MATH 2050 Assignment 8 Fall 2018

[10] 1. Find the determinant by reducing to triangular form for the following matrices.
0 —1 2
) A=]2 14
1 -1 5

ANS: We perform the Gaussian Elimination on A by the following process:

0 —1 2 1 -1 5 1 -1 5
A=12 1 4| Mok 2 1 4| Skek2hd g 3 6
1 -1 5 0 -1 2 0 -1 2
1 -1 5 1 -1 5
el | g —1 2 | SfeBR g 1 2 | =0
0 3 —6 0 0 0

Note that matrix U is a triangular matrix and hence determinant of U is 0, the
product of its diagonal elements.

Also note that interchange rows only effect the determinant by a sign (i.e., mul-

tiply by —1), and operation R < R — cR’ does not change the determinant,
and R < cR effect the determinant by a multiplication of ¢. Hence, det(A) =

det(U) = 0.
1 -1 2 -2
2 5 3 1
ByA=12 ¢ 2 4|
3 1 2 0

ANS: We perform the Gaussian Elimination on A by the following process:

1 -1 2 =2 1 -1 2 =2
A—l2 5 3 1| L memon 0 7 -1 5
- -1 0 2 1 R3<+R3+R1,R4<R4—3R1 0 —1 4 -3
3 1 2 0 0 4 —4 6
1 -1 2 =2
0O -1 4 -3
RQ(—)Rg
- 0 7 -1 5
0 4 —4 6
1 -1 2 =2 1 -1 2 —2
_>R4<—R4+4R1 0 _1 4 _3 _>R4<—R4/12 O _1 4 _3
Re—Rs+7R1 |10 (0 27 —16 0 0 27 -—16
0 0 12 —6 0 0 1 —1/2
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1 -1 2 -2 1 -1 2 -2
0 -1 4 -3 0 -1 4 -3
R4+ R3 R4+ R4—27R3 _
- 00 1 -1/2| 0 0 1 —12| Y
0 0 27 —16 0 0 0 —5/2

Note that matrix U is a triangular matrix and hence determinant of U is 5/2, the
product of its diagonal elements. The determinant of A is 30.

2. Find the matrix M of minors and the matrix C' of cofactors, compute the product ACT
and CT A, calculate the determinant of A, and find A~ if possible, for the following
matrices

(a):A:[f j}

ANS: The matrix M of minors for matrix A is M = [ g , and the matrix C' of

1
2
4 -1

cofactors for matrix A is C' = [ a9

},and

ACT:CTA:E)'IQ.

Hence, determinant of A is 5, and the matrix A has inverse to be

A—l 1 CT:1|:4 —3:|
5 .

~ det(A) —1 2
-1 2 5
(b): A= 3 5 2
4 8 9
29 19 4
ANS: The matrix M of minors for matrix Ais M = | —22 —-29 —-16 |,
—-21 —-17 -11
29 —-19 4
and the matrix C' of cofactors for matrix A is C' = 22 =29 16 |, and
=21 17 -11

ACT =CTA = —47- ;.

Hence, determinant of A is —47, and the matrix A does have inverse

1 1 29 22 =21

-1 T
= C'=——1|-19 =29 17
det(A) 47 A 16 —11



1 2 0
[10] 3.Let A=| 0 =3 5
6 4 —1
(a): Find the determinant of A with a Laplace expansion down the first column.
ANS: The (1, 1)-cofactor is (—3) x (—1) =4 x5 = 3—20 = —17 and the (1, 3)-cofactor
is (—1)'3[2x5—0x(—3)] = 10. Hence, the determinant of A with a Laplace expansion

down the first column is
1x (=17)+6 x 10 = 43.

(b): Find the determinant of A with a Laplace expansion down the second row.

ANS: The (2, 2)-cofactor is =1 x 1—6 x 0 = —1, and (3, 2)-cofactor is (—1)?T3(1 x 4 —
2 x 6) = 8. Hence, the determinant of A with a Laplace expansion down the second

row is
—1x(=3)+5x8=143.

[5] 4. Let A and B be 4 x 4 matrices with det(A) = 3 and det(B) = 2. Find the following
determinants:

(a) det(B™!), det(A3), and det(—4B);
ANS: det(B~1) = 1/ det(B) = 1/2.
det(A3) = det(A) det(A) det(A) = [det(A)]> = 27.
det(—4B) = (—4)* det(B) = 2 x 4* = 512.
(b) det(3B-LA2B3A-1BY).
ANS: We have

det(3B'A’B*A™'B") = 3%det(B')det(A?)det(B?)det(A™") det(B")
= 3'det(A)[det(B)]?
= 3" x 2
= 1944.
a b c
5] 5. Let A= | p ¢ r |. Given that det(A) = —b5, evaluate the following determinant:
Ty z

a+2x a+p 2p+x
b+2y b+q 2q+y
c+2z c+r 2r+z



ANS: We have

a+2r a+p 2p+x a a+p 2p+x r a+p 2p+uw
det| b+2y b+q 2q+y | = det| b b+q 2q+y |+2det|y b+q 2q+y
c+2z c+r 2r+z c c+r 2r+z z c+r 2r+z
a a 2p+x r a 2p+x
= det| b b 2q+y |+2det|y b 2¢+y
c ¢ 2r+z z ¢ 2r+z
a p 2p+=x r p 2p+zx
+det| b ¢ 2q+y |+2det|y q 2q+vy
c r 2r+z z r 2r+z
T a T r a p
= 2det|y b y |+4det|y b ¢
z ¢ z z cr
a p w a p p
+det| b ¢ y|+2det| b q ¢
cr oz cror
T p x T pp
+2det| y ¢ y |+4det|y q ¢
zr oz zror
x a p a p x
= 4ddet|y b q|+det| b q y
z cr cr oz
Ty z
= 4ddet| a b c|+detAT
b qr
b q r
= —4det|a b c|+detA
Ty z
a b c
= 4det| p g r |+detA
x oy z
= bHdetA
= —25.
1 2 3 40
2 6 5 14 8
5] 6. Calculate the determinant of | 13 12 12 13 2
4 5 8 3 5

5o 10 15 20 O

ANS: Note that the fifth row is five times the first row, therefore the determinant of
this matrix is zero (recall that if one row of a matrix is a scalar multiple of another
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row of the same matrix, then the determinant of this matrix is zero — Property 6 of
the Textbook).

Or, you could argument that

1 2 3 40 1 2 3 40
2 6 5 14 8 2 6 5 14 8
det | 13 12 12 13 2 | =5 xdet| 13 12 12 13 2 | =5 x0=0. because if I
4 5 8 35 4 5 8 35
5 10 15 20 O 1 2 3 40

have two equal rows in a matrix, the determinant of this matrix is zero.

Another way to solve is using Gaussian elimination, you will come up with an entire
row of zeros, therefore, determinant equals to zero.

If you are up to it, Laplace expansion or the definition would also work.



