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Gradings and (semi)group gradings

Let A be a nonassociative algebra over a field FF.

Definition (Grading on an algebra)

A grading on A is a vector space decomposition I' : A = @, g As such
that, whenever AyA, # 0, there exists a unique z € S such that
AxAy C A;. This gives a partially defined operationon S: x x y := z.

Definition (G-graded algebra)
Let G be a (semi)group, written multiplicatively.

@ A G-grading on A is a vector space decomposition
M A =@geqAg such that AgA, C Agp forall g, h € G.

@ (A,T)is said to be a G-graded algebra, and Ay is its
homogeneous component of degree g.

v

M A= @5 As is a (semi)group grading if there exists a (semi)group
Gand.:S— Gsuchthat AxAy, #0 = (x*xy) = o(X)(y).
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Universal grading groups

Example (Gradings from matrix units)

Mn(F) = GBK,.JS” [FE;; is a semigroup grading, but not a group grading.
Mn(F) = Span{Ei1, ..., Epn} © 1< <, FEj is an ab. group grading.

The support of a G-grading I is the set Suppl := {g € G | A4 # 0}.

Fact: For any semigroup grading on a simple Lie algebra, the support
generates an abelian group.

Elduque 2021: There exists a non-semigroup gradings on soo6(C).

Definition (Universal group and universal abelian group)

The universal (abelian) group of T : A = P4 5 As, Where all As # 0, is
the (abelian) group U(I") with generating set S and defining relations
xy = z whenever 0 # AxA, C A; (i.e., Xy = x x y whenever defined).

S— U(lN) < Tlisan (ab.) group grading. Then I is a U(I')-grading,
and this is universal among realizations (G, ¢).
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Cartan grading

The following is a Z-grading on g = slx(C): g = g_1 ® go © g1 Where

-+ = Span {[38]}. a0 = Span {[§ %]}, a1 = Span (3]}

This can also be regarded as a Zpy-grading for any m > 2, but the
universal group is Z.

Example (Cartan grading)

Let g be a s.s. Lie algebra over C, h a Cartan subalgebra. Then

g=bha (P o)

acd

can be viewed as a grading by the root lattice (®).
Suppl = {0} U ®; U(I') = (®) = Z" where r = dimb.

v
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Pauli grading

Example (Pauli grading on sl,(C))

The Pauli matrices o3 = [§ %], 01 =[], 02 =[% /] define a
grading on g = sla(C) by Zp x Zo, namely, g = g4 © gp © gc Where

9a = Span{[¢ %]} 8o = Span{[{ ]}, ac = Span{[ % ¢ ]}:

Suppl = {a, b, c}; U(T) = Z2 = {e, a, b, c}.

Example (Generalized Pauli grading on M,(F), gl,(F) and s[,(F))

If F contains a primitive n-th root of unity ¢, then the matrices

i .00 010..00
0 an72 .00 1] ” 001..00 “ ALl
x=|72° (“Clock”) and Y = | - (“shift’).
000..01
6 0 61 100..00

define a grading on R = M,(F) by Z2 = (a, b), namely, R_,; = FX'Y/.

v
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Gradings induced by group homomorphisms

GivenT : A= @geGAg, a group homomorphism «: G — H induces
ar . A= @hEH‘A;’] Where .A,h = ®g€a*1(h) .Ag

Example (Gradings on polynomial algebra by assigning weights)

F[xq,. .., Xn] = @pey An With Ap = Span {x1k‘ o xka | W1k wk = hy
is induced from the standard Z"-grading by e; — w; € H (ab. group).

Example (Z,-gradings on sly(IF))
Let T : slo(F) = Span {[ 98]} @ Span {[} %]} @ Span{[J 3]} be the
Cartan grading and «.: Z — Z; be the quotient map. Then
°T - slp(F) = Span {[ % |} @ Span{[{8], [ 5]}-
Any nontrivial homomorphisms Z3 — Z, induces from the Pauli
grading on slx(FF) a Z,-grading isomorphic to the above (charF # 2).
One of the homomorphisms Z3 — Z, induces the Z-grading
slo(F) = Span {[ % } ]} @ Span {[{ %], [9 4]}, which is not isomorphic
to the above (the identity comp. is not ad-diagonalizable).
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Refinements, coarsenings, and fine group gradings

Definition

Consider a G-grading I' : A = PgcgcgAg and an H-grading
":A=&pscyAj Wesay that [ is a coarsening of I' (or I' is a
refinement of ') if for any g € G there exists h € H such that Ay C A}.
If we have # for some g € S = SuppT, then I a proper refinement of I".
A grading is fine if it does not have proper refinements.

| N\

Example

slp(C) = Span {[{ %]} @ Span{[J3].[93]} is a Zo-grading that is a
proper coarsening of the Cartan grading and also of the Pauli grading.

Example (Fine elementary grading on M,(IF))

The group grading M(F) = Span{Eq1, ..., Epn} @ €B1§i¢j§n FEj is fine.
(But it has a proper refinement that is not a group grading.)
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Isomorphism and equivalence

Definition (Homomorphism of graded algebras)

Let A = @yegAg and A’ = P, Ay be G-graded algebras.
A homomorphism of graded algebras (or graded homomorphism) is an
algebra map ¢ : A — A’ such that 1)(Ag) C Aj forall g € G.

In particular, A and A’ are isomorphic as G-graded algebras (or
graded-isomorphic) if there exists a graded isomorphism A — A'.

Definition (Equivalence of graded algebras)

Let A be an algebra with a G-grading I' : A = @5 gAg and A’ be
an algebra with an H-grading I'" : A’ = @,cgcy A} Then A and A’
are equivalent if there exists an algebra isomorphism ¢ : A — A’ and a
bijection o.: S — S’ such that ¢(Ag) = A’a(g) forallge S.

If G and H are universal groups, then a extends to a group
isomorphism G — H and the condition on v says that it is a graded
isomorphism (A, *T) — (A, ).
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A transfer theorem

Let IF be an arbitrary field and G an ab. group. Let A be an algebra
over F with any number of multilinear operations. Then:

G-grading I on A < FG-comod structure on A < 7nr : GP — Autp(A),
where GP is the (comm.) affine group scheme represented by FG.

If Ais f.d., then Auty(A) is also an affine group scheme.

Suppose we have a homomorphism 6: Autz(A) — Autp(B).

Then, for any abelian group G, we have a mapping, I' — 6(T"), from
G-gradings on A to G-gradings on B.

IfT andT" are isomorphic then 6(I') and 6(I'") are isomorphic.

For any group homomorphism «: G — H, we have 6(“T') = *(0(I")).

If 0 is an isomorphism then A and B have the same classification of
G-gradings up to isomorphism and fine gradings up to equivalence.
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Type Ay < quaternion algebras

Let Q be a quaternion algebra over F. Then Autr(Q) is smooth.
Assume char F # 2. Then Auty(Q5) is a simple alg. group of type Ay
and £ :=[Q, Q] is a simple Lie algebra of type A;.

The restriction map Auty(Q) — Auty(£) is an isomorphism.

Hence, it gives a bijection between (isom. classes of) G-gradings on Q

and £, also between (equiv. classes of) fine gradings on Q and £.
It maps a grading Q = @, Qg to its restriction to £L: Lg := £ N Qg.

L has 2 fine gradings up to equivalence, with the following
universal groups:

@ Z (Cartan)
@ 73 (Pauli)

Two simple Lie algebras of type Aj: the split real form sl(R)
and the compact real form so3(RR), which correspond to Q = H and H.

slp(R) has 2 fine gradings up to equivalence (Cartan and Pauli), while
so03(R) has 1 (only Pauli).
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Type Gz < octonion algebras

Let C be a Cayley algebra over F. Then Auty(C) is smooth.

Assume char I # 2, 3. Then Autz(Cr) is a simple alg. group of type Go
and £ := Derp(C) is a simple Lie algebra of type G..

Ad : Autp(C) — Auty(L) is an isomorphism.

Hence, Ad gives a bijection between (isom. classes of) G-gradings on
C and £, also between (equiv. classes of) fine gradings on € and L.
Ad maps a grading € = P4 Cg to the following grading on £:

ﬁg = {D S DCI‘F(G) ’ D(G’h) - Ggh Vh e G}

Theorem (Elduque 1998)

Any nontrivial grading on a Cayley algebra is, up to equivalence, either
a grading induced by the Cayley—Dickson doubling process or a
coarsening of the Cartan grading on the split Cayley algebra.

This leads to a classification of gradings on € (Elduque—K. 2018).
L (or €) has 2 fine gradings up to equivalence, with universal
groups Z? (Cartan) and Z3 (division grading on €).
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Type F4 < Albert algebras

Assume charF # 2 and let A = H3(C), which is an exceptional simple
Jordan algebra (also called Albert algebra), dimp A = 27.

Then Autg(Ag) is a simple alg. group of type F4 and £ := Dery(C) is a
simple Lie algebra of type F4.

Ad : Autp(A) — Autg(L) is an isomorphism.

Hence, Ad gives a bijection between (isom. classes of) G-gradings on
A and £, also between (equiv. classes of) fine gradings on A and L.

£ (or A) has 4 fine gradings up to equivalence (Draper—Martin
2009 for char F = 0, Elduque—K. 2012), with the following univ. groups:

@ Z* (Cartan)

@ 7Z x Zg

° 73

e Z3 (division grading on A, which exists only if char F # 3)
Three real forms of F4 (or A): the split form has 3 fine
gradings, the compact one has 1, and the “intermediate” one has 2
(Calderén—-Draper—Martin 2010). Curiously, Z3 does not appear.
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A, B, C, D < central simple assoc. alg. with involution

Assume charF # 2. Let R be a f.d. central simple associative algebra
over IF, dimp R = n?, and ¢ be an F-linear involution on R such that

B;: n=2r+1 (= R = My(F) and ¢ is orthogonal), r > 2;

Cr: n=2r and gy is symplectic, r > 2;

D,: n=2r and ¢ is orthogonal, r > 3.

Let £ = Skew(R, ¢). Then £ is a simple Lie algebra of the indicated
type, and the restriction map Autp(R, ) — Autp(L) is an
isomorphism, except in the case Djy.

Let R to be a f.d. s.s. associative algebra with Z(R) = K, where K is a
quadratic étale algebra over F (either F x F or a quadratic field
extension of ), and ¢ be an involution of the second kind (i.e., F-linear
but not K-linear < (R, ¢) is central simple). Hence dimg R = 2.

A n=r+1,r>2. Let £ be the quotient of the derived algebra of

Skew (R, ¢) modulo its center.
The “restriction” map Autg(R, ) — Autr(£) is an isomorphism, except

in the case n = 3 = charF.
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Graded-simple associative algebras

D is a graded-division algebra if all nonzero homogeneous elements
are invertible (= graded D-modules have a graded basis).

Theorem (“Graded Wedderburn Theorem”)

Let R be a G-graded algebra (or ring). Then R is graded-simple and
satisfies d.c.c. on graded one-sided ideals < there exists a
graded-division algebra D and a graded right D-module 'V of finite rank
such that R = Endp (V) as G-graded algebras.

End$ (V) := @, Endp(V)g is a G-graded algebra where

Endp(V)g := {T € Endp(V) | T(Vp) C Vgn Vh € G}.

Select a graded D-basis {vq,..., v} of V, and letdeg v; = g;.

R = M(F) © D, where deg(Ej © d) = gi(deg d)g; " for homog. d € D.
R = My(F) = D = M,(F) with a division grading, k¢ = n.

If Fis a.c. then Do = F, hence, with any G-grading on M,(F), we have
Mn(F) =2 Mk(F) @ M,(F) where all homog. components of M,(F) are
1-dim (Bahturin—Sehgal-Zaicev 2001).
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Central simple gr-division algebras over an ab. group

Theorem (Havlicek—Patera—Pelantova 1998 and BSZ 2001 for
char F = 0; Bahturin—Zaicev 2003)

Let T be an ab. group andF an a.c. field. Then, for any division
grading on D = M,(FF) with support T, there exists a decomposition
T = Hy x --- x H; such that H; = 7ZZ and D = M,,(F) ® - - - © Mj,(F)
where M, (IF) has a generalized Paul/ grading by H;.

More generally, let D be a graded-division algebra with support T and
De =TF. Pick0+# X; € Diforany t € T. Then Dy =FX;forany t € T,
so D is a twisted group algebra of T.

If T is abelian, we have XsX; = (s, t) X;Xs where the mapping
B : T x T — F*isan alternating bicharacter, i.e., multiplicative in each
variable and satisfies g(t,t) =1forallte T.

Assume |T| < cc and setradf :={sec T | p(s,t)=1Vte T}.
D is central simple over F < 3 is nondegenerate, i.e., rads = {e}.
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Central simple graded-division algebras continued

If 5 is nondegenerate, T admits a symplectic basis, i.e., a generating
set of the form {ay, by, ..., am, bm} with o(a;) = o(b;) = n; > 2 such
that 5(a;, b;) = ¢;, with ¢; € F a primitive root of unity of degree n;,
while 3(a;, b;) = 1 for i # j and B(aj, &) = B(b;, b;) = 1 for all i, .
The elements X; := X, and Y; := X, generate D as an [F-algebra and
satisfy the following defining relations:

)(,‘ni = K, \/ini = Vi, )(I\/I = CI%)(Ia

XiX; = XiX;, Yi¥j = Y;¥;, and X;Y; = Y;X; for i # ],
so D is a tensor product of (graded) cyclic or symbol algebras:

D = (p1, 11 )CFUF ® -+ @ (pm, Vm)g,;‘f-

F=R=allnj=2= T is an elementary abelian 2-group and D is a
tensor product of (graded) quaternion algebras.

Simple f.d. graded-division algebras with abelian T and any D, are
classified (Bahturin—Zaicev 2016 and Rodrigo 2016).
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Antiautomorphisms on Endy (V)

Theorem (Elduque 2010)

Let G be an abelian group and consider the G-graded algebra
R = Endp(V) where D is a graded-division algebra andV is a nonzero
graded right D-module of finite rank.

(1) If¢ is an antiautomorphism of the graded algebra R, then there
exists an antiautomorphism ¢q of the graded algebra D and a
nondegenerate pq-sesquilinear form B : 'V x V — D, by which we
mean a nondegenerate F-bilinear mapping that is pq-sesquilinear
overD, ie.,

(i) B(vd,w) = po(d)B(v,w) and B(v,wd) = B(v, w)d,
and homogeneous of some degree gy € G, i.e.,

(i) B(Va,Vp) C Dgyap forall a,b € G,
such that o is the adjunction with respect to B, i.e.,
(i) B(rv,w) = B(v,@(r)w) forallr e R andv,w € V.

(2) Another pair (ypy, B') satisfies these conditions if and only if there
exists d € Dy, such that B' = dB and ¢, = Int(d) o .

v
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Involutions on Endyp (V)
Theorem (Elduque—K.—Rodrigo 2021)

(8) If ¢ is an involution, then the pair (o, B) as in part (1) can be
chosen so that g is an involution and B is hermitian or
skew-hermitian, by which we mean that B(w, v) = d¢o (B(v, w))
forallv,w € V, where § = 1 (hermitian) or 6 = —1 (skew).

(4) Let (o, B) be a pair chosen for ¢ as in part (3). Then:

(i) Any other such pair (v, B") has the form (Int(d) o ¢o, dB) where
d € D satisfies po(d) = d (symmetric) or po(d) = —d (skew).
(ii) If pq is a degree-preserving involution of D such that ¢, Visan
inner automorphism of D, then there exists d € Dg; such that
o = Int(d) o @o and the pair (¢, dB) satisfies part (3).

v

Corollary

Assume that (R, ) is central simple as an algebra with involution.
Then D admits a degree-preserving involution of the same kind as ¢,
and for any such involution g, there exists B as in part (3).

v
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The graded algebras with involution M(D, o, q, s, d, 9)

Let ¢o be a degree-preserving involution on D, let g, s > 0 be integers
(not both zero), let 6 € {1} and let d = (¢4, ..., dy) be a g-tuple of
nonzero homogeneous elements of D such that ¢g(d;) = dd; for all .
Let t; := deg d; and let F be the free abelian group generated by the
symbols g1, ...,k where k := g + 2s. Define G= G(T,q, s, 1) to be

the quotient of F x T modulo the following relations:

Gt = =G5ty = 3q18q12 = - .- = Jgr2s—10g+2s-

Definition

The é( T,q, s, t)-graded algebra M (D) with involution given by
©(X) = & Tp(X) T & for all X € Mk(D) where

) 0 1 0 1
¢:dlag(d1,...,dq,|:5 0],...,[5 O])

is denoted M(D, ¢, g, S, d,d) and its grading Ny(D, ¢o, q, S, d, J).

v
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Fine gradings on algebras with involution

Theorem (Elduque—K.-Rodrigo 2021)

Assume D is finite-dimensional. If (q, s) # (2,0) and the grading 'y, on
D is fine, then so is T = 'y (D, vo, g, S, d, d). Conversely, if (D, ¢o) is
central simple over R and T is fine, then so is .

Over R, if D is central simple, then D = M,(A) where A is R or H.
® D(2m;+1) := Mx(R) ® - - - ® Mo(R) is Z3™-graded and admits a

mtimes
degree-preserving involution ¢o(X) = X .

® D(2m; 1) := Mo(R) ® - -- ® Mp(R) ®H is Z5"-graded and admits

m—1 times

a degree-preserving involution ¢o(X) = X"

Note that ¢o(X:) = u(t)X; where i : Z2™ — {£1} is a quadratic form:
p(t) = (—1)lilet+lem1tam or 1y(t) = (—1 )t1 ot tlom—1lem+ By 4+,
1€ Q( T, /3) where /B(X,y) = (_1 )X1,V2_X2y1+"'+X2m—1y2m_x2my2m—1_
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Classification up to equivalence: central simple over R

Theorem (Elduque—K.—Rodrigo 2021)

Let R be a f.d. central simple algebra over R and ¢ an involution on R.
Set§ = +1 if p is orthogonal and 6 = —1 if ¢ is symplectic. If (R, ) is
equipped with a group grading T, then T is fine if and only if R is
equivalent as a graded algebra with involution to one of the following:
® M(2m;R;q,s,d,d) :==M(D(2m; +1),%,q,s,d,8) where m > 0,
X* = XT forall X € D(2m; +1) = Mom(R),
® M(2m;H; q,s,d,d) := M(D(2m; —1),*,q,s,d,—5) wherem > 1,
X* =X forall X € D(2m; —1) = Mym 1 (H),
where in the case (q, s) = (2,0), the pair d = (dy, d>) satisfies
deg d; # deg d». Moreover, the above graded algebras with involution
are classified up to equivalence by the following invariants: m, q, s, ¢,
signature(d), and the orbit of the multiset {deg di, ...,deg dy} in
T = 72™ under the action of the orthogonal group O(T, 1) where
p: T — {£1} is the quadratic form defined by X; = n(t)X; for X; € Dy.
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Classification up to equivalence / a.c. and r.c. fields

Let (R, ¢) be central simple as an algebra with involution over F,

charF # 2. So Z(R) is F (first kind) or quadratic étale over F with

nontrivial involution (second kind). Assume F is either a.c. orr.c.

Then fine gradings on (R, ) are classified up to equivalence by

@ a finite ab. group T that is 2-elementary except in the shaded cells
below, with | T| a divisor of dim R, and possibly

@ an orbit of multisets in a vector space over GF(2) as follows:

Z(R), supp

I is real closed

F is alg. closed

F, triv.

O(T,u)on T

Sp(T, ) on Q(T, 5)

FxT,(f) | AO(T,m)onT :=T/{(f) | ASp(T,B)on T :=T/{f)

F x IF, triv.

no multiset

no multiset

F[i], {f)

F[i], triv. | Sp(V,F)on V := T/T?l

Sp(T,B)on T := T/(f)

M. Kotchetov (MUN)

Gradings on simple algebras

Coimbra, 21 July 2022

23/23



	Gradings on algebras
	Definitions and examples
	Refinement and coarsening
	Classification problems for gradings

	Abelian group gradings and automorphism group schemes
	Transfer of gradings
	Simple Lie algebras A1, G2 and F4
	Classical simple Lie algebras except A1 and D4

	Gradings on associative algebras (with involution)
	Graded-division algebras
	Involutions and sesquilinear forms
	Fine gradings


