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SOLUTIONS

1. (a) We let = 6sec() so dr = 6sec(f) tan(f) df and /x> — 36 = 6tan(f). The integral
becomes

6 sec(6 tan

| o= [

= /sec(@) df

= In|sec(f) + tan(d)| + C

Va2 — 36
x+xT‘+c

— =
1%

e

(b) We let x = v/2sin(f), so dx = v/2cos(6) df, V2 — 22 = v/2cos(f) and so (2 — 2?)
2v/2 cos(#). The integral becomes

1 . V2 cos ()
/ (2 — 22)2 = / 2v/2 cos3(6) a0

= 1/secg(ﬁ) db
2
1
Now note that .
sin(0) Vo x
an( ) COS(G) L\/2 — 2 \/2 — 2

Thus )
T
——dr [
/(2—x2)3 NN

(¢c) We let x = 4sin(f) so dx = 4cos(f) df and /16 — 22 = 4 cos(f). Also note that x = 0

implies sin(f) = 0 and so § = 0, while = 2 implies sin(§) = 5 and so §# = Z. The



integral therefore becomes
2 T
/ V16 — 22 dx = /6 [4 cos(0)] - 4 cos(f) db
0 0

= 16/6 cos? () df
0

:16/6 |:1—|—COS(2Q):| "
0 2

—8 e+lsm(ze)r
L 2 0
S

_s a+7]

2. Note that

Vebr — 4 = \/(6355)2 — 4.

We let u = €3*, so du = 3e3* dx = 3udz and thus 3% du = dx. Now we have

1 Vuz —4
/\/66$—4dl‘—§/ Y du.
U

Next we let u = 2sec(f) so du = 2sec(f) tan(f) df and u? —4 = 2tan(d). The integral
becomes

/ Ve — ddr = % / 2:2((3)) - 25ec(0) tan(6) do

2

:g/mﬁwme

= 2/[8602(6’) —1]do

= —[tan(f) — 0] + C

B u? — 4 — arcsec (g)] +C

3x
B\/eﬁx — 4 — arcsec (%)] +C

2 S
= Zebr — 4 — 5 arcsec <€7> +C.
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3. We complete the square:
4o — 2* = —[2* — 4]
—[(z* — 4z + 4) — 4]
—[(z —2)* - 4]
=4 — (z—2)°

Thus we can rewrite the integral as

x? x?
—dx:/ dx
/\/4x—x2 V4 — (x —2)?
Now let u =2 — 2 so du = dx and x = v + 2. Then we have

u—|—2 u? —|—4u+4

Now we let u = 2sin(f) so du = 2cos(f) df and v4 — u? = 2cos(d). The integral becomes

——— du.

/ Vax — x? o
[ 4+8sin(f) + 4sin*(0)
B / 2 cos(0)

-2 cos(0) do
_ / 4+ 8sin(6) + 4sin®(6)] db
= /[4 + 8sin(f) + 2(1 — cos(20))] db

= /[6 + 8sin(f) — 2 cos(26)] dO

= 660 — 8 cos(f) — sin(20) + C
= 660 — 8 cos(f) — 2sin(f) cos(f) + C

|

/4_ 2 VI — 2
:6arcsin< ) Y —2-2- u—l—C’
2 2 2
= 6 arcsin (g) 4\/4—u2——ux/4—u2+0

— Garcsin (x—2> —4 4—(x—2)2—%(m—Q)\/4—(x—2)2+C
= Garcsin <x;2) — 34— (z—2)2— %x\/él— (z—2)2+C.
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4. (a) We use u-substitution, with u = 2% + 4 so 3 du = zdz. Then

[ mmee=a )
25[2\/E]+C
=Vi2+4+C.

(b) We use trigonometric substitution, with z = 2sin(f). Then dx = 2cos(f)df and
V4 — 22 = 2cos(f). The integral becomes

vad—a* [ 2cos(d)
" dx = / 2sm(0) 2 cos(0) do
_ cos®(0)
B 2/ sin(6) b
B 1 — sin?(0)
=2 / sy

= 2/[08(:(0) — sin(6)] do
= —2Inlcsc(f) + cot(0)| + 2 cos(0) + C.

2

We already know that sin(d) = iz, so csc(f) = 2. Furthermore, cos(f) = $v/4 — a2,

Finally,
Lo/4 — 2 4 — 12
cot(f) = 095(9) = 2\/1 T VA -z .
sin(#) 3T T
Hence
V4 — 22 2 V4 — 2?2 1
/ Y dr = 2| + : +2(§\/4—x2)+0
X x x

VA4 — 2+ 2
:—ZIH‘—x+ ’+v4—x2+0.
x

(¢c) We complete the square:

3
4x2—12x+13:4{x2—3x+—}



Thus

1 1
/ do= [ e
4x? — 122 + 13 (2x —3)2+4

Let u =2z — 3 so %du = dx. The integral becomes

1/ 1 J 1
— —adu = —
2] u2+4 2

1
2
1 2z — 3
= 1 arctan (%) +C.

arctan (g) +C

(d) We can factor the denominator:
42° —4x — 3 = (2v + 1)(2z — 3).
Thus an appropriate partial fraction decomposition is

1 A N B
402 — 4 —3 2o +1 22 —3
1=A(2x—3)+ B2z +1).

Whenx:—%,wegetl:—4ASOA:—%. Whenx:%,wegetlzélBsoB:%.
Thus

1 _1 1
—d — 4 4 d
422 — 4z — 3" /(2x+1+2x—3> v

1 1 1 1
:—Z'éln\2x—|—1|+1~§1n|2x—3|+C'

1 1
= gln]2x—3\ - gln\2x+ 1]+ C.

(e) We use u-substitution, with u = In(z) so du = 1 dz. The integral becomes

/mdfﬁ:/édu
1

=——+C
u

1
= @) ¢

21In(x)

f) We use integration by parts. Let w = [In(x)]? so dw = dx. Let dv = xzdx so
( 8 y

V= %xz. Then

/ﬂmwﬁmz%ﬁmmm—/@mumm



We need to use integration by parts a second time. Let w = In(z) so dw = %dx, and let
dv =z dz so v = 32 Now

/x[ln(m)]2 dx = %IQ[ln(z)]z - BxQ In(z) — %/xdw]

_ L, s 1 o L,
= 3% [In(x)] 5% In(x) + i +C.

(g) We use a trig integration strategy. Since the powers of sin(z) and cos(x) are both odd,
we can two one of two approaches.

First, we could factor out a cos(z) and then use the identity
cos*(z) = 1 — sin®(x)
to obtain
/sin3(x) cos®(x) dor = /sin3(:v) cos?(x) - cos(z) dzx
= /sin3(x)[1 — sin®(z)] cos(z) du.

Now let u = sin(x) so du = cos(x) dz. The integral becomes

/ sin®(z) cos® (z) da = / W[l — u? du

:/W—ﬂm

1 1
= ZLU4 — EUG + C
1 1
=7 sin*(x) — 6 sin®(x) + C.

Alternatively, we could factor out a sin(x) and then use the identity
sin(z) = 1 — cos?(x)

to obtain

sin®(z) cos®(z) - sin(z) dw

/ i’ () cos*(z) d — /
_ / 11— cos?(2)] cos(z) - sin(z) da.



Now let u = cos(z) so du = —sin(z) dr and — du = sin(z) dz. The integral becomes

/ sin®(z) cos®(z) da = — / 1 — w2 du

:—/[u3—u5]du

1 1

= EUG — ZU4 + C
1 1
== cos®(x) — i cos*(z) + C.
(h) Here we simply have to realise that
.3 3 .3 1
sin®(z) csc’(x) = sin”(z) - —5— = 1,
sin®(x)

SO

/ in® () esc? () da — / de =z +C.

(i) This is trickier. First note that this is not an elementary integral, and we can rule
out most techniques: wu-substitution, trig substitution, partial fractions, trig integrals.
That pretty much means that we must be able to use integration by parts. However, as
written, parts doesn’t get us anywhere: there’s no choice of w and dv that will provide

a manageable integral. So, instead, let’s rewrite the integral as
2 2 2 L
/a;[sec (x) — 1]dx—/xsec (:c)dx—/:cdx— /xsec (x)dx — 57

For the remaining integral, parts is a viable option. Let w = x so dw = dz.
dv = sec?(x) dz so v = tan(z). Then

/xsecQ(x) dr = xtan(x) — /tan(x) dx
= xtan(z) + In|cos(z)| + C.

Finally, then,
1
/xtanz(x) dr = ztan(z) + In|cos(z)| — §x2 +C.



