AMAT 3260 Solutions for assignment #1

Problem 1 Determine the order of the given differential equations and state whether the equation is

linear or nonlinear.

1. 1224 — sin(t)% 4y — €2 = 0

second order linear equation

22d—y2 5y =1
.dt—l—y

first order nonlinear equation

2
3. ¥ +2y% 4y =0

second order nonlinear equation
Problem 2 Verify that y = et fg es’ds + 3e~ is a solution of the differential equation
Y+ 3t%y = 1.
We can substitute the function y = et fg e’ds + 3=t and its derivative
! 2 ,—t3 b o 3 [ 3 2 ,—t3
y = =3t%" / e’ ds+e” (e )—Qt e
0
2 —t3 b 2 —t3
= —3t%e” / e’ ds+1—9te”

0

to the above equation, obtaining

t t
— 32t / e’ ds +1-— 9t2e~t + 3¢2 (e_ts / e’ ds + 3e_t3>
0 0

t t
— 32" / e’ ds + 3t2e~ " / e’ ds — 92t + 3¢23¢ 1" +1
0 0

what is equal to 1 and hence the function y is a solution of the given equation.

Problem 3 Solve the following initial value problems

Lty +(t+1)y=e*andy (1) =1
We can devide the equation by t to write it in the standard form of a linear ODE:



The solution, either using integrating factors or variation of coefficients, is given by

1 t 541 et
y(t):Tlds(/<eo S ds)Tdt)’

eJ/0 s

what gives

6275 —t

e
To satisfy the initial value, we have to choose the constant C to be such that

e? e~ !

. |
3+C 1

or 3
[+

C=ec- <.

€73

.y + 3y =3+ 2cos(2t) and y (0) =0

Similarly as in the previous problem, the solution is given by

y(t) = #( / (el 3 (3+2cos(2t))dt>

t 1
eozds

— /4 (/ /434t +/et/42003 (2t) dt)

The only difficult part is the second integral that can be solved by integrating by parts twice, namely
1
/et/42cos(2t) dt = et*sin(2t) —/Zet/‘lsin (2t) dt
1 1
= e'l*sin (2t) — (—get/4cos (2t) — / —3—26t/4608 (2t) dt) ,
where both sides contain the same integral that we can solve for
1 t/4 t/4 L 44
1+ 6 e’*2cos (2t)dt = e""sin(2t) + g€’ cos (2t)
t/4 64 ( 10 . 1 44
e’ 2cos (2t) dt = g ¢/ sin (2t) + ge’ cos (2t) | + C.
Hence the solution is

y(t) =12+ % (sin (2t) + %cos (2t)> + Ce 4,



Again, to satisfy the initial condition, one must set the constant C such that

64 1
12+ — | s2 — =
+ o (sm (0) + §c0s (O)) +C 0

or

Y +2y+3t=0and y(0) =0

The solution of this equation is again given by

1 2t
y(t) = _e2t (—/6 3tdt)
1 1
oL otg, L oo
= e (26 3t /26 3dt>

3 3
= —5t+ e 2 (e”— + C)

4
3 3 ot
= 4=
2 —|—4+C'e

In order to satisfy the initial condition, one must set C such that
3/4+C =0,

or

C=-3/4.

.y'+£=%andy(1):—2

This separable equation can be solved by the following integration

/ydy _ /(1—t)dt

1, 1,

2 = t— 2+ C

29 gt
where the constant is such that . )

(=2 =—1-=

5 (-2) 5 +C



or 3
c="2.
2

Problem 4 Solve the following separable differential equations

a) y' + ytsin (z) =0

This can be solved by the following integration

/y4dy = —/sz’n (z) dz

—y = cos(z)+C

x

b) yl = my_—{-eey

This can be solved by the following integration

)zy' = (1 _ y2)1/2
This can be solved by the following integration

[ i = 1%
1—192 B z
arcsin(y) = Inlz|+C

y = sin(lnjz|+ C)

2
dy' =17

This can be solved by the following integration

/(1+y2)dy = /w2dw

1 1
y+§y3 = —CL'3+C



This can be solved by the following integration

[vie = /=
1+y2 z?

arctan (y) = ——+C
x

y = tan (—l—l-C)
T

3
DY = e
This can be solved by the following integration

3
€T
/ydy = /mdm

_ 1 4
Y- = Zln‘1+x‘+0

1
y = :t\/iln|1—i—a:4|+20



