Math 2000: Solutions for Assignment #7, Winter 2006

1. If the limit exists, find it. Otherwise show that it doesn’t exist.

®) (z y)li»n(a—3 4)(x3 +30%y" ~ 20+ 3) = 4l

(b)  lim sin(@® +9%) 0 24y
(@y)—(00) 2 +y? (@,9)—(0,0) 2 4 y?

Since after introduction of variable © = x? + y? we obtain

lim sin(u)

u—0 U

=1.
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(¢)  lim 5 — Limit doesn’t exist

(z,9)—(0,0) T2 + Yy

b )
If you approach (0,0) along = = O,Iir% —s = —1 but, along (y = 0), limy;—0 7 =1
y=0 y
. Yy . 2 2, .2

d lim ——=——=—= = 0. To prove this note that z* <z + y* =
(@) (2,y)—(0,0) \/x2 4 2

lz| < Va2 +y? = _ = <1l= lim oY

Vat+y? (2,9)—=(0,0) | /22 + y2

lim y lim |yl=0= lim U
(2,y)—(0,0) :1:2 Va4 y? (z,9)—(0,0) (,9)—(0,0) \/22 + 32

) 2:E6y
lim < 3
(@,y)—(0,0) ° +y
9
limit is 0. but, along (y = °), lim,—g % =1
Thus the limit is path-dependent and does not exist.

(e)

If you approach (0,0) along = = 0, or along y = 0, the

1
() lim (14 22%?)=2? Introduce new variable v = (zy)?. Then we have

(z,y)—(0,0)

lim (1 + w)* = lim (14 1/n)" =

2. Calculate the indicated partial derivatives.
(a) u = aysec(zy) ; Uz, Uy, Uzs

ou

o Y sec(xy) 4 zy? sec(zy) tan(xy) = ysec(zy) (1 + 2y tan(zy))
T



0%u
0xdy
= sec(zy) (14 3zy tan(zy) + 2%y? tan®(zy) + 2%y? sec? (zy))
= sec(zy) (1 + 3wy tan(zy) + 222y% tan®(zy) + x2y2) (using 1 4 tan® z = sec?® 2) either

form o.k.

82
8—2 = y? sec(zy) tan(zy) + v sec(zy) tan(zy) + xy® sec(zy) tan®(vy) + xy® sec® 9zy)
x

= 1% sec(zy) (2tan(zy) + zy tan?(zy) + zy sec? (zy))

= y?sec(zy) (2tan(zy) + 2zy tan®(vy) + xy) either form is o.k.
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TY+YZ = 2ZT 5 Ty, Yz 2p = T = — = =
e 2=y "y (= —y)? (z —y)?
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z=In(sin(z —y)) ; 2yae

Zzln(sin(x—y))jg;:m

2 in2(qy _ 2(m _ _
:>Q:> sm(a:'y) cos®(x y):. 1
0z sin?(x — y) sin?(z — y)
922 o 9 —2cos(z — y)
= 0xdzdy ~ Oy (_ sin (@ — y)) - sind(z —y)
O3f
_ 5 4 4.3 2
f(l‘,y,Z)—.'L' +$y2 +y:€’8x8y82
= B—f = 3x4y4x2
0z
0% f 1,32
=12
= 9507 Y’z

= sec(zy)+zy sec(zy) tan(zy)+2zy sec(zy) tan(zy)+ay® (z sec(zy) tan®(zy) + z sec’(zy))
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0xdyoz

= 48x3y3 22

=

(f) f(xh% Z) =Yz fx(ovlﬂz)

of of
= 5y —YET %|(0.1.2) =2

3. Find all first partial derivatives of the functions given below.

(a) f(z,y) = 23y° — 223y + 4o = of = 3z2y’ — 62%y> +4 or = byt — 423y
Ox Jy
r—y Of 2y of  —(@+y) —(v—y) —2z
b — _— — S — = —
B F@W) =33y = o (z+y)* Oy (z +y)? (z +y)?
O S N or _ 2y
(C) f($’y)_1n($ +y):>81‘_ $2+y2 ay_x2+y2
of —t it of 1 in(t
sin(t/x) Y, _ " sin( ZJ - Zyesin(z)
(d) f(z,t)=¢€ o~ 22 cos(x)e ot xcos(aj)e
(e) flx,y,z) = 2¥* = 9 yza¥* ! g‘;j = z(lnz)x¥? % =
y(lnx)x¥*

y322ﬁ 8—f = 3:Uy2z2\/7€ 8—f = 2xy3z\/i
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4. Confirm that Clairaut’s theorem holds for the following functions. That is, calculate f;, and
fyz and show that they are equal.

(a) flz,y) =2y’ + 2%y +2y* + 2 + ¢

0 0?
:>—f:4x3y2+3x2y4+y2+1:> / = 823y + 122%y° + 2y
ox Oyox
8f 4 3 3 an 3 2,3
- =2 4 2 2y = =38 12 2
By Ty +4x°y” + 2oy + 2y 020y oy + 12x7y° + 2y
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as required

(b) f(z,y) =sin(a®y + 7
= g;}; = (2zy+2x) cos(xy+2°) =

of _ o 2 2
8y—w cos(z7y + z°) =
2 2
L of oY
Ooxdy  Oyox

0% f

Dyos = 2a cos(zy+2?) —2? (2xy +2z) sin(xy +22)

% f

ey 2z cos(x?y + x%) — 2 (2xy + 22) sin(x?y + 2?)

as required
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(a) u::z:2+y2:>Um:2,Uyy:2:>Um+Uyy:47é0Notasolution

5. Which of the following are solutions of Laplace’s equation :

(b) u:xQ—yz:>Um:2,Uyy:—2:>Um—|-Uyy:0:0ASolution

(c) u= 2%+ 3xy? = Uy, = 62, Uyy = 62 = Uy + Uyy = 122 # 0 Not a solution

_(p2_,2
(d) u=In [[,‘2 + y2 = Uy xzf_yz = Ugx (ac(§+y§)2)
2 2
_ Y =y —2%) o .
Uy 2 + y2 = Uyy (%2 ¥ y2)2 = U:m: + Uyy =0 =0 A solution

(e) u=sinxcoshy + cosxsinhy = u, = cosz coshy — sinz sinh y

= Uyy = —sinx coshy — cos x sinh y
= Uy = sinx sinhy + cosx coshy = uyy = sinx coshy + cosx coshy = vz + uyy = 0 =
A solution

(f) u=e"cosy —e Ycosx = ug, =e “cosy+e Ycosx

— _ = _ oY _ _ ;
= Uyy = —€ " cosy —e Y CcoST = Uyy = Uyy = 0 = A solution



