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Extra Problems: Solutions

= —g 2d d
!,//195 (g _i 9 | = _9 Cbl }gl . | factoring —1 from the second column and 2
i\\// ¢ —i of c i f from the third column
a b c| . . o
=20 g h i since the determinant of a matrix is the
d e f determinant of its transpose
a b ¢
=+4+2|d e f|=2(-3) interchanging rows two and three.
g h 1
196. Suppose A = LDU. Each of L and U is triangular with 1s on the diagonal, so

197.

198.

T

¢ 19/9/
S

det L = detU = 1, the product of the diagonal entries in each case. Thus det A =
det Ldet Ddet U = det D. Using just the third elementary row operation to reduce

2 -1 4 1
A= }1 éﬁjg _g to an upper triangular matrix, we have
6 ~3 0 1
2 -1 4 1 2 -1 4 1 2 -1 4
11 =10 =2 | [0 § -12 =3 [0 5 -2 -
4 0 -7 6 0 2 —15 4 o o 1 %
6 -3 0 1 0 0 -12 -2 0 —-12 -2
2 -1 4 1
0 % -12 -3 ,
“lo o 1 oz |=US=DU
0 0 0 86
200 0
, 020 0 s
with D = 0 01 o . Thus det A = det D = 2(3)(1)(86) = 258.
0 00 86

We have %(I —A)A = 1,50 (I — A)A = 2]. Taking the determinant of each side gives
det(] — A)det A = 2", If the product of two numbers is a power of 2, each number
itself is a power of 2, so the result follows.

= 4v. Thus v is an eigenvector of A corresponding to the eigenvalue 4,

8
Av = |16
0

Avy = bvy, so vy is an eigenvector corresponding to A = 5.

Ava = Ovg, so vg is an eigenvector corresponding to A = 0.

Avy = m is not Avg for any A, so vs is not an eigenvector.
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Avy = [:‘Z} is not Avy for any A, so v4 is not an eigenvector.

vy is not an eigenvector since an eigenvector is a nonzero vector.

200. (a)

202. (a)

It is easy to compute and factor det(A — AJ) when A is 2 x 2, 8o this is the most
straightforward way the question for this particular A. The matrix A — A] =

F;’\ 43)\} has determinant (1 - A)(4—A)—4 = A2 =5X = A(A—=5). Thus A =0

and A = 5 are eigenvalues, while —1, 1, and 3 are not.

When A is larger than 2 x 2, it is not so easy to find det(A — AJ) and its roots, so
we answer the question in this instance by computing det(A — AI) for each given
value of A and determining whether or not the matrix has 0 determinant. The

5-A -7 7 4 =77
matrix A — Al = 4 -3-2 4 |. When =1, A-X= |4 44| —
4 -1 2= 4 -1 1
1 -11 1 -1 1
4 =7 7| — |0 -3 3| hasdeterminant 0, so A = 1 is an eigenvalue.
4 -1 1 0 3 -3
3 =77 3 =7 7 12 —-28 28
When A =2, A—-A = |4 -54| — |4 -5 4| — |12 -15 12| —
4 -10 0 4 —4 0 1 —1
12 28 28
{ 0 13 —16 | has nonzero determinant, so A = 2 is not an eigenvalue.
0 1 -1

1 -7 7 1 =7 7

When A =4 A—Al= |4 -7 4| — |0 21 —24| has nonzero determinant,
4 -1 -2 0 27 -30

s0 A =4 is not an eigenvalue.

0 -7 7 1 -2 1

When A=5 A4A—-A= |4 -8 4| — |0 -1 1| hasdeterminant 0,50 XA = 5
4 -1 -3 o 7 -7

is an eigenvalue.

-1 -7 7 -1 -7 7
When A =6, A - A = 4 -9 4| — 0 —37 31 | has nonzero determi-
4 -1 —4 0 —29 24
nant, so A = 6 is not an eigenvalue.

Aﬁ = {8} = 4{;} , SO m is an eigenvector corresponding to A = 4.

3 12
The characteristic polynomial of A is
det(A — M) = 1;/\ 23/\ =(1=A2-A)—6=A-3\-4.

Since A2 —3XA —4 = (A —4)(A+1) = 0 for A =4 and \ = —1, the eigenvalues are
4 and ~1.

The characteristic polynomial of A4 is =5 -AH1-)X)—-32=

5-A 8
4 1—A
A —B6A =27 = (A~ 9) (A +3),s0 A =9 and A\ = —3 are the eigenvalues of A.
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203. (a)

(b)

Extra Problems: Solutions

To find the eigenspace corresponding to A = 9, we must solve the homogeneous
system (A — AI)x = 0 with A = 9. We have

-4 8 1 -2
A—/\I~{ 4_8}_{0 0}.

The variable zo = ¢t is free and z1 = 2x9 = 2t. The eigenspace corresponding to

A = 9 is the set of vectors of the form of x = Ej = [ﬂ = tm .

To find the eigenspace corresponding to A = —3, we must solve the homogeneous
system (A — AI)x = 0 with A = —3. We have
8 8 11
A‘M‘h 4}'*[0 0}
Again, x9 = t is free, but x; = —x2 = —t. The eigenspace corresponding to A = -3
is the set of vectors of the form of x = E;J = {“ﬂ = t[_ﬂ .

1 -2 3
The characteristic polynomial of A= |2 6 -6 is
1 2 -1

1-A =2 3
det(A—-A)=] 2 6-X =6 |=-AN+6A°-122+8=~(A=2)%
1 2 —1-=A

The only eigenvalue of A is A = 2. To find the corresponding eigenspace, we solve

Iy
the homogeneous system (A — AI)x = 0 for x = |22 with A = 2. We have
_J:g
-1 -2 3 [ -1 -2 3
A=A = 2 4 -6 | — 0 00
1 2 -3 0 0 0
The solutions are 3 = t, zp = s, 1 = —25+ 3t. The eigenspace consists of vectors
—2s 4+ 3t -2 3
of the form s =s| 1| +tfo}.
t 0 1
Since Av= |} |*| =¥ Q is
- 10 y - x| ? Y P(a:,y) Y=
(v.2).
. (-2,2) |
The vector PQ) = E :ﬂ . The dot Qe
product of }—)@’ and m {(which is the (=3,-2) (2.-2) !
direction of ) isy—z+a —y =0, so .
P@) and ¢ are perpendicular. Since the (~2,-3)

midpoint of PQ, which is (%3, %3), is
on ¢, £ is the right bisector of PQ.
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204.

205.

.

T

207.

208.
209.

Nt

(¢) Multiplication by A is reflection in the line with equation y = x.

(d) Reflection in a line fixes the line; in fact, it fixes every vector on the line:

Ty 0 1| jz| _ |z
A Lljjl ! O} [1} o :c} '
Thus every vector on this line is an eigenvector corresponding to A = 1. This

reflection also fixes the line with equation y = —z because every vector on this
line is moved to its negative (which is still on the line):

Al = B L =1 =

Every vector on the line with equation y = —x is an eigenvector corresponding to
A = —1. The matrix A has two eigenspaces, the lines with equations y = x and
Y = —I.

Since multiplication by A is reflection in a line, any vector on the line will be fixed by
A, so we seek solutions to Ax = x:

ER R R e

so our matrix reflects vectors in the y-axis. Any nonzero vector on the y-axis is
an eigenvector corresponding to A = 1 and any nonzero vector on the z-axis is an
eigenvector corresponding to A = —1 since these vectors are mapped to their negatives.

Ax =

We have A(au + bv) = aAu + bAv = adu + bAv = A(au + bv). This shows that au + bv
is an eigenvector corresponding to A (provided it is not 0).

1

. 1
2063 Let x = | .| and observe that Ax = 17x.
iy :

1
Let A be an eigenvalue of A and let x # 0 be a corresponding eigenvector. Then
Ax = Ax. Multiplying on the left by P gives PAx = APx. Since PA = BP, we get

BPx = APx, that is, B(Px) = A(Px). Since P is invertible, Px # 0. So X is an
eigenvalue of B with corresponding eigenvector Px.

The only eigenvalue is A = 2. The corresponding eigenspace is R3.

The answer is yes. Since Av = Av, (5A)v = 5Av = (5A)v, so v is an eigenvector of 54
with eigenvalue 5.

™
q 21@ (a) A similar to I means A = P~'IP for some invertible matrix P. But P7'/P =

P l'P=1]soA=1.
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(b) No, by 210(a). The given matrix is not 1.

(¢) The characteristic polynomial of A is (A —1)% so A = 1 is the only eigenvalue of
A. If A were diagonalizable, it would be similar to I, hence equal to I by 210(a).
Since this is not the case, A is not diagonalizable.

211. We have equations of the type B = P7'AP and C = Q! BQ for invertible matrices
Pand Q. Thus C = Q~'P 'APQ = R™'AR, with R the invertible matrix PQ. Thus
A is similar to C.

212. Since B is similar to A, the determinant and characteristic polynomial of B are,
respectively, the determinant and characteristic polynomial of A. Thus det B = 2
and the characteristic polynomial of B is A\? —~ 5 — 2.

7013} (a) det(A— D) =| 1
N A Lo -

eigenvectors are obtained by solving (A — AI)x = 0 for x = [ij with A = 0. Since

‘ = A% s0 A = 0 is the only eigenvalue. Corresponding

A is already in row echelon form, we have x; =t is free and x7 = 0, so x = tm )

(b) If P~YAP = D, the columns of P are eigenvectors. The only possibility for P here
t s

is a matrix of the form {0 0

} and such a matrix is not invertible.

-1 2

r‘7A214‘}(a) Since A — 2] = { Lo

} is not invertible, we can find nonzero vectors x with

1 -2 . I Rt
{O 0 ,SOle——LJ,

ﬂ . The eigenspace corresponding

(A~ 2I)x = 0 using Gaussian elimination: { _é _i } —

Ty = t 18 free and x7 = 229 = 2. Thus x =t
to A = 2 is the set of scalar multiples of m .

(b) The characteristic polynomial of A is (A — 2)(A +3) = A + X — 6.

(c) A is diagonalizable because A is 2 x 2 and A has two different eigenvalues.

(d) The columns of P should be eigenvectors corresponding to —3 and 2, respectively.

=12
SoP—{ 12}.

(e) The columns of () are eigenvectors of A corresponding to eigenvalues —3 and 2,
respectively. So Q1 AQ is the diagonal matrix with these numbers as the diagonal

entries, in the given order: D = [ _g g} .

e, 4-A 2 2

215.9}(&) The characteristic polynomial of Ais| -5 —-3-—-A =2

e ) 5 4 — A
= (4= MN)[(=3 = A)(4d = A) + 10] + 5[2(4 = A) — 10] + 5[—4 +2(3 + A)]
= =AM = 2A =8 = —(A—4) (N + 1)\ —2).
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(b)

()

216. (a)

(b)

Since the 3 x 3 matrix A has three different eigenvalues, 4, ~1, and 2, A is diago-
nalizable by Theorem 12.12.

The desired matrix P is a matrix whose columns are eigenvectors corresponding
to 4, —1 and 2, in that order. To find the eigenspace for A = 4, we solve
(A — ADx =0 with A = 4. Gaussian elimination proceeds

0 2 2 1 1 0 1 10
-5 -7 =2 =10 -2 -2 |—1]0 11
5 5 0 o 2 2 0 00
x1
With x = |z2] , we have x3 =t free, 15 = —x3 = —t, and £y = —1p = {, S0
T3

1
X = t[—l . To find the eigenspace for A = —1, we solve (A — Al)x = 0 with
1

5 2 2 111 111
A = —1. Gaussian elimination proceeds | -5 -2 -2 | — {0 3 3| — |0 1 1|.
03 3 000

5 5 5
3}
With x = [z2| , we have 3 =t free, 20 = —x3 = —t, and 7 = —x9 — 23 = 0, so
T3

0
X = t{—l . To find the eigenspace for A = 2, we solve (A — Al)x = 0 with A = 2.
1

2 2 2 1 1 1 111
Gaussian elimination proceeds | -5 =5 -2 | — | -5 =5 —2| — |0 0 1] .
5 5 2 0 0 O 000
z
With x = {z2| , we have zo = ¢t free, 3 = 0, and z; = —x2 — 23 = —t, SO
T3
-1 1 0 -1
x=1t| 1} . Weobtain P= | -1 -1 1.
0 1 1 0
1—A 0

The characteristic polynomial of A is 9 33
has two distinct eigenvalues and hence is diagonalizable. For A = 1, we find that

10
-1 1

}:(1—/\)(3~)\), so A

X = [_H is an eigenvector and, for A = 3, x = m . For P = { } we have

-1 ___ {10
P-1AP = D = {0 3}.

The characteristic polynomial of A4 is

~1-A 3 0
0 2-Xx 0 :(2—/\)!
2 1 —1-2X

=40 l:(z—/\)(/\+1)2.

2 -1 —-A
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There are two eigenvalues, A = —1 and A = 2. For A = 2, the eigenspace is
1 0

spanned by [1| . For A = —1, the eigenspace is spanned by |0} . There are just
1 1

two linearly independent eigenvectors. The matrix is not diagonalizable.

(¢} The characteristic polynomial of A is

2-A 1 1
1-A 0 [=(1-2X)

’2—)\ 1 |
-1 2=

1 2—-A

— O

= (1 =AM\ =4\ +3) = (1 =N\ = 1)\ =3),
so A has eigenvalues A = 1 and A = 3. The eigenvectors for A = 1 are found by
solving (A — AI)x = 0 with A = 1. Gaussian elimination proceeds
1 11 1 11
0 0 0] —=10 =2 07,
1 -1 1 0 00

so ry = t is free, 9 = 0, and x; = —x9 — 35 = —t. Eigenvectors are of the

Ti —1 —1
form |zz] = 1| 0 =1t]| 0
s t 1

Al)x = 0 with A = 3. This time, Gaussian elimination proceeds

. To find the eigenvectors for A = 3, we solve (A ~

-1 1 1
0-2 0f —

1 -1 -1

1 -1 -1
0 1 0],s0x3="=t1is free, zo = 0, and 21 = 22 + x3 = t. Eigenvectors are
0 0 O

T t 1

of the form l::rz} = {O} = tH . Since there are only two linearly independent
T3 t 1

eigenvectors, the matrix is not diagonalizable.

213; (a) The eigenvalues of A are 1 and 2 with corresponding eigenvectors, respectively,

o 1 2 12 iup . 10
H and [1  Let P = [1 1] . Then P~1AP = D = [O 2] .
(b) Following the hint, we note that D = D? where D; = B \%} . Now P71AP =

D? so A = PD?P™' = (PD;P~Y)(PD1P7') = B? with B = PD;P7! =
121 10 -1 2] _ [-14+2v2 2-2V2
11 o V2 1 -1 7 l—1+v2 2-v2]°

5
~ 218 The characteristic polynomial of A is

’ 103 —X —96

— )2 _ _ — —
o6 47_/\1_)\ 150) — 4375 = (X — 175)(\ + 25).
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220.

So A has two eigenvalues, A = 175 and A = —25. The eigenspace for A\ = 175 is the
set of solutions to the homogeneous system (A — AI)x = 0 with A = 175. Gaussian

elimination proceeds
72  —96 ~ 3 4 . 1
—-96 —128 6 8 0 '

With x = [?} , Tp =t is free and 7 = —%xg = ~%t, 80 the eigenspace consists of all
2

O wolds

4

vectors of the form t{— ﬂ , that is, multiples of {'ﬂ .

The eigenspace for A = —25 is the set of solutions to the homogeneous system (A4 —
Ax = 0 with A = —25. Gaussian elimination proceeds

128 967 [ 4 =3] 1 -3

-96 72 -4 3 0 0|

With x = [zj , Ty =t is free and 7 = %xg = %t, so the eigenspace consists of all

3
vectors of the form t[ﬂ , that is, multiples of m . The matrix P = {*g i} has

orthogonal columns and P~1AP = { 17(5) B 22
The characteristic polynomial of A is 3_—5)\ 3:5/\ } =90 —6A+ A2 25 =\ —

6A — 16 = (A — 8)(A + 2). The eigenvalues are A = —2 and A = 8. When \ = —2,

A—- M = (‘g ‘g} , the eigenspace is the set of vectors of the form m , which
is spanned by m . When A = 8, A— Al = -2 =5

[ the eigenspace is the set

of vectors of the form {_ﬂ , which is spanned by {_ﬂ . The eigenvectors m and

{ﬁﬂ are orthogonal, We can take P = } _H , in which case P"1AP = D with
_[=-20
D= [ 2 8} .

First multiply () by A and use the fact that Ax; = Aixy, Axo = Aoxg, and so on. We
obtain
CiAIXy + CaAaxa + - 4 cpApxp = 0. (*)

Now we multiply () by A; and obtain

CIAIX] + o AiXg + <+ cpAixg = 0. (%)
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221.

222.

Extra Problems: Solutions

The first terms of equations (*) and (**) are the same, so subtracting (**) from (*),
we obtain
co(Ag — A )xg +e3(Ag — A)xzs + - + co(Ag — A)xe = 0.

This is an equation just like (1) but with one less term. Also, each coeflicient is nonzero
since ¢; # 0 and A; # Ay (the As were all different). We have contradicted the fact that
(1) was the shortest dependence relation with all coefficients nonzero and the result
follows.

Similar matrices have the same characteristic polynomial, so the characteristic poly-
nomial of A is the same as that of the given matrix. The given matrix is triangular;
its characteristic polynomial is (—1 — A)(1 — A\)(=3 — A)2.

For some invertible matrix P, we have P~'AP = D where D is diagonal with diagonal
entries the eigenvalues of A. Let D; be the diagonal matrix whose diagonal entries
are the square roots of those of D. Thus D? = D. Let B = PD;P~!. Then B? =
(PD1P~Y(PD;P~'y= PD,P™'PD,P~! = PD}P~! = PDP™! = A



