
Inhomogeneous XX spin chains and QES models

Artemio González-López

Depto. de Física Teórica
Universidad Complutense de Madrid, Spain

Symmetry, Invariants, and their Applications
A celebration of Peter Olver’s 70th birthday

Dalhousie U., Halifax, Nova Scotia, August 4, 2022

J. Stat. Mech.-Theory E. (2020) 093105(41). Joint work with F. Finkel (UCM)

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 1



Outline of the talk

1 QES models

2 sl.2/ QES models and orthogonal polynomials

3 Inhomogeneous XX spin chains

4 XX chains and orthogonal polynomials

5 sl.2/ QES models and XX chains

6 Conclusions

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 2



Outline of the talk

1 QES models

2 sl.2/ QES models and orthogonal polynomials

3 Inhomogeneous XX spin chains

4 XX chains and orthogonal polynomials

5 sl.2/ QES models and XX chains

6 Conclusions

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 2



Outline of the talk

1 QES models

2 sl.2/ QES models and orthogonal polynomials

3 Inhomogeneous XX spin chains

4 XX chains and orthogonal polynomials

5 sl.2/ QES models and XX chains

6 Conclusions

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 2



Outline of the talk

1 QES models

2 sl.2/ QES models and orthogonal polynomials

3 Inhomogeneous XX spin chains

4 XX chains and orthogonal polynomials

5 sl.2/ QES models and XX chains

6 Conclusions

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 2



Outline of the talk

1 QES models

2 sl.2/ QES models and orthogonal polynomials

3 Inhomogeneous XX spin chains

4 XX chains and orthogonal polynomials

5 sl.2/ QES models and XX chains

6 Conclusions

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 2



Outline of the talk

1 QES models

2 sl.2/ QES models and orthogonal polynomials

3 Inhomogeneous XX spin chains

4 XX chains and orthogonal polynomials

5 sl.2/ QES models and XX chains

6 Conclusions

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 2



Outline of the talk

1 QES models

2 sl.2/ QES models and orthogonal polynomials

3 Inhomogeneous XX spin chains

4 XX chains and orthogonal polynomials

5 sl.2/ QES models and XX chains

6 Conclusions

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 3



sl.2/ QES models

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 4



sl.2/ QES models

A one-dimensional quantum Hamiltonian

H D �@2x C V.x/ W L
2.R/! L2.R/

is said to be quasi-exactly solvable (QES) if there is a known

finite-dimensional subspace N D spanf 0; : : : ;  mg s.t. HN � N
H) mC 1 eigenvalues/eigenfunctions algebraically computable!

Simplest example: sl.2/ QES Hamiltonians

9 change of variable ´.x/, gauge factor �.´/ s.t.

Hg WD �.´/
�1H�.´/ D �

X
a6b

habLaLb �
X
a

haLa � h�

where h�; ha; hab D constants, L�; L0; LC D sl.2/ generators

L� D @´ ; L0 D ´@´ �
m

2
; LC D ´

2@´ �m´I m 2 N [ f0g
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sl.2/ QES models

Hg D �
�1H� � gauge Hamiltonian

m 2 N [ f0g H) LaPm � Pm, where Pm WD spanf1; ´; : : : ; ´mg

H) HgPm � Pm H) H.�Pm/ � �Pm

The sl.2/ QES models on the line were classified in the early nineties

by AGL, Kamran and Olver
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sl.2/ QES models
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Solvable Schr�dinger Operators
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Abstract. We completely determine necessary and sufficient conditions for the
normalizability of the wave functions giving the algebraic part of the spectrum of
a quasi�exactly solvable Schr�dinger operator on the line. Methods from classical
invariant theory are employed to provide a complete list of canonical forms for
normalizable quasi�exactly solvable Hamiltonians and explicit normalizability
conditions in general coordinate systems.

1. Introduction

Lie algebraic and Lie group theoretic methods have played a significant role
in the development of quantum mechanics since its inception. In the classical
applications, the Lie group appears as a symmetry group of the Hamiltonian
operator, and the associated representation theory provides an algebraic means
for computing the spectrum. Of particular importance are the exactly solvable
problems, such as the harmonic oscillator or the hydrogen atom, whose point
spectrum can be completely determined using purely algebraic methods. In the
early 1980's, in order to study molecular spectroscopy, Alhassid, G�rsey,
Iachello, Levine, and collaborators, [2, 3, 1,14], introduced the concept of a
"spectrum generating algebra" to construct models for complicated molecu�
les whose point spectrum could be analyzed algebraically. The Schr�dinger
operators amenable to the algebraic approach to scattering assumed a "Lie
algebraic form," meaning that they belong to the universal enveloping algebra
of the spectrum generating algebra. Thus, a second order differential operator

* Supported in Part by DGICYT Grant PS 89�0011
** Supported in Part by an NSERC Grant
*** Supported in Part by NSF Grant DMS 92�04192
••••  Q n i e a ve from School of Mathematics, University of Minnesota, Minneapolis, Minnesota
55455, U.S.A
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sl.2/ QES Hamiltonians and orthogonal polynomials

H D �Hg�
�1 QES, Hg D �

P
a6b

habLaLb �
P
a
haLa � h�

Then  D �.´/'.´/ is a formal eigenfunction of H with energy E,

i.e., H D E , iff Hg' D E'.
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P
a6b

habLaLb �
P
a
haLa � h�

Then  D �.´/'.´/ is a formal eigenfunction of H with energy E,

i.e., H D E , iff Hg' D E'.

Theorem

Let Hg' D E', and write '.´/ D

1X
nD0

OPn.E/
´n

nŠ
with OP0 WD 1.

1 The coefficients OPn.E/ are polynomials of degree n in E satisfying in

general a 5-term recursion relation

2 The algebraically computable energies Ek (0 6 k 6 m) are the roots

of the critical polynomial OPmC1.E/ (and OPmCjC1 D OPmC1 OQj , with

deg OQj D j )

3 The family
˚
OPn
	mC1
nD0

is orthogonal, i.e., satisfies a 3-term r.r.

AnC1PnC1 D .E � Bn/Pn � CnPn�1, iff hCC D h�� D 0
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XX spin chains and free fermion systems

A spin chain is a one-dimensional lattice

whose sites are occupied by particles

interacting through their spins (exchange

interaction)

Hamiltonian of free fermion system:

Jordan–Wigner transformation:

cn D
Qn�1
iD0 �

´
i � �

C
n ; fj"in; j#ing ! fj0in; j1ing
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XX spin chains and free fermion systems

A spin chain is a one-dimensional lattice

whose sites are occupied by particles

interacting through their spins (exchange

interaction)

Hamiltonian of inhomogeneous XX spin chain:

H D
1

2

N�2X
nD0

Jn
�
�xn �

x
nC1 C �

y
n �

y
nC1

�
C
1

2

N�1X
nD0

Bn
�
1 � �´n

�
�˛n D Pauli matrices acting on site n .Jn > 0; Bn 2 R/

Jordan–Wigner transformation:

cn D
Qn�1
iD0 �

´
i � �

C
n ; fj"in; j#ing ! fj0in; j1ing
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XX spin chains and free fermion systems

A spin chain is a one-dimensional lattice

whose sites are occupied by particles
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interaction)

Hamiltonian of free fermion system:

H D

N�2X
nD0

Jn
�
c�ncnC1 C c

�
nC1cn

�
�

N�1X
nD0

Bnc
�
ncn

cn.c
�
n/ D fermionic annihilation (creation) operator at site n

Jordan–Wigner transformation:

cn D
Qn�1
iD0 �

´
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C
n ; fj"in; j#ing ! fj0in; j1ing
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XX spin chains and free fermion systems

Single-particle Hamiltonian:8̂̂̂̂
<̂̂
ˆ̂̂̂:

jni WD c�njvaci; 0 6 n 6 N � 1 (single spin at site n)

H jni D

N�1X
jD0

Hjnjj i

Hjn D hj jH jni D Jnıj;nC1 C Jn�1ıj;n�1 C Bnıjn

H WD
�
Hjn

�N�1
j;nD0

is a Jacobi (� real symmetric tridiagonal) matrix

H real symmetric H) it can be diagonalized by a real orthogonal

matrix ˆ D .˚nk/
N�1
n;kD0

:

ˆTHˆ D diag."0; : : : ; "N�1/ ; "k D single-particle energy
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Diagonalization of H

Single-particle energy modes: Qck WD

N�1X
nD0

˚nkcn ; 0 6 k 6 N � 1

H D

N�1X
nD0

"k Qc
�

k
Qck H) H is diagonal in the basis of energy modes

n
jk0; : : : ; kli WD Qc

�

k0
� � � Qc

�

kl
jvaci W 0 6 k0 < � � � < kl 6 N � 1

o
;

with eigenvalues E.k0; : : : ; kl/ D
lP

jD0

"kj
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Entanglement entropy
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Entanglement entropy

Suppose that the whole chain is in the energy eigenstate

jk0; : : : ; kM�1i DW jki

(a pure state!). What is the state of a block X WD f0; : : : ; L � 1g of

L < N spins?

Answer: the state of X is not a pure state, but a density matrix

�X .k/ D trXc .jkihkj/ H) the state jki is entangled (i.e., is not a

product of one-particle states for each particle)

A popular measure of the degree of entanglement of the state jki is

the (bipartite) Rényi entropy

S˛.X Ik/ WD .1 � ˛/�1 tr
�
�X .k/˛

�
(S1.X Ik/ D � tr .�X .k/ log �X .k// � Shannon-von Neumann entropy)
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Entanglement entropy

Theorem (Vidal, Latorre, Rico & Kitaev 2003)

Let �0; : : : ; �L�1 WD eigenvalues of the L � L correlation matrix (two-point

function)

CX .k/ WD
�
hkjc�i cj jki

�L�1
i;jD0

D ˚˚T

We then have

S˛.X Ik/ D
L�1X
lD0

s˛.�l/ ;

where s˛.x/ is the binary Rényi entropy

s˛.x/ D

(
.1 � ˛/�1 log

�
x˛ C .1 � x/˛

�
; ˛ ¤ 1

�x log x � .1 � x/ log.1 � x/; ˛ D 1

Artemio González-López (UCM) Inhomogeneous XX chains and QES models August 4, 2022 p. 10



Entanglement entropy

Theorem (Vidal, Latorre, Rico & Kitaev 2003)

Let �0; : : : ; �L�1 WD eigenvalues of the L � L correlation matrix (two-point

function)

CX .k/ WD
�
hkjc�i cj jki

�L�1
i;jD0

D ˚˚T

We then have

S˛.X Ik/ D
L�1X
lD0

s˛.�l/ ;

where s˛.x/ is the binary Rényi entropy

s˛.x/ D

(
.1 � ˛/�1 log

�
x˛ C .1 � x/˛

�
; ˛ ¤ 1

�x log x � .1 � x/ log.1 � x/; ˛ D 1
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XX chains$ orthogonal polynomials
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XX chains$ orthogonal polynomials

The columns .˚0k; : : : ; ˚N�1;k/ of ˆ (� eigenvectors of H) can be

computed from the eigenvalue equations

Jn˚nC1;k D ."k � Bn/˚nk � Jn�1˚n�1;k

H) ˚nk D �n."k/˚0k , where �n.E/ (0 6 n 6 N � 1) is the n-th

degree polynomial determined by the 3-term recursion relation

Jn�nC1.E/ D .E � Bn/�n.E/ � Jn�1�n�1.E/

(with ��1 WD 0; �0 WD 1)

Characteristic equation:

0 D .E � BN�1/�N�1.E/ � JN�2�N�2.E/
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XX chains$ orthogonal polynomials

The monic polynomials Pn.E/ WD
Qn�1
iD0 Ji � �n.E/ (0 6 n 6 N � 1)

satisfy the canonical recursion relation

PnC1.E/ D .E � bn/ Pn.E/ � anPn�1.E/

an D J
2
n�1 > 0; bn D Bn

H) the single-particle energies "k are the zeros of the polynomial

PN WD .E � bN�1/ PN�1.E/ � aN�1PN�2
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XX chains$ orthogonal polynomials

Conversely, a finite orthogonal polynomial family
˚
Pn.E/

	
06n6N

satisfying a 3-term r.r. with coefficients an > 0, bn determines an

inhomogeneous XX chain Hamiltonian with parameters

Jn D
p
anC1; Bn D bn

The zeros "k of PN are the single-particle energies "k

˚nk D

r
wk


n
Pn."k/; with 
n WD

nY
iD1

ai ; wk D

QN�1
nD1 an

PN�1."k/P
0
N ."k/
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From sl.2/ QES models to inhomogeneous XX chains

The parameters J 2n and Bn of XX chains constructed from sl.2/ QES

models are polynomials in the site index n, with degJ 2n 6 4 and

degBn 6 2.
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From sl.2/ QES models to inhomogeneous XX chains

H D ��

�X
a6b

habLaLb C
X
a

haLa C h�

�
��1 � ��Hg�

�1

'k.´/ D
mP
jD0

OPj .Ek/
´j

j Š
.0 6 k 6 m/ algebraic eigenfunctions of Hg ,

where
˚
E0; : : : ; Em

	
D roots of critical polynomial OPmC1

hCC D h�� D 0 H) the monic polynomials Pn.E/ WD 
n OPn.E/

(0 6 n 6 mC 1) satisfy a canonical 3-term r.r.

PnC1 D .E � bn/Pn � anPn�1

The parameters J 2n and Bn of XX chains constructed from sl.2/ QES

models are polynomials in the site index n, with degJ 2n 6 4 and

degBn 6 2.
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H D ��

�X
a6b

habLaLb C
X
a

haLa C h�

�
��1 � ��Hg�

�1

'k.´/ D
mP
jD0

OPj .Ek/
´j

j Š
.0 6 k 6 m/ algebraic eigenfunctions of Hg ,

where
˚
E0; : : : ; Em

	
D roots of critical polynomial OPmC1

hCC D h�� D 0 H) the monic polynomials Pn.E/ WD 
n OPn.E/

(0 6 n 6 mC 1) satisfy a canonical 3-term r.r.

PnC1 D .E � bn/Pn � anPn�1

R

QES model! XX spin chain

If an > 0 for 1 6 n 6 m, we can associate to H an XX spin

chain Hamiltonian with N D mC 1 spins and parameters

Jn D
p
anC1; Bn D bn

The parameters J 2n and Bn of XX chains constructed from sl.2/ QES

models are polynomials in the site index n, with degJ 2n 6 4 and

degBn 6 2.
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From sl.2/ QES models to inhomogeneous XX chains

QES model$ XX chain dictionary:

QES model XX chain

m N � 1

Algebraic energies Ek Single-particle energies "k

Algebraic eigenfunctions

�
mP
nD0

Pn.Ek/


n

´n

nŠ
.0 6 k 6 m/

Single-particle energy eigenstates
N�1P
nD0

q
wk


n
Pn."k/jni .0 6 k 6 N�1/

The parameters J 2n and Bn of XX chains constructed from sl.2/ QES

models are polynomials in the site index n, with degJ 2n 6 4 and

degBn 6 2.
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A classification problem
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A classification problem

Problem

Classify all inequivalent (” non-isomorphic) XX chains

obtained from sl.2/ QES models.

Main idea:

Hg D �
X
a6b

habLaLb �
X
a

haLa � h� gauge Hamiltonian

H) �Hg D p.´/ @
2
´ C q.´/@´ C r.´/;

with deg q D 3, deg r D 2 and

p.´/ D hCC´
4
C 2h0C´

3
C h00´

2
C 2h0�´C h��

H) hCC D h�� D 0 ” p.0/ D p.1/ D 0
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A classification problem

The canonical form for Hg has a residual gl.2/ symmetry

´ D
˛w C ˇ


w C ı
; Hg 7! eHg WD .
w C ı/

mHg.
w C ı/
�m

(with � WD ˛ˇ � 
ı ¤ 0), under which

p.´/ 7! ep.w/ D .
w C ı/4

�2
p

�
˛w C ˇ


w C ı

�
.�/

It can be shown that Hg and QHg generate isomorphic XX chains. So

all we have to do is:

Classify all fourth-degree polynomials p.´/ with

p.1/ D p.0/ D 0 under the gl.2/ transformation .�/.
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The classification
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The classification

p.´/ Potential degnJ
2
n

1. �´.1C ´/ Hyperbolic 3

2. �´.1 � ´/ Trigonometric 3

3. �´2 Exponential 2

4. ´ Sextic oscillator 3

5. �´.1C ´/.aC ´/; 0 < a < 1 Elliptic
�
k2 D 1 � a

�
4

6. �´.´2 C 2a´C 1/; jaj < 1 Elliptic
�
k2 D 1�a

2

�
4

Here � > 0 and k is the modulus of the elliptic functions.
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�
4

6. �´.´2 C 2a´C 1/; jaj < 1 Elliptic
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2

�
4

Here � > 0 and k is the modulus of the elliptic functions.

R Cases 5 and 6 include the Lamé potential k2l.l C 1/ sn2.xI k/.
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Conclusions

sl.2/ QES models with hCC D h�� D 0 determine inhomogeneous XX

spin chains through their associated orthogonal polynomial families.

The QES model’s algebraic sector correspond to the chain’s

single-particle subspace.

It is possible to classify all inequivalent XX chains that can be

constructed in this way, as well as their associated QES potentials.

The asymptotic behavior of the bipartite entanglement entropy of

these chains as the size L of the subsystem!1 (relevant to

establish their critical behavior) can be determined in closed form.

This has been done, for instance, for the chains constructed from the

sextic oscillator and Lamé potentials [JSTAT (2020) 093105, JHEP 12

(2021) 184]. In both cases, we find an unusual subleading log.logL/
term.
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Happy 70th, Peter!!!


	QES models
	*frametitle[fg]frametitlesl(2) QES models and orthogonal polynomials
	Inhomogeneous XX spin chains
	XX chains and orthogonal polynomials
	*frametitle[fg]frametitlesl(2) QES models and XX chains
	Conclusions

