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SOLUTIONS

1. (a) We construct the table:

i f (i)(x) f (i)(0) ki
0 xex 0 0
1 ex + xex 1 1

1!
= 1

0!

2 2ex + xex 2 2
2!

= 1
1!

3 3ex + xex 3 3
3!

= 1
2!

4 4ex + xex 4 4
4!

= 1
3!

...
...

...
...

i iex + xex i i
i!

= 1
(i−1)!

So we see that

xex = 0 +
1

0!
x+

1

1!
x2 +

1

2!
x3 +

1

3!
x4 + · · · =

∞∑
i=1

1

(i− 1)!
xi.

(b) We construct the table:

i f (i)(x) f (i)(1) ki
0 x

1
2 1 1

0!

1 1
2
x−

1
2

1
2

1
2(1!)

2 −1
4
x−

3
2 −1

4
− 1

4(2!)

3 3
8
x−

5
2

3
8

3
8(3!)

4 −15
16
x−

7
2 −15

16
− 15

16(4!)
...

...
...

...

i (−1)i (−1)·1·3·5···(2i−3)
2i

x−
2i−1

2 (−1)i+1 1·3·5···(2i−3)
2i

(−1)i+1 1·3·5···(2i−3)
2i(i!)

So we see that

√
x = 1 +

1

2
(x− 1)− 1

4
(x− 1)2 +

3

8
(x− 1)3 − 15

16
(x− 1)4 + · · ·

= 1 +
∞∑
i=1

(−1)i
(−1) · 1 · 3 · 5 · · · (2i− 3)

2i(i!)
(x− 1)i.



–2–

(c) We construct the table:

i f (i)(x) f (i)
(
π
4

)
ki

0 sin(2x) 1 1
0!

1 2 cos(2x) 0 0
2 −4 sin(2x) −4 −4

2!

3 −8 cos(2x) 0 0
4 16 sin(2x) 16 16

4!
...

...
...

...

i (odd) (−1)
i−1
2 2i cos(2x) 0 0

i (even) (−1)
i
2 2i sin(2x) (−1)

i
2 2i (−1)

i
2 2i

i!

So we have that

sin(2x) =
1

0!
− 4

2!

(
x− π

4

)2
+

16

4!

(
x− π

4

)4
− · · · =

∞∑
i=0

(−1)i22i

(2i)!

(
x− π

4

)2i
.

(d) We construct the table:

i f (i)(x) f (i)(−2) ki
0 x−4 1

16
1

16(0!)

1 −4x−5 4
32

4
32(1!)

2 20x−6 20
64

20
64(2!)

3 −120x−7 120
128

120
128(3!)

4 840x−8 840
256

840
256(4!)

...
...

...
...

i (−1)i[4 · 5 · 6 · · · (i+ 3)]x−(i+4) 4·5·6···(i+3)
2i+4

4·5·6···(i+3)
2i+4i!

So then

x−4 =
1

16(0!)
+

4

32(1!)
(x+ 2) +

20

64(2!)
(x+ 2)2 +

120

128(3!)
(x+ 2)3 + · · ·

=
1

16
+
∞∑
i=1

4 · 5 · 6 · · · (i+ 3)

2i+4i!
(x+ 2)i.

2. Since −1 ≤ x ≤ 1, we have

f (3)(x) = 3ex + xex ≤ 3e+ e = 4e ≈ 10.87.

Furthermore, |x− p| = |x| ≤ 1. Thus

R2(x) ≤ 4e

3!
· 1 ≈ 1.81.

Following the pattern which can be observed in the table we generated for Question 1(a),
we can see that

f (11)(x) = 11ex + xex ≤ 11e+ e = 12e ≈ 32.62.
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Now

R10(x) ≤ 12e

11!
· 1 ≈ 0.00000082.

3. (a) We have

ex =
∞∑
n=0

1

i!
xi

e−
x
4 =

∞∑
i=0

1

i!

(
−x

4

)i
=
∞∑
i=0

(−1)i

4ii!
xi.

(b) We have

sin(x) =
∞∑
i=0

(−1)i

(2i+ 1)!
x2i+1

sin(x6) =
∞∑
i=0

(−1)i

(2i+ 1)!
(x6)2i+1

=
∞∑
i=0

(−1)i

(2i+ 1)!
x12i+6.

(c) We have

cos(x) =
∞∑
i=0

(−1)i

(2i)!
x2i

x cos(x) = x

∞∑
i=0

(−1)i

(2i)!
x2i

=
∞∑
i=0

(−1)i

(2i)!
x2i+1

(d) Observe first that

ln

(
1− 2x

1 + 2x

)
= ln(1− 2x)− ln(1 + 2x).

Now we know that

ln(1 + x) =
∞∑
i=0

(−1)i

i+ 1
xi+1



–4–

so

ln(1− 2x) =
∞∑
i=0

(−1)i

i+ 1
(−2x)i+1 =

∞∑
i=0

(−1)i(−2)i+1

i+ 1
xi+1 =

∞∑
i=0

(−1)2i+1

i+ 1
xi+1

ln(1 + 2x) =
∞∑
i=0

(−1)i

i+ 1
(2x)i+1 =

∞∑
i=0

(−1)i2i+1

i+ 1
xi+1

and so

ln

(
1− 2x

1 + 2x

)
=
∞∑
i=0

(−1)2i+1

i+ 1
xi+1 −

∞∑
i=0

(−1)i2i+1

i+ 1
xi+1

=
∞∑
i=0

(−1)2i+1 − (−1)i2i+1

i+ 1
xi+1

=
∞∑
i=0

2i+1[−1− (−1)i]

i+ 1
xi+1

=
∞∑
i=0

2i+1[−1 + (−1)i+1]

i+ 1
xi+1.


