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63.

64.
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66.

Extra Problems: Solutions

Solution 2. Imagine a slingshot. When you put a stone in the middle and pull it
back, the length of the rubber band is the same from the stone to either side of the

handle and when shot, the stone moves right down the plane in question. The line
-1

joining the points is perpendicular to the plane. So we can take n = 1—;@ =1 2| and
—4

have —z+2y — 4z = d. The midpoint on the line joining P and @ is on the plane; this

is the point (§(2+ 1), $(—=1+1), 5(3 = 1)), that is, (3,0,1). Thusd = ~§ —4 = ~ 1L,

The equation is —z + 2y — 42 = — %, or —2x + 4y — 8z + 11 = 0, as before.

u-v
We have proj, u = cv, with ¢ = ——. If this vector has direction opposite v, the scalar

Vv
c is negative. Since the denominator of ¢ is positive, the numerator u - v is negative.
Since u - v = |lul| ||v|| cos 8, we must have cos# < 0. Thus the angle # between u and v
is obtuse: § <0 < m.

The plane spanned by vectors is the set of all linear combinations of the vectors. Since
0 = Ou + Ov, the zero vector is always in the plane spanned by vectors.

43
= 1] .
1 11
)| = 2]
-1 3.1

u-v __3+2~1 3

v T or1+1

(a) The projection of u on v is proj, u =

<

v-uu_3+2—1
u-u l44+1

The projection of v on u is proj, v =

3
o ) _ u-v .
(b) The projection of u on v is proj, u = — v = "Q—g[ 4} :

The projection of v on u is proj,v= — u = —%

With reference to the diagram at the start of the notes for Week 5, we let Q be any

-2 1

0] . The line has direction d = {1}

-2 1

and the distance we want is the length of w — p, where p = projyw is the projection
1

of won d. We have p = projyw = %3 d= -1 |1
1

point on the line, say Q(1,2,3). Let w = @5 =

|
()
—
|

-1
% 2| and the required distance is
-1

2
3

Il

I

Find any point in the plane, say Q(0,0,1). Then the distance we want is the length
ey

WltD Wika WIS

of the projection of PQ onto a normal n to the plane. (See the figure in the notes for
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—_ -2 5 — 6 5 2
Week 5.) We have PQ) = | -3| andn= |-1| . Soproj, PQ = |1 = ~3
1 1 1

This has length % 27 = %\/3

To find the point A(x,y, z) of the plane closest to P, note that PA is the projection

10

— ., of 5 -5 . 9
of PQ) on n, that is, PA = =3 {~ﬂ = é— . Since PA = y;3} , we get A =
(8,8 _2 N

9: 797§/
67. (a) Let p = proj, u. Then u — p is orthogonal to v and in the plane spanned by u and

v, so we can use these two vectors. We have p = proj,u = g—:—:v = —?{j and

u—p=

® = o

-9
. In applications, we should probably multiply by 5, obtaining { 5}

1 18

o

2
and [0} as a desired pair of orthogonal vectors.
1

(b) We proceed as in Example 4.18. First we find two nonparallel vectors in the plane,
3 2

for example, u = [2] and v = { 0} . Let p = proj, u. Then u — p is orthogonal
0 -1

to v and in the plane spanned by u and v, which is precisely the given plane,

Vv 5

2
so we can use these two vectors. We have p = proj,u = Lv = -{ 0} and
—1

u—p=
6

o o »lw

3
. In applications, we should probably multiply by 5, obtaining {10}

-1
pair of orthogonal vectors whose components satisfy 2z — 3y + 4z = 0 is a correct
answer.

2
and { 0| as a desired pair of orthogonal vectors. Many answers are possible: any

68. (a) We find two nonparallel vectors u and v in the plane, find the projection p of u on

M1 0
v, and take v and u — p as our vectors. Let u = O} and v = {1| . Then
-2 1
0 . TRV -2 ? (3
=PIojy U = =V = 7= = |~
Vv 2 B 1

1 0 1
and u —p = { l} , SO {1} and { ]} are suitable orthogonal vectors.
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(b)

Extra Problems: Solutions

Many answers are possible, of course. Correct answers consist of two orthogonal
vectors whose components satisfy 2z — y + z = 0.

1 0
In part (a), we learned that e = { 1} and f = 1:1} are orthogonal vectors spanning
1
7, SO we just write the answer:

1
roj wee  uwfe 1 1 42 (1) i ] z11
w = e == = =35 =z
PEO) e-e ff 3 2 3 3
-1 1 2 2
3
-1 1
First we find two orthogonal vectors in the plane: u = | 2| and v = |0| come
0 2
quickly to mind. These are not orthogonal but, as illustrated in Example 4.18, we
1
can get orthogonal vectors e, f by taking e = v = {0} and f = u — p, with p the
2
projection of u on v. We have
1
. u-v 1 L >
p=proj—vu=——v=—— (0| = 0
Vv ) 9 3
and
f=u—p=1 2] -] ol =] 2/=2| 5],
o] |-z AN
5 5

a vector that is indeed perpendicular to e. (Did you check?) Since the purpose is

simply to find orthogonal vectors that span 7, we can make life much simpler by

-2 3
replacing f by a new f = { 5| . Now the projection of w = {1} on the plane is
1 1
1
proj,w = T e+ "TV% f= ge + ~3%f = e. The projection of won ris e = |0
2

1 -2
In general, we take as before e = [0} and f = { 5} as orthogonal vectors that
2 1
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T
span w. With w = |y| , we have
. w~ee+w-ff at+23e+—217+5y+zf
roj, w = =
PEOJx e-e ff 5 30
L—y+z
1 — 3 2z -2y + 2z
2 1 2r+y+52 2z +y+ 52
6
1 1
70. Two orthogonal vectors in m are e = [1] and f = | ~1| , so
1 0
_13
6 -13
W ee+w~ff_1 5 oo 1 o
POl W = e ff 3 2 B Fl 6] ol
3
: f
71. Write w = ge + b0f. Thenw .-e = ae.e, 50 a = vev——s Similarly b = v:—f, 80
_w-ee+w~ff
N e fof
-2 6
72. (a) The lines have directions d; = | 1| and dp = | -3| . Since ds is a scalar multiple
2 -6

of dy, the lines are parallel,

(b) The distance between parallel lines is the distance from any point on one line to
the other line. We take @ = (0,1,4) as a point on the first line and P = (4, -2,2)

., [-4

on the second line and proceed as we did in Week 5. Let w = PQ = { 3] . The

2

2

second line has direction d = {—1} and the distance we want is the length of
-2

w — p, where p = projyw is the projection of w on d: p = projgw = Iq d =

15 2 —4 5 2

5} — b —

-3 -1} ,W—p = 3 +§ -1 =
-2 -2 _

2
73. The converse of Theorem 5.2 says that if a vector w is orthogonal to every vector in
the plane m spanned by u and v, then w is orthogonal to u and to v.

.

Whis Wk Lt

—1
% l: 2} , s0 the required distance is
-2
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74. (a)

76. (a)

Extra Problems: Solutions

The picture certainly makes Don’s theory appear
plausible and the following argument establishes that
it is indeed correct. Don takes for the projection the )

Arn

p=w — proj, w

vector p = w — proj, w. By definition of “projection proj, w v
on a plane,” we must show that w — p is orthogonal
to every vector in w. This is immediately clear since VAN
W —p=w — (W — proj,w) = proj, w is a normal to 2
the plane.
3 3 3
w-n 2 1
A normal to 7w is n = |-2{ . Thus proj,w = ne= —1-2| = -|-2| and
1 n-n 14 1 7 1
1 1 3 114
p=w—proj,w=|1| —-|-2| = =9} .
" o T Tle
4 2
The lines have directions d; = |3] and dy = |6] . Neither vector is a scalar
1 7

multiple of the other, so the lines are not parallel. Suppose they intersect at
(z,y,z). Then there would exist ¢t and s such that

r=3+4t =242
y =3t = —146s
z=—1+t=-3+7s.

The third equation says —3 + 3t = —~9 + 21s. Since 3t = —1 + 6s, we have
-3 —14+6s=-9+21s,50 158 =25, s = % and (third equation) t = —2 + 7s = %
too. But s =1 = % do not satisfy the first equation. No s,t exist, so the lines do
not intersect.

Each line is perpendicular to a normal to the plane, so the cross product of the
two direction vectors is a normal:

b 15
n=1]4 3 1 |=15i—-26j+ 18k = |-26] .
2 6 7 18
The plane has equation 15x — 26y + 182 = d, and since it contains the point
(3,0,-1), d = 15(3) + 18(—1) = 27. The equation is 15z — 26y + 18> = 27.
The shortest distance between the lines is the distance from any point on /s, say
—
P(2,~1,-3), to m. Take a point on =, say Q(3,0,~1). Then PQ = [1,1,2] . We
—_—
PQ - 25 1
@-n —-n, so the distance we want, the length of

n— n—
n-n 1225 49
this vector, is Zlg\/1225.

——
have proj, PQ =

This is not defined.
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(b) Iyl = 0% + (=1)% + 1% + 22 = 6, 50 [y| = V6.

77. Weneeda—~1=1-5b,20=-6,3=-b,anda—-b=8,80b=-3.a=8+b=5

-3 - 2¢
3a -2
78. Since 3u—2v = | 3b-2 | , we must have -3 —-2c=-1,3a—-2=1,3b-2= -2, and
6 —2a
8

6 —2a=4. Weobtaina=1,b=0,c= -1.

1
79. Since |lul] = /3, the answer is ” H 7 _(1)
1
: 8 4
80. Since [cul| = lc| [Jul| = |¢]V/6, we want |c| = —=, so ¢ = £3V/6.
V6
u-v -2
8. u-v = -2 |lul = v6, |lv]| = V2, so cosf = = ~ —0.577, and 6 ~
full = 5. Il VT~ Vi

arccos(0.577) ~ 2.2 rads =~ 125°.
82. HQu-vl[2 =2u-v) - 2u—-v)=4du-u—4u-v+v-v= 4|iuH2—4u~v+ HVH2 We

are given that 0 = u-(u+v) =u-u4u-v=|jul>*+u-v,s0u-v=~6Thus
12u = v[|* = 4(6) — 4(—6) + 1 =49 and ||2u — v|| = 7.

83. (u4v)-(x—y) = ux—u-y+v-Xx—vy = COS 60"—O~%——¢2—§ = %3_%_122 = %(\/g~\/§)—§
84. The vector v is a linear combination of vy, ..., vs since v = Ovy +0vo+(—1)vg+0vy+0vs.

85. We have u-v = =3, |lul| = v/5, |lv]| = v10. The Cauchy-Schwarz inequality is the
~2
statement 3 < /5v/10. Note that v/5v/10 ~ 7.1. Since u+v = 1} u+v)=vo =

3. The triangle inequality says 3 < v/5 + v/10. Note that v/5 + /10 = 5.4.

86. Since vq4 = —2vy, the vectors are linearly dependent: 2vy + Ovy + Ovg + vy = 0.
87. If you know, please tell me.

88. First line: Suppose cyjvq + cavo + - -+ + ¢rvg = 0 for scalars c1,¢9.. .., ¢k,

Last line: Therefore ¢; =0, ¢o =0, ..., ¢, = 0.

89. Matrices are equal if and only if corresponding columns and hence corresponding



