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SOLUTIONS

1. (a)
∂z

∂x
= cos(x) cos(y)

∂z

∂y
= − sin(x) sin(y)

(b) fx(x, y) = yx ln(y) fy(x, y) = xyx−1

(c)

∂f(s, t)

∂s
=

1

1 +
(
s2

t2

)2 (2s

t2

)
=

2st2

s4 + t4

∂f(s, t)

∂t
=

1

1 +
(
s2

t2

)2 (−2s2

t3

)
= − 2s2t

s4 + t4

(d)

zx(x, y) = −3 sin(3x− 5y) =⇒ zx

(π
6
,
π

15

)
= −3 sin

(π
2
− π

3

)
= −3 sin

(π
6

)
= −3

2

zy(x, y) = 5 sin(3x− 5y) =⇒ zy

(π
6
,
π

15

)
= 5 sin

(π
2
− π

3

)
= 5 sin

(π
6

)
=

5

2

(e)
∂w

∂x
= y2z3

∂w

∂y
= 2xyz3

∂w

∂z
= 3xy2z2

(f)

fx(x, y, z) =
6y√

25− z2
=⇒ fx(1, 2, 4) = 4

fy(x, y, z) =
6x√

25− z2
=⇒ fy(1, 2, 4) = 2

fz(x, y, z) =
6xyz

(25− z2) 3
2

=⇒ fz(1, 2, 4) =
16

9

2. We have

fx(x, y) = yey fy(x, y) = xey + xyey

fxx(x, y) = 0 fxy(x, y) = ey + yey

fyx(x, y) = ey + yey fyy(x, y) = xey + xey + xyey = 2xey + xyey

Since fxy(x, y) = fyx(x, y), Clairaut’s Theorem is satisfied.
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3. We have
zx = 3e3x sin(5y) zy = 5e3x cos(5y)
zxx = 9e3x sin(5y) zxxy = 45e3x cos(5y)
zyx = 15e3x cos(5y) zyxx = 45e3x cos(5y)

zyxy = −75e3x sin(5y)
zyy = −25e3x sin(5y) zyyx = −75e3x sin(5y).

These results are consistent with Clairault’s Theorem, because as long as we differentiate
the same number of times by the same variables, the partial derivatives are equal; that is,
zxxy = zyxx and zyxy = zyyx.

4. (a) We have
fx(x, y) = 2x fy(x, y) = −2y
fxx(x, y) = 2 fyy(x, y) = −2

so
fxx(x, y) + fyy(x, y) = 2− 2 = 0,

and so this is a solution to Laplace’s equation.

(b) We have
fx(x, y) = 2x fy(x, y) = 2y
fxx(x, y) = 2 fyy(x, y) = 2

so
fxx(x, y) + fyy(x, y) = 2 + 2 = 4 6= 0,

and hence this is not a solution to Laplace’s equation.

(c) We have

fx(x, y) =
4x

x2 + y2
fy(x, y) =

4y

x2 + y2

fxx(x, y) =
4y2 − 4x2

(x2 + y2)2
fyy(x, y) =

4x2 − 4y2

(x2 + y2)2

so

fxx(x, y) + fyy(x, y) =
4y2 − 4x2

(x2 + y2)2
+

4x2 − 4y2

(x2 + y2)2
= 0,

and so this is a solution to Laplace’s equation.

(d) We have

fx(x, y) = −e−x cos(y) + e−y sin(x)

fy(x, y) = −e−x sin(y) + e−y cos(x)

fxx(x, y) = e−x cos(y) + e−y cos(x)

fyy(x, y) = −e−x cos(y)− e−y cos(x)

so

fxx(x, y) + fyy(x, y) = e−x cos(y) + e−y cos(x)− e−x cos(y)− e−y cos(x) = 0,

and so this is a solution to Laplace’s equation.
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5. We have

∂u

∂x
= k cos(kx) sin(αkt)

∂u

∂t
= αk sin(kx) cos(αkt)

∂2u

∂x2
= −k2 sin(kx) sin(αkt)

∂2u

∂t2
= −α2k2 sin(kx) sin(αkt)

so
∂2u

∂t2
= −α2k2 sin(kx) sin(αkt) = α2∂

2u

∂x2
,

as desired.

6. We have

fx(x, y) = ey + yex fy(x, y) = xey + ex fxx(x, y) = yex

fxy(x, y) = ey + ex fyy(x, y) = xey fxxx(x, y) = yex

fxxy(x, y) = ex fxyy(x, y) = ey fyyy(x, y) = xey

so
fxxx(x, y) + fyyy(x, y) = yex + xey = yfxxy(x, y) + xfxyy(x, y)

as desired.


