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SOLUTIONS

1. (a) Using long division of polynomials, we have

32+ 2x—3

$2—2x+3)3$4—41‘3+21’2+10$—2
3zt — 623 + 922

223 —72? + 102 — 2
223 —4x% + 6x

—32°+ 4 -2
— 322+ 62x—9

— 2x+7

Hence Q(z) = 32% + 2z — 3 and R(z) = —2z + 7.

(b) By long division of polynomials, we have

323 =722+ 9z +1

x+1)32" —4a® + 227 4+ 102 — 2
3zt + 32®
— 72 + 222+ 10z — 2

— Ta — Ta?

922 4+ 10z — 2

922 + 9z

T —2
z+1
-3

Hence Q(z) = 32® — 722 + 92 + 1 and R(x) = —3.

2. (a) By synthetic division with r = —3, we have

312 3 -1 )
-6 9 —-24
2 -3 8 —19
so Q(z) = 22* — 3z + 8 and R = —19.

(b) By synthetic division with r» = 2, we have
212 0 —-11 8 3
4 8§ —6 4
24 -3 27

5o Q(r) =223 + 42> —3r+2and R=1T.



3. (a)

The possible rational roots are £1, £2, +5 and +10. Note that P(1) = —24 but
P(—1) =0so —1lisaroot of P(z) and (x+1) is a factor. By synthetic division, we have

-1/1 5 -3 —-17 —-10
-1 —4 7 10
1 4 -7 -10 0

so P(z) = (z +1)(2® + 42% — 7z — 10). Now for Q(z) = 2® + 42? — 7z — 10 the possible
rational roots are —1, 2, +£5 and £10. We have Q(—1) = 0 so —1 is again a root of
P(x) and (x + 1) is again a factor. By synthetic division, we have

-1/1 4 -7 -10
—1 3 10
1 3 -10 0

and so now
P(x) = (z + 1)*(z* 4+ 32 — 10) = (z + 1)*(z + 5)(z — 2).

Hence the roots of P(x) are —1, —5 and 2.

The possible rational roots of P(z) are £1, £2, +4, j:%, i%, j:%, i% and ié. Note that
P(1) = =5 and P(—1) = =9 but P(2) = 0. Thus 2 is a root of P(z) and (z — 2) is a
factor. By synthetic division, we have

26 —-11 -4 4
12 2 —4
6 1 =2 0

SO

P(z) = (x —2)(62> + 2 —2) = (x — 2)(3x + 2)(2z — 1).
Hence the roots of P(z) are 2, —2 and 3.

The possible rational roots of P(z) are +1, £2, +5, +10, j:% and j:g. Note that
P(1) =6, P(—1) = =30, and P(2) = 12 but P(—2) = 0. Thus —2 is a root of P(x) and
(x 4+ 2) is a factor. By synthetic division,

-212 =5 -4 23 -10
-4 18 =28 10
2 -9 14 =5 0

so P(z) = (v + 2)(22% — 92% + 142 — 5). The possible rational roots of Q(x) = 223 —
922 4+ 142 — 5 (noting that the coefficients alternate in sign) are 5, % and g We have
Q(5) = 90 but Q (3) = 0 so 3 is a root of P(z) and (z — ) is a factor. Again using
synthetic division we get
/2 -9 14 -5
1 -4 5
2 -8 10 0




P(z) = (z+2) (x—%) (227 — 82 4 10) = 2(x + 2) (x—%) (2% — 4z +5).

By the quadratic formula, if 2> — 42 +5 = 0 then

4+ V1620 4+/4 4+

=2=u1.
2 2 2

T

Hence the roots of P(x) are —2, 3, 2+ 4 and 2 — i.
The possible rational roots of P(x) are £1, +2, +4, £8 and i%. Note that P(1) = —3,
P(—1) =9, but P(2) = 0. Thus 2 is a root of P(z) and (z — 2) is a factor. By synthetic

division,
4 —6 —12 12 8
2 -3 —6 6 4 0

so P(z) = (x — 2)(22* — 32 — 622 4+ 62 + 4). The possible rational roots of Q(z) =
2z* — 32% — 622 + 6z + 4 are +2, £4 and +3. Note that P(2) = 0 so 2 is again a root of
P(z) and (x — 2) is one more a factor. By synthetic division,

212 =7 0 18 -8 -8

212 -3 -6 6 4
4 2 -8 —4
2 1 -4 =2 0

P(z) = (z — 2)%(22% + 2® — 42 — 2)
= (z—2)%2*(2z + 1) — 2(2z + 1)]
= (z—2)*2z + 1)(2* — 2)
— (5= 22r+ 1)z — V)@ + VD),

Hence the roots of P(x) are 2, —%, V2 and —v/2.
12 1

The possible rational roots of P(z) are 1, 2, 3, %, 5 and % (noting that the coefficients
alternate in sign and so no negative roots can occur). Note that P(1) = 12 and P(2) =
141, but P (5) = 0. Thus % is a root of P(z) are (z — %) is a factor. By synthetic
division,
9 —6 19 —-12 2

3 —1 6 —2
9 -3 18 —6 O
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> (32 — 1)(z — V2i)(x + V2i).

1

P(x) = (32 — 1)*(z — 24)(w + 2i).

Wl

In fact, note that

so this further simplifies to

Either way, we see that the roots of P(z) are %, V/2i and —v/2i.

The possible rational roots of P(x) are £1, £2, +4 and +8. Note that P(1) = 20 and
P(—1) = =36 but P(2) =0 so 2 is a root of P(x) and (x — 2) is a factor. By synthetic
division,
21 -2 -17 30 8
2 0 —34 -8
1 0 =17 -4 0

so P(x) = (z — 2)(2® — 172 — 4). The possible rational roots of Q(z) = 2® — 17z — 4 are
+2 and +4. Note that Q(2) = —30, Q(—2) =22 and Q(4) = —8, but Q(—4) =0 so —4
is a root of P(z) and (z + 4) is a factor. By synthetic division,

411 0 —-17 -4
-4 16 4
1 -4 -1 0

so P(z) = (x —2)(x +4)(2* — 42 —1). If 22 — 42 — 1 = 0 then, by the quadratic formula,

:4i\/216+4:412\/20 :4122\/5:%[\@

X

Hence the roots of P(x) are 2, —4, 2 + V5 and 2 — /5.

The possible rational roots of P(z) are £1, £2, +4, 1 41, % and +5-. Note that
P(1) =15 and P(—1) = 135, but P(2) = 0 so 2 is a root of P(x) and (z — 2) is a factor.



By synthetic division,
2116 —64 63 4 —4
32 —64 -2 4
6 -32 -1 2 0

SO

P(x) = (v — 2)(162° — 322% — v + 2)
= (v —2)[162*(z — 2) — (v — 2)]
= (v —2)(z — 2)(162% — 1)
= (r —2)*(4x — 1)(4z + 1).

The possible rational roots of P(xz) are £1, +2, 3, +4, +6, £12, £ and +3. Note
that P(1) = —12 and P(—1) = 18, but P(2) = 0 so 2 is a root of P(x) and (x —2) is a
factor. Then, by synthetic division,

4 18 14 -12
29 7 —6 0

212 5 —11 =20 12

so P(z) = (z —2)(22® +92* 4+ 7x — 6). The possible rational roots of Q(z) = 22% + 9x? +
7z —6 are £2, £3, +6, =3 and i%. Note that Q(2) = 60 but Q(—2) = 0 so —2 is a root
of P(z) and (x + 2) is a factor. By synthetic division,

-212 9 7 —6
-4 —-10 6
2 5 =3 0

P(z) = (v —2)(x +2)(22* + 52 — 3) = (z — 2)(z + 2)(2x — 1)(z + 3).

The possible rational roots of P(x) are +1, £2, +4, £8, i%, i%, :I:%L and ig. Note that
P(1) =30, P(—1) = —20, and P(2) = 160, but P(—2) = 0 so —2 is a root of P(z) and
(x +2) is a factor. By synthetic division,

=213 5 10 20 -8
-6 2 =24 8
3 -1 12 -4 0

SO

P(x) = (v +2)(32° — 2* + 127 — 4)
(z+2)[2*(3x — 1) + 4(3z — 1))
= (z+2)(3z — 1)(2* + 4)
= (24 2)(3z — 1)(z — 2i)(x + 20).



(d)

The possible rational roots of P(z) are &1, £2, +1 and £7. Note that P(1) =0so 1 is
a root of P(x) and (z — 1) is a factor. By synthetic division,

114 0 =11 -1 6 2
4 4 -7 -8 =2
4 4 -7 -8 =2 0

so P(x) = (x — 1)(4x* + 42® — 72? — 8x — 2). The possible rational roots of Q(z) =
4z 4 42° — T2? — 8z — 2 are £1, £2, +1 and +1. Note that Q(1) = -9, Q(—1) = —1,
Q(2) =50, Q(—2) =18, and Q (3) = —7, but Q (—1) = 0s0 —3 is a root of P(x) and
(q: + %) is a factor. Then by synthetic division,

114 4 -7 -8 -2
-2 -1 4 2
4 2 -8 4 0

SO

P(z) = (z —1) <x+ %) (42° + 22* — 8z — 4)
=(z—1) (x + %) [227(22 + 1) — 4(2x + 1)]
=2(zx—1) (z + %) (22 +1)(z* - 2)

=2(x—1) (:c + %) 22+ 1)(z — V2)(z + V2)
= (z—1)(2z 4+ 1)z — V2)(z +V2).

Solving the given equation is equivalent to finding the roots of the polynomial P(x) =
22 + 323 — 322 — Tx — 3. The possible rational roots of P(x) are +1, +3, :I:% and :I:%.
Note that P(1) = —8 but P(—1) =0 so —1 is a root of P(z) and (x + 1) is a factor. By
synthetic division,

-112 3 -3 -7 =3
-2 -1 4 3
2 1 -4 -3 0

so P(r) = (z+1)(223+2?—42—3). The possible rational roots of Q(z) = 22*+x*—4x—3
are —1, £3, 1 and £2. Note that Q(—1) = 0 so —1 is again a root of P(z) and (z +1)
is once more a factor. Then synthetic division yields

-112 1 -4 -3
-2 1 3
2 -1 -3 0

SO

P(x)=(r+ 1222 —2-3) = (x+1)*2x — 3)(x + 1) = (z + 1)*(2z — 3).

3

Thus the solutions of the equation are x = —1 and z = 3.



(b)

Solving the given equation is equivalent to find the roots of the polynomial P(z) =

82°+122*+ 1423+ 1322+ 62+ 1. The possible rational roots of P(z) are —1, —1, —1 and

—+ (observing that all of the coefficients of P(z) are positive). Note that P(—1) = —2
but P (—1) =0so —1 is a root of P(z) and (z + 1) is a factor. By synthetic division,

§ 12 14 13 6 1
-4 —4 -5 -4 -1
§ 8 10 8 2 0

1
2

so P(z) = (z + 3) (82" + 82% + 102? 4 8z + 2). The possible rational roots of Q(z) =
8z 4 82 + 102% + 8z + 2 are —%, —}1 and —%. Note that @) (—%) =0so0 —% is at least

a double root of P(x) and (93 + %) is again a factor. Synthetic division gives

8 &8 10 8 2
-4 -2 —4 =2
§ 4 8 4 0

_1
2

SO
1’ 3 2
P(z) = x+§ (82° 4 42 + 8z + 4)
1 3., ,.2
=4 x—|—§ (2z° +2*+2x+ 1)
1\ 2
=4 (:c + 5) [2%(22 4+ 1) + (22 + 1)]
1\? )
=4 v+ 5 2z +1)(z* + 1)
1\ 2
:4(x+§> (2x 4+ 1)(x —i)(x + 1)
= 22+ 1)*(x —9)(z +19).
Hence the solutions of the equation are x = —%, r=1and xr = —1.

Solving this equation is equivalent to finding the roots of the polynomial P(z) = 23+ —
10. The possible rational roots of P(z) are £1, £2, +5 and +10. Note that P(1) = —8
and P(—1) = —12, but P(2) = 0 so 2 is a root of P(z) and (x — 2) is a factor. By
synthetic division,

211 0 1 —-10
2 4 10
1 25 0

so P(z) = (z — 2)(2® + 22 + 5). If we set 2% + 22 + 5 = 0 then the quadratic formula

gives
_—2+V4-20  —2+£V/-16  -2+4
B 2 B 2 2
Thus the solutions of the equation are x =2, = -1+ 2 and z = —1 — 24.

=—-1+2.

X



6. (a)

(b)

()

Such a polynomial is

P(z) = (v — 2)*(x + 1) = 2* — 52° + 62 + 42 — 8.
Note that if —1 4 ¢ is a root, then so is —1 — . Therefore such a polynomial is
Plx)=(z-3)(z— (-1+i)(z — (=1 —14) = (v —3)(2* + 20 +2) = 2° — 2* — 42 — 6.

First let’s just find any polynomial with —4 and 3 — 2v/2 as roots. Since 3 — 2v/2 is a
root of the polynomial, so too is 3 + 2v/2. Hence one such polynomial is

Pi(z) = (z44)(z— (3-2V2))(z— (3+2V2)) = (z+4)(2® =62 +1) = 2° — 222 — 232+ 4.

However, observe that P;(0) = 4. Since we want P;(0) = —8 = —2 - 4, the polynomial
we're actually looking for is

P(z) = —2P(z) = —22% + 42® + 462 — 8.



