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SOLUTIONS

1. First we want a unit vector u in the same direction as u. This is

4
1 1 |-1

—un = —
[ull = /54 —61

u=

and so a vector in the same direction as u of length 4 must be

4
4a = \;% j
6
2. We have u-v =3, |lu|| =5 and ||v|| = 10 so
cos(f) = %

so 0 = 1.5 radians or about 86.6 degrees.

3. (a) We let

1 7

so —4k1 + 6ky = 0 and k; + 7ky = 0. From the second equation we have k; = —7ky and
substituting this into the first equation gives

]{?111 + kQV = ]{71 [_4:| + k?g [6:| = 0,

—4(=Thky) 4 6ky = 34ky = 0

so ks = 0 and hence k; = 0. Thus only the trivial combination exists and so u and v
are linearly independent.

We let
2 0 3
k1u+kgv+k3W:k1 5 —|—/€2 —1 —|—/€3 2 :0,
-1 -1 —4
so 2ky 4+ 3k3 = 0, bk — ko + 2k3 = 0 and —k; — ky — 4k3 = 0. From the first equation we
have k3 = —%kl. Substituting this into the second equation gives

2 11
5k’1 — k'Q + 2 (—gkl) - ?kl - ]{ZQ - 0



(e)

S0 ko = I—;kl. Substituting both of these into the third equation leads to

11 2
—kl - Ekl - 4 <—§/€1> = —2k1 = 0

so k1 = 0, and hence ky = 0 and k3 = 0 also. Thus u, v and w are linearly independent.
We let

2 0 2
]{?111 + ]{72V + k‘3W = k‘l 5) + k‘Q -1 + k’3 2 = 0,
-1 -1 —4
S0 2k1 4+ 2k3 = 0, bk — ko + 2k3 = 0 and —k; — ky — 4k3 = 0. From the first equation we
have k3 = —k;. Substituting this into the second equation gives

5]{71 - kz + 2(—]{71> - 3]{71 - kg - O
s0 ko = 3k;. Substituting both these into the third equation yields
—k’l - 3k'1 - 4(-]6’1) - 0,

which holds for any value of k. Hence we have an infinite number of solutions, such as

ki =1, ko = 3, k3 = —1. Therefore, u, v and w are linearly dependent.
We let
2 0 3 —4
k1u+k2V+k3W+k4X: kl 5 —|—k2 —1 —|—/€3 2 —|—/€4 0 = O,
-1 -1 —4 6

SO 2]{11 + 3]{53 — 4]{74 = 07 5/{51 - k’g + 2]{53 =0 and —kl — ]{32 — 4]{33 + 6]€4 = 0. From the first
equation, we have k; = 2k — %kg. Substituting this into the second equation gives

3 11
5(2k’4 - 5]63) - kg + 2k’3 == 10]€4 - Ek’:g - k’Q = 0

so ky = 10k, — %k’g. Substituting both of these into the third equation gives

3 11
—(2/€4 - 5]53) - (10k4 - ?kg) - 4k3 + 6k4 == —6]€4 - 3]€3 == 0
so ks = —%k4, where we have established no limitation on k4. Thus there is an infinite
number of solutions, such as ky = 4, k3 = —2, ks = 51, ky = 11 and u, v, w and x are
linearly dependent.
We let

+ ko

5

0 5 6 -2
kiay + koug + ksuz + kyuy = ky 1
3



SO 5k1+k2—3]€3+2]€4 = 0, 5k2+6k3—2k’4 = O, /{31 —kg—k3+7l€4 =0 and 3]{71 —2]€2 = 0.
From the fourth equation we have ky = %kl. From the third equation we have

3 1
]{31—§k1—k3+7k4:—§k31—k3+7k420

s0 k3 = Tky — %k’l. Substituting the value for ks into the second equation yields

1
5 (;kl) —|— 6k’3 - 2]€4 - ;kfl + 6]€3 - 2k4 = O

50 ky = tky — Zkl. Setting these last two equations equal to each other, we have

3
1 1 ) 3 20 9
Tky — 51{1 = §k4 — Zkl — Zkl = _§k4 = ky = —%kl.

Finally, substituting all of this into the first equation, we have

3 103 9 811
by + Sk — 3 ——2k 20—k ) = =k =0.
kit ok 3( 80 1)+ (801) gp =0

Thus k& = 0, and so ks = 0, k3 = 0 and finally k4, = 0. So uj, us, ug and uy are
linearly independent.

T

T2
4. Let u = | . |. We assume that u is orthogonal to every vector in R"; in particular, this

Tn
means that it is orthogonal to itself so u-u = 0. But then

A T
X2 T2
2 2 2
. =z +ay+---+a, =0.
T Tn

But consider any real number z. We know that 2* > 0 if z # 0, and 2? = 0 if and only if
z = 0. If any z; # 0 then the sum of the squares would have to be positive; thus it must be
that x; = 0 for all 7. Thus we have

- OO

0
Alternatively, since u is orthogonal to every vector in R™, it must be orthogonal to the
standard basis vectors. But observe that

u-e; = 1'1(]_) +l‘2(0) +I3(0) —+ - +In(0) = T,

so x1 = 0. Similarly, for all 7,
u-€e, =2x;

so xr; = 0. Thus u = 0.



