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10 Y. TheY terms appear
in the first, third, sixth, tenth,
and so on positions. These terms
are triangular numbers, and the
nth triangular number is given
by the formula n(n + 1)/2. Set-
ting 276 = n(n + 1)/2, we get
n®+n - 552 =0, Solving for n
yields n = 28. Thus, the 276th
term is a triangular number and
the term must be Y.

11 Since eight logs were
burned, each person’s share was
2 %3 Jogs. Larry bought 5 logs, so
he had 2 /5 logs more than his
share. Mo bought 3 logs, so he
bought 13 more than his share.
Together they bought 83 extra
logs. Therefore, 13 of a log is
equivalent to $1. Thus, Larry
;hould get $7 and Mo should get
1.

12 1:1. The area of triangle
ABC =1/2 (8)(13) em’, or 52 cm”.
This quantity is half the area of
the rectangle (8.13 em®). Thus,
the sum of the areas of the two
smaller triangles equals 52 em’
also. Consequently, the ratio of
their area is one to one.

8cm

13 cm

13 22. The sum of the first n
integersis1+2+3+---+n=
n{n + 1)/2. Since the denomina-
tor of the average is 13, the divi-
sor for the average must have
been a multiple of 13. Thus, the
largest number on the chalk-
board should be congruent to

1 mod 13, or a member of the set
{1, 14, 27, 40, . . . }. The sum of
the first fourteen integers is
14(15)/2 = 105, and 13 9/13 =
178/13, which means that n = 14
is too small. If n = 27, the sum
would have been 27(28)/2 = 378
and the class’s average would
have been 378/26. Since 178/13 =
356/26, then 378 — 356 = 22 and
the number erased was 22.
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14 Many solutions to this pro-
blem are possible. The idea is to
put boxes inside of one another,
since of course the sum of four
odd numbers is even. For exam-
ple, place five marbles in the
small box, place that inside the
second smallest box along with

5
4
6

6

four marbles, place that inside of
the next box with six marbles,
and place that inside the largest
box along with the last six mar-
bles. Thus each box contains
five, nine, fifteen, and twenty-
one marbles, respectively.

15 Thirty-four. If you draw
the gloves first, you would need
twenty-one draws to be sure you
have a pair of gloves, since you
need to be concerned with left or
right hand. It then would take
twenty-two more draws from the
socks box to be sure you get a
pair of socks the same color, for a
total of forty-three draws. If you
draw from the socks box first,
you need only three draws to get
a pair of some color. It then
would take thirty-one draws
from the glove box to be sure you
have a pair of gloves the same
color as the socks, for a total of
thirty-four draws.

16  Work backward: Since
he now has sixteen in the first
pile, he must have taken eight
from the third pile because he
doubled what he had in the first
pile. Therefore, the third pile
must have had twenty-four in it.
Since this amount was double
the amount it originally started
with, it must have started with
twelve. So Scott took twelve from
the second pile to make twenty-
four. Therefore, the second pile
must have had twenty-eight
before the removal. This result
came about from doubling the
original amount, so the second
pile must have had fourteen in
it. Thus Scott took fourteen from
the first pile to start the process.

When this amount is added to
the eight left just before the end,
twenty-two remain for the first
pile.

First Second  Third
Pile Pile Pile
16 16 16
8 16 24
8 28 12
22 14 12

17 14142 Thesumof 1+
248+ --+n=n(n+1)/2 The
smallest number that exceeds
the capacity of the calculator is
100 000 000, so setting it equal
to n(n + 1)/2 yields n(n + 1)/2 =
100 000 000 or, n* + n -

200 000 000 = 0; and using the
quadratic formula, we have

n_—li\/1+800000000
= 5 ,

-1 + 28284 -1+ v800 000 001
2 2

-1+ 28285

2 b

and 14 1415 < n < 14 142. Thus,
the value of n that makes the

calculator exceed its eight-digit
limit is 14 142.

18 | _F.-F.,_F

19 7., F+F,_q, 1
F,~ F R
Fn—l
It 1"1215%”,
then x=1+l

orz’—x~1=0;and x = ¢, since

F 1
“nxls )
7 >

n

20 m AABC:
(ACY +1=¢"=1+¢
AC =p
In AXYZ:
XZP+1=¢
XZ = -4,

sin LA:l

¢
sin LY=@=\%=%

~AABC ~ AYZX

A
¢ X
N
01 N\p 01 Ny

C

21 o) Tofindk, leta=b=1,
C=2,d=3,21]1(125=9+(2k)2
and & = 2.
b) Proof:
d=d
(a+b-bY=d
(c - b’ =d'd*
(e -b)c + b =d'd*
((32 _ bZ)Z - aZdQ
(c® + bY? = a*d? + (2bc)*
(c* +b" +ab - ab)’ = (ad)* + (2bc)
(c® + be —ab)* = (ad)* + (2bc)*
(cd - ab)* = (ad)® + (2be)’

22 To prove

P(n) =Fn+2

2’

use proof by induction. Forn =1,
the sample space is (H, T} and
P(1) = 1. For n = 2, the sample
space is {HH, HT, TH, TT} and
P(2) = 3/4. Assume the formula
true for k tosses, then P(k) =
F,,,/2". If a tail shows on the
next toss then consecutive heads
will not show F, , , times. If a
head shows on that toss, then
consecutive heads will not show
F,, times. Thus Pk + 1) =

(F,, +F,, )2 =F,,/2"" and
the theorem is proved.

(Continued on page 55)

47



—Continued from

23 A 1canbe added to a
string of 1’s in

n
)
ways. One 2 and the remaining
string of 1s can be grouped in

n-1
("7
ways. Two 2s and the remaining
string of 1s can be grouped in

("2%)
ways. But

(8)+(n11)+(n;2)+.“
=i(n};k)forn—k2k

=F

n+1

24 A B, and E have blue
eyes, and C and D have green
eyes.

Here’s why: If E’s statement
were true, then everyone would
have green eyes and they would
all have to speak the truth. In
this situation they'd all say the
same thing that E said, which
they didn't. So E’s statement is
false, and E must have blue eyes.

Next consider B’s statement.
If B were telling the truth, then
one person would have green
eyes (B) and all other statements
would be false (they would all
have blue eyes). But then C’s
statement would be true and C
would have to have green eyes.
This requirement raises a con-
tradiction, so B’s statement must
be false also, and B must have
blue eyes.

Since both E and B have blue
eyes, we can conclude that A’s
statement is false and that A has
blue eyes.

If C lied, then D’s eyes must
be blue, and then they would all
have blue eyes, which would
make B’s statement true; but we
already know that B lied. There-
fore C must have spoken the
truth and has green eyes.

Since C’s statement is true,
then C actually sees one person
with green eyes and three people
with blue eyes, so D’s eyes must
be green. (Adapted from Puzzles
for Pleasure by E. R. Emmett
[White Plains, N.Y.: Emerson
Books, 1972])
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25 Letwbe the number of
cows, and let A be the number of
chickens. Then we can set up
two equations like this:

dw + 2h = # legs
w + h = # heads

We are also given the informa-
tion that

# legs = 2(# heads) + 14.

So we combine all this informa-
tion to get

4w+ 2h = 2w + h) + 14,
4w + 2k = 2w + 2h + 14,
4w =2w + 14,
2w =14,
w="1.

So the problem involves seven
cows. The number of chickens is
indeterminate; thus any number
of chickens will work. (Adapted
from The Contest Problem Book
I, compiled by Charles T.
Salkind [Washington, D.C.:
Mathematical Association of
America, 1961])

26 If we draw the radius of
the circle to point B(EB, where
E is the center of the circle), it
will be perpendicular to BD.
Then we complete a right trian-
gle by drawing DE. This ray
bisects the 60-degree angle, so
the triangle that was just drawn
is a 30°-60°-90° triangle. The
ratio of EB to ED is 1:2, and we
know that EB is the radius; so
ED is twice the radius, or simply
the diameter of the circle, name-
ly 3/8 inches.

Next we see that the distance
from C to D is going to be the
diameter of the circle (ED) plus
the radius ( EC), and this quanti-
ty will be equal to x + 1/2 inches.
3/8+3/16=x+ 1/2;x=3/8 +
3/16 -~ 1/2, Therefore, x = 1/16
inch. (Adapted from The Contest

Problem Book I, compiled by
Charles T. Salkind [Washington,
D.C.: Mathematical Association
of America, 1961])

27 LN stand for the num-
ber we are seeking. N = 10a, +
9=9a;+8=8a,+7=-. .=

2, + 1. From this equation we
can see that N + 1= 10a, + 10 =
9a;+9=8¢,+8=-.-=20,+
2andN+1=10(a,+ 1) =

9@+ D=8, +D=. .=

2(a, + 1). Then it can be seen
that N + 1 has factors 2, 3, 4, . . .,
9, 10. The least common multi-
ple of all of these factors is

2" 3. 5-7=2520.80N =
2519. (Adapted from The Contest
Problem Book I, compiled by
Charles T. Salkind [Washington,
D.C.: Mathematical Association
of America, 1961])

28 Pictured is one of the
many solutions to this puzzle.
Notice that in this solution the
two main diagonals also follow
the rules for rows and columns.
(This outcome doesn't always
occur.) (Adapted from The Book
of Modern Puzzles by Gerald L.
Kaufman [New York: Dover Pub-
lications, 19541)

Py

PO[(P_|e>]| €x
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29 Use initials to denote the
people.
* First day: A and C work.
Second day: The conditions
are met for B and E because C
and E worked and D and B
didn’t on opening day. Continue
in this manner.
Third day: A and D work.
Fourth day: C and E work.
Fifth day: B and D work.

Sixth day: A and C work.

The sixth day is the same as
the first, and since this occur-
rence is the first repetition, the
cycle must be AC, BE, AD, CE,
BD, AC, and so on. This cycle
will repeat every five days indefi-
nitely. Divide 100 by 5 to get 20,
and since this operation leaves
no remainder, the 100th day
must be the same as the 5th day.
Readers can go through the
same process to find that the
383d day will be the same as the
3d, so B and D will work on the
100th day and A and D will work
on the 383d day. (Adapted from
Puzzles for Pleasure by E. R.
Emmett [White Plains, N.Y.:
Emerson Books, 1972])

30 The probability of getting
a detention ball (D) will be

#ofDballs _5 _1

Total # of balls ~ 20 ~ 4
a

The probability of choosing
skip-school ball (S) is

#ofShalls _ 5 _1
Total # of balls ~ 20 ~ 4~

The probability of taking a ball
with nothing on it is

# of nothing balls _10 _ 1
Total#ofballs ~ 20 ~ 2’

The probabilities change as peo-
ple ahead of you take balls out,
but you can’t calculate them
unless you know what everyone
ahead of you has drawn. If you
do know, then you can recalcu-
late in terms of what remains in
the bowl.

31 (Adapted from The Book
of Modern Puzzles by Gerald L.
Kaufman [New York: Dover Pub-
lications, 1954])

Without touching any
of these words, can

you draw a square that
has one of these points
on each of its sides?
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