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Introduction: contact symmetry of scalar ODEs

Among the maximally symmetric scalar ODEs (over C) of ord > 2
only the equation y′′′ = 0 has a contact symmetry algebra, namely
sp(4,C). For every n > 3 the ordinary differential equation
y(n) = 0 has the symmetry algebra gl(2,C) n Sn−1C2 consisting of
point transformations preserving fibers of J0 = C2(x, y)→ C1(x).

There are indeed, ODEs with non-point symmetries. Consider, for
instance, the following two equations (in jet-notation y(n) = yn):

(i) y4 = 3y2
3/y2, (ii) y4 = 3y2

3/y2 + y2
3/y

2
2.

Then (i) has (three) contact non-point symmetries but is
trivializable, while (ii) has (only one) contact non-point symmetry
and is not even linearizable. However the Legendre transformation
(x, y, y1) 7→ (−y1, y − xy1, x) maps these into ODEs with
fiber-preserving symmetry:

(i) y4 = 0, (ii) y4 = y2
3.
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Essentially point and fiber-preserving symmetry
A subalgebra of the algebra of point vector fields in J0 = C2(x, y)
is essentially fiber-preserving if it is conjugate to a subalgebra
preserving the foliation {x = const}. A subalgebra of the algebra of
contact vector fields in J1 = C3(x, y, y1) is essentially point if it is
conjugate to a (prolonged) subalgebra of vector fields in J0. The
rest is called essentially contact algebras.

Question: which ODE have essentially contact symmetry algebras?
Among ODEs of order n > 3 with submaximal symmetry dimension
(equal to n+ 2 for n 6= 5, 7 and n+ 3 for n = 5, 7; max symmetry
dim = n+ 4) all have essentially fiber-preserving point symmetries
except for three :

L4[y] = 3y2y4 − 5y2
3 = 0, L5[y] = 9y2

2y5 − 45y2y3y4 + 40y3
3 = 0,

L7[y] = 10y3
3y7 − 70y2

3y4y6 − 49y2
3y

2
5 + 280y3y

2
4y5 − 175y4

4 = 0,

where the symmetry algebra g is aff(2,C), sl(3,C), sp(4,C)
(resp: point, point, contact).
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Irreducible algebras of vector fields

It turns out that there are many more essentially contact and point
symmetry algebras, yet they are in a certain sense rare.

A Lie algebra of contact vector fields on J1(C,C) is irreducible if
there exists no invariant foliation by Legendrian curves. Reducible
Lie algebras are prolongations of essentially point transformations.

Theorem (Sophus Lie)

Assume the symmetry algebra of a scalar ODE of order n > 2

yn = f(x, y, ..., yn−1)

is irreducible. Then it contains Lie subalgebra g which is spanned by

∂x, ∂y, x∂y + ∂y1 , x
2∂y + 2x∂y1 , −x∂x + y1∂y1 , 2y1∂x + y2

1∂y.

Can this be used to classify all ODEs with essentially contact
symmetry? Yes, the latter are g-invariant differential equations.
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Di�erential Invariants and Invariant Di�erential Equations
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Abstract� This paper surveys recent results on the classi�cation of di�erential invari�
ants of transformation groups� and their applications to invariant di�erential equations and
variational problems�

Consider a group of transformations acting on a jet space coordinatized by the inde�
pendent variables� the dependent variables� and their derivatives� Scalar functions which
are not a�ected by the group transformations are known as di�erential invariants� Their
importance was emphasized by Sophus Lie� ���	� who showed that every invariant sys�
tem of di�erential equations� ���	� and every invariant variational problem� ���	� could
be directly expressed in terms of the di�erential invariants� As such they form the basic
building blocks of many physical theories� where one begins by postulating the invariance
of the equations� or the variational principle� under a prescribed symmetry group� Lie
also demonstrated� ���	� how di�erential invariants could be used to integrate invariant
ordinary di�erential equations� and succeeded in completely classifying all the di�erential
invariants for all possible �nite�dimensional Lie groups of point transformations in the
case of one independent and one dependent variable� Lie
s results were pursued by Tresse�
���	� and� much later� Ovsiannikov� ���	� In this paper� I will survey some recent results
extending the earlier classi�cation theorems� ���	� and then discuss recent applications to
the study of invariant evolution equations� which is of great interest in image processing

April �� ����
y Supported in part by NSF Grants DMS �������� and DMS ���������

�

Boris Kruglikov (UiT Tromsø Norway) ODEs with non fiber-preserving Symmetry ? 2022



6/ 17

The proper formulation of the relations between differential invariants
and invariant differential equations, in the case of scalar ODEs is the
following statement (from the same paper of Peter Olver, p7):

where the prolonged in�nitesimal generators of G are linearly dependent� Any G�invariant
system of di�erential equations can then be decomposed into the union of a regular com�
ponent� which is a subset of V n and can be locally� characterized by the vanishing of a
system of di�erential invariants� as in Theorem ��� and a singular component� which is
a subset of Sn and hence is characterized by the linear dependence of the in�nitesimal
generators� together with possibly� additional conditions�

In the scalar case� the singular subvariety can be characterized using the method of
Lie determinants� cf� ���	� Let

v�r���� � ��
�

�x
�

r��X
k��

�k�
�

�uk
�  � �� � � � � r�

where uk � Dk
xu� be the prolonged in�nitesimal generators of the r�dimensional transfor�

mation group G� According to Theorem �� in the regular case the stabilization order is
r � �� hence the singular subvariety is given by the vanishing of the Lie determinant

det

���������
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which de�nes a single ordinary di�erential equation for u as a function of x� Equation
 � is the only G�invariant di�erential equation of order � r � �� In the anomalous cases
intransitive or pseudo�stabilization�� the Lie determinant  � vanishes identically� Since
the stabilization order is r� �� the singular subvariety is given as the subset of Jr�� where

the prolonged in�nitesimal generators v�r���� � � � � �v
�r���
r are linearly dependent� which can

be checked by forming an r� r��� matrix having the form  � but whose columns go up
to order r � �� and computing the determinant of a suitable maximal r � r minor� By a
slight abuse of terminology� we shall call this maximal minor the Lie determinant in this
case�

Theorem ��� Suppose G is an r�dimensional transformation group acting on M �
X � U � C � C � Then every invariant di�erential equation can either be written in

terms of the fundamental di�erential invariants or by the vanishing of the associated Lie

determinant�

Example ��� Consider the four parameter group generated by �x� x�x� �u� u�u�
which is Case ��! for k � �� The second prolongations of these vector �elds are �x�
x�x � ux�ux � �uxx�uxx � �u� and u�u � ux�ux � uxx�uxx� hence the Lie determinant is

det

�������
� � � �
x � �ux ��uxx
� � � �
� u ux uxx

������� � �uxuxx�

�

This statement, in various versions, can be found in Sophus Lie
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Relative invariants
Let g = Lie(G) be the Lie algebra sheaf of a connected Lie
(pseudo)group. A function R is a relative differential invariant if

g∗R = λg R ∀g ∈ G ⇔ LξR = w(ξ)R ∀ξ ∈ g.

(we tacitly omited the prolongation sign), where w ∈ g∗ ⊗ P(E).
Absolute differential invariants are relative with weight w = 0.
Multiplication/division of relative invariants adds/subtracts their
weights, so the set of weights W = {w} is a linear space. Because
absolute invariants are rational in higher jets, we assume that
relative invariants are polynomials, taking values in g-module P(E).

For any relative differential invariant R the equation given by
R = 0 is G-invariant. It contains singular orbits, if R is genuinely
relative. (An orbit is regular if its neighborhood is fibred by orbits.)

Thus any invariant subset of codimension 1 is given by a relative
differential invariant. (More generally, orbits of codimension k are
described by relative invariant tensors; perhaps reducible.)
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ODEs with essentially contact symmetry
Simplest relative differential invariants of the 6D Lie algebra g are

R3 = y3, R5 = 3y3y5 − 5y2
4, R6 = 9y2

3y6 − 45y3y4y5 + 40y3
4, . . .

Rel inv of weight k, Rk = {P : LXP = −kLX(x)P ∀X ∈ g}.

Proposition (Generation of relative differential invariants wrt g)

The algebra R = ⊕k>0Rk is generated by R3, R5 and the rel inv
derivation ∇k = y3Dx − k

3y4 : Rk → Rk+4, w/localization by y3.

Theorem (Generation of absolute differential invariants wrt g)

The field of rational abs differential invariants is generated by the
differential invariant I5 =

R3
5

R8
3
and invariant derivation ∇ = R5

R3
3
Dx.

Singular orbits are contained in Sk = π−1
k,3(S3), S3 = {R3 = 0}.

Corollary (ODE with essentially contact symmetry)

Such ODEs are ∼ R3 = 0 or f(I5,∇(I5), . . . ,∇n−5(I5)) = 0.
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ODEs with essentially point symmetry

Scalar ODEs with essentially point symmetry have quite similar
description, however for ODE systems (no contact symmetries by
Lie-Bäcklund) the situation is more complicated due to possibility
of singular orbits of higher codimension.

These are some effects of orbit partitions...
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Example: Poincaré transformations on 3D Minkowski space

There are several minimal Lie algebras of vector fields in C3, which
are either primitive or preserve 1- but not 2-dim foliation, e.g.

g = 〈∂x, ∂y, ∂z, x∂y + y∂x, x∂z + z∂x, y∂z − z∂y〉.

Simplest relative differential invariants are:

R1 = y2
1 + z2

1 − 1, R2 = (y2
1 − 1)z2

2 − 2y1z1y2z2 + (z2
1 − 1)y2

2,

R3a = z2y3 − y2z3, R3b = R1Dx(R2)− 3Dx(R1)R2.

Theorem
The algebra of absolute differential invariants is generated by the
differential invariants I2 = R2

R3
1
, I3a = R3a

R3
1

and the invariant

derivation ∇ = R3b

R5
1
Dx.

Singular orbits: {R1 = 0} and Sk = π−1
k,2(S2), S2 = {R1R2 = 0}.
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Example: continued

On Σk = {R1 = 0}(k−1) ⊂ Jk the function

Q2 = z1y2 − y1z2

is a conditional relative differential invariant. On Σk \ {Q2 = 0}
the following are conditional absolute differential invariant and
invariant derivation:

J4 =
4Q2D

2
x(Q2)− 7Dx(Q2) + 4Q4

2

Q3
2

, ∇Σ =
Dx(J4)

Q2
Dx.

On Πk = {R2 = 0}(k−2) ⊂ Jk the following are conditional
absolute differential invariant and invariant derivation:

K3 =
(R1y3 − 3

2Dx(R1))y2
2

(y2
1z2 − y1y2z1 − z2)3

, ∇Π =
R1y3 − 3

2Dx(R1)

y2R2
1

Dx.
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Example: concluded

Theorem

Let E = {F = 0, G = 0} ⊂ Jk be a g-invariant determined ODE
system of orders k and l ≤ k. Then, either both F and G can be
expressed through rational absolute differential invariants generated
by I2, I3a and ∇ or the system takes one of the following forms:

G = R1 and degF ≥ 2: either F = Q2 or F is a function
of the conditional absolute invariants, which are generated
by ∇Σ and J4.
G = R2 and F is a function of the conditional absolute
invariants, which are generated by ∇Π and K3.
G = y2 and F = z2.

Note that this is a global statement, so the involved functions are
polynomial (with cleared denominators/localizations). Other ODEs
with essentially point symmetry have similar descriptions.
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Concluding remarks

Several interesting aspects arose during this study:

Algebraic actions, classification global or local (on the level of
germs), algebraic or analytic: sensitive to setup
Change of coordinates results in singular orbits possible
escape to/return from infinity (G-compactification)
Differential constraint may obstruct eventual freeness of
prolonged Lie group actions (cf. Ovsiannikov, Adams-Olver)
Higher dimensional generalization of ODEs with essentially
point symmetry classification is algorithmically possible
Justifies classification of ODEs/systems wrt fiber-preserving
transformations
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Stay
Zariski

connected!

Thanks for your attention. Happy birthday, Peter!
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