0, and xlz‘éxg:%t. Thus the
T3
eigenspace corresponding to A = 2 is the set of all vectors of the form
4
4 4
x=|(0|=t]|0
t 5
For A\=3, A— A\l is
4 0 —4 1 0 —1 1 0 -1 1 0 -1
02 0f—|02 Of—1|02 O0f—1(01 0
5 0 =5 5 0 =5 00 0 00 O

so x3 =t is a free variable, 9 = 0, and xy = x3 = t. Hence the eigenspace corresponding
to A = 3 is the set of all vectors of the form

t 1
x= |0l =t[0
t 1
Finally, for A =5, A — A\l is
2 0 —4 1 0 =2 1 0 =2 1 0 =2
o0 0f—100 O]—|0O0 Of-—100 O
5 0 —7 5 0 —7 00 3 00 1



S0 9 = t is a free variable, x3 = 0, and 1 = 2z3 = 0. Hence the eigenspace corresponding
to A = 5 is the set of all vectors of the form

0 0
x=|t]| =t|1
0 0
Observe that
2—-\ 1 1
det(A—=X)=] 0 1-X 0 |=-N4+5N2-7A+3=-A-13*AN-3)=0,
1 -1 2=

soA=land A=3. For A\=1, A— Al is

1 1 1 1 1 1 1 11
O 0 0] — |0 =2 0] —10 10
1 -1 1 0 0 0 0 00
T
so if x = |x9| then x3 =t is a free variable, xo = 0, and 21 = —x3 — x5 = —t. Thus the
T3
eigenspace corresponding to A = 1 is the set of all vectors of the form
—t -1
X = =t|0
t 1
For A\=3, A— A\l is
-1 1 1 1 -1 -1 1 -1 -1 1 -1 -1
o -2 0| —1I0 -2 O] —10 -2 0] —10 1 0
1 -1 -1 1 -1 -1 0O 0 0 0O 0 0
so x3 = t is a free variable, 9 = 0, and xy = 23 + x5 = t. Hence the eigenspace
corresponding to A = 3 is the set of all vectors of the form
t 1
x= (0] =t 10
t 1
Observe that
2— )\ 1 1
det(A—=X)=] 0 3-=X 0 |==-XN+7V-151+9=-A-1)(A-3)>=0,
1 -1 2—-A
soA=1land A=3. For A\=1, A— Al is
1 1 1 1 11 1 1 1
0O 2 0] —1(0 2 0l —1]010
1 -1 1 0 00 000



x

so if x = |xo| then x3 =t is a free variable, x5 = 0, and x; = —x3 — 9 = —t. Thus the
T3

eigenspace corresponding to A = 1 is the set of all vectors of the form

—t -1
X = =t|0
t 1
For A\=3, A— Xl is
-1 1 1 1 -1 -1
0O 0 O0O|— |0 0 O
1 -1 -1 0 0 0

so x3 =t and x9 = s are free variables, and 1 = x5+ 19 =t + s. Hence the eigenspace
corresponding to A = 3 is the set of all vectors of the form

t+ s 1 1
X = s =t |0l +s |1
t 1 0

. Since x is an eigenvector of A with corresponding eigenvalue A, we know that Ax = A\x. But
since A is invertible, we can multiply by A~! on both sides:

A Ax = A )x
X = M 'x
1
Zx = A1
VX x
ux = A 'x
where the scalar p = % exists and is non-zero because A # 0. Thus x is an eigenvector of

A~! with corresponding eigenvalue p = %



