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Perturbed DEs

Regular perturbation of an ODE

@ Original (unperturbed) ODE:

YO0 =yl = ol y(x),. .y ()

@ Small parameter: € of an ODE: the leading derivative(s) does not change.

o Perturbed ODE:
V(%) = foly] + €fily] + o(e)-
ODE systems, PDEs, PDE systems

@ Same idea: a regular perturbation where O(¢€) terms do not break the structure of
the solved form; DEs still have the same leading derivatives.

Difficulty:

@ Analytical structure of the unperturbed model may be lost under perturbation.
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A simple example: lost point symmetries

Consider a nonlinear wave-type equation on u = u(x, t):

o

Exact point symmetry generator:

0 0
X% =&(xt, U) +§O(X t, “)at+770(xyt,u)a
Final result: the PDE (1) admits six point symmetries given by
0 0 0 0
0o_ 0 o_ .0 o_ 9 0o_ 0
Xl - auv X2 taua X3 ata X4 (9x’ (2)
0 t 0 0 0 0
o_,9 tOo —_+ 9 .
X =g, T aar %= e T g

corresponding to three translations (X7, X? and X?), the Galilei group (X?), and two
scalings (X2 and XQ).
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A simple example: lost point symmetries

A perturbed PDE:

[ uee + cuue = et | (3)

@ The perturbation term distorts symmetry structure. Exact point symmetries of (3)
are generated by

0
Yl:X??:§7
1s]
Y2:Xl?:$a (4)
4 1 0 x 0 0
Yo=-X0 - X0 = +— _ 22~ il
3T 37 T 3% ot 3ox  You

a three-dimensional subalgebra of the six-dimensional Lie algebra of point
symmetries (2).
@ Where did the other three go? Stable vs. unstable symmetries.

@ Can unstable symmetries re-appear as, in some sense, “approximate” symmetries of
the perturbed PDE (3)?
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BGI approximate symmetries

o For simplicity, consider a single PDE on u = u(x) = (x1,. .., Xn)-

@ Original (unperturbed) PDE:
Fo[u] = 0 (5)

Perturbed DE (regular perturbation):

Fo[u] + eFl[u] =0 (6)

BGI approximate point symmetry generator:

X=X4+ex' = (50(x u) + €e€i(x, u)) -+ (no(x, u) + em(x, u)) —
@ Easier to work with characteristic forms which generalize to local symmetries:
- &0 o1 1%}
X = X0+ X = (Golu] + ealul) 5

o Determining equations:

(X0 4 X" ) (Folul + eFuluD)| 1 s ooy = ©06)
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BGI approximate symmetries

@ O(€°) part of the determining equations:

{000
X FO[U”FO[U]:O =0

o Every BGI approximate point symmetry of the perturbed equation corresponds to an
exact point symmetry X0 of the unperturbed equation.

o Opposite is not true (previous example).

@ O(e) part of the determining equations:

X' Folu] = Hl[u],

Fo[u]=0

where H[u] is the O(¢) part of the expression

—)A(OOO(F()[U] + 6F1[U])

Folul+eFi[u]=o(e)

o These are extra conditions on X° that can make some symmetries unstable.
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FS approximate symmetries

o Original (unperturbed) DE:
Fo[u] =0 (7)

@ Perturbed DE (regular perturbation):

Fo[u] + EFl[U] =0 (8)

Seek solution as a regular perturbation
u(x) = v(x) + ew(x) + o(e).
Split (8) into O(1) and O(e) parts (FS system):

Gi[v,w] = Fo[v] =0, 9
Golv, w] = Fo,w + Fo,wi + Fo, wi + ... + Fov,, i Wiia-..it + Filv]=0 ©)

Find usual point/local symmetries of (9): infinitesimal generators

o 0 1o}
Z = (olv, W]E + Gifu, W]aTV

@ Determining equations are again restrictive on (p; can lead to stable or unstable
local symmetries of (7), now in the FS sense.
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BGI vs. FS approximate symmetry forms

e Point:

= (800 0) + €l ) s+ (o, 0) + emn(x, ) 5

+ ¢1(x, v, W) +¢2(x vV, w)— 0

Z = N(x,v,w)=— o 3
w

ox'
@ General local, characteristic form:

X=X+eX' = (Colu] + €Cafu]) ag

Z = Golv, W] L TGl W]
Which is more general?

In both BGI and FS approximate symmetries, the following kinds arise.

@ Directly inherited from the original PDE: (o = (o[u], &1 =0
@ Genuine approximate: (p,(1 # 0

e “Trivial” approximate: (o = 0 (“trivial’ = "“‘always appear”)
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BGI vs. FS: a computational comparison

o Unperturbed and perturbed PDEs, u = u(x, t):

e - F(u, ) = e

@ Six point symmetries of the unperturbed PDE:

0 o 0 0
o_ 0 o_ .9 o_ 09 0
Xi = o’ X5 t@u’ X3 ot Xy = Ix
o to o o8 0
o_, Y =Y — —
X=ug —agp B =ty txg tugy

@ Which of these are stable (as point symmetries) when F; # 0, in BGI and/or FS
frameworks?

o Classify with respect to inequivalent forms of Fi(u, ut).
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BGI vs. FS: a computational comparison

x7 Fi = Q(ut) + aruuy + agu, o F1=e"Qu(u) +azve + a1,
3] P - p
=— Goo(1-e(® a2 2y & 0= Dy (it 4 o) 4w L2) L
P Gi=(1-¢ (mt(f.u, + )+ )) = Z= +uJ(10r,(f.;, +v)bw T )du_
o F1 = Qulve) + ajvvg + azv,
. a ay az o\ 0
Z = — | —t(tv, 4 — %) —
T o (ID(”Jr Vg )Ow
);'g o= aluf + ague + azu + aq, . F = a“,’f +asvy + azv + ag,
ad P ;
= B ay 1, . a - a a 15 ) a
Xo=|(t— — (L 4 —t t + 3a: — Zo =t— — [ —tltve + 4 —t t + 3a —
u 2 ( 5(5 (tue + u)+ﬁ (ast + az))) ™ 2=t B (tvr v)+6 (a3t + 3az) w
o Fy = aze®™™ 4 agve + ay,
- a azay ayag —az o a
Lo =t— ——t(to, 4u —_—t —_—
: f)-u+( 1o (e A+ = T ) e
N N a A a a
X9 Fy=Fi(uu), Xsg=u— Fy=Fi(v,ee), Zg=vi— +wi—
du du Dw
a
= ui ——
You
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. FS: a computational comparison

. o a 5 a a
X9 1= Fi(u,ue), Xgq=uz— Fy = Filv,un), Z4=ts— +we—m
3 du dv dw
= um&
G0 _ o2 3/2 . L — 03 3/2 o
T=(u Fy = v*Qa (us/u +azup + ay Fy =v"Qs5 (v /v +azv +ay,
tug\ 9 o tuy ay J 5 tug\ & twy
+ — )= g - 2L = — 5= v+ — ) — - —
B )au X5 <u+ ) +((a1t + 2Dt(tu¢+4u)))au Zs ('z,+ > ) e + ((ag 1w + )
ag . ajag o\ d
—(2ag — 3)t(tv, 4v —t | —
+20("1J Je(toe + 4v) + 2 )E)’ur
X0 = Fi = u™'Qa(u) + asuy + a1, Fy = 0" Qg(v) + azvy + aa,
— - a
(” Iu?} o= (u  rug — tug Zg = (v — zvp — tvyg) 3
— tue) —
Au as a1, a + ((a3 + 2)w — zws — twe
- —t(ta 4 — -
((10(”"+ W3 ))b‘w 5
+ 28y 1)+ BE) 2
w

—
2
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A nonlinear wave equation

@ A class of nonlinear wave equations with a small parameter:

\ e = (1 + €Q(uy))

o FS system: Vit = Vxx, Wit — Wiy + Q(VX)VXX'

@ Power nonlinearity Q(vx) = vi (s # —1): genuine approximate FS symmetry

0 ad

- “Large” and “small” solution components are scaled differently

@ An approximately invariant solution:

ﬂ _dx dv dw

0 0o v (s+1)w
Take v = g(x £ t). Then w = g1, and
g (¢t — d) +2(s + 1)g°8 (£ — ¢x) — (')’ =0

@ ¢ = ¢(x,t), and so the approximate solution u = v + ew, can be found explicitly.
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1D nonlinear waves in fiber-reinforced solids

@ Motivation: biological and artificial elastic materials with families of aligned fibers

@ Anisotropic elastodynamics
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1D nonlinear waves in fiber-reinforced solids

Composite reinforced by
collagen fibers arranged
in helical structures

Q.

s

Helically arranged fiber- -
reinforced medial layers

Bundles of collagen fibrils

External elastic lamina

e

Elastic lamina
Elastic fibrils
Collagen fibrils
Smooth muscle cell

Internal elastic lamina

Endothelial cell
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1D nonlinear waves in fiber-reinforced solids

@ Fully nonlinear Eulerian shear displacements u(x, t) (not small) in terms of material
coordinate X

@ Viscoelastic dynamics [A.S. and Ganghoffer (2015)]
ue = (a+ 3[5’ux2) Usx
+77 Ux (2 (4Ux2 + 1)Uxxutx + (2ux2 + 1)uxutxx)
+< Ui (4 (6ux2 + 1)u)<xutx + (4ux2 + 1)Uxutxx)
@ Possible small parameters: 3, 1, ¢

o Hyperelastic simplification:

Uy = (a + 3Bux2) U — |ue=(1+ euf)uxx

o Member of the previous wave equation family with power nonlinearity u®, s = 2

o Produces “breaking waves:” finite-time singularity formation
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1D nonlinear waves in fiber-reinforced solids

@ Numerical solution, € = 0.5:

081

o6l

04r
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1D nonlinear waves in fiber-reinforced solids

@ One can show that the PDE vy = (1 + cu?)ux can be reduced to the first-order
characteristic form

e :iziﬁ (\/Eux\/m“” (\/E“X+\/m))

on the characteristic curves

dX_ 2
o =+4/1+4¢€e(u)”.

Y 2
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1D nonlinear waves in fiber-reinforced solids

o Compare behaviour with the approximate solution
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1D nonlinear waves in fiber-reinforced solids

@ Wave breaking ~ formation of an extra inflection point on the approximate solution.

@ Left: uy for the numerical solution; right: same for the approximate solution

4 . . . . . . . ) ) 4 : : : : : :
—t=0
3r ---t=1{] 1
2 t= 1
-~ 4 4
4 ~
\N

s i ]
5F E 5F 1

5 . . . . . . . . . 5 . . . . . .
0 05 1 15 2 25 3 35 4 45 5 0 1 2 3 4 5 6 7

x x

. Cheviakov (UofS, Canada) Approximate symmetries



1D nonlinear waves in fiber-reinforced solids

o Estimate wave breaking times [Tarayrah, Pitzel, A.S.]

18 T T T T T

7= L6171=—107
16 o7 — 1.3638= 0896 1

x approximate-derived| |
o munerical-derived

14 F

12

10
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Discussion

@ Approximate symmetries can be found using BGI and FS frameworks (“somewhat
related), and are useful.

@ Approximate conservation laws can arise in a similar manner.

o PDE models with multiple small parameters?

Anisotropic dynamic vicoelasticity, shear waves
ur = (a+3Bu?) uw
+n ux (2 (4u? + 1) ot + (2u? + 1) uy Gtxx)
+¢ud (4 (602 + 1) thotin + (du? + 1)uxutxx)

Serre-Su-Gardner-Green-Naghdi shallow water equations

2

ur + euuy +nx = g—h (h3 (uxt 4+ €Ul — euﬁ))x ,

ht + E(hu)x =0
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Shallow water models

N
l
N

ho . . A .
0= 7: dispersion parameter; ¢ = h—: amplitude parameter
0

@ Weakly nonlinear dispersionless equations, characterized by 6% < ¢ < 1.
Example: shallow water equations

U +mex +eutug. =0,
hi + (h*u*)s =0
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Shallow water models

N
t
~

ho . . A .
0= 7: dispersion parameter; ¢ = h—: amplitude parameter
0

o Weakly nonlinear and weakly dispersive equations: Boussinesq regime 62 ~ & < 1.

Examples: the Boussinesq equation

2
* * 3 *\2 *\2 6 *
TNt = Thexxx + 5 (((77 ) )X*X* + 2((“0) )X*X*) + ?nx*x*x*x*
The KdV equation
2

* * 3 * % 1 *
Nex +77X* + 5577 x> + gnx*x*x* =0.
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Shallow water models

N
l
N

ho . . A .
0= 7: dispersion parameter; ¢ = h—: amplitude parameter
0

@ Strongly nonlinear weakly dispersive models: 6> < 1, € = O(1).
Example: the Su-Gardner equations

62

Upe +eut ufe + s = ((h*)3 (u:*t* + e U — e(ugs )2)))(* ,

hi +e(h*u™)x= =0
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Physical dimensionless vs. canonical forms

@ KdV canonical: u; 4+ 6uuy + Uy =0

@ BBM canonical: u; + ux + vty — Uy =0

o KdV physical dimensionless:
* + * +§6 * % +572 * _0
Tex Thx* 2 N Tx* 6 Thex xx xx =
o BBM physical dimensionless:

Tlex Thx* 2 T TMx* 6 Thexxx g% =

@ Both in the Boussinesq regime 6% ~ ¢

Same order of approximation o(¢?), very different analytical properties.
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PDE naming and the Arnold's principle

Arnold'’s principle

If a model bears a name, it is not the name of the person who discovered it.

Examples:

o Korteweg-de Vries — Boussinesq (25 years earlier)
@ Su-Gardner (Green-Naghdi) — Serre (13 and 21 years earlier)

@ Camassa-Holm — Fokas and Fuchssteiner (12 years earlier)
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