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Definition of a group grading

Let A be a nonassociative algebra over a field F. Let G be a group.

Definition
@ A G-grading on A is a vector space decomposition
M A=@geqAgsuchthat Ag- Ay C Agpforallg, h e G.
Ayg is called the homogeneous component of degree g.
@ The supportof I'is the set S = Suppl := {g € G| Ag # 0}.
@ The universal (abelian) group U(I') is the (abelian) group with
generating set S and defining relations s;s, = s3 whenever
0 # As,As, C As,.

I can be regarded as a U(I")-grading.
3 homomorphism U(T') — G that restricts to idg.

We assume that dim A < oo and G is abelian.
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Examples of gradings

The following is a Z-grading on g = sl3(C): g = g_1 ® go © g1 Where

-+ = Span {[38]}. a0 = Span {[§ %]}, a1 = Span (3]}

This can also be regarded as a Zn-grading for any m > 2, but the
universal group is Z.

Example (Cartan grading)
Let g be a s.s. Lie algebra over C, h a Cartan subalgebra. Then

g=ha (P o)

acd

can be viewed as a grading by the root lattice G = (®).
Suppl = {0} U ®; U(I') = G=Z" where r = dimb.
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Examples continued

Example (Pauli grading)
A grading on g = slo(C) by Z» x Z, associated to the Pauli matrices

os=[g %], o1 =[95], 02=[2i¢].
Namely, g = g2 ® gp ® gc Where Z3 = {e, a, b, ¢} and

ga=Span{[$ ° ]}, 9o = Span {[$ ]}, gc = Span {[ % §]}-

\

Example (Generalized Pauli grading)

Ife €T, there is a grading on R = M,,(]F = on g = sl,(F)) by G = Z2:
0..0
S0
0 and Y =

N
—O

10
0 e
X = 00¢ , Where ¢ is a primitive n-th

o
-0 ! oo

) (

.00
.00
.01
.00

0.
00 ..t 0. o
b of G and set Rap =FX'Y.

o
root of 1. Choose generators a an
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Isomorphism and equivalence of gradings

@ Two G-gradings on A, A = P,cgAg and A = Py Ay, are
isomorphic if there exists an algebra automorphism ¢ : A — A
such that ¢/(Ag) = Ay for all g € G.

® A G-grading A = P .5 Ag and an H-grading A = @ g A}, With
supports S an S, respectively, are equivalent if there exists an
algebra automorphism ¢ : A — A and a bijection a: S — S’ such
that ¢(Ag) = A’a(g) forallg € S.

In the def of equivalent gradings, if G and H are universal grading
groups then « extends to a unique isomorphism of groups G — H.

All Pauli gradings on M(F) or sl,(IF) are equivalent. For M,(IF), there
are ¢(n) (Euler function) non-isomorphic Z2-gradings among them.
Hence 1¢(n) for sin(F) if n > 2.
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Fine gradings

Definition

Consider a G-grading I' : A = P45 Ag and an H-grading

": A =,.gA} We say that I is a coarsening of T (or I is a
refinement of I'') if for any g € G there exists h € H such that Ay C A}
If we have # for some g € Supp I, then I a proper refinement of I''.

A grading is fine if it does not have proper refinements.

| \,

Example
slo(C) = Span {[{ % |} @ Span{[J 1], [%?9]} is a Z,-grading that is a
proper coarsening of the Cartan grading and also of the Pauli grading.

Up to equivalence, there are exacly 2 fine ab. group gradings on
slo(F), char F # 2: the Cartan grading and the Pauli grading.

v

If Fis a.c., charF = 0, then (equivalence classes of) fine gradings on A
< (conjugacy classes of) maximal quasitori in Aut(A).
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Nonreduced root systems

A set ¢ of vectors in a Euclidean space E is a root system if

R1) @ is a finite subset of E \ {0} that spans E;

(

(R2) if a € &, then the only scalar multiples of «in ® are +q;

( 2(u,a)
(a,)

(

)
R3) if a € &, then the reflection o: U+— U — « leaves ¢ invariant;
)

R4) if a, 8 € &, then 229 ¢ 7,

()

Irreducible root systems: A, (r > 1), B, (r > 2), C, (r > 3), D, (r > 4),
Es, E7, Eg, F4, Go, where the subscript is the dimension of the space.

If & satisfies (R1), (R3) and (R4) but not necessarily (R2), it is called a
nonreduced root system.

Irreducible nonreduced root systems: the above and BC, (r > 1).
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Lie algebras graded by a reduced root system

Definition (Berman—Moody, 1992)

A Lie algebra £ over F is graded by the root system ¢, or ®-graded, if
@ £ contains as a subalgebra a finite-dimensional simple Lie
algebrag=h o (@aeq, ga) whose root system is o, relative to a
Cartan subalgebra b = go;
Q £ =B, £(e), where
L(a)={X e L|[H,X] =a(H)X forall H € h}; and
Q £(0) = > ncoll(a), L(=a)].
The subalgebra g is said to be a grading subalgebra of L.

A\

Example (Tits, 1962)

L is Ay-graded if it contains an sl,-triple (E, F, H) such that
L=L(-2)® L(0) D L(2), where L(i) ={X € L | [H,X] =iX}, and
L(0) = [£(—2),£(2)]. Hence £ = (slp ® A) & D as an sl;-module. A
can be given the structure of a unital algebra (“coordinate algebra”).
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Lie algebras graded by a nonreduced root system BC,

Definition

Let ® be the nonreduced root system BC, (r > 1). A Lie algebra £
over [ is graded by ¢, or ¢-graded, if

@ £ contains as a subalgebra a finite-dimensional simple Lie
algebrag=h o (@aeq,, ga) whose root system ¢’ relative to a
Cartan subalgebra h = gq is the reduced subsystem of type B;, C,
or D, contained in ¢;

L(a)={XeL:[H,X]=a(H)X forall He h}; and

Q £(0) = Xocoll(a) £(=a)].

Again, the subalgebra g is said to be a grading subalgebra of £, and £

is said to be BC,-graded with grading subalgebra of type X;, where X,
is the type of g.
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Fine gradings and gradings by root systems

Let £ be a simple Lie algebra over an a. c. field F of characteristic 0.

Theorem (Elduque, 2013)

LetT: L =@DgcsLg be a fine grading where G is the universal group
of I'. Then the following conditions hold:

@ L. is atoral subalgebra of L.

@ dim £, coincides with the free rank of G.

© Let G= G/t(G). The induced gradingT : £ = @geé Lg is the
weight space decomposition relative to L.

Q Leth=Leand ® = {a € h*\ {0} | L(a) # 0}, s0 G = Z®. Then
® is an irreducible (nonreduced) root system in E = R ®@¢g Q9.

© For each simple root o in ®, pick its preimage g., in G. Then
G=Ga t(G) where G is free with basis g,. Let g = @geé Lg.
Then L is graded by the root system & with grading subalgebra g.
If ® is not reduced (type BC;), then g is simple of type B;.
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Definition of a structurable algebra

Let F be a field, charF # 2, 3. Let A be a unital algebra over F and let
X — X be an involution of A.

For any x, y € A, define the operator Vy ) : A — A as follows:
Viy(2) = (xy)z + (zy)x — (zx)y forall z € A,

and set Ty = Vi1, i.e., Tx(Z) = xz+ zx — zX.

Definition (Allison, 1978)

A unital algebra with involution (A,") is said to be structurable if

[Tz, Vayl = V1, (x)y — Vo) forallx,y,ze A

If (A,") is structurable then it is skew-alternative, i.e.
(s,x,¥)=—(x,8,y)=(x,y,s) forall x,y,s e Awiths=—s,
where (x,y, z) .= (xy)z — x(yz).
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Examples of structurable algebras

If (A,”) is an associative algebra with involution then it is structurable.

If J is a Jordan algebra then (J,") is structurable where the involution is
the identity map.

Recall that a Hurwitz algebra is a unital algebra endowed with a
nonsingular multiplicative quadratic form (the norm). The standard
conjugation of a Hurwitz algebra (C, n) is given by X = —x + n(x, 1)1.

If ¢4 and Gy are Hurwitz algebras then (€1 ® C»,7) is structurable where

X1 @ X = X1 ®Xo forall x;y € C; and x» € Co.
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Lie algebras associated to a structurable algebra A

letH={xcA|Xx=x}andS={xec A|x=—x}.

@ The Lie algebra of derivations (commuting with the involution)
Der(A).

@ The (inner) structure Lie algebra stt(A), which is the subalgebra
of gl(A) spanned by the operators Vy , x,y € A. For simple A,
Der(A) is a subalgebra of stt(A) and we have a Z,-grading on
ste(A) with ste(A)g = Der(A) @ Ts and ste(A); = Ty.

@ The Steinberg unitary Lie algebra stuz(A) is obtained from three
copies of A.

@ The Kantor algebra Kan(A) is a Lie algebra graded by the
nonreduced root system BCy with coordinate algebra A.

Any grading on A by an abelian group G induces a grading on

@ Der(A) by G,

@ str(A) and its derived algebra strp(A) by G x Zo,

@ stug(A) by G x 73,

@ Kan(A) by G x Z.
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Kantor construction for structurable algebras

Let A be a structurable algebra. Consider two copies, A™ and A, of
A, and two copies, 8T and 8§, of 8. Let £ = str(A) and let ¢ be the
grading automorphism of £. Define Kan(A) =8~ @ A~ & LB AT ST,
This is a Z-grading with support {—2, —1,0,1,2} (if S # 0). Consider
also the coarsening mod 2: Kan(A) = Kan(A)z ® Kan(A)j.

We can identify the element (¢, y, A, x, s) € Kan(A) with

< 2 i\i ) = < ; ) € Kan(A); @ Kan(A)z,
and define a skew-symmetric product by
[C,D]=CD—-DC, [C,ul=Cu, [uVv]=uxV—V=xu,
for C, D € Kan(A)g, u,v € Kan(A)3, where
() ()= (g v
y w Yw Vyz )’

where Uy z(y) :== Viy(2), A" = A— T Aty AT
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Steinberg unitary Lie algebras

If A is a unital associative algebra with involution, define an involution
¢ on My(A) by X — 7_17tfy where v = diag(y1,...,7n), 7i € F*.
= the unitary Lie algebra un(A,~) = {X € My(A) | o(X) = —X}.
Definition (Allison—Faulkner, 1993)

Let A be any unital algebra with involution. Define stu,(A,~) (n > 3) as
the Lie algebra generated by the symbols uj(a), i # j, a € A, subject to
the following relations: uji(a) = uj,-(—y,-yjf%); aw— uj(a) is F-linear;
[u,-,-(a), Ujk(b)] = u,-k(ab) for distinct i,j, k;

[uj(a), uk(b)] = 0 for distinct /, j, k, .

If A is associative, then uji(a) — alij] := aej — 7,-7]?15@-,- yields an
isomorphism stu,(A,v)/3 — psu,(A, 7).

Theorem (Allison—Faulkner, 1993)

The linear maps a — ujj(a) are injective < eithern> 4 and A is
associative or n = 3 and A is structurable.
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Cayley—Dickson doubling process

Let IF be a field, charF # 2. Let Q be a Hurwitz algebra with norm n. Fix
0 # a € Fandlet €9(Q,a) = Q& Qw be the direct sum of two copies
of Q, where we write the element (x, y) as x + yw, with multiplication

(a+ bw)(c + dw) = (ac + adb) + (da + bc)w,
and norm

n(x + yw) = n(x) — an(y).

It is well known that €9(Q, «) is a Hurwitz algebra < Q is associative.
Note that X := €D(F, a) is Zp-graded, Q := ¢D(X, ) is Z3-graded and
C:= ¢D(Q,) is Z3-graded. Explicitly,

0} (87 Q.
€= P Fe. where e, = (w;'ws?)ws®.
a€Zd
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Division gradings and twisted group algebras

Thus, any Cayley algebra € can be realized as a twisted group algebra
IF"Z%. If Fis a.c. then w; can be normalized (Albuquerque—Majid,
1999) so that o(a, 3) = (—1)%(®F) where

V(a, B) = Bragag + atfeag + arazfs + 3 ib).

If F is a.c. then the quaternion algebra Q = M(F), and the Z3-grading
induced by the Cayley—Dickson process is isomorphic to the Pauli
grading.

More generally, if F contains a primitive n-th root of 1 then M,(F) can
be realized as a twisted group algebra F?Z2 (here o is a 2-cocycle).

These gradings are division gradings in the sense that (nonzero)
homogeneous elements are invertible.

If Fis a.c. and Mu(IF) is endowed with a division grading by G then the
support T C G is a subgroup and M,(F) = F?T. Such gradings are
classified up to isomorphism (Bahturin—K, 2010) by the pairs (T, )
where 5(a, b) = o(a, b)/o(b, a) is a nondegenerate alternating
bicharacter Tx T = F*, T C G, |T| = n°.
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First Tits construction

Let F be an a.c. field, char[F # 2. The simple exceptional Jordan
algebra A = H3(C), with multiplication x o y = (xy + yx), can be
realized as the sum of three copies of R = Mz(F).
Any x € R satisfies the Cayley—Hamilton equation

x3 — tr(x)x? + s(x)x — det(x)1 =0,

where s(x) = % (tr(x)? — tr(x2)). Define x* = x2 — tr(x)x + s(x)1, s0
xx* = xtx = det(x)1 for any x € R, and its linearization

XXy = %(xy + yx — (r(x)y + tr(y)x) + (tr(x)tr(y) — tr(XY))1)-

Setx = x x 1 = J(tr(x)1 — x). Then A = Ry & Ry & Rp, where R is
linearly isomorphic to R; (x — x;), with the following multiplication:

a b, Cy
a | (aod) (ab) (c'a)2
by | (ab)y (bxb) (bc)o
| (cd@)2 (b'c)y  (cx )4
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Albert algebra as a twisted group algebra

Assume charF # 2,3 and let w be a primitive cubic root of 1. Let
w00 010
x=]0 w 0] and y=1({0 0 1],
0 0 1 100
which satisfy xy = wyx.

Then we have a Z3-grading on A defined by

A= P Fe, where e, =w™(x*y*2),, € Ra,.
aEZg

This is a division grading and identifies (Griess, 1990) A with IF”Z%
where

- wt(@h) if dimz, (Zso + Z3f) <1,
o(a,B) =
_%ww(aﬁ) otherwise,

and ¢(a, B) = (@182 — azB1)(as — B3).
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Cayley—Dickson doubling process for Jordan algebras

Let F be a field, char F # 2. For a separable (finite-dimensional) Jordan
algebra (g, -) of degree 4 , we can define a structurable algebra by
means of the following doubling process.

Let A = g & vJ with multiplication determined by the following rules:
ab=a-b, a(vb) = v(a’ - b), (va)b = v(d - b%)?, (va)(vb) = (a- b?)’,

where 0: J — Jis a linear map defined by 1% = 1 and &’ = —a for any
element a whose generic trace is zero. The involution of A is defined
by a+ vb=a-— vb.

Note that the only skew-symmetric elements are the scalar multiples of
v. Since v? = 1, it follows that all automorphisms of A (commuting with
involution) send v to +v and all derivations (commuting with involution)
send v to 0. Any automorphism or derivation of J extends uniquely to
A. A grading on J by an abelian group G induces a grading on A by

G x Zz.
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The structurable algebra J4(Q) & vIH4(Q)

Let Q be the split quaternion algebra over F, equipped with its standard
involution. Upon the identification Q = M,(F), the involution switches
E11 with Eo» and multiplies both E1» and E»¢ by —1. The subalgebra
K = Span {Ey1, Epp} is isomorphic to F x [F with exchange involution.

Consider the associative algebra Ms(Q) with involution (g;)* = (q;).
Since My (Q) = My(F) ® Q, we can alternatively write the elements of
M,4(Q) as sums of tensor products or as 2 x 2 matrices over My(F).
Consider the Jordan subalgebra of symmetric elements

Ha(Q) = {ae My(Q) | a* = a}
={(y2) | x,y,2€ Ma(F), x' = —x, y' = —y}.
Note that the subalgebra H4(X) C H4(Q) is isomorphic to My (F)H.

The Cayley—Dickson double A = H4(Q) & vH4(Q) is a simple
structurable algebra of dimension 56. The simple Lie algebras of
“series” E can be constructed in terms of A as follows: Der(A) has
type Eg, strg(A) has type E7 and stuz(A) has type Eg.
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Construction of the Z3-grading

Assume F contains a 4-th root of 1. The construction will proceed in
two steps:

@ define a Z4-grading on A = H4(Q) & vFHy4(Q),
@ refine it using two commuting automorphisms of order 4.

The even components of the Z4-grading are just Ag = 34(X) and
Az = vIH4(X). The odd components are as follows:

1 ={x®@Ep+v(y®Ex) | x,y € My(F), x!' = —x, y' = -y} and

Az = {X® By + v(y ® Ep2) | X,y € My(F), x' = —x, y' = —y} = vA;z.
The group GL4(F) acts on H4(Q) via g — Ad (0 (g(; ) Let ¢ and v

be the automorphisms of H4(Q) corresponding to the generalized
Pauli matrices X and Y in GL4(IF). We denote their extensions to A by
the same symbols.

Note that ¢ and ) have order 4 and preserve the Z4-grading of A,but
they do not commute!
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The automorphism =

The automorphisms ¢ and v of A commute on the even component
Ag ® Az = Ha(X) ® vIH4(XK) and anticommute on the odd component
A7 © As.

We will construct another automorphism = of order 4 that preserves

the Z4-grading, commutes with each of ¢ and ) on A5 ® A5 and
anticommutes on A; @ As.

Let U={x®Ejp | x'=—x}and V={y® Ep | y' = —y}, s0
A;=UdvVand Az = Vo vU.

U and V are dual GL4(F)-modules, but isomorphic as SL4(F)-modules.
We construct an SL4(IF)-isomorphism U — V, x ® Eys — X ® Epq, using
the Pfaffian pf(x) = X12X34 — X13Xo4 + X14X23 for skew x = (x;) € Ma(FF).

Finally, we define 7: A — A as identity on Az ® A5 and

7T(X®E12):—V(?®E21), 7T(V(X®E12)):—?®E21,
m(x® Ez1) = v(X® Ey2), w(v(x® Ez1))= X® Eja.
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Construction of the Z3-grading (continued)

Fix i € F with i? = —1, so X = diag(1,i, —1, —i). We will keep ¢ and
replace ¢ by ¢, which is the composition of = and the action of
X = diag(w, w®, w®, w’) where w? = i. (We can temporarily extend F.)

Then ¢ and ¢ are commuting automorphisms of order 4 and hence we
geta Zi-grading of A by setting

Agrn = lac Al v(a) =1, g(a) = (-1)}.
Explicitly, the homogeneous components are given by

ok = FOXFYE @ Ery + (XY © Bpo):

>

K
Ak 0 = FVX Y ® Ery + (XKYE)! ® Enp):
Ado,e = F(& ® B2 + i“v(er ® Ea)), £=1,3;

Adz,7) =F&2®Ep2 + i“v(ea @ Ex)), £=1,3;

Adi,e = F(&3 ® Bz — i‘v(es ® E21)), £=1,3;

Az, = F(&s ® B2 — V(€ ® Epy)), £=1,3;

Aq7,7) = F(&s ® B2 + i“v(es ® Ex)), £=0,2;
Ad.3.0) = Flés ® Erp +i°V(ge ® Ez)), £=0,2.
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Construction of the Z3-grading (completed)
On the previous slide, {¢1, ..., &} is the following basis of K4(F):

0 1 0

F1

0 1 0
1

0

§1,2 =

0 1 0 +i
0 i 0
) €3,4 = 0 —1|>%6=

skew 0

0 0o 1 0
0 0 i
0 0
skew skew 0

Since all nonzero homogeneous components have dimension 1, our
73-grading on A = 34(Q) ® vH4(Q) is fine.

Up to equivalence, it is a unique Z3-grading with this property;

it is a division grading (Aranda—Elduque—K, 2013).

The support S is a proper subset of Zf; of size dim A = 56, which can
be characterized as follows:

g ¢ S< g?>=hwhere h=(2,0,0) is the degree of v.

Recall that the even component Az @ As is the double of the Jordan

algebra M4(]F)(+), so this double receives a fine grading by Z, x Z2.

Here the support is the entire group; there is a distinguished element
h=(1,0,0) of order 2 (the degree of v).
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Fine gradings for Gz and F4

Assume that the ground field F is a.c., charF # 2, 3.

Up to equivalence, there are exactly two fine gradings on the Cayley
algebra €: the division Z3-grading and the Cartan Z?-grading
(Elduque, 1998). They yield two fine gradings on the simple Lie
algebra Der(C) of type G, which is a complete list (Draper—Martin,
2006; Elduque—K, 2012).

Up to equivalence, there are exactly four fine (abelian) gradings on the
Albert algebra g, with universal groups Z*, Z x Z3, Z3 and Z3
(Draper—Martin, 2009; Elduque—K, 2012). They yield four fine gradings
on the simple Lie algebra Der(J) of type F4, which is a complete list.
Two of these can be obtained from the Zg-grading on G, regarded as a
structurable algebra, using the models Kan(C) and stuz(C) for Fy.
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Fine gradings for “series” E, infinite universal group

The ground field F is assumed a.c., charF # 2, 3.

l Es E Eg l
| Universal group Model || Universal group Model || Universal group Model |
78 Cartan 77 Cartan 78 Cartan
Z* x Zp T(Fge,TYy) z* x 73 T(r%,rYy) z* x 73 T(r,rl)
(Fa, K) (Fa, Q) (Fa, ©)
72 x 72 T(r} ,rﬁ,,s(m) — 72 x 73 T(rh,r4)
(Gp , My(E)(D)) (Go, A)
2 ., 3 2 3 3 2 1
72 x 73 TS Mg (ry) z8 x 73 T(% Meg(a)
(A2, C) (G, €)
72 x 73 Kan(F o (x)) 7% x 73 Kan(F x (%)) 72 x 73 Kan(fx(a))

(BCz , X(F)1/2)

(BC2 , X(X)1/2)

(BC2, X(2)1/2)

J— 7 x 73 T(rh, ) J—
(A, A)

Z x Zg Kan(l'gc(m) Z x Zg Kan(r&(x)) Z x Z; Kan(r&(g))

(BCy , X(F)) (BCy , X(X)) (BCi , X(2))
Z X174 T(Moc, T3) Zx 173 7(r3,,rs) Z x 7§ 7(r3,rd)

(BCi, X®C) (BC1,2®¢C) (BC, €®¢e)
—_— Z x Zi X Zp Kan(r%c(x)) Z x Zi Kan(l’zx(g))

(BCy , X(X)) (BCi , X(9))
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Fine gradings for “series” E, finite universal group

[ Eg E; Eg
| Universal group Model || Universal group Model || Universal group Model |
z3 ) — z3 oo, o)
73 x 73 7(r3, rﬁ,,s(F)) — —
Zy X I3 T(Moc, ™) 72 x 13 T(r3, r4) 73 x 73 7(r2,r4)
z} stu3(|'1x(]F)) z8 5tu3(r1,x(9<)) z 5tu3(r?x(g))
75 T(Mec,2) z] T(r3,r2) z3 7(r2,r2)
z3 Der(%:(0)) Z8 x Zy steo(T% (o)) z3 x 72 stug(M50))
Zy X 73 Dcr(rgc(g)) Zy X T3 stro(rgc(g)) 7y X 7§ s¢u3(rgc(g))
—_— Zi X Zg 5tua(r%c(x)) —_—
— — Zg Jordan grading

The list is known to be complete (up to equivalence) for Eg if charF = 0
(Draper—Viruel, preprint 2012).
If F = C, the completeness of the list for E,, r = 6,7, 8, follows from the

results of Yu on compact real Lie algebras of these types, announced in

2014. By the result of Elduque on the independence of the ground field, also
announced in 2014, this holds in general if charF = 0.
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