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Total and prolongation spaces Invariant Euler—Lagrange equation

For scalar PAEs the total space is 7 = ZP x R, where the independent variables | To calculate an invariant formulation of the Euler-Lagrange equation (See [1] for
are n := (nl, n°, ... np) € ZP, and the dependent variable is u € R. PDEs) we write the Lagrangian in terms of generating invariants and their shifts

Llu] = L(n,[s"]).

Then the vertical derivative is used as in the calculation for the original Euler-
Lagrange equation. This introduces the Euler operators of L with respect to the
generating invariants, that is,
oL
EKB (L) — S_J—B.
oK)
In the calculation the invariant difference form defined by
0(g-u
u v (dyug) = Jod,ug, where g = (& - o) :
Jug B
n2 &=P0
is shifted and its component is inverted to write all the forms in terms of ¢ (d, ug).
1 Finally, taking the adjoint of an operator H” which occurs, the invariantization of

the original Euler—Lagrange equations is

Let uy denote the value of the dependent variable u on the fibre n +J. Then
L (Ey (L)) = H7E, (L),

@ The translation operator Tk acts on the total space in the following way
Tk ZP xR — 7P x R, Tk : (n, (1)) = (n+ K, (1)) where H"* is the difference operator

e The pullback operator T takes the value of uj on the fibre n 4+ K to uj;k on
the fibre n.
@ The shift operator relates to the pullback in the following way Skf, := T fuik.

The prolongation space over n, denoted P, (R), represents the values of u on all
fibres on to a single fibre n, (See [4]). The total space T is disconnected, but the
prolongation space P, (R) provides a connected representation of this space, over
an arbitrary n. This allows us to use difference moving frames (see OAEs [3]). Let

The Lagrangian

: : : " : uio — Uoi
us omit equations that have singularities and treat n as fixed from now on. L=1n ; |
1 1,1 — Uo,0
. . has the Euler-Lagrange equation
Calculus of Variations 1 1 1 1
: 3 : E, (L) = — — + = 0.
There are several ways to calculate the difference Euler—Lagrange equation for s (L) Uy — Upo U_11— Upg Ui_1— Uog  U_1_1 — Ugg
Llu] = Z L(n,[u]). This Lagrangian is invariant under the two parameter Lie group action
Kupershmidt [2] showed that the Euler-Lagrange equation is g-u=au+b, where acR" beR.
OL Using the normalization equations g - gy = 0 and g - u11 = 1 gives the parameters
E,(L):=S_3(=—] =0. ’ ’
Ou, on the frame
1 — U0
a= ., b= .
Ui1 — Upo U1 — Up,o

MOVing Fra MeEes Our invariants are, therefore,

Ui j — Uo.o

On the difference prolongation space P, (R), apply moving frames. L(uij) = y . for 1,j€Z.
1,1 — Uopo
IC
three Two generating invariants are k' := 1+ (u1g) and x? := ¢ (up1) and along with all
//— their shifts they enable us to write all possible invariants of this Lie group action.
O The invariant form of the Lagrangian is
u .
different I \/11 B %2‘.
orbits Using our formula above the invariant Euler-Lagrange equation is
|+ 1 - “1—1,0 B 1 - “(2),—1 n ("‘31—1,0 —1) ("‘32—1,—1 —1) _ 0
K2 (KLig— K21o) K (Ko _1 — Ko _1) k2L g |
U
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