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sl(2) QES models

@ A one-dimensional quantum Hamiltonian

H = -2 +V(x): L) (R) — L*(R)

is said to be quasi-exactly solvable (QES) if there is a known
finite-dimensional subspace A/ = span{v, ..., ¥} s.t. HN C N
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sl(2) QES models

@ A one-dimensional quantum Hamiltonian

H = -2 +V(x): L) (R) — L*(R)

is said to be quasi-exactly solvable (QES) if there is a known
finite-dimensional subspace A/ = span{v, ..., ¥} s.t. HN C N
— m + 1 eigenvalues/eigenfunctions algebraically computable!
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sI(2) QES models

@ A one-dimensional quantum Hamiltonian

H=-3+V(x): L*(R) —» L*(R)

is said to be quasi-exactly solvable (QES) if there is a known
finite-dimensional subspace A/ = span{v, ..., ¥} s.t. HN C N
— m + 1 eigenvalues/eigenfunctions algebraically computable!
@ Simplest example: sl(2) QES Hamiltonians
3 change of variable z(x), gauge factor ©(z) s.t.

Hy = ,LL(Z)_IHP«(Z) = - ZhabLaLb - ZhaLa — hy

a<b a

where hy, hg, hyp = constants, L_, Lo, L+ = sl(2) generators

L_:az, L():Z_az_ﬂ

x Ly =720, —mz; m e N U{0} |,
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e Hy = w~ Y Hp = gauge Hamiltonian
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sl(2) QES models

e Hy, = u~'Hp = gauge Hamiltonian

HgPm C Pm

—

e meNU{0} = L4Pn C Pm, where Py, := span{l, z,
—

7™
H(uwPp) C wWPm
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sl(2) QES models

e Hy, = u~'Hp = gauge Hamiltonian
e meNU{0} = L4Pmn C Pn, where Py, :=span{l, z,...,2™}

@ The sl(2) QES models on the line were classified in the early nineties
by AGL, Kamran and Olver
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sl(2) QES models
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Abstract. We completely determine necessary and sufficient conditions for the

normllulblluy of the wave functions giving the algebraic part of the spectrum of

a quasi-exactly solvable Schrodinger operator on the line. Methods from classical

invarianttheory are employed to provide s compst st of caponical forms or
cit

conditions in general oontinate xyilemi

1. Introduction

Lie algebraic and Lic group theoretic methods have played a significant role
in the development of quantum mechanics since its inception. In the classical
appliction,the Lie group appears s ¢ symimetsy group of th Hamitonian
perator, and the associated representation theory provides an algebraic means
for computing the spectrum. O particlar imporiance are the exactly solvable
problems, such as the harmoric osilator or the hydrogen atom, whose point
ctrum can be completely determined using purely algebraic methods. In the
Gy 19805, in order to. study molecular spectroscopy. Ahassd, Giircy,
Iachello, Levine, and collaborators, [2,3,1, 14], introduced the concept of a
“spectrum gencrating algebra” to construct models for complicated molecu-
les whose point specirum could be analyzed. agebrsclly The Sctnodinger
operators amenable to the algebraic approach to scattering a
Shcbraic form meaning that they belong 10 the unersal env:lopmg dgcbra
of he spectrum gencrating algebra. Thas, a sccond order diffrentil oporator
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sl(2) QES models
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1. INTRODUCTION.

Lie algebraic and Lie group theoretic methods have played a siguificant role in

the development of quantum mechanics since its inception. In the classical appli-

cations, the Lie group appears as a ey goup of the Hamlionian cpersr,
nd
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the harmonic oscillator or the hydrogen atom, whose point spectrum can be com-
pletely determined using purely algebraic methods. The fundamental concept of a
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significant spectral problems, which they named “quasi-exactly solvable”, having
the propery thas 8 (Bnite) art ofthe ol spectrum can be detrmived g
purel raic. methods. This is an immediate consequence of the additional
Teuirementthat the hicden symmetry lgebra resere a nite dmensiona rpre-
sentaion sace consisting of smoath wave < Tonctions. Tn thiscase, the Hamiltonian
space. and hence the asso-
e el can bt computed by purely dybnnc ethods. menning mateic
1991 Mathematics Subject Classfcation. Primary. 81005, 81C40; Secondary: 17B15. 17856,
Ko o parses Seminger oo L o, lvenia et ey
olvabl.
e st st v suppriod n gt by DGICYVT Gt 5 38.011
author was supported in part by an
The it avhor wassppened i o by NSF Gr DS 2-0412
“This paper i i nal forn and o version o it will be subntted for publicaton clewhero

© 1994 Amarican Mathematica Socity
AT e e

QES models




Outline of the talk

a sI(2) QES models and orthogonal polynomials

Artemio Gonzélez-L6pez (UCM)

Inhomogeneous XX chains and QES models




sl(2) QES Hamiltonians and orthogonal polynomials

Artemio Gonzélez-L6pez (UCM)

Inhomogeneous XX chains and QES models




sl(2) QES Hamiltonians and orthogonal polynomials
© H=puHeu Y QES, Hy = — > hapLaly—Y halg — hy
a

a<b
Then ¢ = w(z)¢(z) is a formal eigenfunction of H with energy E,
e, HYy = Evy,iff Hop = Eg.
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sl(2) QES Hamiltonians and orthogonal polynomials
© H=puHeu YQES, Hy = — 3 haplaly =Y hala—hy
a

a<b
Then ¢ = w(z)¢(z) is a formal eigenfunction of H with energy E,
ie., HYy = Ey,iff Hgo = Eg.

o0 n
2 Zz 2
Let Hop = E¢, and write ¢(z) = Z P,,(E)—' with Py := 1.
n!

n=0

—
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sl(2) QES Hamiltonians and orthogonal polynomials
© H=puHeu YQES, Hy = — 3 haplaly =Y hala—hy
a

a<b
Then ¢ = w(z)¢(z) is a formal eigenfunction of H with energy E,
ie., HYy = Ey,iff Hgo = Eg.

o0 n
2 Zz 2
Let Hop = E¢, and write ¢(z) = Z P,,(E)—' with Py := 1.
n!
“ n=0
© The coefficients P, (E) are polynomials of degree n in E satisfying in
general a 5-term recursion relation

T

Artemio Gonzélez-L6pez (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p.6



sl(2) QES Hamiltonians and orthogonal polynomials
© H=puHeu YQES, Hy = — 3 haplaly =Y hala—hy
a

a<b
Then ¢ = w(z)¢(z) is a formal eigenfunction of H with energy E,
ie., HYy = Ey,iff Hgo = Eg.

o0 n
2 Zz 2
Let Hop = E¢, and write ¢(z) = Z P,,(E)—' with Py := 1.
n!
“ n=0
© The coefficients P, (E) are polynomials of degree n in E satisfying in
general a 5-term recursion relation

@ The algebraically computable energies Ej; (0 < k < m) are the roots
of the critical polynomial Py, 41(E) (and Py j+1 = Pmy1Q;, with
deg Q; = j)

T
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sl(2) QES Hamiltonians and orthogonal polynomials
© H=puHeu YQES, Hy = — 3 haplaly =Y hala—hy
a

a<b
Then ¢ = w(z)¢(z) is a formal eigenfunction of H with energy E,
ie., HYy = Ey,iff Hgo = Eg.

o0 n
2 Zz 2
Let Hop = E¢, and write ¢(z) = Z P,,(E)—' with Py := 1.
n!
“ n=0
© The coefficients P, (E) are polynomials of degree n in E satisfying in
general a 5-term recursion relation

@ The algebraically computable energies Ej; (0 < k < m) are the roots
of the critical polynomial Py, 41(E) (and Py j+1 = Pmy1Q;, with

deg Q; = j)
© The family {ﬁn}T:Ol is orthogonal, i.e., satisfies a 3-term r.r.
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XX spin chains and free fermion systems

@ A spin chain is a one-dimensional lattice
whose sites are occupied by particles [ . I I
interacting through their spins (exchange l ' ' \
interaction)
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XX spin chains and free fermion systems

@ A spin chain is a one-dimensional lattice
whose sites are occupied by particles ‘ . I I .
interacting through their spins (exchange l ' ' \
interaction)

@ Hamiltonian of inhomogeneous XX spin chain:

N— 1N—1
Z 0n+1+ n n+1 +52Bn(1_o-§)
n=0 n=0

o, = Pauli matrices acting on site n (Jn >0, B, €R)

l\)l>—‘
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XX spin chains and free fermion systems

@ A spin chain is a one-dimensional lattice
whose sites are occupied by particles ‘ . I I .
interacting through their spins (exchange l ' ' \
interaction)

@ Hamiltonian of inhomogeneous XX spin chain:

N— 1N—1
Z 0n+1+ n n+1 +§ZBW(I_O-§)
n=0 n=0

o, = Pauli matrices acting on site n (Jn >0, B, €R)

l\)l>—‘

@ Jordan-Wigner transformation:

cn =T11Z00f -0 s A Mns [ L)ny = {0)n, 11)n}
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XX spin chains and free fermion systems

@ A spin chain is a one-dimensional lattice
whose sites are occupied by particles ‘ . I I .
interacting through their spins (exchange l ' ' \
interaction)

@ Hamiltonian of free fermion system:

N-2
H = Z Jn Pl NCnt1 —I—cn_ch Z Bnc Cn
n=0

Cn (c};) = fermionic annihilation (creation) operator at site n

@ Jordan-Wigner transformation:

cn =T11Z00f -0 s A Mns [ L)ny = {0)n, 11)n}
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XX spin chains and free fermion systems
@ Single-particle Hamiltonian:
|n) = c,T,|vac), 0 <n < N —1 (single spin at site n)
N-1
Hin) =" Hjulj)
Jj=0

Hjn = (]|H|n> = Jngj,n—i-l + Jn—18j,n—l + Bn5jn
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XX spin chains and free fermion systems
@ Single-particle Hamiltonian:

|n) = c,]:|vac), 0<n < N —1 (single spin at site n)
N—-1

Hln) =) Hjnlj)
j=0

Hjn = (j|H|n) = Jngj,n—i-l + Jn—18j,n—1 + Bn5jn

o H:= (Hjn)j.\’ln;lo is a Jacobi (= real symmetric tridiagonal) matrix
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XX spin chains and free fermion systems
@ Single-particle Hamiltonian:

|n) = c,]:|vac), 0<n < N —1 (single spin at site n)
N-1

Hln) =) Hjnlj)
=0

Hjp = (j|Hn) = Ju8jn+1 + Ju-18jn—1 + Bndjn

o H:= (H,n) ! , is aJacobi (= real symmetric tridiagonal) matrix

@ H real symmetric :> it can be diagonalized by a real orthogonal
matrix ® = (cbnk)n k=0"

oTH® = diag(eg,...,en—1), € = single-particle energy
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Diagonalization of H

N-1
@ Single-particle energy modes: ¢ := Z Dy rcn, O
n=0

<k<

<N-1
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Diagonalization of H

N-1
@ Single-particle energy modes: ¢ := Z Purcn, 0<k<N-1
n=0

N-1
o | H= Z skEzEk — H is diagonal in the basis of energy modes
n=0

{|k0,...,k,> =) i) vac) 10 < ko <o <k sN—l} ,

I
with eigenvalues E(kg, ..., k;) = > ek,
j=0
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Entanglement entropy
@ Suppose that the whole chain is in the energy eigenstate
ko, ....km—1) =: |k)

(a pure state!). What is the state of a block X :={0,..., L — 1} of
L < N spins?
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Entanglement entropy

@ Suppose that the whole chain is in the energy eigenstate
|k0, e ,kM_l) = |k)
(a pure state!). What is the state of a block X :={0,..., L — 1} of

L < N spins?

@ Answer: the state of X is not a pure state, but a density matrix
px (k) = trxe (k) (k|) = the state |k) is entangled (i.e., is not a
product of one-particle states for each particle)
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Entanglement entropy

@ Suppose that the whole chain is in the energy eigenstate
|k0, e ,kM_l) = |k)

(a pure state!). What is the state of a block X :={0,..., L — 1} of
L < N spins?

@ Answer: the state of X is not a pure state, but a density matrix
px (k) = trxe(|k)(k|]) = the state |k) is entangled (i.e., is not a
product of one-particle states for each particle)

@ A popular measure of the degree of entanglement of the state |k) is
the (bipartite) Rényi entropy

Se(X:k) == (1 —a) " tr (px (k)*)

(S1(X:k) = —tr (px (k) log px (k)) = Shannon-von Neumann entropyj
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Entanglement entropy

Theorem (Vidal, Latorre, Rico & Kitaev 2003)
Let v, ..

., V1—1 := eigenvalues of the L x L correlation matrix (two-point
function)

L—-1
Cx (k) = ((Klcfej W), _ = o0”
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Entanglement entropy

Theorem (Vidal, Latorre, Rico & Kitaev 2003)
Let v, ..

., V1—1 := eigenvalues of the L x L correlation matrix (two-point
function)

T L=l T
Cx (k) = ((Klefej k), _ =00
We then have

L—1
Sa(X:K) =" sa(v)),
=0

where sy (x) is the binary Rényi entropy

{(1 — o) og(x® + (1 —x)¥), a#1
So(x) =
—xlogx — (1 —x)log(l —x), a=1
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August 4, 2022 p. 10
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XX chains <> orthogonal polynomials
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XX chains <> orthogonal polynomials

@ The columns (D,

.. Pn_1,) of ® (= eigenvectors of H) can be
computed from the eigenvalue equations

Jn@ny1k = (e — Bn)Pui — In—1Pp_1,k
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XX chains <> orthogonal polynomials

@ The columns (Pyy, ..., Py_; i) of ® (= eigenvectors of H) can be
computed from the eigenvalue equations

Jn(pn+1,k = (ex — Bn)Ppi — Jn—l(pn—l,k

= Dy = Onl(er)Por, where ¢, (E) (0 <n < N —1)isthe n-th
degree polynomial determined by the 3-term recursion relation

Jn¢n+1(E) = (E - Bn)¢n(E) - Jn—1¢n—1(E)

(with¢p_1 :=0, ¢o:=1)
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XX chains <> orthogonal polynomials

@ The columns (Pyy, ..., Py_; i) of ® (= eigenvectors of H) can be
computed from the eigenvalue equations

Jn(pn+1,k = (ex — Bn)Ppi — Jn—l(pn—l,k

= Dy = Onl(er)Por, where ¢, (E) (0 <n < N —1)isthe n-th
degree polynomial determined by the 3-term recursion relation

Jn¢n+1(E) = (E - Bn)¢n(E) - Jn—1¢n—1(E)

(with¢p_1 :=0, ¢o:=1)
@ Characteristic equation:

0=(E—-Bn_1)¢N-1(E) — IN2¢N-2(E)
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XX chains <> orthogonal polynomials

@ The monic polynomials P, (E) := ]_[;’;é Ji o (E)(0O<n<N-—1)
satisfy the canonical recursion relation

Ppi1(E) = (E —by) Pp(E) —an Prn—1(E)

an=J*,>0, b, =By,
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XX chains <> orthogonal polynomials

@ The monic polynomials P, (E) := ]_[;:é Ji o (E)(0O<n<N-—1)
satisfy the canonical recursion relation

Ppi1(E) = (E —by) Pp(E) —an Prn—1(E)

an=J*,>0, b, =By,

= the single-particle energies ¢ are the zeros of the polynomial

Py :=(E—-bNy_1) PN—1(E)—an-1PNn_2
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XX chains <> orthogonal polynomials

@ Conversely, a finite orthogonal polynomial family {Pn (E)}0<n<N
satisfying a 3-term r.r. with coefficients a, > 0, b,, determines an
inhomogeneous XX chain Hamiltonian with parameters

Jn = A an+1, By = by
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XX chains <> orthogonal polynomials

@ Conversely, a finite orthogonal polynomial family {Pn (E)}0<n<N
satisfying a 3-term r.r. with coefficients a, > 0, b,, determines an
inhomogeneous XX chain Hamiltonian with parameters

Jn = A an+1, By = by

@ The zeros ¢j. of Py are the single-particle energies ¢,
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XX chains <> orthogonal polynomials

@ Conversely, a finite orthogonal polynomial family {Pn (E)}0<n<N
satisfying a 3-term r.r. with coefficients a, > 0, b,, determines an
inhomogeneous XX chain Hamiltonian with parameters

Jn = A an+1, By = by

@ The zeros ¢j. of Py are the single-particle energies ¢,
N—-1

n
W ) =14
© Pk = |2 Puler). with yu:= [ i, we = o= i=mms
n - N

i=1
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From s1(2) QES models to inhomogeneous XX chains
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o 1 = -

Z habLaLb + ZhaLa + h*
a<bh

)u‘l = —pHgu™!
a

From sl(2) QES models to inhomogeneous XX chains
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From sl(2) QES models to inhomogeneous XX chains

o H =—M(ZhabLaLb+Zh La + h ) = _pHyu™!

a<b

@ ¢r(z) = Z P (Ek)— (0 < k < m) algebraic eigenfunctions of Hg,
j=0

where {Eo. ..., E,,} = roots of critical polynomial Priq
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From sl(2) QES models to inhomogeneous XX chains

° H:—M(ZhabL Lb-i-Zh Lo+ hy ) - E—/,LHg,bL_l

a<b
@ ¢r(z) = Z P (Ek)— (0 < k < m) algebraic eigenfunctions of Hg,
j=0
where {Eo, R Em} = roots of critical polynomial Py, 41

@ hyy =h__ =0 = the monic polynomials P,(E) := ynf’n(E)
(0 <n <m+ 1) satisfy a canonical 3-term r.r.

Ppy1=(E _bn)Pn —ap Py
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From sl(2) QES models to inhomogeneous XX chains

° H:_H(Zhabl’ Lb-i-Zh Lo+ hy ) - E—/,LHg,bL_l

a<b

@ ¢r(z) = Z P (Ek)— (0 < k < m) algebraic eigenfunctions of Hyg,

j=0
where {Eo, AU m} = roots of critical polynomial 13m+1
@ hyy =h__ =0 = the monic polynomials P,(E) := ynﬁn(E)

(0 < n <m+ 1) satisfy a canonical 3-term r.r.

Pypy1=(E _bn)Pn —ap Py

QES model — XX spin chain

v Ifan > 0for 1 < n < m, we can associate to H an XX spin
chain Hamiltonian with N = m + 1 spins and parameters

Jn = an+1, Bn = by
Artemio Gonzélez-L6pez (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 14




From sl(2) QES models to inhomogeneous XX chains

QES model <» XX chain dictionary:

QES model XX chain

m N -1

Algebraic energies Ey Single-particle energies ¢y

Algebraic eigenfunctions Single-particle energy eigenstates

u%wﬁ 0 <k <m) Nil\/ﬂpn(gknn) O<k<N-1)
n=0 Yn n! =V 7

Artemio Gonzélez-L6pez (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 14



From sl(2) QES models to inhomogeneous XX chains

QES model <» XX chain dictionary:

QES model XX chain

m N —1

Algebraic energies Ey Single-particle energies ¢y

Algebraic eigenfunctions Single-particle energy eigenstates

;&Mi 0 <k <m) Nz_l\/ﬂpn(sk)m) O<k<N-1)
n=0 Yn n! =V 7

@ The parameters J,7 and B, of XX chains constructed from sl(2) QES
models are polynomials in the site index n, with deg an < 4and
deg B, < 2.

Artemio Gonzélez-L6pez (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 14



A classification problem
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A classification problem

Classify all inequivalent (< non-isomorphic) XX chains
obtained from sl(2) QES models.
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A classification problem

Problem

Classify all inequivalent (<= non-isomorphic) XX chains
obtained from sl(2) QES models.

@ Main idea:

Hg = — Z hapLaLp — ZhaLa — hx gauge Hamiltonian

a<b a

= —Hg = p(2) 9 +q(2)dz +1(2),
with degg = 3, degr = 2 and

p(2) = hy 2%+ 2ho4 23 + hooz? + 2ho—z + h——
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A classification problem

Problem

Classify all inequivalent (<= non-isomorphic) XX chains
obtained from sl(2) QES models.

@ Main idea:

Hg = — Z hapLaLp — ZhaLa — hx gauge Hamiltonian

a<b a

= —Hg = p(2) 9 +q(2)dz +1(2),
with degg = 3, degr = 2 and

p(2) = hy 2%+ 2ho4 23 + hooz? + 2ho—z + h——

— h++=h__=0 <~ p(0)=p(oo)=0
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A classification problem

@ The canonical form for Hg has a residual gl(2) symmetry

aw + B ~ m —m
sz’ He = Hg := (yw +6)" Hg(yw + 6)
(with A := af — y6 # 0), under which
—  yw+8* [(aw+p
p@) > pw)=—"—5—7p N— ()
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A classification problem
@ The canonical form for Hg has a residual gl(2) symmetry

aw + B ~ _
z= Py He— Hg :=(yw+68)"Hg(yw +6)"

(with A := af — y6 # 0), under which

()

54
() > Fw) = 2D p(““ﬁ)

A2 yw+§

@ It can be shown that H, and I:Ig generate isomorphic XX chains. So
all we have to do is:

Classify all fourth-degree polynomials p(z) with
p(c0) = p(0) = 0 under the gl(2) transformation ().
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The classification
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The classification

p(z) Potential deg, J?
1.vz(1 + 2) Hyperbolic 3
2.vz(l —z) Trigonometric 3
3. vz? Exponential 2
4.7 Sextic oscillator 3
5.vz(1 +2)(@+2z), 0 <a <1 | Elliptic (k* =1—a) 4
6.vz(z2 4+ 2az + 1), |a] < 1 Elliptic (k2 = 152) 4

Here v > 0 and k is the modulus of the elliptic functions.
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The classification

p(2) Potential deg, J?
1.vz(1 + 2) Hyperbolic 3
2.vz(l —z) Trigonometric 3
3. vz? Exponential 2
4.7 Sextic oscillator 3
5.vz(1 +2)(@+2z), 0 <a <1 | Elliptic (k* =1—a) 4
6.vz(z2 4+ 2az + 1), |a] < 1 Elliptic (k2 = 152) 4

Here v > 0 and k is the modulus of the elliptic functions.
I'& Cases 5 and 6 include the Lamé potential k2[(I 4 1) sn?(x: k).
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Outline of the talk

@ Conclusions

Artemio Gonzélez-L6pez (UCM)

Inhomogeneous XX chains and QES models




Conclusions

Artemio Gonzélez-L6pez (UCM)

Inhomogeneous XX chains and QES models




Conclusions

@ sl(2) QES models with A4+ = h—__ = 0 determine inhomogeneous XX

spin chains through their associated orthogonal polynomial families.
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Conclusions
@ sl(2) QES models with A4+ = h—__ = 0 determine inhomogeneous XX
spin chains through their associated orthogonal polynomial families.
@ The QES model’s algebraic sector correspond to the chain’s
single-particle subspace.
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Conclusions

@ sl(2) QES models with A4+ = h—__ = 0 determine inhomogeneous XX
spin chains through their associated orthogonal polynomial families.

@ The QES model’s algebraic sector correspond to the chain’s
single-particle subspace.

@ Itis possible to classify all inequivalent XX chains that can be
constructed in this way, as well as their associated QES potentials.
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Conclusions

@ sl(2) QES models with i+ 4+ = h—_ = 0 determine inhomogeneous XX
spin chains through their associated orthogonal polynomial families.

@ The QES model’s algebraic sector correspond to the chain’s
single-particle subspace.

@ It is possible to classify all inequivalent XX chains that can be
constructed in this way, as well as their associated QES potentials.

@ The asymptotic behavior of the bipartite entanglement entropy of
these chains as the size L of the subsystem — oo (relevant to
establish their critical behavior) can be determined in closed form.
This has been done, for instance, for the chains constructed from the
sextic oscillator and Lamé potentials [JSTAT (2020) 093105, JHEP 12
(2021) 184]. In both cases, we find an unusual subleading log(log L)
term.
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Happy 70th, Peter
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