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1. (a)

SOLUTIONS

Let f(x) = \%; clearly, this is continuous and positive for x > 1. To see that it is

decreasing, we have
1 E
f(z) = —§x’% <0 forxz>1.

Hence the given series satisfies the requirements of the Integral Test. Then we compute
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Hence the given series is divergent. (Note that we knew this to be the case, since it is a
p-series with p < 1.)

Let f(z) = & = xe . We see immediately that this is continuous and positive for
x > 1. To check that it is decreasing, note that

fl(x) =e ™ —5ze™™ =e (1 —5x) <0 forz>1

since e > 0 for all z and 1 — 52 < 0 for # > 1. Thus we can implement the Integral
Test. We compute
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1

T—00 1
We use Integration by Parts, letting u = x so du = dx, and dv = e 5 dx so v = —%6_5:6.
Then the integral becomes
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where 1’'Hopital’s Rule is needed to evaluate the limit of the first term in the square
brackets. Hence the given series also converges.

Let f(x) = %ﬂx) Again, it is clear that this is continuous and positive for z > 1. To

check that it is decreasing, observe that

P = L= 2ont




The denominator is positive, so we need to ensure that 1 — 2z arctan(z) < 0 for x > 1.
Both z and arctan(z) are increasing for x > 1, so the smallest value of 2z arctan(x)
occurs at x = 1, which is 2(1) arctan(1) = 7 so 1 —2z arctan(z) < 1—7 < 0, as required.
Hence we can use the Integral Test. We have
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/ arctan(z) dr = lim arctan(z)
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We try a u-substitution. Let u = arctan(z) so du = xQdil; for z =1, w = 7 and for

x =T, u=arctan(T). The integral becomes

1 2 72 w2  3r?
= lim |- arctan®(T) — — | == T _ 2T
s {2 avctan’(T) = 55| = 5§ "3 = 32
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Thus the given series converges.
Let f(z) = h;@ = 2~ 2In(z), which is continuous and positive for z > 2. Then
1—21
fl(z)=—-203In(z) +27% = #
x

Here, for x > 2 the denominator is positive and 1 — 21In(z) < 1 —21In(2) < 0, so f(x) is
decreasing for x > 2. Applying the Integral Test, we compute
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We try Integration by Parts with v = In(z) so du = df and dv = i—ﬁ SO v = —i. The

integral becomes
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where the limit of the first term in the square brackets can be evaluated using ’'Hopital’s
Rule. Hence the given series converges.

Let f(z) = @ = z7'In(z). Once again, we readily see that this is continuous and
positive for x > 2. Also,

2 1—In(z)

fl(x) = —2?In(z) + = =

<0 forax >3,

so f(x) is decreasing and we can apply the Integral Test. We have

T T
/ In(z) dzr = lim In(z) dz.
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Using u-substitution, let u = In(z) so du = ¥; z = 3 gives u = In(3) and = = T gives
u = In(7T). The integral becomes

In(T) In(T)
lim udu = lim {—UQ} = lim {—ln2(T) -

Therefore the given series is divergent.

2. Let f(x) = :%7 This is continuous and positive for x > 1, and so certain for x > n, regardless

of what n might be. To see that it is decreasing, we have

7
f/(l"):—ﬁ <0 forall z>1.

Finally, observe that the given series is a p-series with p > 1 and so certainly converges.
Then the error after adding together the first n terms, R,, obeys
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When n = 2, we have R, < 0.0026, which provides accuracy to two decimal places. When
n = 3, we have R,, < 0.00023, which provides accuracy to three decimal places, as desired.
Then
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is equal to the sum of the series, to three decimal places.



