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Introduction: contact symmetry of scalar ODEs

Among the maximally symmetric scalar ODEs (over C) of ord > 2
only the equation 3" = 0 has a contact symmetry algebra, namely
sp(4,C). For every n > 3 the ordinary differential equation

y™) = 0 has the symmetry algebra gl(2,C) x S"~'C? consisting of
point transformations preserving fibers of J = C2(z,y) — Cl(z).

There are indeed, ODEs with non-point symmetries. Consider, for
instance, the following two equations (in jet-notation 3™ = y,):

(1) ya=3y3/y2,  (i1) wya=3y5/y2+ vy3/v5-

Then (i) has (three) contact non-point symmetries but is
trivializable, while (ii) has (only one) contact non-point symmetry
and is not even linearizable. However the Legendre transformation
(x,y,y1) — (—y1,y — xy1,x) maps these into ODEs with
fiber-preserving symmetry:
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Essentially point and fiber-preserving symmetry

A subalgebra of the algebra of point vector fields in J* = C?(z,y)
is essentially fiber-preserving if it is conjugate to a subalgebra
preserving the foliation {z = const}. A subalgebra of the algebra of
contact vector fields in J! = C3(z, y, y1) is essentially point if it is
conjugate to a (prolonged) subalgebra of vector fields in J°. The
rest is called essentially contact algebras.

Question: which ODE have essentially contact symmetry algebras?

Among ODEs of order n > 3 with submaximal symmetry dimension
(equal to n + 2 for n # 5,7 and n + 3 for n = 5,7; max symmetry
dim = n + 4) all have essentially fiber-preserving point symmetries
except for three :

Laly] = 3yoys — 593 =0,  Ls[y] = 9y3ys — 45y2ysya + 40y3 = 0,
L7[y] = 10y3yr — T0y3yays — 49y3y2 + 280ysy3ys — 175y = 0,

where the symmetry algebra g is aff(2, C), s((3,C), sp(4,C) EJ
(resp: point, point, contact). i
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Irreducible algebras of vector fields

It turns out that there are many more essentially contact and point
symmetry algebras, yet they are in a certain sense rare.

A Lie algebra of contact vector fields on J!(C, C) is irreducible if
there exists no invariant foliation by Legendrian curves. Reducible
Lie algebras are prolongations of essentially point transformations.

Theorem (Sophus Lie)
Assume the symmetry algebra of a scalar ODE of order n > 2

Yn = f(xv Y, "'7yn71)

is irreducible. Then it contains Lie subalgebra g which is spanned by

Oz, Oy, 2Oy + Oy, 120y + 210y, —x0y +y10y,, 2y10: + Y30,
.
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Can this be used to classify all ODEs with essentially contact 2=
symmetry? Yes, the latter are g-invariant differential equations.

AT
", i
Mayon ¥

Boris Kruglikov (UiT Tromsg Norway) ODEs with non fiber-preserving Symmetry *x 2022
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Abstract. This paper surveys recent results on the classification of differential invari-
ants of transformation groups, and their applications to invariant differential equations and
variational problems.

Consider a group of transformations acting on a jet space coordinatized by the inde-
pendent variables, the dependent variables, and their derivatives. Scalar functions which
are not affected by the group transformations are known as differential invariants. Their
importance was emphasized by Sophus Lie, [13], who showed that every invariant sys-
tem of differential equations, [14], and every invariant variational problem, [17], could
be directly expressed in terms of the differential invariants. As such they form the basic
building blocks of many physical theories, where one begins by postulating the invariance
of the equations, or the variational principle, under a prescribed symmetry group. Lie
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The proper formulation of the relations between differential invariants
and invariant differential equations, in the case of scalar ODEs is the
following statement (from the same paper of Peter Olver, p7):

to order r — 1, and computing the determinant of a suitable maximal r x r minor. By a

slight abuse of terminology, we shall call this maximal minor the Lie determinant in this
case.

Theorem 11. Suppose G is an r-dimensional transformation group acting on M C
X x U ~ C x C. Then every invariant differential equation can either be written in
terms of the fundamental differential invariants or by the vanishing of the associated Lie

determinant.
Example 12. Consider the four parameter group generated by 8, ,20,,9,,ud,,
which is Case 2.9 for & = 1. The second prolongations of these vector fields are 8,
This statement, in various versions, can be found in Sophus Lie =~ g,
o= "
LS
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mehr erkennen wir, dadss Uds WICIUUHULZEHES yatbit, Whibibs Rt il S8
setzen jemer (r — m = 1)-reihigen Determinanten erhalten wird, alle

Transformationen der Gruppe X,/ - X,f gestattet. Wir haben dem-

nach das
Theorem 39. Erzeugen dic v unabhdngigen infinitesimalen

Transformationen
"
ka=_— fgk,-(xl---xn) I (k=1:--17
Zl ox;

cine r-gliedrige Gruppe, so erhilt man durch Nullsetzen aller
(r — m 4 1)-reikigen Determinanten der Matrix

Bestimmung invarianter Gleichungensysteme. 229

i En(x) » - i (x) ‘

(1) x
6@ - b

stets ein Gleichungensystem, welches alle Transformationen

der Gruppe X,f--- X.f gestattet; das gilt fir jede Zahl m <, s
vorausgesetzt nur, dass es dberhaupt Werthsysteme z, - -, g&a{";
giebt, welche alle die bewussten (r — m + 1)-reiliigen Determi- ‘%‘fﬂs

nanten gum Verschwinden bringen.
Boris Kruglikov (UiT Tromsg Norway) ODEs with non fiber-preserving Symmetry x 2022



Relative invariants

Let g = Lie(G) be the Lie algebra sheaf of a connected Lie
(pseudo)group. A function R is a relative differential invariant if

¢*R=)RVYgeG & LR=uw()RVteqy.

(we tacitly omited the prolongation sign), where w € g* ® P(E).
Absolute differential invariants are relative with weight w = 0.

Multiplication/division of relative invariants adds/subtracts their
weights, so the set of weights W = {w} is a linear space. Because
absolute invariants are rational in higher jets, we assume that
relative invariants are polynomials, taking values in g-module P(€).

For any relative differential invariant R the equation given by
R = 0 is G-invariant. It contains singular orbits, if R is genuinely
relative. (An orbit is regular if its neighborhood is fibred by orbits.)

Thus any invariant subset of codimension 1 is given by a relative s,
differential invariant. (More generally, orbits of codimension & are
described by relative invariant tensors; perhaps reducible.)
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ODEs with essentially contact symmetry

Simplest relative differential invariants of the 6D Lie algebra g are
Rs =y3, Rs =3ysys — 5y, Re =9y3ye — 45ysyays + 403, ...
Rel inv of weight k, R¥ = {P : ZxP = —kZLx(x)P VX € g}.

Proposition (Generation of relative differential invariants wrt g)

The algebra R = @~oR* is generated by R3, R5 and the rel inv
derivation V, = y3D, — £y, : R¥ — R¥*4, w/localization by ys.

Theorem (Generation of absolute differential invariants wrt g)

The field of rational abs differential invariants is generated by the
3

differential invariant Is = % and invariant derivation V = %DI.
3 3

Singular orbits are contained in Sk = 77,?%(83), S3 = {R3 = 0}.

Corollary (ODE with essentially contact symmetry)

Such ODEs are ~ R3 = 0 or f(I5,V(I5),..., V" ?(I5)) = 0.
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ODEs with essentially point symmetry

Scalar ODEs with essentially point symmetry have quite similar
description, however for ODE systems (no contact symmetries by
Lie-Backlund) the situation is more complicated due to possibility
of singular orbits of higher codimension.

o = 20€(2)

ay = 0€(2)
1
O/DC r oréits )/\ > M/X ’
— %a ve cther \/\ ’\& >\/
r G ~oréils In ’
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Oga&* or@its
These are some effects of orbit partitions... Sass
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Example: Poincaré transformations on 3D Minkowski space

There are several minimal Lie algebras of vector fields in C3, which
are either primitive or preserve 1- but not 2-dim foliation, e.g.

g = (0z, 0y, 05,0y + YOy, 05 + 205, Y0, — 20y).
Simplest relative differential invariants are:

Ri=yi+2{ -1, Ry=(yi — 1)z — 21219022 + (2§ — 1)43,
R3q = 22y3 — Y223, Rzp = R1D:(R2) — 3Dy (R1)Ra.

The algebra of absolute differentia/ invariants is generated by the

differential invariants Iy = R3 , I3, = %”3‘1 and the invariant

derivation V = R—?Dx.

Singular orbits: {R; = 0} and S* = 7Tk2(82) S? = {R1Ry = 0}.
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Example: continued

On XF = {R) = 0}(k_1) C J* the function

Q2 = 21Y2 — Y122

is a conditional relative differential invariant. On X%\ {Q> = 0}
the following are conditional absolute differential invariant and
invariant derivation:

! Q3 ¥ Q2
On IIF =

{Ry = 0}(=2)  J* the following are conditional
absolute differential invariant and invariant derivation:

D,.

Ky — (R1ys — 3D (R1))y3

Riys — 5D (R1)
v D,.
(Y222 — y1y221 — 22)3 = y2R2 ‘
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Example: concluded

Let £ = {F =0,G = 0} C J* be a g-invariant determined ODE
system of orders k and | < k. Then, either both F' and G can be
expressed through rational absolute differential invariants generated
by I, I3, and ¥ or the system takes one of the following forms:
@ G =Ry anddeg F' > 2: either F' = Y or F' is a function
of the conditional absolute invariants, which are generated
by Vs, and Jy.

@ G = Ry and F is a function of the conditional absolute
invariants, which are generated by Vi1 and K.

e G=ysand F = z,.

Note that this is a global statement, so the involved functions are
polynomial (with cleared denominators/localizations). Other ODEs w2
with essentially point symmetry have similar descriptions. =3
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Concluding remarks

Several interesting aspects arose during this study:

@ Algebraic actions, classification global or local (on the level of
germs), algebraic or analytic: sensitive to setup

@ Change of coordinates results in singular orbits possible
escape to/return from infinity (G-compactification)

@ Differential constraint may obstruct eventual freeness of
prolonged Lie group actions (cf. Ovsiannikov, Adams-Olver)

e Higher dimensional generalization of ODEs with essentially
point symmetry classification is algorithmically possible

o Justifies classification of ODEs/systems wrt fiber-preserving
transformations
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