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Definition of group grading

Let A be an algebra (not necessarily associative) over a field F.
Let G be a (semi)group.

Definition
A G-grading on A is a vector space decomposition
A =

⊕
g∈G Ag such that Ag ·Ah ⊆ Agh for all g,h ∈ G.

The support of the G-grading is the set
SuppA := {g ∈ G | Ag 6= 0}.

Definition
Two G-gradings on A, A =

⊕
g∈G Ag and A =

⊕
g∈G A′g , are

isomorphic if there exists an algebra automorphism ψ : A→ A

such that ψ(Ag) = A′g for all g ∈ G.
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Cartan grading

Example
Let g be a finite-dimensional semisimple Lie algebra over C,
and let h be a Cartan subalgebra. Then the Cartan
decomposition

g = h⊕ (
⊕
α∈Φ

gα)

can be viewed as a grading by the root lattice 〈Φ〉 ∼= Zr ,
r = dim h .

Cartan grading also exists for simple Lie algebras of types A-G
in characteristic p > 0.
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Pauli matrices

Example

There is a Z2 × Z2-grading on g = sl2(C) associated to the
Pauli matrices

σ3 =
[ 1 0

0 −1
]
, σ1 =

[
0 1
1 0

]
, σ2 =

[ 0 i
−i 0

]
Namely, we set

g(0,0) = 0, g(1,0) = Span {
[ 1 0

0 −1
]
},

g(0,1) = Span {
[

0 1
1 0

]
}, g(1,1) = Span {

[ 0 1
−1 0

]
}.

Any G-grading on sl2(F), charF 6= 2, is induced by the above
grading or by the Cartan grading via a group homomorphism
Z2

2 → G, resp. Z→ G.
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Graded modules

Let A =
⊕

g∈G Ag be a grading on an associative (or Lie)
algebra.

Definition
An A-module V is said to be graded if it is equipped with a
vector space decomposition V =

⊕
g∈G Vg such that

Ag · Vh ⊆ Vgh for all g,h ∈ G.
A homomorphism of graded modules ϕ : V →W is a
homomorphism of modules such that ϕ(Vg) ⊆Wg for all g ∈ G.

Lemma
Let A =

⊕
g∈G Ag be a G-graded associative algebra where G

is any group. Let N ⊂ M be graded A-modules. If N admits a
complement in M as an A-module then it admits a complement
as a graded A-module.
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Graded modules (continued)

Take A = U(g) where g is a semisimple f.d. Lie algebra over a
field of characteristic 0
⇒ the category of graded f.d. g-modules is semisimple.

Example

Consider g = sl2(F) with the Pauli grading
⇒ the natural module V = Span {v1, v2} does not admit a
grading that would make it a graded g-module.
But W = V 2 = Span {v j

i | i , j = 1,2} admits a grading making it
a graded-simple g-module:

W(0,0) = Span {v1
1 + v2

2}, W(1,0) = Span {v1
1 − v2

2},
W(0,1) = Span {v1

2 + v2
1}, W(1,1) = Span {v1

2 − v2
1}.

The natural sl2-module has graded Schur index 2
wrt Pauli grading.
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A structure theorem

D graded division algebra: all nonzero homogeneous elements
are invertible⇒ graded D-modules are free (“graded v.s. / D”)

Theorem
Let R be a G-graded algebra (or ring). Then R is graded simple
and satisfies d.c.c. on graded one-sided ideals⇔ there exists a
G-graded division algebra D and a graded right v. s. V of finite
dimension over D such that R ∼= End D(V ) as a graded algebra.

The graded division algebra D and graded v.s. V over D are
determined up to isomorphism and shift of grading.
If R = Mn(F) with a G-grading then D ∼= M`(F) with a division
grading and R ∼= Mk (D) with a grading determined by a k -tuple
(g1, . . . ,gk ) of elements of G, k` = n.
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Generalized Pauli matrices

A G-grading on D = M`(F) is a division grading if it makes D a
graded division algebra (⇒ SuppD is a subgroup).

Example

X =

 1 0 0 ... 0
0 ε 0 ... 0
0 0 ε2 ... 0
...

0 0 0 ... εn−1

 and Y =

 0 1 0 ... 0 0
0 0 1 ... 0 0
...

0 0 0 ... 0 1
1 0 0 ... 0 0

 ,
where ε ∈ F is a primitive `-th root of unity. Then the following is
a division grading by Z` × Z`: D(i,j) = FX iY j .

Theorem (HPP,BSZ for charF = 0; BZ for charF > 0)
Let T be an ab. group and F an a.c. field. Then for any division
grading on D = M`(F) with support T , there exists a
decomposition T = H1 × · · · × Hr such that Hi

∼= Z2
`i

and
D ∼= M`1(F)⊗ · · · ⊗M`r (F) with M`i (F) graded as above.
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Classification of division gradings on M`(F)

Suppose D = M`(F), F a.c. field, has a division grading with
support T ⊂ G. Then, for each t ∈ T , Dt = FXt and hence

XsXt = σ(s, t)Xst

for some 2-cocycle σ : T × T → F×, i.e., D is isomorphic to a
twisted group algebra FσT , with its natural T -grading regarded
as a G-grading. Set β(s, t) = σ(s, t)/σ(t , s).

Theorem (BK)
If G is abelian, then the isomorphism classes of division
gradings on M`(F) are in bijection with the pairs (T , β) where
T ⊂ G is a subgroup of order `2 and β : T × T → F× is a
nondegenerate alternating bicharacter (⇒ charF - `).
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Graded Brauer group

Fix an abelian group G and consider G-graded matrix algebras.
If R = End D(W ), we denote by [R] the isomorphism class of D.
R1 = End D1(W1) and R2 = End D2(W2)⇒ R1 ⊗ R2 = End D(W )
for some D and W .
What is D?
D depends only on D1 and D2 ⇒ define [R1][R2] := [R1 ⊗ R2].

Let Ĝ be the group of characters. For any χ ∈ Ĝ, there is a
unique t ∈ T such that χ(·) = β(t , ·) on T .
Define an alternating bicharacter β̂ on Ĝ (with values in F×) by
setting β̂(χ1, χ2) = β(t1, t2).
T and β can be recovered from β̂ as follows: T = (radβ̂)⊥ and
β(t1, t2) = β̂(χ1, χ2) where χi is any extension of
β(ti , ·) : T → F× to a character of G (i = 1,2).
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Graded Brauer group (continued)

If [R1] corresponds to β̂1 and [R2] corresponds to β̂1 then
[R1][R2] corresponds to β̂1β̂2.
The G-graded Brauer group of F is isomorphic to the group of
alternating continuous bicharacters of the pro-finite group Ĝ0
where G0 is the torsion subgroup of G if charF = 0 and the
p′-torsion subgroup of G if charF = p.
The topology of Ĝ0 comes from the identification of Ĝ0 with the
inverse limit of the finite groups Ĥ where H ranges over all finite
subgroup of G0.
Ĝ0 is a compact and totally discontinuous topological group.

Lemma
If ε is a homogeneous idempotent of R then εRε is a G-graded
matrix algebra and [εRε] = [R] in the G-graded Brauer group.
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Action of Ĝ and twisting of modules

Let L be a semisimple f.d. Lie algebra over an a.c. field F of
characteristic 0. Given a grading L =

⊕
g∈G Lg by an abelian

group G, we want to classify (f.d.) graded-simple L-modules.

For χ ∈ Ĝ, denote by αχ the corresponding automorphism of L:
αχ(x) = χ ∗ x for all x ∈ L.
If W is a graded L-module then Ĝ also acts on W . For χ ∈ Ĝ,
denote by ϕχ the corresponding linear transformation of W :
ϕχ(w) = χ ∗ w for all w ∈W .
For any L-module V and α ∈ Aut(L), denote by Vα the
corresponding twisted L-module, i.e., the vector space V with a
different L-action: x · v = α(x)v for all x ∈ L and v ∈ V .
If α is inner then, for any L-module V , the twisted module Vα is
isomorphic to V , so the action of Aut(L) on the isomorphism
classes of L-modules factors through Out(L) := Aut(L)/Int(L).
In particular, the orbits are finite.
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From simple modules to gradings on matrix algebras

If W is a graded L-module then LgWh ⊂Wgh for all g,h ∈ G
⇔ ϕχ(xw) = αχ(x)ϕχ(w) for all χ ∈ Ĝ, x ∈ L,w ∈W
⇔ ϕχ : W →Wαχ as L-modules, for all χ ∈ Ĝ

For any L-module V , denote Vαχ by Vχ.

Let Vλ be a simple (f.d.) module of highest weight λ. Define the
inertia group Kλ = {χ ∈ Ĝ | Vχ

λ
∼= Vλ} = {χ ∈ Ĝ | τχ(λ) = λ},

where τχ is the diagram automorphism corresponding to the
image of αχ in Out(L). Let Hλ := K⊥λ ⊂ G.

For V = Vλ, ρ : U(L)→ End (V ) is surjective. For any χ ∈ Kλ,
there exists uχ ∈ GL(V ) such that ρ(αχ(a)) = uχρ(a)u−1

χ for all
a ∈ U(L), and the inner automorphism α̃χ(x) := uχxu−1

χ of
End (V ) is uniquely determined.
⇒ we obtain a representation Kλ → Aut(End (V )), χ 7→ α̃χ, and
a corresponding G-grading on End (V ) where G = G/Hλ such
that ρ : U(L)→ End (V ) is a homom of graded algebras.
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Graded Brauer invariant and graded Schur index

Definition
The class [End (Vλ)] in the (G/Hλ)-graded Brauer group will be
called the Brauer invariant of λ (or of Vλ) and denoted by Br(λ).
The degree of the graded division algebra D representing Br(λ)
will be called the (graded) Schur index of λ (or of Vλ).

Proposition

Let V = Vλ and G = G/Hλ. The L-module V k admits a
G-grading that makes it a graded-simple L-module if and only if
k equals the Schur index of V . This G-grading is unique up to
isomorphism and shift.

L = sln(F) with the Pauli grading, V natural module, i.e., λ = ω1
⇒ Hλ = {e}, G-graded Schur index of V is n.
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Induced graded module

Let H be a finite subgroup of G and let U =
⊕

g∈G Ug be a

G-graded v. s. where G = G/H. Let K = H⊥ ⊂ Ĝ and
W = IndĜ

K U := FĜ ⊗FK U.
W is a Ĝ-module⇒ a G-graded space.
Explicitly, take Ĥ = {χ1, . . . , χs} and extend each χi to G
⇒ {χ1, . . . , χs} is a transversal for the subgroup K in Ĝ, so
IndĜ

K U = χ1 ⊗ U ⊕ · · · ⊕ χs ⊗ U, and, for any g ∈ G,
Wg =

{∑s
j=1 χj ⊗ χj(g)−1u | u ∈ Ug

}
.

We will denote the G-graded space W =
⊕

g∈G Wg by IndG
G/HU.

If U is a G-graded L-module then L acts on W as follows:
x · (χ⊗ u) = χ⊗ αχ−1(x)u for all x ∈ L, χ ∈ Ĝ and u ∈ U.
If U is simple as a G-graded L-module and K is its inertia
group then W is simple as a G-graded L-module.
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Definition of W (O)

Let λ be a dominant integral weight. If µ ∈ Ĝλ then Hλ = Hµ

(since Ĝ is abelian) and the (G/Hλ)-graded algebras End (Vλ)
and End (Vµ) are isomorphic. Hence λ and µ have the same
graded Schur index and Brauer invariant.

Definition

For each Ĝ-orbit O in the set of dominant integral weights, we
select a representative λ and equip U = V `

λ with a
(G/Hλ)-grading, where ` is the graded Schur index of Vλ. Then
W (O) := IndG

G/Hλ
U is a graded-simple L-module.
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Classification theorem

Theorem

For any graded-simple f.d. L-module W, there exist a Ĝ-orbit O
of dominant integral weights and an element g ∈ G such that
W is isomorphic to W (O)[g].
Two such graded modules, W (O)[g] and W (O′)[g′], are
isomorphic if and only if O′ = O and g′Gλ = gGλ where Gλ is
the pre-image of the support of the Brauer invariant [End (Vλ)]
under the quotient map G→ G/Hλ, with λ being a
representative of O.

Corollary
A f.d. L-module V admits a G-grading that would make it a
graded L-module⇔ for any λ, the multiplicities of Vλ1 , . . . ,Vλs

in V are equal to each other and divisible by the graded Schur
index of λ, where {λ1, . . . , λs} is the Ĝ-orbit of λ.
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Product formulas

Let µ = λ1 + λ2 where λ1 and λ2 are dominant integral weights
of a semisimple f.d. Lie algebra L.

Proposition

Suppose L is equipped with a grading by an abelian group G
such that Hλ1 ⊂ Hµ (equivalently, Hλ2 ⊂ Hµ). Then
Br(µ) = Br(λ1)Br(λ2) in the (G/Hµ)-graded Brauer group.

Proposition

Suppose that Vλ2
∼= V ∗λ1

and L is equipped with a grading by an

abelian group G such that {λ1, λ2} is a Ĝ-orbit. Then Br(µ) is
trivial.
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Orbits in the set of weights

If L is simple then Out(L) has order ≤ 2 in all cases except D4.
For D4, we have Out(L) ∼= S3 so the image of the abelian group
Ĝ in Out(L) has order ≤ 3.
⇒ Ĝ-orbits in the set of dominant integral weights have length
≤ 3, and Ĝ acts cyclically on each orbit.

Consider λ =
∑s

i=1 miωki where mi ∈ Z+ and {ωk1 , . . . , ωks} is a
Ĝ-orbit. We have one of the following two possibilities: either all
mi are equal or Hλ = Hωki

(for any i).
⇒ If we know the Brauer invariant for

∑s
i=1 ωks , then we can

compute it for any dominant integral weight.
We have a method for s = 2 that reduces the problem to single
fundamental weights.
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Type I gradings

Consider L = slr+1(F) of type Ar . Then the simple L-module of
highest weight ωi (i = 1, . . . , r ) can be realized as ∧iV where V
is the natural module of L.

Theorem

Suppose L is graded by an abelian group G such that the
image of Ĝ in Aut(L) consists of inner automorphisms (Type I
grading). Then, for any dominant integral weight λ =

∑r
i=1 miωi ,

we have Hλ = {e} and Br(λ) = β̂
∑r

i=1 imi , where β̂ : Ĝ × Ĝ→ F×
is associated to the parameters (T , β) of the grading on L.

Corollary
The simple L-module Vλ admits a G-grading making it a
graded L-module⇔

∑r
i=1 imi is divisible by the exponent of the

group T .
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Type II gradings

Theorem

Suppose L is graded by an abelian group G such that the
image of Ĝ in Aut(L) contains outer automorphisms and hence
Hω1 = 〈h〉 for some h ∈ G of order 2 (Type II grading with
distinguished element h). Let K = Kω1 = 〈h〉⊥. Then, for a
dominant integral weight λ =

∑r
i=1 miωi , we have:

1) If mi 6= mr+1−i for some i, then Hλ = 〈h〉, Kλ = K , and
Br(λ) = β̂

∑r
i=1 imi , where β̂ : K × K → F× is associated to

the parameters (T , β) of the grading on L.
2a) If r is even and mi = mr+1−i for all i , then Hλ = {e} and

Br(λ) = 1.
2b) If r is odd and mi = mr+1−i for all i , then Hλ = {e} and

Br(λ) = γ̂m(r+1)/2 , where γ̂ : Ĝ × Ĝ→ F× is a certain
extension of β̂(r+1)/2 : K × K → F×.
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Type II gradings (continued)

The extension γ̂ is determined explicitly in terms of a certain
element h′ ∈ G of order ≤ 2.
If r ≡ 3 (mod 4) then β̂(r+1)/2 = 1 and the support T of the
graded division algebra representing Br(ω(r+1)/2) is {e} if
h′ = e and 〈h,h′〉 ∼= Z2

2 if h′ 6= e.
If r ≡ 1 (mod 4) then β̂(r+1)/2 = β̂ and the support T of the
graded division algebra representing Br(ω(r+1)/2) is T if h′ ∈ T
and T ×〈h,h′〉 ∼= T ×Z2

2 (orthogonal sum relative to γ) if h′ /∈ T .

Corollary
The simple L-module Vλ admits a G-grading making it a
graded L-module if and only if 1) for all i , mi = mr+1−i and 2)
either r is even or r is odd and one of the following conditions is
satisfied: (i) m(r+1)/2 is even or (ii) r ≡ 3 (mod 4) and h̄′ = ē in
G or (iii) r ≡ 1 (mod 4), T = {ē} and ĥ′ = ē in G.
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Consider L = sp2r (F) of type Cr . Then all automorphisms of L
are inner and the simple L-module of highest weight ωi
(i = 1, . . . , r ) is contained with multiplicity 1 in ∧iV where V is
the natural module of L.

Theorem

Suppose L is graded by an abelian group G. Then, for any
dominant integral weight λ =

∑r
i=1 miωi , we have Hλ = {e} and

Br(λ) = β̂
∑b(r+1)/2c

i=1 m2i−1 , where β̂ : Ĝ × Ĝ→ F× is the
commutation factor associated to the parameters (T , β) of the
grading on L.

Corollary
The simple L-module Vλ admits a G-grading making it a
graded L-module if and only if T = {e} or the number∑b(r+1)/2c

i=1 m2i−1 is even.
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Weights for the marks on Dynkin diagram

b b b b b1 2 3 4 5

inner grading

b b b b b1 0 1 0 1

outer grading, nonsym λ

b b b b b b0 0 0 0 0 0

even rank, outer grading, sym λ

b b b b br0 0 γ̂ 0 0

odd rank, outer grading, sym λ

b b b b rr��
HH

1 0 1 0 γ̂+

γ̂−
inner grading

b b b b rr��
HH

0 0 0 0 γ̂0

γ̂0

outer grading, nonsym λ

b b b b bb��
HH

1 0 1 0
1
2

1
2

even rank, outer grading, sym λ

b b b bb��
HH

1 0 1 0

0
odd rank, outer grading, sym λ
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