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Abstract. Given a grading by an abelian group G on a semisimple Lie al-

gebra L over an algebraically closed field of characteristic 0, we classify up to
isomorphism the simple objects in the category of finite-dimensional G-graded

L-modules. The invariants appearing in this classification are computed in the

case when L is simple classical (except for type D4, where a partial result is
given). In particular, we obtain criteria to determine when a finite-dimensional

simple L-module admits a G-grading making it a graded L-module.

1. Introduction

Let L be a semisimple finite-dimensional Lie algebra over an algebraically closed
field F of characteristic 0. Suppose L =

⊕
g∈G Lg is a grading by an abelian group

G. We want to study finite-dimensional G-graded modules over L. Since G is
abelian, the universal enveloping algebra U(L) has a unique G-grading such that
the canonical imbedding L→ U(L) is a homomorphism of graded algebras. Thus,
a graded L-module is the same as a graded U(L)-module. The following lemma is
a well-known version of Maschke’s Theorem in the graded setting:

Lemma 1. Let A =
⊕

g∈GAg be a G-graded associative algebra where G is any
group. Let N ⊂ M be graded A-modules. If N admits a complement in M as an
A-module then it admits a complement as a graded A-module. �

Applying this to a finite-dimensional graded module W over A = U(L), we
conclude that W is isomorphic to a direct sum of graded-simple A-modules. Thus
we arrive to the problem of classifying graded-simple L-modules up to isomorphism.
This turns out to be closely related to another natural problem: which of the L-
modules admit a G-grading that makes them graded L-modules?

The first step in solving these problems is a version of Clifford Theory (see
Section 3), which describes graded-simple L-modules in terms of simple (ungraded)

L-modules. In this context, there appears an action of the character group Ĝ on
dominant integral weights of L and what we call the graded Schur index of such a
weight λ (or of the corresponding simple L-module Vλ). In order to compute the
Schur index, we use the graded Brauer group of F (Section 2). This is a special
case of the so-called Brauer–Long group of a commutative ring [7], but since here
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2 A. ELDUQUE AND M. KOCHETOV

the ring in question is F, an algebraically closed field, this group has a very simple
structure, which allows efficient computation. To each dominant integral weight λ,
we assign an element of the Brauer group, which will be called the Brauer invariant
of λ (or of Vλ) and denoted Br(λ).

The second step, carried out for simple Lie algebras L (Section 3), is a reduction

of Br(λ) for general λ to the case where λ is the sum over a Ĝ-orbit of fundamental
weights. This orbit always has length ≤ 3, and length 3 can appear only if L has
type D4. Therefore, we concentrate on the case of one fundamental weight or a
pair of fundamental weights positioned symmetrically on the Dynkin diagram of L.

Finally, we compute the Brauer invariants of all simple modules if L is a simple
Lie algebra of type Ar (r ≥ 1, Section 4), Br (r ≥ 2, Section 5), Cr (r ≥ 2, Section
6) or Dr (r = 3 or r > 4, Section 7), for all G-gradings on L. These G-gradings
were classified up to isomorphism — i.e., the action of Aut(L) — in paper [1] (see
also the monograph [5] and references therein) in terms of the natural module for
L, which is the simple module of minimal dimension (except for B2 and D3). As
a by-product, we determine which gradings in series D are “inner” and which are
“outer”, and classify them up to the action of Int(L). (For series A, this was already
clear in [1].) For type D4, we restrict ourselves to “matrix gradings”, i.e., those
induced from the matrix algebra M8(F), hence an orbit of length 3 cannot appear.

It turns out that the Brauer invariant of a simple module Vλ is in most cases
determined by the Brauer invariant of the natural module, which appears as a
parameter in the classification of G-gradings on the Lie algebra. The exceptions
are the following: type Ar with an outer grading and odd r ≥ 3 when λ is symmetric
and involves the central node of the Dynkin diagram, type Br when λ involves the
node corresponding to the spin module, and type Dr when λ involves the nodes
corresponding to the half-spin modules. In these cases, we have to invoke other
parameters in the classification of G-gradings. It is also worth noting that the
order of Br(λ) in the graded Brauer group is almost always ≤ 2, the exceptions
being type Ar with an inner grading (then the order is a divisor of r+ 1) and type
Dr with an inner grading and odd r (then the order is 1, 2 or 4).

As to the exceptional simple Lie algebras, gradings have been classified up to
isomorphism for types G2 and F4 (see [5] and references therein). The situation
is surprisingly simple in the case of G2, because the modules corresponding to its
fundamental weights are the module of trace zero elements in the Cayley algebra
and the adjoint module. Since any grading on G2 is induced from a grading on the
Cayley algebra, it follows that Br(λ) is trivial for any dominant integral weight λ,
i.e., given any grading on G2 by an abelian group, any module over G2 admits a
compatible grading. We do not consider the case of F4 here.

All modules in this paper will be assumed finite-dimensional over F. Unless
indicated otherwise, all vector spaces, algebras, tensor products, etc. will be taken
over F.

2. Graded Brauer group

First we briefly recall gradings by abelian groups on matrix algebras — see e.g.
[8, 4, 1, 5] and references therein.

Let G be a group and let R =
⊕

g∈GRg be a graded-simple finite-dimensional

associative algebra over any field F. Then R is isomorphic to EndD(W ) where
D is a graded division algebra (i.e., every nonzero homogeneous element of D is
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invertible) and W is a finite-dimensional right “vector space” over D (i.e., a graded
right D-module, which is automatically free). The graded algebra R has a unique
graded-simple module, up to isomorphism and shift of grading. Hence, if G is
abelian, the isomorphism class of the graded algebra D is determined by R. We
will denote this class by [R]. Selecting a homogeneous D-basis {v1, . . . , vk} in W ,

vi ∈ Wgi , and setting W̃ = span {v1, . . . , vk} (over F), we can write R ∼= C⊗D

where C = End(W̃ ) is a matrix algebra with an elementary grading, i.e., a grading
induced from its simple module. Explicitly, the elementary grading is determined
by (g1, . . . , gk) as follows: degEij = gig

−1
j where Eij are the matrix units associated

to the basis {v1, . . . , vk}.
Assume that F is algebraically closed. Then D is a twisted group algebra of its

support T (necessarily a subgroup of G), i.e., D is spanned by elements Xt, t ∈ T ,
such that XsXt = σ(s, t)Xst where σ is a 2-cocycle of T with values in F×. The
elements Xt are determined up to a scalar multiple and σ up to a coboundary, but
the relation

XsXt = β(s, t)XtXs for all s, t ∈ T
implies that the function β(s, t) = σ(s, t)/σ(t, s) is an alternating bicharacter of
G (with values in F×) and is uniquely determined by D. Moreover, R (or D) is
simple if and only if β is nondegenerate, i.e., radβ := {t ∈ T | β(t, s) = 1 ∀s ∈ T}
is trivial. Note that if charF = p then this condition forces |T | to be coprime with
p. Finally, if G is abelian then the isomorphism class of the graded algebra D is
uniquely determined by the subgroup T ⊂ G and the nondegenerate alternating
bicharacter β, and, conversely, each such pair (T, β) gives rise to a graded division
algebra [1]. Thus, for matrix algebras R graded by an abelian group, the classes
[R] are in bijection with the pairs (T, β).

Fix an abelian group G. Given G-graded matrix algebras R1 = EndD1
(W1)

and R2 = EndD2
(W2) as above, the tensor product R1⊗R2 is again a G-graded

matrix algebra and hence can be written in the form EndD(W ). It is easy to see
that D is determined by D1 and D2. Indeed, writing Ri = Ci⊗Di (i = 1, 2) and
D1⊗D2 = C⊗D, we obtain R1⊗R2 = (C1⊗C2⊗C)⊗D where the first factor
has an elementary grading and the second factor has a division grading. Hence
we can unambiguously define [R1][R2] as the isomorphism class of D. This gives
an associative commutative multiplication on the set of classes, with the class of
F being the identity element and the class of Dop being the inverse of the class of
D (since D⊗Dop ∼= End(D) as graded algebras, and End(D) has an elementary
grading induced by the grading of D). Thus we obtain an abelian group, which will
be called the G-graded Brauer group of F.

In order to express D in terms of D1 and D2, it will be convenient to rewrite

the gradings in terms of actions. The group of characters Ĝ acts on any G-graded
vector space V :

(1) χ ∗ v = χ(g)v for all v ∈ Vg, g ∈ G,χ ∈ Ĝ.
If charF = 0 or if charF = p and G has no p-torsion then the grading can be
recovered as the eigenspace decomposition relative to this action. If R is a matrix

algebra with a G-grading then each χ ∈ Ĝ acts by an automorphism of R, so
there exists an invertible element uχ ∈ R such that χ ∗ x = uχxu

−1
χ for all x ∈ R

(Noether–Skolem Theorem). Explicitly, if R = C⊗D as above then we can take

uχ = diag(χ(g1), . . . , χ(gk))⊗Xt
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where t is the unique element of T such that χ(s) = β(t, s) for all s ∈ T . Note that

uχ1
uχ2

= β(t1, t2)uχ2
uχ1

. Define an alternating bicharacter β̂ on Ĝ (with values in

F×) by setting β̂(χ1, χ2) = β(t1, t2). Thus we have

(2) uχ1
uχ2

= β̂(χ1, χ2)uχ2
uχ1

for all χ1, χ2 ∈ Ĝ.

This “commutation factor” β̂ is in fact the obstruction preventing the mapping χ 7→
uχ from being a representation of Ĝ (cf. [10]). For our purposes, it is important that

T and β can be recovered from β̂ as follows: T = (rad β̂)⊥ and β(t1, t2) = β̂(χ1, χ2)

where χi is any character such that β̂(ψ, χi) = ψ(ti) for all ψ ∈ Ĝ (i = 1, 2). It
is clear from the characterization (2) that the “commutation factor” of R1⊗R2 is
the product of those of R1 and R2. Hence the class [R1⊗R2] is given by T and β

determined by β̂ = β̂1β̂2 as above.
We can summarize this discussion by saying that the G-graded Brauer group

of F is isomorphic to the group of alternating continuous bicharacters of the pro-

finite group Ĝ0 where G0 is the torsion subgroup of G if charF = 0 and the
p′-torsion subgroup of G if charF = p (i.e., the set of all elements whose order is

finite and coprime with p). The topology of Ĝ0, which makes it a compact and

totally discontinuous topological group, comes from the identification of Ĝ0 with

the inverse limit of the finite groups Ĥ where H ranges over all finite subgroups

of G0. Equivalently, the topology of Ĝ0 is given by the system of neighborhoods
of identity consisting of the subgroups of finite index H⊥ for the same H. This
topology allows us to retain in this setting all the usual properties of duality for
finite abelian groups: we just have to restrict our attention to continuous characters

Ĝ0 → F× (where F has discrete topology) and closed subgroups of Ĝ0. In particular,

any continuous alternating bicharacter γ : Ĝ0 × Ĝ0 → F× has the form β̂ for some
nondegenerate alternating bicharacter β of the finite subgroup (rad γ)⊥ ⊂ G0.

The following property will be useful in the sequel:

Lemma 2. Let R be a matrix algebra over an algebraically closed field F. Suppose
R is graded by an abelian group G. If ε is a homogeneous idempotent of R then εRε
is a G-graded matrix algebra and [εRε] = [R] in the G-graded Brauer group of F.

Proof. Write R = EndD(W ) where D is a graded division algebra and W is a right
vector space over D. Then W0 = εW is a graded D-subspace and εRε can be
identified with EndD(W0). The result follows. �

Note that the Brauer class [R] alone does not determine R as a graded algebra,
but it does so in conjunction with another invariant: the G-orbit of the multiset
(i.e., a set whose elements are assigned multiplicity) {g1T, . . . , gkT} in G/T , where
G acts on G/T by translations [1].

To conclude this section, we make an observation that will be useful later. Any
group homomorphism f : G→ G′ yields a functor F from the category of G-graded
vector spaces (algebras, etc.) to that of G′-graded vector spaces (algebras, etc.).
Namely, F sends V =

⊕
g∈G Vg to V =

⊕
g′∈G′ Vg′ , where Vg′ =

⊕
g∈f−1(g′) Vg,

and is identical on morphisms. Since any G-graded algebra can be regarded as
a G′-graded algebra in this way, we obtain a homomorphism from the G-graded
Brauer group to the G′-graded Brauer group (i.e., the graded Brauer group is
a covariant functor in G). In the realization of the graded Brauer group of an
algebraically closed field in terms of bicharacters, this homomorphism simply maps
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β̂ to γ̂ = β̂ ◦ (f̂ × f̂) where f̂ : Ĝ′0 → Ĝ0 is induced by the restriction f : G0 → G′0.
The nondegenerate bicharacter γ corresponding to γ̂ can be calculated in terms of
β using the following fact.

Lemma 3. Let T be a finite abelian group and let β be a symmetric or skew-
symmetric bicharacter on T . Assume that β is nondegenerate, so t 7→ β(t, ·) is

an isomorphism T → T̂ . Let β̂ be the nondegenerate bicharacter on T̂ obtained
by composing β with the inverse of this isomorphism. Given a subgroup H ⊂ T ,

consider the restriction γ̂ of β̂ to the subgroup H⊥ ⊂ T̂ . Then (rad γ̂)⊥ is the
subgroup HH ′ ⊂ T where

H ′ = {t ∈ T | β(t, h) = 1 for all h ∈ H}.
Moreover, β induces a nondegenerate bicharacter γ on HH ′/H, which correponds
to γ̂, as follows: γ(xH, yH) = β(x, y) for all x, y ∈ HH ′. �

3. Clifford theory for graded modules

Let L be a semisimple finite-dimensional Lie algebra over an algebraically closed
field F of characteristic 0. Given a grading L =

⊕
g∈G Lg by an abelian group G,

we want to classify (finite-dimensional) graded-simple L-modules. When working
with a specific graded L-module W , we may replace G with the subgroup generated
by the supports of L and W . Thus we may assume, without loss of generality, that
G is finitely generated.

The classical Clifford theory relates irreducible representations of a group and
those of its normal subgroup of finite index. A similar approach can be used to de-
scribe simple modules over the smash product A#FH in terms of those of A, where
A is an associative algebra and H is a finite group acting on A by automorphisms

(see e.g. [9]). To study graded L-modules, we can take A = U(L) and H = Ĝ but
note that H is not necessarily finite and hence should be regarded as an algebraic
group (a quasitorus) in order to have equivalence between graded L-modules and

modules over the smash product U(L)#FĜ. Therefore, we outline here the rele-
vant version of Clifford theory, interpreting the results in the language of gradings.
Some of these ideas already appeared in relation to graded modules in [2], where
the representation theory of quantum tori was used instead of Clifford theory.

3.1. Twisting modules by an automorphism. Since L is G-graded, the alge-

braic group Ĝ acts on L by automorphisms. For χ ∈ Ĝ, we will denote by αχ the
corresponding automorphism of L: αχ(x) = χ ∗ x for all x ∈ L (see (1) for the
definition of ∗). This automorphism extends uniquely to an automorphism of U(L)
(associated with the induced G-grading), which we will denote by αχ as well. If

W is a graded L-module then Ĝ also acts on W . For χ ∈ Ĝ, we denote by ϕχ
the corresponding linear transformation of W : ϕχ(w) = χ ∗ w for all w ∈ W . The
condition LgWh ⊂Wgh translates to the following:

(3) ϕχ(xw) = αχ(x)ϕχ(w) for all χ ∈ Ĝ, x ∈ L, w ∈W.
For any L-module V and α ∈ Aut(L), we denote by V α the corresponding

twisted L-module, i.e., the vector space V with a different L-action: x · v = α(x)v
for all x ∈ L and v ∈ V . In other words, if V is an L-module via ρ : L→ gl(V ) (or,
equivalently, via ρ : U(L) → End(V )) then V α is an L-module via ρ ◦ α. Clearly,
if ψ : V1 → V2 is a homomorphism of L-modules then ψ is also a homomorphism



6 A. ELDUQUE AND M. KOCHETOV

V α1 → V α2 . Hence the group Aut(L) acts (on the right) on the set of isomorphism
classes of L-modules. It is well known that, for any inner automorphism α and
any L-module V , the twisted module V α is isomorphic to V , so the action of
Aut(L) on the isomorphism classes of L-modules factors through the quotient group
Out(L) := Aut(L)/ Int(L). In particular, the orbits are finite. Moreover, fixing a
Cartan subalgebra of L and a system of simple roots, we can split the quotient map
Aut(L)→ Out(L) using the subgroup of diagram automorphisms. Hence the action
of Aut(L) on the isomorphism classes of simple L-modules can be represented as
an action of Out(L) on dominant integral weights by permuting the vertices of
the Dynkin diagram and the corresponding fundamental weights ω1, . . . , ωr, where
r = rankL. Explicitly, an element α ∈ Aut(L) can be uniquely written in the form
α = α0τ where α0 ∈ Int(L) and τ is a diagram automorphism, so V αλ

∼= Vτ−1(λ) for
any dominant integral weight λ, where Vλ is the simple module of highest weight
λ.

In particular, any χ ∈ Ĝ can be used to twist an L-module V through α = αχ.
We will write V χ for V αχ . Now observe that, for a graded L-module W , equation
(3) can be restated by saying that ϕχ is an isomorphism W → Wχ. Disregarding
the grading of W , we can write W as the direct sum of its isotypic components:

W =
⊕
λ

Wλ

where λ ranges over a finite set of dominant integral weights of L and Wλ is a sum
of copies of Vλ. It follows that ϕχ maps Wλ onto Wµ where µ is determined by

the condition Vµ ∼= V χ
−1

λ , so µ = τχ(λ) where τχ is the diagram automorphism
representing the class of αχ in Out(L). We denote by Kλ the inertia group of λ:

Kλ = {χ ∈ Ĝ | τχ(λ) = λ} = {χ ∈ Ĝ | V χλ ∼= Vλ}.

Note that, since χ 7→ αχ is a homomorphism of algebraic groups Ĝ→ Aut(L) and
the stabilizer of λ in Aut(L) is Zariski closed (as it contains the closed subgroup

Int(L) of finite index), the subgroup Kλ is Zariski closed in Ĝ. Let Hλ = K⊥λ ⊂ G,

so H⊥λ = Kλ and |Hλ| equals the size of the orbit Ĝλ. Since
∑
µ∈ĜλWµ is a Ĝ-

invariant (equivalently, G-graded) L-submodule of W , we conclude that all graded-

simple L-modules have the form V kλ1
⊕ · · · ⊕ V kλs where {λ1, . . . , λs} is a Ĝ-orbit

and k is a positive integer. We will show that, for any orbit, this k is uniquely
determined.

3.2. Brauer invariant and graded Schur index of a simple module. Let
V = Vλ be the simple module of highest weight λ and consider the corresponding
homomorphism ρ : U(L)→ End(V ). By Density Theorem, this is a surjection. For
any χ ∈ Kλ, we have V χ ∼= V , which means that there exists uχ ∈ GL(V ) such that
ρ(αχ(a)) = uχρ(a)u−1

χ for all a ∈ U(L). Clearly, the inner automorphism α̃χ(x) =

uχxu
−1
χ of End(V ) is uniquely determined, so the operator uχ is determined up

to a scalar multiple. Thus we obtain a representation Kλ → Aut(End(V )) given
by χ 7→ α̃χ. In particular, the operators uχ, χ ∈ Kλ, commute up to a scalar.
Note that we can select a basis in End(V ) consisting of the images of homogeneous
elements of U(L) (with respect to the G-grading), so the representation Kλ →
Aut(End(V )) is a homomorphism of algebraic groups and corresponds to a G-
grading on End(V ) where G = G/Hλ. This is the unique G-grading on End(V )
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such that ρ : U(L) → End(V ) is a homomorphism of graded algebras. Here U(L)
is considered with the G-grading induced by the quotient map G → G (which is
a coarsening of the G-grading), and the existence of the mentioned G-grading on
End(V ) can also be seen from the fact that the kernel of ρ is a G-graded ideal.

Definition 4. The class [End(Vλ)] in the (G/Hλ)-graded Brauer group will be
called the Brauer invariant of λ (or of Vλ) and denoted by Br(λ). The degree of
the graded division algebra D representing Br(λ) will be called the (graded) Schur
index of λ (or of Vλ).

Recalling the description of the graded Brauer group from the previous section,
we see that Br(λ) is determined by the “commutation factor” of the operators uχ
(χ ∈ Kλ), i.e., the alternating bicharacter β̂ of Kλ given by (2).

Proposition 5. Let V = Vλ and G = G/Hλ. The L-module V k admits a G-
grading that makes it a graded-simple L-module if and only if k equals the Schur
index of V . This G-grading is unique up to isomorphism and shift.

Proof. If W = V k admits a G-grading making it a graded L-module then End(W )
has an induced elementary grading and ρ⊕k : U(L)→ End(W ) is a homomorphism
of G-graded algebras. Since ρ⊕k has the same kernel as ρ, we see that End(W )
contains a G-graded unital subalgebra R isomorphic to End(V ). Let C be the
centralizer of R in End(W ). Then C is G-graded and End(W ) ∼= R⊗C as G-graded
algebras. Hence [R] = [C]−1 in the G-graded Brauer group. If W is graded-simple
then C is a graded division algebra, so C ∼= Dop where D is the graded division
algebra representing [R] = Br(λ). Hence k2 = dimC = dimD, so k equals the
Schur index of λ. (If W is G-graded but not necessarily graded-simple then k must
be a multiple of the Schur index.)

Conversely, suppose k equals the Schur index. Again, write End(W ) ∼= R⊗C (as
algebras) where R is the image of U(L) and C is its centralizer, which is a matrix
algebra of degree k and hence can be given a G-grading using any isomorphism of
algebras Dop → C. Then End(W ) also receives a G-grading, which is elementary
since [R][C] is trivial in the graded Brauer group. Therefore, W has a G-grading
that induces the grading of End(W ). Since C is a graded division algebra, W is
graded-simple as an R-module. Since R is a graded-simple algebra, it has a unique
graded-simple module, up to isomorphism and shift of grading. �

Remark 6. Under the conditions of Proposition 5, let ` be the Schur index of V . Fix
a G-grading on U = V ` as in Proposition 5 and pick an element g ∈ G. Since the
action of L factors through End(V ), the shift U [g] is isomorphic to U as a graded
L-module if and only if g belongs to the support of the graded division algebra
representing [End(V )].

3.3. Induced graded space. To classify graded-simple L-modules up to isomor-
phism, we need another ingredient: the construction of a graded space induced
from a quotient group. Let H be a finite subgroup of G and let U =

⊕
g∈G Ug

be a G-graded vector space where G = G/H. Let K = H⊥ ⊂ Ĝ. Then U is a

K-module, so we can consider W = IndĜKU := FĜ⊗FK U , which is a Ĝ-module
and thus a G-graded space. Note that, as a K-module or G-graded space, W is just
the sum of s copies of U , where s = |H|. The G-grading on W can be explicitly

described as follows. Take Ĥ = {χ1, . . . , χs} and extend each χi to a character of
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G in some way. We will denote the extensions by χi as well, and we may assume
that χ1 is the trivial character. Then {χ1, . . . , χs} is a transversal for the subgroup

K in Ĝ and hence

IndĜKU = χ1⊗U ⊕ · · · ⊕ χs⊗U.
One verifies that, for any g ∈ G, the homogeneous component Wg is given by

Wg =
{ s∑
j=1

χj ⊗χj(g)−1u | u ∈ Ug
}
.

We will denote the G-graded space W =
⊕

g∈GWg by IndGG/HU .

If U is a G-graded L-module then L acts on W as follows: x · (χ⊗u) =

χ⊗αχ−1(x)u for all x ∈ L, χ ∈ Ĝ and u ∈ U . One verifies that this action is
well defined and turns W into a G-graded L-module. Moreover, if U is simple
as a G-graded L-module and K is its inertia group then W is simple as a G-
graded L-module. Indeed, let W0 ⊂W be a nonzero G-graded L-submodule. Since

χi⊗U ∼= Uχ
−1
i are simple as G-graded L-modules and pairwise non-isomorphic, we

conclude that there exists i such that χi⊗U ⊂ W0. But χi⊗U generates W as a

Ĝ-module, hence W0 = W .

3.4. Classification of graded-simple modules. Let λ be a dominant integral

weight. If µ ∈ Ĝλ then Hλ = Hµ (since Ĝ is abelian) and the (G/Hλ)-graded
algebras End(Vλ) and End(Vµ) are isomorphic (with an isomorphism induced by

αχ : U(L) → U(L) for some χ ∈ Ĝ). Hence λ and µ have the same graded Schur
index and Brauer invariant.

Definition 7. For each Ĝ-orbit O in the set of dominant integral weights, we select
a representative λ and equip U = V `λ with a (G/Hλ)-grading as in Proposition 5,

where ` is the graded Schur index of Vλ. Then W (O) := IndGG/HλU is a graded-
simple L-module.

Theorem 8. Let L be a semisimple finite-dimensional Lie algebra over an alge-
braically closed field of characteristic 0. Suppose L is graded by an abelian group G.

Then, for any graded-simple finite-dimensional L-module W , there exist a Ĝ-orbit
O of dominant integral weights and an element g ∈ G such that W is isomorphic
to W (O)[g], with W (O) as in Definition 7. Moreover, two such graded modules,

W (O)[g] and W (O′)[g′], are isomorphic if and only if O′ = O and g′Gλ = gGλ
where Gλ is the pre-image of the support of the Brauer invariant [End(Vλ)] under
the quotient map G→ G/Hλ, with λ being a representative of O.

Proof. We already know that, as an ungraded L-module, W can be written as

W1 ⊕ · · · ⊕Ws where Wi
∼= V kλi and O = {λ1, . . . , λs} is a Ĝ-orbit. Let λ = λ1

be the representative selected for O in Definition 7 and let Kλ = H⊥λ ⊂ Ĝ. Then

the isotypic component W1 is invariant under all ϕχ, χ ∈ Kλ, so W1 is a G-

graded L-module for G = G/Hλ. Let {χ1, . . . , χs} be a transversal for Kλ in Ĝ
where χ1 is the trivial character. We order the χi in such a way that λi = τχi(λ)

and hence ϕχi maps W1 onto Wi. For any G-graded L-submodule W0 ⊂ W1,
the direct sum

∑
i ϕχi(W0) is a G-graded L-submodule of W . It follows that

W1 is graded-simple and hence k = ` by Proposition 5. Moreover, there exists
g ∈ G such that U [g] is isomorphic to W1 as a G-graded L-module. We fix an
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isomorphism ϕ1 : U [g] → W1 and set ϕi = ϕχi ◦ ϕ1. Then ϕi : U
[g] → Wχi

i is an

isomorphism ofG-graded L-modules. Define a linear isomorphism ϕ : W (O)[g] →W
by setting ϕ(χi⊗u) = χi(g)−1ϕi(u). We claim that ϕ is an isomorphism of G-
graded L-modules. It follows from the definition of L-action on W (O) that ϕ is an

isomorphism of L-modules. It remains to show that ϕ is Ĝ-equivariant.

Recall that χ ∗ w = ϕχ(w) for all w ∈ W and χ ∈ Ĝ. Now fix i and χ. Then
there exist unique j and χ0 ∈ Kλ such that χχi = χjχ0. Since χ0 sends Hλ to 1,

we regard it as a character of G with χ0(g) = χ0(g). By definition of ϕ1, we have

(4) ϕ1(χ0(g)(χ0 ∗ u)) = χ0 ∗ ϕ1(u) = ϕχ0
(ϕ1(u))

for any u ∈ U . By definition of induced module, we have

χ ∗ (χi⊗u) = χχi⊗u = χjχ0⊗u = χj ⊗χ0 ∗ u.

Hence we compute, using the definition of ϕ and equation (4):

ϕ
(
χ(g)χ ∗ (χi⊗u)

)
=χj(g)−1χ(g)ϕj(χ0 ∗ u)

=χi(g)−1ϕj
(
χ0(g)(χ0 ∗ u)

)
=χi(g)−1ϕχj

(
ϕ1(χ0(g)(χ0 ∗ u))

)
=χi(g)−1ϕχj

(
ϕχ0

(ϕ1(u))
)

=χi(g)−1ϕχ
(
ϕχi(ϕ1(u))

)
=χi(g)−1ϕχ

(
ϕi(u)

)
= χ ∗ ϕ(χi⊗u),

which is exactly what is required for ϕ : W (O)[g] →W to be Ĝ-equivariant.
If g ∈ Gλ then g is in the support of the graded division algebra representing

[End(Vλ)] and hence, by Remark 6, the G-graded L-module U [g] is isomorphic to U .
Then the above argument allows us to extend an isomorphism ϕ1 : U [g] → U to an
isomorphism ϕ : W (O)[g] → W (O). Conversely, suppose that ϕ : W (O)[g] → W (O)
is an isomorphism of G-graded L-modules. Looking at the isotypic components as
L-modules (disregarding the grading), we see that ϕ must map χ1⊗U onto χ1⊗U ,
so it restricts to an isomorphism (χ1⊗U)[g] → χ1⊗U of G-graded L-modules. By
Remark 6, g must be in the support of the graded division algebra representing
[End(Vλ)], so g ∈ Gλ. �

Corollary 9. An L-module V admits a G-grading that would make it a graded
L-module if and only if, for any dominant integral weight λ, the multiplicities of
Vλ1

, . . . , Vλs in V are equal to each other and divisible by the graded Schur index of

λ, where {λ1, . . . , λs} is the Ĝ-orbit of λ. �

3.5. Comparison of graded modules for two isomorphic gradings on L.
Gradings by abelian groups have been classified up to isomorphism [1, 5] for the
classical simple Lie algebras except D4. Let us compare the theories of graded
modules for two isomorphic G-gradings on a semisimple Lie algebra L. So let
Γ : L =

⊕
g∈G Lg and Γ′ : L =

⊕
g∈G L′g be two such gradings and let α be an

automorphism of L such that α(Lg) = L′g for all g ∈ G. We will use prime to

distinguish the objects associated to Γ′ from those associated to Γ. For any χ ∈ Ĝ,
we have α′χ = ααχα

−1. Suppose Vλ ∼= V αµ . Then

Kλ = {χ ∈ Ĝ | V αχλ ∼= Vλ} = {χ ∈ Ĝ | V ααχµ
∼= V αµ } = {χ ∈ Ĝ | V α

′
χ

µ
∼= Vµ} = K ′µ.



10 A. ELDUQUE AND M. KOCHETOV

Since α maps the kernel of ρλ : U(L) → End(Vλ) onto the kernel of ρµ : U(L) →
End(Vµ), we obtain a commutative diagram

U(L)
α //

ρλ

��

U(L)

ρµ

��

End(Vλ)
α̃ // End(Vµ)

where the vertical arrows are surjective and α̃ is an isomorphism of algebras.
Clearly, α̃ maps theG-grading of End(Vλ) induced by Γ to theG-grading of End(Vµ)

induced by Γ′, where G = G/Hλ = G/H ′µ. Hence Br(λ) = Br′(µ). We conclude
that the theory of graded modules for Γ′ can be obtained from that for Γ as long
as an isomorphism α is known. In particular, if α is inner then we have H ′λ = Hλ

and Br′(λ) = Br(λ) for all λ.
For the classical simple Lie algebras of type A1 and of series B and C, all

automorphisms are inner so the Hλ are trivial, and it suffices to calculate Br(λ)
for one representative of each isomorphism class of gradings. For series A (except
A1) and D (except D4), the index of Int(L) in Aut(L) is 2 so the Hλ have order at
most 2, and each isomorphism class of gradings consists of at most 2 orbits under
the action of Int(L). Clearly, the isomorphism class of a grading Γ is one Int(L)-
orbit if and only if Stab(Γ) (i.e., the group of automorphisms of L as a G-graded
algebra) contains an outer automorphism. This is definitely the case if Γ is an
“outer grading” (i.e., the image of G in Aut(L) contains an outer automorphism).
For series A, the gradings are already classified in [1] as inner (Type I) and outer
(Type II), and it is clear when two inner gradings belong to one Int(L)-orbit. For
series D, this will be done in Section 7. It should be noted that type D4 is no
different from other members of the series if we restrict our attention to “matrix
gradings”, i.e., those that can be obtained by restricting a grading of M8(F) (or,

equivalently, such that Ĝ fixes the isomorphism class of the natural module).

3.6. Calculation of Brauer invariants. We conclude this section by showing
how, for simple Lie algebras, the calculation of Brauer invariants of all dominant
integral weights can be reduced to the fundamental weights ω1, . . . , ωr.

Proposition 10. Let λ1 and λ2 be dominant integral weights of a semisimple
Lie algebra L and let µ = λ1 + λ2. Suppose L is equipped with a grading by an
abelian group G such that Hλ1

⊂ Hµ (equivalently, Hλ2
⊂ Hµ). Then Br(µ) =

Br(λ1)Br(λ2) in the (G/Hµ)-graded Brauer group.

Proof. Denote Ri = End(Vλi) (i = 1, 2) and G = G/Hµ. Let V = Vλ1
⊗Vλ2

and R = End(V ). By definition of Hλi , the algebra Ri is (G/Hλi)-graded in
such a way that the surjection ρi : U(L) → Ri is a homomorphism of (G/Hλi)-
algebras, hence a fortiori a homomorphism of G-graded algebras. Let ρ : U(L)→ R

be the tensor product representation, i.e., the representation of L on V given by
ρ(x) = ρ1(x)⊗ 1 + 1⊗ ρ2(x) for all x ∈ L. If we give R a G-grading by identifying
R and R1⊗R2 in the natural way then ρ : U(L) → R is a homomorphism of G-
graded algebras. This homomorphism is not surjective, in general, so let A be
its image, which is a graded unital subalgebra of R. It is known that the simple
module Vµ occurs in V with multiplicity 1. Let ε ∈ R be the projection of V
onto Vµ associated with the decomposition of V into isotypic components (as an
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L-module). Then ε is the identity element in the block A0 of the semisimple algebra
A associated to the A-module Vµ. By definition of Hµ, the kernel I of the surjection

ρ : U(L)→ End(Vµ) is a G-graded ideal of U(L), hence ρ(I) is a graded ideal of A.
But A0 is the annihilator of ρ(I) in A, so A0 is a graded subalgebra of R. Moreover,
A0
∼= End(Vµ) as G-graded algebras. Therefore,

Br(µ) = [End(Vµ)] = [A0] = [εRε] = [R] = [R1][R2] = Br(λ1)Br(λ2),

where we have used Lemma 2. �

If L is simple then Out(L) has order at most 2 in all cases except D4. For D4,

we have Out(L) ∼= S3 so the image of the abelian group Ĝ in Out(L) has order at

most 3. It follows that, in all cases, the Ĝ-orbits in the set of dominant integral

weights have length at most 3, and Ĝ acts cyclically on each orbit. Consider
λ =

∑s
i=1miωki where the {ωk1

, . . . , ωks} is an orbit and mi are nonnegative

integers. Since Ĝ cyclically permutes the ωki , we have one of the following two
possibilities: either all mi are equal or Hλ = Hωki

(for any i). It follows that, if we

know the Brauer invariant of
∑s
i=1 ωki for each orbit, then we can compute it for

any dominant integral weight using Proposition 10.

Proposition 11. Let λ1 and λ2 be dominant integral weights of a semisimple Lie
algebra L and let µ = λ1 + λ2. Suppose L is equipped with a grading by an abelian

group G such that {λ1, λ2} is a Ĝ-orbit, so Hµ = {e} and Hλi = 〈h〉, i = 1, 2, where

h has order 2, and the algebra R = End(Vλ1
⊗Vλ2

) has a G-grading by identification

with End(Vλ1)⊗End(Vλ2), where G = G/〈h〉. Fix χ ∈ Ĝ such that χ(h) = −1 and
pick isomorphisms u′ : Vλ1

→ V χλ2
and u′′ : Vλ2

→ V χλ1
. Then Br(µ) = [R] in the G-

graded Brauer group where the G-grading on R is obtained by refining the G-grading
as follows:

Rg = {x ∈ Rg | uxu−1 = χ(g)x} for all g ∈ G,
where u = (u′′⊗u′) ◦ τ and τ is the flip v′⊗ v′′ 7→ v′′⊗ v′ for all v′ ∈ Vλ1

and
v′′ ∈ Vλ2

(so u ∈ R).

Proof. Let Ri = End(Vλi). Then ρi : U(L) → Ri are homomorphisms of G-graded
algebras and the following diagram commutes:

U(L)
αχ
//

ρ1

��

U(L)

ρ2

��

αχ
// U(L)

ρ1

��

R1
α′ // R2

α′′ // R1

where α′(a) = u′a(u′)−1 for all a ∈ R1 and α′′(b) = u′′b(u′′)−1 for all b ∈ R2.
Since αχ is an isomorphism of G-graded algebras, so are α′ and α′′. Define an

automorphism α̃ : R→ R (as a G-graded algebra) by setting

α̃(a⊗ b) = α′′(b)⊗α′(a) for all a ∈ R1, b ∈ R2.

Then α̃2(a⊗ b) = α′′α′(a)⊗α′α′′(b) = (χ2 ∗ a)⊗(χ2 ∗ b) where, as usual, ∗ denotes
the actions of K = Kλ1

= Kλ2
associated to the G-gradings. Hence α̃2 acts as the

scalar operator χ2(g) on the homogeneous component Rg (where we regard χ2 as

a character of G), and we obtain a G-grading on R by setting

Rg = {x ∈ Rg | α̃(x) = χ(g)x} for all g ∈ G.
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For ρ = ρ1⊗ ρ2, one checks that ρ(αχ(x)) = α̃(ρ(x)) for all x ∈ L. It follows that
ρ : U(L) → R is a homomorphism of G-graded algebras. By the same argument
as in the proof of Proposition 10, we obtain Br(µ) = [R] in the G-graded Brauer
group (Hµ is trivial in our case). It remains to observe that

α̃(a⊗ b) = u′′b(u′′)−1⊗u′a(u′)−1 = (u′′⊗u′)τ(a⊗ b)τ(u′′⊗u′)−1 = u(a⊗ b)u−1

for all a ∈ R1 and b ∈ R2. �

The result is especially simple in the case when Vλ1 and Vλ2 are dual to each
other.

Proposition 12. Let λ1 and λ2 be dominant integral weights of a semisimple Lie
algebra L such that Vλ2

∼= V ∗λ1
, and let µ = λ1 + λ2. Suppose L is equipped with

a grading by an abelian group G such that {λ1, λ2} is a Ĝ-orbit. Then Br(µ) is
trivial.

Proof. We will use the notation of Proposition 11 and the abbreviations V = Vλ1

and V ∗ = Vλ2
. Then we have the following commutative diagram:

Lop −id
//

ρ1

��

L

ρ2

��

End(V )op adj
// End(V ∗)

where adj denotes the map sending an operator a ∈ End(V ) to its adjoint a∗ ∈
End(V ∗), which is determined by

〈x, ay〉 = 〈a∗x, y〉 for all x ∈ V ∗, y ∈ V,

where 〈·, ·〉 is the canonical pairing between V ∗ and V . It follows that [End(V ∗)]
is the inverse of [End(V )] in the G-graded Brauer group. Hence the G-grading on
R = End(V ⊗V ∗) is elementary. We claim that this elementary grading on R is
induced from the G-grading on the vector space V ⊗V ∗ coming from the natural
isomorphism V ⊗V ∗ ∼= End(V ). Indeed, for any ψ ∈ K := Kλ1

= Kλ2
, we have

ρ1(αψ(x)) = uψρ1(x)u−1
ψ for all x ∈ L, hence ρ2(αψ(x)) = (u∗ψ)−1ρ2(x)u∗ψ for all

x ∈ L. It follows that the G-grading on the algebra R = R1⊗R2 is associated to the
K-action ψ ∗ x = (uψ ⊗(u∗ψ)−1)x(uψ ⊗(u∗ψ)−1)−1. Under the natural isomorphism

V ⊗V ∗ ∼= End(V ), the operator uψ ⊗(u∗ψ)−1 on V ⊗V ∗ corresponds to the inner

automorphism Ad(uψ) of End(V ), and these inner automorphisms determine the

G-grading of End(V ).

Now consider χ ∈ Ĝ \ K, i.e., χ ∈ Ĝ with χ(h) = −1. We may choose the
associated isomorphisms u′ : V → (V ∗)χ and u′′ : V ∗ → V χ so that u′′ = ((u′)∗)−1.
Define a nondegenerate bilinear form on V as follows:

(x, y) = 〈u′x, y〉 for all x, y ∈ V,

and then define a linear map ϕ : End(V )→ End(V ) by setting

(ax, y) = (x, ϕ(a)y) for all x, y ∈ V, a ∈ End(V ),

i.e., ϕ(a) is the adjoint of a with respect to the bilinear form (·, ·). Clearly, ϕ is
an anti-automorphism. One checks that ϕ(a)∗ = u′a(u′)−1 for all a ∈ End(V ).
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Therefore, we have the following commutative diagram:

Lop
−αχ

//

ρ1

��

L

ρ1

��

End(V )op ϕ
// End(V )

Since −αχ is a homomorphism of G-graded algebras, so is ϕ. Moreover, ϕ2 acts as
the scalar operator χ2(g) on the homogeneous component End(V )g. It follows that
we obtain a G-grading on the vector space End(V ) by setting

(5) End(V )g = {a ∈ End(V )g | ϕ(a) = −χ(g)a} for all g ∈ G.
Since −ϕ is a Lie homomorphism, this is actually a G-grading on the Lie algebra

End(V )
(−)

. By construction, ρ1 : L→ End(V )
(−)

is a homomorphism of G-graded
algebras. Finally, we claim that the operator u = (u′′⊗u′)τ on V ⊗V ∗ corresponds
to ϕ on End(V ) under the natural isomorphism V ⊗V ∗ ∼= End(V ). Indeed, for any
z ∈ V and f ∈ V ∗, the element z⊗ f corresponds to a(·) = f(·)z ∈ End(V ). For
any x, y ∈ V , we compute:

((z⊗ f)x, y) = (f(x)z, y) = 〈f, x〉〈u′z, y〉 = 〈u′x, u′′f〉〈u′z, y〉
= (x, (u′z)(y)(u′′f)) = (x, u(z⊗ f)(y)),

proving the claim. Therefore, in our case, the G-grading on R = End(End(V )) in
Proposition 11 is induced from the above G-grading on the vector space End(V ).
Thus Br(µ) = [R] is trivial. �

4. Series A

Consider the simple Lie algebra L = slr+1(F) of type Ar, where F is an alge-
braically closed field of characteristic 0. Given a G-grading on L, we are going to
find the Brauer invariant of every simple L-module. The parameters used in [1]
(see also [5]) to determine the G-grading on L (up to isomorphism) include what
are, in our present terminology, the inertia group and the Brauer invariant of the
natural module of L.

4.1. Preliminaries. Recall that the calculation of Brauer invariants reduces to
modules of the form Vλ where λ is the sum of fundamental weights forming a Ĝ-
orbit. The simple L-module of highest weight ωi (i = 1, . . . , r) can be realized as
∧iV where V is the natural module of L, which has highest weight ω1 and dimension
n = r + 1.

Proposition 13. For the simple Lie algebra of type Ar graded by an abelian group
G and for any i = 1, . . . , r, we have Br(ωi) = Br(ω1)i in the (G/Hω1

)-graded Brauer
group.

Proof. Denote G = G/Hω1
, R = End(V ) and ρ : L→ R the natural representation.

Then the algebra R̃ = End(V ⊗ i) is G-graded by identification with R⊗ i, and

ρ⊗ i : U(L) → R̃ is a homomorphism of G-graded algebras. We identify ∧iV with

the space of skew-symmetric tensors in V ⊗ i. Let ε ∈ R̃ be the standard projection
V ⊗ i → ∧iV , i.e.,

ε(v1⊗ · · ·⊗ vi) =
1

i!

∑
π∈Si

(−1)πvπ(1)⊗ · · ·⊗ vπ(i) for all v1, . . . , vi ∈ V.
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Then End(∧iV ) can be identified with εR̃ε. With this identification, we have
ρ∧i(a) = ερ⊗ i(a)ε for all a ∈ U(L).

Now let K be the group of characters of G. If the G-grading on R is associated

to the action χ ∗ x = uχxu
−1
χ , χ ∈ K, x ∈ R, then the grading on R̃ is associated

to the action χ ∗ x = ũχxũ
−1
χ , χ ∈ K, x ∈ R̃, where

ũχ(v1⊗ · · ·⊗ vi) = uχ(v1)⊗ · · ·⊗uχ(vi) for all v1, . . . , vi ∈ V.

Clearly, ũχεũ
−1
χ = ε for all χ ∈ K, so ε is a homogeneous idempotent of R̃. There-

fore,

Br(ωi) = [End(∧iV )] = [εR̃ε] = [R̃] = [R]i = Br(ω1)i,

where we have used Lemma 2 (cf. the proof of Proposition 10). �

4.2. Inner gradings on slr+1(F). Gradings of Type I, i.e., such that the image

of Ĝ in Aut(L) consists of inner automorphisms, are classified by the correspond-
ing gradings on R = End(V ), and the latter by the graded division algebra D

representing the class [R] in the G-graded Brauer group and the multiset Ξ in
G/T (determined up to a shift) representing the grading on a right vector space
W over D such that R = EndD(W ), where T ⊂ G is the support of D. Explic-
itly, we can select a homogeneous D-basis {v1, . . . , vk} of W and identify V with

W ⊗DN = W̃ ⊗N where W̃ = span {v1, . . . , vk} (over F) and N is the natural left
(ungraded) module for the matrix algebra D, so dimN = ` is the graded Schur
index of V and n = k`.

Remark 14. The G-grading on V ` in Proposition 5, where λ = ω1 and Hλ is trivial,

is obtained by identifying V ` with V ⊗M = W̃ ⊗D = W where M is the natural
right module for the matrix algebra D.

The G-grading on R then comes from the identification of R with C⊗D where

C = End(W̃ ). The multiset Ξ is {g1T, . . . , gkT} where gi = deg vi. In [1, 5], the
D-basis was chosen in such a way that gi = gj whenever giT = gjT ; here it will be
convenient not to impose this condition. Finally, the G-grading on L comes from
the identification of L with the graded subspace [R,R] of R. Two Type I gradings,
Γ and Γ′, belong to one Int(L)-orbit if and only if T ′ = T , β′ = β and Ξ′ = gΞ for
some g ∈ G (see [1] or [5, Theorem 3.53]).

Theorem 15. Let L be the simple Lie algebra of type Ar over an algebraically
closed field F of characteristic 0. Suppose L is graded by an abelian group G such

that the image of Ĝ in Aut(L) consists of inner automorphisms (Type I grading).
Then, for any dominant integral weight λ =

∑r
i=1miωi, we have Hλ = {e} and

Br(λ) = β̂
∑r
i=1 imi , where β̂ : Ĝ× Ĝ→ F× is the commutation factor associated to

the parameters (T, β) of the grading on L.

Proof. Since Hωi is trivial for all i, we can apply Proposition 10:

Br(λ) =

r∏
i=1

Br(ωi)
mi .

But by Proposition 13, we have Br(ωi) = Br(ω1)i = β̂i. The result follows. �

Corollary 16. The simple L-module Vλ admits a G-grading making it a graded
L-module if and only if the number

∑r
i=1 imi is divisible by the exponent of the

group T .
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Example 17. Consider L = sl2(F). Then either T = {e} or T = 〈a〉×〈b〉 ∼= Z2
2. In

the first case, any simple L-module has trivial Brauer invariant and hence admits a
G-grading, as expected because the grading on L is a coarsening of Cartan grading.
In the second case (so-called Pauli grading on L), T has a unique nondegenerate
alternating bicharacter β (defined on the generators by β(a, a) = β(b, b) = 1 and
β(a, b) = β(b, a) = −1), for which β2 = 1. Hence Br(mω1) is trivial for even m and

equals β̂ for odd m. In particular, the simple L-modules of even highest weight
admit a G-grading but those of odd highest weight do not: they have graded Schur
index 2.

4.3. Outer gradings on slr+1(F). If r > 1 then there exist gradings of Type II,

i.e., such that the image of Ĝ in Aut(L) contains an outer automorphism. Every
such grading has a distinguished element h ∈ G of order 2, which is characterized
by the property that the corresponding G-grading is of Type I, where G = G/〈h〉.
(Using our present notation, we have Hω1

= 〈h〉.) Gradings of Type II with a fixed
distinguished element h are classified by the corresponding G-graded algebras R

equipped with an anti-automorphism ϕ representing (the negative of) the action of

a fixed χ ∈ Ĝ with χ(h) = −1. Namely, the Type II grading on L corresponding
to (R, ϕ) comes from the identification of L with the graded subspace [R,R] of the
Lie algebra R(−) equipped with the G-grading given by (5).

The existence of ϕ forces T ⊂ G to be an elementary 2-group, where T is the
support of the graded division algebra D representing [R] in the G-graded Brauer
group. Moreover, for any x ∈ R, ϕ(x) is the adjoint of x with respect to a suitable
nondegenerate F-bilinear form B : W ×W → D which is D-sesquilinear relative to
an involution of the graded algebra D (see [4] or [5]). To write ϕ explicitly, we
can fix a “standard realization” of D as a matrix algebra in the following way. To
simplify notation, we temporarily omit bars and write T instead of T . Select a
symplectic basis {aj} ∪ {bj} of T (as a vector space over the field of two elements)
with respect to the nondegenerate alternating bicharacter β : T × T → F×, i.e.,
β(aj , bj) = −1 and all other values of β on basis elements are equal to 1. Then we
can take D = M2(F)⊗ · · ·⊗M2(F) with the following T -grading:

Xaj = 1⊗ · · ·⊗
(−1 0

0 1

)
⊗ · · ·⊗ 1 and Xbj = 1⊗ · · ·⊗ ( 0 1

1 0 )⊗ · · ·⊗ 1,

where the indicated matrix appears in the j-th factor, and

X
(
∏
a
ξj
j )(

∏
b
ηj
j )

=
(∏

Xξj
aj

)(∏
X
ηj
bj

)
.

Note that we have tXaj = X−1
aj = Xaj and tXbj = X−1

bj
= Xbj for all j, and hence

(6) tXs = X−1
s = β(s)Xs for all s ∈ T ,

where β : T → {±1} is a quadratic form on T (as a vector space over the field of
two elements) whose polar bilinear form is β(·, ·), i.e., β(s, t) = β(st)β(s)β(t) for
all s, t ∈ T .

Remark 18. This matrix realization of D can be presented in a concise way if we
write T = A × B, where A = 〈aj〉 and B = 〈bj〉, and take for N the vector space
FB = span {eb | b ∈ B} with the following action of D: X(a,b)eb′ = β(a, bb′)ebb′ for
all a ∈ A and b, b′ ∈ B.

Lemma 19. If |T | 6= 4 then det(Xt) = 1 for all t ∈ T . If |T | = 4 then det(Xt) =
β(c, t) for all t ∈ T , where c = ab. �
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Fix a standard matrix realization of D. Adjusting the sesquilinear form B, we
may assume that the involution of D is the matrix transpose. Selecting a suitable
homogeneous D-basis {v1, . . . , vk} in W , deg vi = gi, we may assume that

(7) g2
1t1 = . . . = g2

qtq = gq+1gq+2 = . . . = gq+2s−1gq+2s = g−1
0 ,

where q+ 2s = k, g0 ∈ G, ti ∈ T , and the sesquilinear form B is represented by the
following block-diagonal matrix:

(8) Φ = diag
(
Xt1 , . . . , Xtq ,

(
0 I
µ1I 0

)
, . . . ,

(
0 I
µsI 0

))
,

where µi ∈ F× and I = Xe ∈ D (see [4] or [5, Theorem 3.31]). The element g0

has the meaning of the degree of B as a linear map W ⊗W → D. The scalars µi
can be expressed in terms of a single scalar µ0 satisfying µ2

0 = χ2(g−1
0 ), namely,

µi = µ0χ
2(g−1

q+2i−1). The gradings of Type II with distinguished element h are

classified by the graded division algebra D, the multiset Ξ = {g1T , . . . , gkT}, and
the elements µ0 ∈ F× and g0 ∈ G (see [1] or [5, Theorem 3.53]). Identifying R with
Mk(D) through the D-basis {v1, . . . , vk} and using the fixed matrix realization of
D, we can write the anti-automorphism ϕ in matrix form as follows:

ϕ(X) = Φ−1(tX)Φ for all X ∈Mn(F),

where tX is the transpose of X. Note that ϕ(X) is the adjoint of X with respect
to the nondegenerate bilinear form (v′, v′′)Φ = tv′Φv′′ on V , which can also be

expressed, using the identification V = W ⊗DN = W̃ ⊗N , as follows:

(9) (w′⊗x,w′′⊗ y)Φ = txB(w′, w′′)y for all w′, w′′ ∈W, x, y ∈ N,
where the expression in the right-hand side is matrix product (using the fixed matrix
realization of D).

Recall that the action of a character ψ of G on the G-graded algebra R is given
by ψ ∗ x = uψxu

−1
ψ (x ∈ R) where

(10) uψ = diag(ψ(g1), . . . , ψ(gk))⊗Xt

and t ∈ T is determined by the condition β(t, s̄) = ψ(s̄) for all s̄ ∈ T .

Lemma 20. For any ψ ∈ Ĝ with ψ(h) = 1, we have (uψv
′, uψv

′′)Φ = ψ(g−1
0 )(v′, v′′)Φ

for all v′, v′′ ∈ V .

Proof. It is sufficient to verify tuψΦuψ = ψ(g−1
0 )Φ, which follows from orthogonality

of Xt and the equations

ψ(gi)
2X−1

t
Xti

Xt = ψ(gi)
2β(t, ti)Xti

= ψ(gi)
2ψ(ti)Xti

= ψ(g−1
0 )Xti

,

for each i = 1, . . . , q, as well as the equations ψ(gq+2j−1)ψ(gq+2j) = ψ(g−1
0 ), for

each j = 1, . . . , s. �

We will need the following notation to state our main result on Type II gradings.
Let ` be the G-graded Schur index of V , so ` is a power of 2, |T | = `2 and dimV =
n = k`. If n is even, then set

(11) h̄′ =

{
g
n/2
0 (g1 · · · gk)` if ` 6= 2,

(c̄g0)n/2(g1 · · · gk)` if ` = 2,

where, for ` = 2, c̄ is the element of T as in Lemma 19 (c̄ = āb̄ where {ā, b̄} is the
selected basis of T ). Note that relations (7) imply that h̄′ has order at most 2 and
depends only on g1, . . . , gq.
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Theorem 21. Let L be the simple Lie algebra of type Ar (r > 1) over an alge-
braically closed field F of characteristic 0. Suppose L is graded by an abelian group

G such that the image of Ĝ in Aut(L) contains outer automorphisms and hence
Hω1 = 〈h〉 for some h ∈ G of order 2 (Type II grading with distinguished element

h). Let K = Kω1
= 〈h〉⊥ and fix χ ∈ Ĝ \ K (i.e., χ(h) = −1). Then, for a

dominant integral weight λ =
∑r
i=1miωi, we have the following possibilities:

1) If mi 6= mr+1−i for some i, then Hλ = 〈h〉, Kλ = K, and Br(λ) =

β̂
∑r
i=1 imi = β̂

∑b(r+1)/2c
i=1 m2i−1 , where β̂ : K ×K → F× is the commutation

factor associated to the parameters (T , β) of the grading on L.
2a) If r is even and mi = mr+1−i for all i, then Hλ = {e} and Br(λ) = 1.
2b) If r is odd and mi = mr+1−i for all i, then Hλ = {e} and Br(λ) = γ̂m(r+1)/2 ,

where γ̂ : Ĝ × Ĝ → F× is the extension of the alternating bicharacter

β̂(r+1)/2 : K ×K → F× given by γ̂(χ, ψ) = ψ(h′) for all ψ ∈ Ĝ, where β̂ is
the commutation factor associated to the parameters (T , β) of the grading
on L and h′ ∈ G is the unique element satisfying χ(h′) = 1 in the coset h̄′

defined by (11). The order of h′ is at most 2.

Proof. Since χ acts by an outer automorphism, we have Vr+1−i ∼= V χi . The Ĝ-orbits
in the set of fundamental weights are the pairs {ωi, ωr+1−i}, i = 1, . . . , br/2c, and,
if r is odd, also the singleton {ω(r+1)/2}.

1) In this case, we actually deal with a Type I grading by G = G/〈h〉, so Theorem
15 applies.

2a) Here λ =
∑r/2
i=1mi(ωi +ωr+1−i). Since Hωi+ωr+1−i is trivial for all i, we can

apply Proposition 10:

Br(λ) =

r/2∏
i=1

Br(ωi + ωr+1−i)
mi .

Since Vωi and Vωr+1−i are dual to each other, Proposition 12 gives the result.

2b) Now λ = m(r+1)/2ω(r+1)/2 +
∑(r−1)/2
i=1 mi(ωi + ωr+1−i) and hence

Br(λ) = Br(ω(r+1)/2)m(r+1)/2

(r−1)/2∏
i=1

Br(ωi + ωr+1−i)
mi = Br(ω(r+1)/2)m(r+1)/2

by Propositions 10 and 12. It remains to consider the module Vωp = ∧pV for

p = r+1
2 and compute the associated commutation factor γ̂ : Ĝ × Ĝ → F×. The

restriction of γ̂ to K×K is equal to β̂p according to Proposition 13. Since γ̂(χ, χ) =
1, it suffices to show that γ̂(χ, ψ) = ψ(h̄′) for all ψ ∈ K. By definition of the
commutation factor, we have

(12) ũχũψ = γ̂(χ, ψ)ũψũχ,

where ũχ : (∧pV )χ
−1 → ∧pV and ũψ : (∧pV )ψ

−1 → ∧pV are isomorphisms of L-
modules. We can take for ũψ the mapping x1 ∧ · · · ∧ xp 7→ uψx1 ∧ · · · ∧ uψxp
(xi ∈ V ) where uψ is given by (10). We will now describe ũχ.

Let u′ : V χ
−1 → V ∗ be an isomorphism of L-modules. Then, for any a ∈ R,

ϕ(a) is the adjoint of a with respect to the bilinear form (x, y) = 〈u′x, y〉 on V
— see the proof of Proposition 12 (with λ1 = ω1). Multiplying u′ by a scalar if
necessary, we may assume that (x, y)Φ = 〈u′x, y〉 for all x, y ∈ V . Let ũ be the
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induced isomorphism (∧pV )χ
−1 → ∧p(V ∗), which is given by ũ(x1 ∧ · · · ∧ xp) =

u′x1∧· · ·∧u′xp for all xi ∈ V . The L-module ∧p(V ∗) can be identified with (∧pV )∗

through the canonical pairing

〈f1∧· · ·∧fq, y1∧· · ·∧yq〉 =
∑
π∈Sp

(−1)π〈f1, yπ(1)〉 · · · 〈fp, yπ(p)〉 for all yi ∈ V, fi ∈ V ∗.

Hence 〈ũx, y〉 = (x, y)Φ for all x, y ∈ ∧pV , where the bilinear form (·, ·)Φ is defined
on ∧pV as follows:

(x1∧· · ·∧xq, y1∧· · ·∧yq)Φ =
∑
π∈Sp

(−1)π(x1, yπ(1))Φ · · · (xp, yπ(p))Φ for all xi, yi ∈ V.

Note that, by Lemma 20, we have

(13) (ũψx, ũψy)Φ = ψ(g−p0 )(x, y)Φ for all x, y ∈ ∧pV.

Since 2p = dimV , the L-module ∧pV is isomorphic to its dual (∧pV )∗ via the
bilinear form on ∧pV given by (x, y) = x∧ y. Namely, an isomorphism θ : ∧p V →
(∧pV )∗ is defined by the rule 〈θ(x), y〉 = (x, y) for all x, y ∈ ∧pV . Hence θ−1ũ is

an isomorphism (∧pV )χ
−1 → ∧pV , so we can take ũχ = θ−1ũ. By construction, we

have

(ũχx, y) = 〈ũx, y〉 = (x, y)Φ for all x, y ∈ ∧pV.

Finally, we can calculate γ̂(χ, ψ) using equation (12). For any x, y ∈ ∧pV , on
the one hand, we obtain

(ũχũψx, y) = (ũψx, y)Φ = ψ(g−p0 )(x, ũ−1
ψ y)Φ,

where we have used (13). On the other hand, we obtain

(ũψũχx, y) = det(uψ)(ũχx, ũ
−1
ψ y) = det(uψ)(x, ũ−1

ψ y)Φ.

It follows that

γ̂(χ, ψ)−1 = ψ(gp0) det(uψ).

Looking at (10), we see that det(uψ) =
(∏k

i=1 ψ(gi)
`
)

det(Xt)
k. Taking into ac-

count Lemma 19 and recalling that β(c̄, t) = ψ(c̄) by definition of uψ, we obtain

γ̂(χ, ψ)−1 =

{
ψ(gp0)ψ

(∏k
i=1 g

`
i

)
if ` 6= 2,

ψ(gp0)ψ
(∏k

i=1 g
`
i

)
ψ(c̄)k if ` = 2,

so γ̂(χ, ψ) = ψ(h̄′)−1 = ψ(h̄′) since h̄′ has order at most 2. Substituting ψ = χ2,
we get 1 = γ̂(χ, χ2) = χ2(h̄′). Let h′ be one of the two elements in the coset h̄′.
Since χ(h′)2 = χ2(h̄′) = 1, we see that (h′)2 6= h and hence (h′)2 = e. Replacing h′

with h′h if necessary, we obtain χ(h′) = 1. Then γ̂(χ, ψ) = ψ(h′) for all ψ ∈ Ĝ. �

Remark 22. If r ≡ 3 (mod 4) then β̂(r+1)/2 = 1 and the support T of the graded
division algebra representing Br(ω(r+1)/2) is {e} if h′ = e and 〈h, h′〉 ∼= Z2

2 if h′ 6= e.

Proof. The property γ̂(χ, ψ) = ψ(h′) implies that rad γ̂ = Ĝ if h′ = e and rad γ̂ =
K ∩ 〈h′〉⊥ if h′ 6= e. Since T = (rad γ̂)⊥, we get T = {e} if h′ = e and T = 〈h, h′〉
if h′ 6= e. �
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Remark 23. If r ≡ 1 (mod 4) then β̂(r+1)/2 = β̂ and the support T of the graded
division algebra representing Br(ω(r+1)/2) is T if h̄′ ∈ T and T × 〈h, h′〉 ∼= T × Z2

2

(orthogonal sum relative to γ) if h̄′ /∈ T , where T is regarded as a subgroup of G by
identifying t ∈ T with the unique element t in the coset t satisfying χ(t) = β(h̄′, t)
in the case h̄′ ∈ T and χ(t) = 1 in the case h̄′ /∈ T .

Proof. The property γ̂(χ, ψ) = ψ(h′) implies that rad γ̂ = rad β̂ ∩ 〈h′〉⊥ if rad β̂ 6⊂
〈h′〉⊥. The condition rad β̂ ⊂ 〈h′〉⊥ is equivalent to h̄′ ∈ T . If this is the case,

then rad γ̂ = 〈rad β̂, χ̃〉 where χ̃ = χψ0 and ψ0 is any element of K satisfying
ψ0|T = β(h̄′, ·). Let H be the pre-image of T under the quotient map G → G, so

H⊥ = rad β̂.
If h̄′ ∈ T then T = (rad γ̂)⊥ = H ∩ 〈χ̃〉⊥ is a subgroup of index 2 in H (since

χ̃ /∈ rad β̂ and χ̃2 ∈ rad β̂), so T is precisely the isomorphic copy of T in G obtained
as indicated.

If h̄′ /∈ T then T = 〈H,h′〉. The definition of γ̂(·, ·) and the fact that γ̂(χ, ψ) =

ψ(h′) for all ψ ∈ Ĝ imply that γ(t, h′) = χ(t) for all t ∈ T . In particular, γ(h, h′) =
−1 and hence the restriction of γ(·, ·) to 〈h, h′〉 is nondegenerate. Also, ψ(h) =

γ̂(χ′, ψ) for all ψ ∈ Ĝ, where χ′ ∈ rad β̂. It follows that T = T × 〈h, h′〉, where T
is a subgroup of G obtained as indicated. �

Corollary 24. The simple L-module Vλ admits a G-grading making it a graded
L-module if and only if 1) for all i, mi = mr+1−i and 2) either r is even or r
is odd and one of the following conditions is satisfied: (i) m(r+1)/2 is even or (ii)

r ≡ 3 (mod 4) and h̄′ = ē in G or (iii) r ≡ 1 (mod 4), T = {ē} and h̄′ = ē in G.

5. Series B

Consider the simple Lie algebra L = so2r+1(F) of type Br, r ≥ 2, where F is an
algebraically closed field of characteristic 0. In this case all automorphisms of L

are inner. For a given G-grading on L, we are going to find the Brauer invariants
of all simple L-modules.

In [1], the G-gradings on L are classified in terms of the corresponding G-graded
algebras R = End(V ) equipped with an orthogonal involution ϕ where V is the
natural module of L, which has highest weight ω1 and dimension n = 2r + 1.
Namely, the grading on L corresponding to (R, ϕ) comes from the identification of
L with the graded subspace K(R, ϕ) = {x ∈ R | ϕ(x) = −x}.

The existence of the involution ϕ forces T ⊂ G to be an elementary 2-group,
where T is the support of the graded division algebra D representing [R] in the G-
graded Brauer group. But |T | is a divisor of the odd number n2, hence T = {e}, i.e.,
the Brauer invariant of the natural module is trivial. In other words, the G-grading
on R = End(V ) is induced by some G-grading V =

⊕
g∈G Vg, which is determined

up to a shift. Since, for i = 1, . . . , r − 1, the simple L-module of highest weight ωi
can be realized as ∧iV , which has a natural G-grading induced from V , we see that
the Brauer invariants of all fundamental weights, except possibly ωr, are trivial.
The simple L-module Vωr is called the spin module and can be constructed in the
following way, using the Clifford algebra Cl(V,Q) where Q is the quadratic form
associated to the orthogonal involution ϕ.

For any x ∈ R, ϕ(x) is the adjoint of x with respect to a nondegenerate symmetric
F-bilinear form B : V ×V → F. Selecting a suitable homogeneous basis {v1, . . . , vn}
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in V , deg vi = gi, we may assume that

(14) g2
1 = . . . = g2

q = gq+1gq+2 = . . . = gq+2s−1gq+2s = g−1
0 ,

where q + 2s = n, g0 ∈ G, and the bilinear form B is represented by the following
block-diagonal matrix:

(15) Φ = diag (1, . . . , 1, ( 0 1
1 0 ) , . . . , ( 0 1

1 0 )) ,

where the number of 1’s is q (see [4] or [5, Theorem 3.42]). The element g0 has
the meaning of the degree of B as a linear map V ⊗V → F. Since q is odd, we
have q ≥ 1 and hence g0 is a square in G, so we may, and will, shift the G-grading
on V so that g0 becomes e. The G-gradings on L are classified by the multiset
Ξ = {g1, . . . , gn} (see [1] or [5, Theorem 3.65]).

Remark 25. Since F is algebraically closed, we may take, at the expense of adding
blocks ( 0 1

1 0 ), the elements g1, . . . , gq to be distinct.

The quadratic form Q is given by Q(v) = 1
2B(v, v) so that B is the polar form of

Q, i.e., B(u, v) = Q(u+ v)−Q(u)−Q(v). In particular Q(vi) = 1
2 for i = 1, . . . , q

and Q(vi) = 0 for i = q + 1, . . . , q + 2s.
Recall that the Clifford algebra Cl(V ) = Cl(V,Q) of a quadratic space (V,Q)

is the quotient of the tensor algebra T (V ) by the ideal generated by the elements
v ⊗ v − Q(v)1, for all v ∈ V . We will denote by x · y the product of elements in
Cl(V ). The algebra Cl(V ) is naturally graded by Z2: Cl(V ) = Cl0̄(V ) ⊕ Cl1̄(V ),
with V contained in the odd part.

The Lie algebra so(V,Q) imbeds in Cl(V,Q)(−) (actually, in its even part) as the
subspace [V, V ]· = span {u · v − v · u | u, v ∈ V }. Indeed, for u, v, w ∈ V ,

ad[u,v]·(w) = [[u, v]·, w]·

= u · v · w − v · u · w − w · u · v + w · v · u
=
(
B(v, w)u− u · w · v

)
−
(
B(u,w)v − v · w · u

)
−
(
B(u,w)v − u · w · v

)
+
(
B(v, w)u− v · w · u

)
= −2

(
B(u,w)v −B(v, w)u

)
,

(16)

and the linear maps

(17) σu,v : w 7→ B(u,w)v −B(v, w)u

span so(V,Q). Hence we have an imbedding ρ : so(V,Q) → Cl0̄(V,Q) defined by
the property ρ(σu,v) = − 1

2 [u, v]·.
In the case at hand, dimV is odd, so the even Clifford algebra Cl0̄(V ) is simple,

and its unique (up to isomorphism) irreducible module is the spin module of L.
The G-grading on V induces a G-grading on T (V ), and the elements v⊗v−Q(v)1

are homogeneous because B is a homogeneous map V ⊗V → F of degree e. Hence
Cl(V ) inherits a G-grading from T (V ), and V imbeds in Cl(V ) as a graded subspace.
The G-grading and the Z2-grading on Cl(V ) are compatible in the sense that the
homogeneous components of one are graded subspaces with respect to the other.
Since the G-gradings on L and on Cl0̄(V ) are both induced from V , the imbedding

ρ : L→ Cl0̄(V )
(−)

is a homomorphism of G-graded algebras.

Recall that, for χ ∈ Ĝ, the action of χ on V is given by the matrix:

uχ = diag(χ(g1), . . . , χ(gq+2s)),
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and the action of χ on R and L is the conjugation by uχ. Let λi = χ(gi). Note that
equation (14), with g0 = e, implies that λ2

i = 1 for i = 1, . . . , q and λq+2j−1λq+2j =
1 for j = 1, . . . , s. Thus uχ is in the orthogonal group O(V,Q). Note that the
square of the element g1 · · · gq is e, so we may shift the grading on V by this
element and still have g0 = e. Therefore, we may assume without loss of generality
that g1 · · · gq = e. Then we have λ1 · · ·λq = 1 and hence det(uχ) = λ1 · · ·λq+2s = 1,
i.e., uχ is actually in the special orthogonal group SO(V,Q).

For any χ ∈ Ĝ, the orthogonal transformation uχ induces an automorphism
Cl(uχ) of Cl(V,Q) whose restriction to V is uχ. This automorphism gives the action
of χ on the G-graded algebra Cl(V,Q) and on its graded subalgebra Cl0̄(V,Q).

Since uχ ∈ SO(V,Q), there is an element sχ ∈ Spin(V,Q), unique up to sign,
such that uχ(v) = sχ · v · s−1

χ for all v ∈ V . Recall that

Spin(V,Q) = {x ∈ Cl0̄(V,Q) |x · V · x−1 = V and x · τ(x) = 1},

where τ is the canonical involution of Cl(V,Q), i.e., the unique involution whose
restriction to V is the identity.

Given isotropic elements u, v ∈ V with B(u, v) = 1, and a nonzero scalar α ∈ F,
the element

s = (αu+ α−1v) · (u+ v) = αu · v + α−1v · u ∈ Spin(V,Q)

commutes with all the vectors in V orthogonal to u and v, and satisfies

s · u = (αu · v + α−1v · u) · u = αu · v · u = αu,

u · s = u · (αu · v + α−1v · u) = α−1u · v · u = α−1u,

so s · u · s−1 = α2u and, in the same vein, s · v · s−1 = α−2v.

Hence, if we choose square roots λ
1/2
q+i for i = 1, . . . , 2s in such a way that

λ
1/2
q+2j−1λ

1/2
q+2j = 1 for all j = 1, . . . , s, then we may take

(18) sχ =
( ∏

1≤i≤q
λi=−1

21/2vi

)
·
( ∏

1≤j≤s

(
λ

1/2
q+2j−1vq+2j−1 ·vq+2j +λ

1/2
q+2jvq+2j ·vq+2j−1

))
.

Note that there is an even number of indices i with λi = −1 (1 ≤ i ≤ q).
But for u, v as above and 0 6= α, β ∈ F, we have

(αu · v + α−1v · u) · (βu · v + β−1v · u) = αβu · v · u · v + α−1β−1v · u · v · u
= αβu · v + (αβ)−1v · u.

Also, if u1, . . . , um are orthogonal elements and I, J are two subsets in {1, . . . ,m}
of even size, then uI · uJ = (−1)|I∩J|uJ · uI where uI =

∏
i∈I ui and uJ =

∏
i∈J ui.

It follows that, for any χ1, χ2 ∈ Ĝ,

sχ1
· sχ2

= γ̂(χ1, χ2) sχ2
· sχ1

,

where

(19) γ̂(χ1, χ2) = (−1)|{1≤i≤q |χ1(gi)=χ2(gi)=−1}|.

By construction, the conjugation by sχ is the automorphism Cl(uχ) of Cl(V ), for

all χ ∈ Ĝ, so the commutation factor γ̂ is precisely Br(ωr) = [Cl0̄(V )].
The following result, which will be used in Section 7, can be obtained by argu-

ments similar to the above computation of γ̂.
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Lemma 26. Let (V,Q) be a quadratic space of even dimension over a field of
characteristic different from 2. Let u1, u2 ∈ O(V,Q) be commuting semisimple
elements. Since Cl(V,Q) is central simple, there exist invertible elements s1, s2 ∈
Cl(V,Q), unique up to scalar, such that Cl(ui)(x) = si · x · s−1

i for all x ∈ Cl(V,Q),

i = 1, 2. Then the group commutator [s1, s2] := s1 · s2 · s−1
1 · s−1

2 is given by
[s1, s2] = (−1)p1p2+d where pi = 0 if ui ∈ SO(V,Q) and pi = 1 if ui /∈ SO(V,Q),
i = 1, 2, and d is the dimension of the common (−1,−1)-eigenspace of u1, u2. �

It is convenient to introduce some notation before we state our main result
for Series B. As mentioned above, a G-grading on L is determined by a multiset
Ξ = {g1, . . . , g2r+1} satisfying (14) with g0 = e. For i = 1, . . . , q, set

g̃i = g1 · · · gi−1gi+1 · · · gq.

Then g̃2
i = e and g̃1 · · · g̃q = e. Consider the group homomorphism

(20) fΞ : Ĝ→ Zq2, χ 7→ (x1, . . . , xq) where χ(g̃i) = (−1)xi .

Note that the image of fΞ is contained in the hyperplane (Zq2)0 determined by the
equation x1 + · · · + xq = 0. Define x • y =

∑q
i=1 xiyi for all x, y ∈ Zq2. Note

that this is a symmetric bilinear form whose restriction to (Zq2)0 is alternating and
nondegenerate.

Theorem 27. Let L be the simple Lie algebra of type Br (r ≥ 2) over an alge-
braically closed field F of characteristic 0. Suppose L is graded by an abelian group
G. Then, for any dominant integral weight λ =

∑r
i=1miωi, we have Hλ = {e} and

Br(λ) = γ̂mr , where γ̂ : Ĝ× Ĝ→ F× is given by γ̂(χ1, χ2) = (−1)fΞ(χ1)•fΞ(χ2) with
fΞ as in (20) associated to the parameter Ξ of the grading on L.

Proof. Since Hωi is trivial for all i, we can apply Proposition 10:

Br(λ) =

r∏
i=1

Br(ωi)
mi .

But Br(ωi) = 1 for all i < r and Br(ωr) = γ̂ according to (19) in which we substitute
g̃i = gi(g1 . . . gq) for gi. �

Remark 28. The support of the graded division algebra representing [Br(ωr)] is the
subgroup of 〈g̃1, . . . , g̃q〉 given by

{g̃x1
1 · · · g̃xqq | x ∈ Zq2 such that x • y = 0 for all y ∈ Zq2 satisfying g̃y1

1 · · · g̃yqq = e}

= {g̃x1
1 · · · g̃xqq | x ∈ fΞ(Ĝ)}.

Thus, it is an elementary 2-group of (even) rank ≤ q − 1.

Proof. Let T = Zq2. Define a homomorphism α : T → G by α(ei) = g̃i where

{e1, . . . , eq} is the standard basis of Zq2. Let H = kerα. We can identify T̂ with T

using the standard basis. Then H⊥ ⊂ T̂ is precisely the image of fΞ. The result

now follows from Lemma 3 using β(x, y) = β̂(x, y) = (−1)x•y and regarding γ̂ of
Theorem 27 as a bicharacter on the image of fΞ.

Alternatively, let Q = 〈g̃1, . . . , g̃q〉, so Q⊥ = ker fΞ. For any x ∈ Zq2, set g̃x :=

g̃x1
1 · · · g̃

xq
q . Then, for any χ ∈ Ĝ and x ∈ Zq2,

χ(g̃x) = (−1)x•fΞ(χ)
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and, in particular,

(21) g̃x = e if and only if x ∈ fΞ(Ĝ)′,

where prime denotes the orthogonal subspace relative to the nondegenerate sym-
metric bilinear form • on Zq2. Then, since Q = (ker fΞ)⊥ ⊂ (rad γ̂)⊥, we have

(rad γ̂)⊥ = {g ∈ Q | χ(g) = 1 ∀χ ∈ Ĝ such that γ̂(χ, Ĝ) = 1}

= {g ∈ Q | χ(g) = 1 ∀χ ∈ Ĝ such that fΞ(χ) • fΞ(Ĝ) = 0}

= {g̃x | x • fΞ(χ) = 0 ∀χ ∈ Ĝ such that fΞ(χ) • fΞ(Ĝ) = 0}

= {g̃x | x • fΞ(χ) = 0 ∀χ ∈ Ĝ such that fΞ(χ) ∈ fΞ(Ĝ)′}

= {g̃x | x ∈
(
fΞ(Ĝ) ∩ fΞ(Ĝ)′

)′}
= {g̃x | x ∈ fΞ(Ĝ) + fΞ(Ĝ)′}

= {g̃x | x ∈ fΞ(Ĝ)},
where in the last equation we used (21). �

Corollary 29. The simple L-module Vλ admits a G-grading making it a graded
L-module if and only if mr is even or the elements g̃1, . . . , g̃q have the following

property: for any x ∈ fΞ(Ĝ), g̃x1
1 · · · g̃

xq
q = e.

6. Series C

Consider the simple Lie algebra L = sp2r(F) of type Cr, r ≥ 2, where F is an
algebraically closed field of characteristic 0. In this case all automorphisms of L

are inner. For a given G-grading on L, we are going to find the Brauer invariants
of all simple L-modules.

In [1], the G-gradings on L are classified in terms of the corresponding G-graded
algebras R = End(V ) equipped with a symplectic involution ϕ where V is the
natural module of L, which has highest weight ω1 and dimension n = 2r. Namely,
the grading on L corresponding to (R, ϕ) comes from the identification of L with
the graded subspace K(R, ϕ) = {x ∈ R | ϕ(x) = −x}.

The existence of the involution ϕ forces T ⊂ G to be an elementary 2-group,
where T is the support of the graded division algebra D representing [R] in the
G-graded Brauer group. Although the isomorphism class of a grading on L is not
determined by the parameters (T, β) of D (see [1] or [5, Theorem 3.69]), it turns out
that these are all we need to obtain the Brauer invariants of all simple L-modules.
The reason is that, for any i = 1, . . . , r, the simple L-module of highest weight ωi
is contained with multiplicity 1 in ∧iV (see e.g. [3, VIII, Section 13], where it is
shown that ∧iV ∼= Vωi ⊕ ∧i−2V ), so we can express its Brauer invariant in terms
of that of V .

Proposition 30. For the simple Lie algebra of type Cr graded by an abelian group
G and for any i = 1, . . . , r, we have Br(ωi) = Br(ω1)i in the G-graded Brauer
group.

Proof. Denote R = End(V ) and ρ : L → R the natural representation. As in the

proof of Proposition 13, the algebra R̃ = End(V ⊗ i) is G-graded by identification

with R⊗ i, and ρ⊗ i : U(L)→ R̃ is a homomorphism ofG-graded algebras. Moreover,

identifying End(∧iV ) with εR̃ε where ε : V ⊗ i → ∧iV is the standard projection,
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we have ρ∧i(a) = ερ⊗ i(a)ε for all a ∈ U(L). Since ε is a homogeneous idempotent,

ρ∧i : U(L) → εR̃ε is a homomorphism of G-graded algebras. Let ε0 ∈ εRε be the
projection of ∧iV onto Vωi associated to the decomposition of ∧iV into isotypic
components (as an L-module). As in the proof of Proposition 10, we see that ε0 is

homogeneous and ε0R̃ε0
∼= End(Vωi) as G-graded algebras. Therefore,

Br(ωi) = [End(Vωi)] = [ε0R̃ε0] = [R̃] = [R]i = Br(ω1)i,

where we have used Lemma 2. �

Theorem 31. Let L be the simple Lie algebra of type Cr (r ≥ 2) over an alge-
braically closed field F of characteristic 0. Suppose L is graded by an abelian group
G. Then, for any dominant integral weight λ =

∑r
i=1miωi, we have Hλ = {e}

and Br(λ) = β̂
∑b(r+1)/2c
i=1 m2i−1 , where β̂ : Ĝ × Ĝ → F× is the commutation factor

associated to the parameters (T, β) of the grading on L.

Proof. Since Hωi is trivial for all i, we can apply Proposition 10:

Br(λ) =

r∏
i=1

Br(ωi)
mi .

But by Proposition 30, we have Br(ωi) = Br(ω1)i = β̂i. Also, β̂2 = 1. The result
follows. �

Corollary 32. The simple L-module Vλ admits a G-grading making it a graded

L-module if and only if T = {e} or the number
∑b(r+1)/2c
i=1 m2i−1 is even.

7. Series D

Consider the simple Lie algebra L = so2r(F) of type Dr, r ≥ 3, where F is
an algebraically closed field of characteristic 0. The natural module V of L has
highest weight ω1 and dimension n = 2r. Suppose L is given a G-grading. In the

case r = 4, assume that this is a matrix grading, i.e., the action of Ĝ fixes ω1. Our
goal is to find the Brauer invariants of all simple L-modules.

7.1. Preliminaries. In [1], the G-gradings on L are classified in terms of the cor-
responding G-graded algebras R = End(V ) equipped with an orthogonal involution
ϕ. Namely, the grading on L corresponding to (R, ϕ) comes from the identification
of L with the graded subspace K(R, ϕ) = {x ∈ R | ϕ(x) = −x}.

The existence of the involution ϕ forces T ⊂ G to be an elementary 2-group,
where T is the support of the graded division algebra D representing [R] in the G-
graded Brauer group. Moreover, for any x ∈ R, ϕ(x) is the adjoint of x with respect
to a suitable nondegenerate F-bilinear form B : W×W → D which is D-sesquilinear
relative to an involution of the graded algebra D. Here, as in Subsection 4.2, W is
a right vector space over D such that R = EndD(W ) as a G-graded algebra. Recall
that V can be identified with W ⊗DN where N is the natural left (ungraded)
module for D, ` = dimN is the graded Schur index of V and |T | = `2. Fix a
standard matrix realization of D as described at the beginning of Subsection 4.3.
Adjusting the sesquilinear form B, we may assume that the involution of D is the
matrix transpose. Selecting a suitable homogeneous D-basis {v1, . . . , vk} in W ,
deg vi = gi, we may assume that

(22) g2
1t1 = . . . = g2

q tq = gq+1gq+2 = . . . = gq+2s−1gq+2s = g−1
0 ,
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where q+ 2s = k, g0 ∈ G, ti ∈ T , and the sesquilinear form B is represented by the
following block-diagonal matrix:

(23) Φ = diag
(
Xt1 , . . . , Xtq , (

0 I
I 0 ) , . . . , ( 0 I

I 0 )
)
,

where I = Xe ∈ D and all Xti are symmetric (see [4] or [5, Theorem 3.42]). The
element g0 has the meaning of the degree of B as a linear map W ⊗W → D. For
r 6= 4, the G-gradings on L are classified by the graded division algebra D, the
multiset Ξ = {g1T, . . . , gkT}, and the element g0 ∈ G (see [1] or [5, Theorem 3.74]).
The same proof works for matrix gradings in the case r = 4. Note, however, that
this classification is up to isomorphism (matrix isomorphism in the case r = 4),
so one set of parameters may correspond to one or two Int(L)-orbits in the set of
G-gradings on L.

For i = 1, . . . , r− 2, the simple L-module of highest weight ωi can be realized as
∧iV , whose Brauer invariant can be computed in the same way as in Proposition
13. Thus, for i < r − 1, we have Hωi = Hω1

= {e} and Br(ωi) = Br(ω1)i in
the G-graded Brauer group. As to the simple L-modules Vωr−1

and Vωr , which
are called the half-spin modules, they are fixed by the automorphisms of L given
by x 7→ uxu−1 with u ∈ SO(V,Q) and permuted by such automorphisms with
u ∈ O(V,Q) \ SO(V,Q). Here Q is the quadratic form associated to the involution
ϕ, namely, Q(v) = 1

2 (v, v)Φ where the bilinear form (·, ·)Φ on V = W ⊗DN is given
by (9). To calculate Hωr−1

= Hωr , it will be convenient to work with similitudes of
Q. Recall that f ∈ GL(V ) is a similitude of multiplier µ if Q(f(v)) = µQ(v) for all
v ∈ V ; f is proper if det(f) = µr and improper if det(f) = −µr. Then x 7→ fxf−1

is an automorphism of L; it fixes the half-spin modules if f is proper and swaps

them if f is improper. For any χ ∈ Ĝ, the action of χ on R is the conjugation by
the matrix

(24) uχ = diag (χ(g1), . . . , χ(gk))⊗Xt,

where the element t ∈ T is such that χ(s) = β(t, s) for any s ∈ T . By Lemma 20
(with G instead of G), uχ is a similitude of multiplier χ(g0)−1. On the other hand,

det(uχ) =
(
χ(g1) · · ·χ(gk)

)`
det(Xt)

k

and k` = n = 2r.

Lemma 33. For the similitude uχ given by (24), we have:

• If |T | > 4, then uχ is proper for any χ ∈ Ĝ.
• If |T | = 4, so T = {e, a, b, c = ab}, with Xa and Xb symmetric, then uχ is

proper if and only if χ(h) = 1, where

h =

{
t1 · · · tq if r is even,

ct1 · · · tq if r is odd.

• If |T | = 1, then uχ is proper if and only if χ(h) = 1, where h = gr0g1 · · · gk.
(Note that relations (22) imply that h has order at most 2 and depends only
on g1, . . . , gq.)

Proof. If |T | > 4, then det(Xt) = 1 for any t by Lemma 19, and(
χ(g1) · · ·χ(gk)

)2
= χ(g2

1) · · ·χ(g2
q )χ(gq+1gq+2)2 · · ·χ(gq+2s−1gq+2s)

2

= χ(g0)−(q+2s)χ(t1 · · · tq) = χ(g0)−kχ(t1 · · · tk),
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hence

det(uχ) =
(
χ(g1) · · ·χ(gk)

)2 `2 = χ(g0)−k
`
2 = χ(g0)−r.

This proves the first part.
If |T | = 4, then k = r, and the computations above give

det(uχ) = χ(g0)−kχ(t1 · · · tq) det(Xt)
k,

so for even k, uχ is proper if and only if χ(t1 · · · tq) = 1, while for odd k, uχ is proper
if and only if χ(t1 · · · tq) = det(Xt), and, by Lemma 19, det(Xt) = β(c, t) = χ(c),
whence the result.

If |T | = 1, then uχ is proper if and only if χ(g1 · · · gk) = χ(g0)−r, which is
equivalent to χ(gr0g1 · · · gk) = 1. �

Thus, if |T | > 4, then the grading on L is inner and Hωr−1
= Hωr = {e}. If

|T | = 1 or 4, then the grading is inner if and only if h = e where h ∈ G is the element
defined in Lemma 33, also Hωr−1 = Hωr = 〈h〉. We state for future reference:

Definition 34. The distinguished element of a G-grading on so2r(F) is the element
h ∈ G of order at most 2 defined by

h =


gr0g1 · · · gk if |T | = 1,

t1 · · · tq if |T | = 4 and r is even,

ct1 · · · tq if |T | = 4 and r is odd,

e if |T | > 4.

The half-spin modules Vωr−1
and Vωr can be constructed using the Clifford al-

gebra Cl(V ) = Cl(V,Q) in the following way. The algebra Cl(V ) is simple but its
even part Cl0̄(V ) is a direct sum of two simple ideals. The center of Cl0̄(V ) is

(25) Z
(
Cl0̄(V,Q)

)
= F1⊕ Fz,

where z is the element, unique up to sign, in Spin(V,Q) that satisfies z · v = −v · z
for any v ∈ V . If {v1, . . . , v2r} is an orthogonal basis with Q(vi) = 1 for all i, then
we may take z = ±v1 · · · v2r. Thus, conjugation by z gives the automorphism Υ
of Cl(V ) associated to the Z2-grading, i.e., Υ is id on Cl0̄(V ) and −id on Cl1̄(V ).
Note that z2 = (−1)r1. Moreover, the center of Spin(V,Q) is

Z
(
Spin(V,Q)

)
= {±1,±z} ∼=

{
Z2 × Z2 if r is even,

Z4 if r is odd.

For even r, the elements ε± := 1±z
2 are central idempotents of Cl0̄(V ), so

Cl0̄(V ) = Cl0̄(V )ε+ ⊕ Cl0̄(V )ε− is the decomposition of the even Clifford alge-

bra as the direct sum of simple ideals. For odd r, the elements ε± = 1∓
√
−1z

2 are
central idempotents of Cl0̄(V ).

Let S± be the unique (up to isomorphism) irreducible module for Cl0̄(V )ε±.
Denote by π± : Cl0̄(V )→ Cl0̄(V )ε± ∼= End(S±), x 7→ xε±, the projections on each
of the simple ideals. Hence,

(26) π±(z) =

{
±id if r is even,

±
√
−1id if r is odd.

Recall that the Lie algebra L = so(V,Q) imbeds in Cl0̄(V,Q) as the subspace [V, V ]·

(see (16) and (17) where we have to substitute the bilinear form (·, ·)Φ for B). This
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gives a Lie algebra homomorphism ρ : L → Cl(V )
(−)

. Composing ρ with π±, we
get the two half-spin representations ρ±, and we may identify S+ with Vωr−1

and
S− with Vωr or vice versa, depending on the choice of the sign for z.

7.2. G-grading on the even Clifford algebra. We want to construct a G-
grading on Cl0̄(V ) such that ρ is a homomorphism of G-graded algebras. Since
S+ and S− are non-isomorphic irreducible L-modules, the image of the extension
ρ : U(L)→ Cl(V ) is the entire Cl0̄(V ), so the G-grading on Cl0̄(V ) will be uniquely
determined by this property.

Given a similitude f of multiplier µ on a quadratic space (V,Q) and a square root
µ1/2, we have µ−1/2f ∈ O(V,Q), and hence there is an automorphism Cl(µ−1/2f)
of Cl(V,Q) that maps v to µ−1/2f(v) for all v ∈ V . Note that the restriction of
Cl(µ−1/2f) to the even part Cl0̄(V,Q) does not depend on the choice of the square
root. Thus we obtain a homomorphism from the group of similitudes GO(V,Q) to
Aut(Cl0̄(V,Q)). In fact, this is a homomorphism of algebraic groups because it can
be defined without using square roots in the following way. First, Cl0̄(V,Q) can be
defined as the quotient T (V ⊗V )/I1(Q)+I2(Q), where I1(Q) is the ideal generated
by the elements v ⊗ v − Q(v)1 for v ∈ V , and I2(Q) is the ideal generated by the
elements u⊗v⊗v⊗w−Q(u)u⊗w, for u, v, w ∈ V (see e.g. [6, Lemma 8.1]). Then,
for a similitude f of multiplier µ, the restriction of the above mapping Cl(µ−1/2f)
to V ⊗V is given by v ⊗ w 7→ µ−1f(v) ⊗ f(w) for all v, w ∈ V . The extension
of this latter to T (V ⊗ V ) leaves I1(Q) and I2(Q) invariant and hence induces an
automorphism of Cl0̄(V,Q), which coincides with Cl(µ−1/2f)|Cl0̄(V,Q).

For any χ ∈ Ĝ, uχ is a similitude of multiplier χ(g0)−1 (Lemma 20), so we fix a

square root of χ(g0) and consider the automorphism α̃χ = Cl
(
χ(g0)1/2uχ

)
of Cl(V ).

Recall that the imbedding ρ : L → Cl(V ) is defined by ρ(σu,v) = − 1
2 [u, v]· for all

u, v ∈ V . As usual, let αχ be the action of χ on L.

Lemma 35. For any χ ∈ Ĝ, we have ραχ = α̃χρ.

Proof. For any u, v, w ∈ V , we compute:

uχσu,v(w) = (u,w)Φ uχ(v)− (v, w)Φ uχ(u)

= χ(g0)(uχ(u), uχ(w))Φ uχ(v)− χ(g0)(uχ(v), uχ(w))Φ uχ(u)

= χ(g0)σuχ(u),uχ(v)(uχ(w)),

so we get uχσu,vu
−1
χ = χ(g0)σuχ(u),uχ(v). Hence

ραχ(σu,v) = χ(g0)ρ
(
σuχ(u),uχ(v)

)
= −1

2
χ(g0)[uχ(u), uχ(v)]·

= −1

2
[α̃χ(u), α̃χ(v)]· = α̃χ

(
−1

2
[u, v]·

)
= α̃χρ(σu,v),

which proves the result. �

For any χ1, χ2 ∈ Ĝ, we have uχ1
uχ2

= β̂(χ1, χ2)uχ2
uχ1

, where β̂ = Br(ω1) is the
commutation factor of the natural module V = Vω1 , which takes values in {±1}.
Thus the restriction to V of α̃χ1

α̃χ2
equals the restriction to V of β̂(χ1, χ2)α̃χ2

α̃χ1
.
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Therefore, the commutator of α̃χ1
and α̃χ2

in the group Aut(Cl(V )) is given by

(27) [α̃χ1
, α̃χ2

] =

{
id if β̂(χ1, χ2) = 1,

Υ if β̂(χ1, χ2) = −1,

where Υ is the automorphism of Cl(V ) associated to the Z2-grading. Note that,
in any case, the restrictions α̃χ1 |Cl0̄(V ) and α̃χ2 |Cl0̄(V ) commute. We claim that

the mapping Ĝ → Aut(Cl0̄(V )) sending χ to α̃χ|Cl0̄(V ) is a homomorphism of al-
gebraic groups. Indeed, this mapping is the composition of two homomorphisms:

Ĝ → PGO(V,Q) given by χ 7→ αχ and PGO(V,Q) → Aut(Cl0̄(V )) induced by
the homomorphism GO(V,Q) → Aut(Cl0̄(V )) defined above. Here we identified
PGO(V,Q) := GO(V,Q)/F× with Aut(L) (a subgroup of Aut(L) in the case r = 4).

Corollary 36. The homomorphism of algebraic groups Ĝ→ Aut(Cl0̄(V )) given by

χ 7→ α̃χ|Cl0̄(V )

endows Cl0̄(V ) with a G-grading such that the imbedding ρ : L → Cl0̄(V )(−) is a
homomorphism of G-graded algebras. �

Remark 37. If |T | = 1, then V itself is G-graded. For u ∈ Va and v ∈ Vb, the
element u · v ∈ Cl0̄(V ) is homogeneous of degree abg0. Note, however, that Cl(V )
is not G-graded.

We can now obtain relations between the Brauer invariants of the half-spin mod-
ules and that of the natural module. Let H = Hωr−1 = Hωr . Then the G-grading on
Cl0̄(V ) ∼= End(S+)× End(S−) induces (G/H)-gradings on End(S+) and End(S−)
such that ρ± : U(L)→ End(S±) are (surjective) homomorphisms of (G/H)-graded
algebras. By definition, Br(S±) = [End(S±)] in the (G/H)-graded Brauer group.

For any u ∈ O(V,Q), there exists an invertible element s ∈ Cl(V,Q), unique
up to scalar, such that Cl(u)(x) = s · x · s−1 for all x ∈ Cl(V,Q). It follows from
s·V ·s−1 = V that the element smust be even or odd; moreover, it can be normalized
so that s · τ(s) = 1 where τ is the canonical involution of Cl(V,Q). If u ∈ SO(V,Q)
then s is even, so it be taken in Spin(V,Q). Also, the conjugation by the element
π±(s) = sε± is the restriction of Cl(u) to the simple ideal Cl0̄(V,Q)ε± ∼= End(S±).
If u /∈ SO(V,Q) then s is odd and Cl(u) swaps the simple ideals Cl0̄(V,Q)ε±.

Lemma 38. For any χ ∈ Ĝ, fix an invertible element sχ ∈ Cl(V ) such that α̃χ is
the conjugation by sχ. Then the group commutator [sχ1

, sχ2
] := sχ1

· sχ2
· s−1
χ1
· s−1
χ2

belongs to {±1} if β̂(χ1, χ2) = 1 and to {±z} if β̂(χ1, χ2) = −1, with z as in (25).

Proof. The element [sχ1
, sχ2

] is even and independent of the choice of sχ. It fol-
lows that [sχ1

, sχ2
] ∈ Spin(V,Q). By (27), the conjugation by [sχ1

, sχ2
] is id if

β̂(χ1, χ2) = 1 and Υ if β̂(χ1, χ2) = −1. The result follows. �

The following proposition is reminiscent of Theorem 9.12 in [6], which deals with
the ordinary Brauer group of the field F (which is there of arbitrary characteristic
and, of course, not assumed algebraically closed).

Proposition 39. Let the simple Lie algebra of type Dr be graded by an abelian
group G. If r = 4, assume that the highest weight ω1 of the natural module is

fixed by Ĝ. Let H = Hωr−1
= Hωr . Then we have the following relations in the

(G/H)-graded Brauer group:
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• If r is odd then Br(ωr−1)Br(ωr) = 1 and Br(ωr−1)2 = Br(ωr)
2 = Br(ω1).

• If r is even then Br(ωr−1)Br(ωr) = Br(ω1) and Br(ωr−1)2 = Br(ωr)
2 = 1.

Proof. Let K = H⊥ ⊂ Ĝ and let γ̂± : K ×K → F× be the commutation factors of
the half-spin modules S±. For any χ ∈ K, the element sχ is even, so the conjugation
by π±(sχ) = sχε± is the restriction of α̃χ to the simple ideal Cl0̄(V )ε± ∼= End(S±).
For χ1, χ2 ∈ K, we have γ̂±(χ1, χ2) = [π±(sχ1), π±(sχ2)].

• If β̂(χ1, χ2) = 1, then Lemma 38 tells us that [sχ1
, sχ2

] is either 1 or −1,
hence

γ̂+(χ1, χ2) = γ̂−(χ1, χ2) ∈ {±1}.
• If β̂(χ1, χ2) = −1, then Lemma 38 tells us that [sχ1 , sχ2 ] is either z or −z.

Taking into account (26), we see:
– If r is even, then z acts as id on S+ and −id on S−, hence

γ̂+(χ1, χ2) = −γ̂−(χ1, χ2) ∈ {±1}.

– If r is odd, then z acts as
√
−1id on S+ and as −

√
−1id on S−, hence

γ̂+(χ1, χ2) = −γ̂−(χ1, χ2) ∈ {±
√
−1}.

The result follows. �

Corollary 40. Br(ωr−1) = Br(ωr) if and only if Br(ω1) = 1. �

7.3. Inner gradings on so2r(F). Assume that the given grading on L = so2r(F)

is inner, i.e., the similitudes uχ are proper for all χ ∈ Ĝ. Recall that this happens
if and only if h = e where h ∈ G is the distinguished element (see Definition 34).

We will now determine the commutation factors γ± : Ĝ × Ĝ → F× of the half-
spin modules S± of L. First we calculate γ̂±(χ1, χ2) in a special case. Recall the
quadratic form β : T → {±1} defined by equation (6).

Lemma 41. For any χ ∈ Ĝ, fix a square root χ(g0)1/2 and an invertible element
sχ ∈ Cl(V ) such that α̃χ = Cl(χ(g0)1/2uχ) is the conjugation by sχ. Consider χ, ψ ∈
Ĝ such that the similitudes uχ and uψ are proper and β(t′) = β(t′′) = β(t′, t′′) = 1
where χ|T = β(t′, ·) and ψ|T = β(t′′, ·). Then the group commutator [sχ, sψ], which
does not depend on the choice of the square roots, can be calculated as follows:

• If |T | > 16, then [sχ, sψ] = 1.

• If |T | = 16, then [sχ, sψ] =

{
1 if χ|T = 1 or ψ|T = 1 or χ|T = ψ|T ,
(−1)|{1≤i≤q | χ(ti)=ψ(ti)=1}| otherwise.

• If |T | = 4, then

[sχ, sψ] =


1 if χ|T = 1 and ψ|T = 1,
(−1)|{1≤i≤q | χ(ti)=1, µi=−1}| if χ|T 6= 1 and ψ|T = 1,
(−1)|{1≤i≤q | ψ(ti)=1, λi=−1}| if χ|T = 1 and ψ|T 6= 1,
(−1)|{1≤i≤q | χ(ti)=ψ(ti)=1, λi=µi}| if χ|T 6= 1 and ψ|T 6= 1,

where λi = χ(g0)1/2χ(gi) and µi = ψ(g0)1/2ψ(gi) for i = 1, . . . , q.
• If |T | = 1, then [sχ, sψ] = (−1)|{1≤i≤q | λi=µi=−1}|, with λi and µi as above.

Proof. First of all, changing the square root χ(g0)1/2 is tantamaunt to replacing sχ
by zsχ, but [zsχ, sψ] = [sχ, sψ] since sψ is even. Recall that

uχ = diag (χ(g1), . . . , χ(gk))⊗Xt′ and uψ = diag (ψ(g1), . . . , ψ(gk))⊗Xt′′ .
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Since 〈t′, t′′〉 is a totally isotropic subspace of T with respect to the quadratic
form β(·), Witt Extension Theorem implies that we may choose totally isotropic

subspaces Ã and B̃ such that T = Ã × B̃ and t′, t′′ ∈ Ã. Then we can pick a

symplectic basis {ãj} ∪ {b̃j} of T with Ã = 〈ãj〉 and B̃ = 〈b̃j〉. We use tildes to
distinguish from the symplectic basis associated to the standard matrix realization
of D leading to equations (22) and (23), which was fixed earlier. Since X2

aj = 1,

X2
bj

= 1 and XaiXbj = (−1)δijXbjXaj (Kronecker delta) are defining relations

for D, the mapping Xaj 7→ Xãj , Xbj 7→ Xb̃j
extends to an automorphism of D

and thus leads to a new matrix realization of D, in which the elements Xt′ and

Xt′′ are diagonal. Namely, using the notation N = FB̃ as in Remark 18, we

have Xt′ ẽb = β(t′, b)ẽb and Xt′′ ẽb = β(t′′, b)ẽb for all b ∈ B̃. Therefore, the basis

vi,b := vi⊗ ẽb (i = 1, . . . , k, b ∈ B̃) of V = W ⊗DN consists of common eigenvectors

of uχ and uψ. Setting λi = χ(g0)1/2χ(gi) and µi = ψ(g0)1/2ψ(gi) for i = 1, . . . , k,
we obtain:

χ(g0)1/2uχ(vi,b) = λi,bvi,b where λi,b = λiβ(t′, b) = λiχ(b),

ψ(g0)1/2uψ(vi,b) = µi,bvi,b where µi,b = µiβ(t′′, b) = µiψ(b).

Relations (22) imply that λ2
i = χ(ti) for i = 1, . . . , q and λq+2j−1λq+2j = 1 for

j = 1, . . . , s, and similarly for the µi. It follows that

λ2
i,b = χ(ti), µ

2
i,b = ψ(ti) for 1 ≤ i ≤ q, b ∈ B̃;

λq+2j−1,bλq+2j,b = µq+2j−1,bµq+2j,b = 1 for 1 ≤ j ≤ s, b ∈ B̃.

By Lemma 26, we have [sχ, sψ] = (−1)d where d is the dimension of the common

(−1,−1)-eigenspace V−1 of the proper isometries χ(g0)1/2uχ and ψ(g0)1/2uψ. Note
that vq+2j−1,b ∈ V−1 if and only if vq+2j,b ∈ V−1, so the vectors vi,b with i > q do
not affect the parity of d. Also, if χ(ti) = −1 or ψ(ti) = −1 for some i ≤ q then
vi,b /∈ V−1 for all b ∈ B. Therefore, we can restrict our attention to 1 ≤ i ≤ q such
that χ(ti) = ψ(ti) = 1. For any such i, we have vi,b ∈ V−1 if and only if χ(b) = −λi
and ψ(b) = −µi.

If |T | = 1, then B̃ = {e}, so vi,e ∈ V−1 if and only if λi = µi = −1. Otherwise

` = |B̃| is a nontrivial power of 2. Note that, for given ξ, η ∈ {±1}, the set

B̃(ξ, η) := {b ∈ B̃ | χ(b) = ξ, ψ(b) = η} has size 0 or `/2 or ` unless the restrictions
χ|B̃ and ψ|B̃ are distinct and nontrivial. In this latter case (which is impossible for

` = 2), the set B̃(ξ, η) has size `/4. If ` > 4 then all of these numbers are even,
hence so is d. If ` = 4 then we get size 1 if χ|B̃ and ψ|B̃ are distinct and nontrivial,
and even size otherwise. Finally, consider ` = 2. We get even size unless at least

one of χ|B̃ and ψ|B̃ is nontrivial. If, say, χ|B̃ 6= 1 then |B̃(ξ, η)| = 1 if and only if

ψ|B̃ = 1, η = 1 or ψ|B̃ = χ|B̃ , η = ξ. It remains to observe that, since t′, t′′ ∈ Ã,

we have χ(Ã) = 1 and ψ(Ã) = 1, so we may replace the restrictions of χ|B̃ and ψ|B̃
by χ|T and ψ|T , respectively, in the above conditions. �

� Consider the case |T | = 1.
The G-grading on L is induced by a G-grading on the natural module V = Vω1

and is determined by g0 ∈ G and a multiset Ξ = {g1, . . . , g2r} satisfying (14). Note
that q is even. Let 1 = (1, . . . , 1) ∈ Zq2 and consider the map

(28) fΞ,g0
: Ĝ→ Zq2/〈1〉, χ 7→ (x1, . . . , xq) + 〈1〉 where χ(g0)1/2χ(gi) = (−1)xi .
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Note that this map does not depend on the choice of the square roots and is a

homomorphism of groups. Since h = g
q/2
0 g1 · · · gq = e, the image of fΞ,g0

is con-
tained in (Zq2)0/〈1〉 where (Zq2)0 is the hyperplane determined by the equation
x1 + · · · + xq = 0. Define x • y =

∑q
i=1 xiyi for all x, y ∈ Zq2. Note that this is a

symmetric bilinear form whose restriction to (Zq2)0 is alternating and degenerate.
The radical of this restriction is precisely 〈1〉, so we obtain an alternating non-
degenerate form on (Zq2)0/〈1〉, which we still denote by x • y. By Lemma 41, we
obtain:

(29) γ̂+(χ1, χ2) = γ̂−(χ1, χ2) = (−1)fΞ,g0
(χ1)•fΞ,g0

(χ2).

The following is analogous to Remark 28:

Remark 42. If q = 0 then Br(ωr−1) = Br(ωr) = 1. Otherwise g0 is a square
in G, so we may shift the grading on V and assume g0 = e. Then we can define

fΞ : Ĝ→ Zq2, χ 7→ (x1, . . . , xq), where χ(gi) = (−1)xi , and the support of the graded
division algebra representing [Br(ωr−1)] = [Br(ωr)] is the subgroup of 〈g1, . . . , gq〉
given by

{gx1
1 · · · gxqq | x ∈ Zq2 such that x • y = 0 for all y ∈ Zq2 satisfying gy1

1 · · · gyqq = e}

= {gx1
1 · · · gxqq | x ∈ fΞ(Ĝ)}.

Thus, it is an elementary 2-group of (even) rank ≤ q − 2.

� Consider the case |T | = 4.
Here T = {e, a, b, c}, β(a) = β(b) = 1 (i.e., Xa and Xb are symmetric). The

G-grading on L is determined by g0 ∈ G and a multiset Ξ = {g1, . . . , gr} satisfying
(22) with k = r. Note that q and r have the same parity. Also note that ti ∈ {e, a, b}
for all i = 1, . . . , q.

Fix χa, χb ∈ Ĝ such that χa(t) = β(a, t) and χb(t) = β(b, t) for all t ∈ T . Set
χe = 1 and χc = χaχb. Then {χe, χa, χb, χc} is a transversal for the subgroup T⊥

of Ĝ.
Since β̂(χa, χb) = β(a, b) = −1, Lemma 38 tells us that the group commutator of

the corresponding invertible elements sχa and sχb of Cl0̄(V ) is a nonscalar central
element of the spin group, so we may set

z := [sχa , sχb ].

Then we have, by (26), that γ̂±(χa, χb) = [π±(sχa), π±(sχb)] = ±1 if r is even and

±i if r is odd, where i =
√
−1.

For any ψ ∈ T⊥, we have β̂(χa, ψ) = β̂(χb, ψ) = 1, so Lemma 41 yields

γ̂±(χa, ψ) = [π±(sχa), π±(sψ)] = (−1)|{1≤i≤q | ti∈{e,a}, µi=−1}|,

γ̂±(χb, ψ) = [π±(sχb), π±(sψ)] = (−1)|{1≤i≤q | ti∈{e,b}, µi=−1}|,

where µi = ψ(g0)1/2ψ(gi). For any t ∈ T , define

It = {1 ≤ i ≤ q | ti = t}.
Then Ic = ∅ and the sets Ie, Ia, Ib form a partition of {1, . . . , q}. Now, the
distinguished element h is given by

h =

{
a|Ia|b|Ib| if r is even,

a|Ia|+1b|Ib|+1 if r is odd.
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Since h = e, we conclude that the sizes of Ia and Ib have the same parity as r. It
follows that the same is true of Ie. Set

ga = g
(|Ie|+|Ia|)/2
0

∏
i∈Ie∪Ia

gi and gb = g
(|Ie|+|Ib|)/2
0

∏
i∈Ie∪Ib

gi.

Note that g2
a = e, g2

b = e if r is even and g2
a = a, g2

b = b if r is odd. Set ge = e and
gc = gagb. Then, for any ψ ∈ T⊥, we have γ̂(χe, ψ) = ψ(ge) and we can restate the
above formulas as

γ̂±(χa, ψ) = ψ(ga) and γ̂±(χb, ψ) = ψ(gb).

It follows that

γ̂±(χc, ψ) = γ̂±(χa, ψ)γ̂±(χb, ψ) = ψ(ga)ψ(gb) = ψ(gc).

Also note that, for any ψ′, ψ′′ ∈ T⊥, we have γ̂±(ψ′, ψ′′) = 1 by Lemma 41.

• If r is even, then we have γ̂+(χa, χb) = 1 and hence also γ̂+(χa, χc) = 1
and γ̂+(χc, χb) = 1. It follows that

(30) γ̂+(ψ′χt′ , ψ
′′χt′′) = ψ′(gt′′)ψ

′′(gt′),

for all t′, t′′ ∈ T and ψ′, ψ′′ ∈ T⊥. Since every element of Ĝ can be written
uniquely in the form ψχt (ψ ∈ T⊥, t ∈ T ), the above formula determines

γ̂+(χ1, χ2) for all χ1, χ2 ∈ Ĝ. Note that γ̂− = β̂γ̂+ by Proposition 39.
• If r is odd, then we have γ̂+(χa, χb) = i and hence also γ̂+(χa, χc) = i and
γ̂+(χc, χb) = i. It follows that

(31) γ̂+(ψ′χt′ , ψ
′′χt′′) = β1/2(t′, t′′)ψ′(gt′′)ψ

′′(gt′),

for all t′, t′′ ∈ T and ψ′, ψ′′ ∈ T⊥, where

β1/2(t′, t′′) :=


1 if β(t′, t′′) = 1,

i if β(t′, t′′) = −1 and t′ < t′′,

−i if β(t′, t′′) = −1 and t′ > t′′,

and the nontrivial elements of T are formally ordered a < c < b. This

determines γ̂+(χ1, χ2) for all χ1, χ2 ∈ Ĝ, and γ̂− = γ̂−1
+ by Proposition 39.

Remark 43. Let Q = 〈T, ga, gb〉. If r is odd then ψχt is in rad γ̂+ if and only if
t = e and ψ(ga) = ψ(gb) = 1, hence Q is the support of the graded division algebra
representing γ̂+ and γ̂−, Q ∼= Z2

4. If r is even, then ψχt is in rad γ̂+ if and only if
gt ∈ T and ψ(ga) = ψ(gb) = 1, hence the support of the graded division algebra
representing γ̂+ is the subgroup of Q consisting of all elements x ∈ Q satisfying
χa(x) = 1 if ga ∈ T , χb(x) = 1 if gb ∈ T and χa(x) = χb(x) if gagb ∈ T ; this is an
elementary 2-group of rank 0, 2 or 4.

� Consider the case |T | = 16 (hence r is even).
Here T = 〈a1, a2〉 × 〈b1, b2〉, β(aj) = β(bj) = 1 for j = 1, 2. The G-grading on

L is determined by g0 ∈ G and a multiset Ξ = {g1, . . . , gk} satisfying (22) with
k = r/2, where β(ti) = 1 for all i = 1, . . . , q. Note that q and r/2 have the same
parity.

Pick elements χaj , χbj of Ĝ, j = 1, 2, such that χaj (t) = β(aj , t) and χbj (t) =

β(bj , t) for all t ∈ T . It follows from Lemma 41 that T⊥ lies in the radicals of γ̂+

and γ̂−. Indeed, if ψ′, ψ′′ ∈ T⊥ then γ̂±(ψ′, ψ′′) = [π±(sψ′), π±(sψ′′)] = 1. Also,
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γ̂±(χaj , ψ) = 1 and γ̂±(χbj , ψ) = 1 for any ψ ∈ T⊥. Since T⊥ together with χaj
and χbj , j = 1, 2, generate the group Ĝ, we conclude that ψ is in rad γ̂±, as claimed.

Define a homomorphism

f : Ĝ→ Z4
2, χ 7→ (x1, x2, y1, y2) where χ(aj) = (−1)xj , χ(bj) = (−1)yj , j = 1, 2.

The kernel of f is precisely T⊥, and we have just shown that γ̂± factors through
f . Note that β(·) is given by

β(t) = (−1)x1y1+x2y2 where t = ax1
1 ax2

2 by1

1 b
y2

2 .

Also, χbj (t) = xj and χaj (t) = yj , j = 1, 2.

Now write ti = a
x

(i)
1

1 a
x

(i)
2

2 b
y

(i)
1

1 b
y

(i)
2

2 , i = 1, . . . , q. Then Lemma 41 yields

γ̂±(χb1 , χb2) = (−1)
∑q
i=1(x

(i)
1 +1)(x

(i)
2 +1), γ̂±(χb1 , χa2) = (−1)

∑q
i=1(x

(i)
1 +1)(y

(i)
2 +1),

γ̂±(χb2 , χa1
) = (−1)

∑q
i=1(x

(i)
2 +1)(y

(i)
1 +1), γ̂±(χa1

, χa2
) = (−1)

∑q
i=1(y

(i)
1 +1)(y

(i)
2 +1).

Let χ′ = χb1 and χ′′ = χa1 . Since β̂(χ′, χ′′) = β(b1, a1) = −1, Lemma 38 tells us
that the group commutator of the corresponding invertible elements sχ′ and sχ′′ of
Cl0̄(V ) is a nonscalar central element of the spin group, so we may set

z := [sχ′ , sχ′′ ].

Then we have, by (26), that γ̂+(χb1 , χa1
) = [π+(sχa), π+(sχb)] = 1. Finally, using

Lemma 41 again, we compute:

γ̂+(χb2 , χa2
) = γ̂+(χb1χb2 , χa1

χa2
)γ̂−1

+ (χb1 , χa1
)γ̂−1

+ (χb1 , χa2
)γ̂−1

+ (χb2 , χa1
)

= (−1)
∑q
i=1

(
(x

(i)
1 +x

(i)
2 +1)(y

(i)
1 +y

(i)
2 +1)+(x

(i)
1 +1)(y

(i)
2 +1)+(x

(i)
2 +1)(y

(i)
1 +1)

)
= (−1)

∑q
i=1(x

(i)
1 y

(i)
1 +x

(i)
2 y

(i)
2 +1) = (−1)q

q∏
i=1

β(ti) = (−1)q.

To summarize our calculations, define a 4× 4 matrix with entries in Z2 as follows:

M+
Ξ,g0

=

q∑
i=1

M+(ti),

where, for any t = ax1
1 ax2

2 by1

1 b
y2

2 with β(t) = 1, the symmetric matrix M+(t) is

M+(t) =


0 (x1 + 1)(x2 + 1) 0 (x1 + 1)(y2 + 1)

0 (x2 + 1)(y1 + 1) 1
0 (y1 + 1)(y2 + 1)

sym 0

 .
Then, for any χ1, χ2 ∈ Ĝ, γ̂+(χ1, χ2) is given by

(32) γ̂+(χ1, χ2) = (−1)
t(f(χ1))M+

Ξ,g0
f(χ2).

Finally, γ̂− = β̂γ̂+ by Proposition 39.

Remark 44. The supports of the graded division algebras representing γ̂+ and γ̂−
are contained in T , so each of them is an elementary 2-group of rank 0, 2 or 4.

� Consider the case |T | > 16 (hence r is even).
Say, |T | = 22m with m > 2, so T = 〈a1, . . . , am〉×〈b1, . . . , bm〉, β(aj) = β(bj) = 1

for j = 1, . . . ,m. Using the same notation as in the previous case, we obtain from
Lemma 41 that T⊥ ⊂ rad γ̂± and γ̂±(χu, χv) = 1 where u and v are any of the
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elements aj , bj except for the cases u = aj , v = bj or u = bj , v = aj . Defining z
appropriately, we may assume that γ̂+(χa1 , χb1) = 1. But then, using Lemma 41
again, we compute for j > 1:

γ̂+(χaj , χbj ) = γ̂+(χa1χaj , χb1χbj )γ̂
−1
+ (χa1 , χb1)γ̂−1

+ (χa1 , χbj )γ̂
−1
+ (χaj , χb1) = 1.

Therefore, for all χ1, χ2 ∈ Ĝ, we obtain:

(33) γ̂+(χ1, χ2) = 1 and γ̂−(χ1, χ2) = β̂(χ1, χ2).

By examining the above cases, we see that if |T | > 1 then γ̂+ 6= β̂. Recall also
that γ̂+ 6= γ̂− if and only if |T | > 1 (Corollary 40). In summary:

Theorem 45. Let L = so(V ) be the simple Lie algebra of type Dr (r ≥ 3) over an
algebraically closed field F of characteristic 0. Suppose L is given a grading Γ by

an abelian group G, with parameters (T, β), Ξ and g0, such that the image of Ĝ in
Aut(L) consists of inner automorphisms. If |T | > 1 then the Aut(L)-orbit (orbit
under the stabilizer of the natural module if r = 4) of Γ consists of two Int(L)-
orbits, which are distinguished by the Brauer invariants of the half-spin modules,
γ̂+ and γ̂−, where γ̂+ is given by equations (30) through (33), while γ̂− = γ̂−1

+ for

odd r and γ̂− = β̂γ̂+ for even r, with β̂ : Ĝ× Ĝ→ F× being the commutation factor
associated to the parameters (T, β). If |T | = 1 then γ̂+ = γ̂− are given by equation
(29), but we may have one or two Int(L)-orbits: the grading Γ on L in this case
is induced by a G-grading on the natural module V , and we get one Int(L)-orbit if
and only if there exists an improper isometry V → V that is homogeneous of some
degree with respect to the G-grading. �

Theorem 46. Under the conditions of Theorem 45, consider a dominant integral
weight λ =

∑r
i=1miωi. If |T | > 1, denote by Γ+ a representative of the Int(L)-orbit

for which Br(ωr−1) = γ̂−, Br(ωr) = γ̂+ and by Γ− a representative of the orbit for
which Br(ωr−1) = γ̂+, Br(ωr) = γ̂−. Then we have Hλ = {e} and the following
possibilities for Br(λ):

1) If mr−1 ≡ mr (mod 2), then

Br(λ) =

{
β̂
∑r/2
i=1 m2i−1 if r is even,

β̂
∑(r−1)/2
i=1 m2i−1−(mr−1−mr)/2 if r is odd.

2) If mr−1 6≡ mr (mod 2), then

Br(λ) =

{
β̂
∑r/2
i=1 m2i−1 γ̂± if r is even,

γ̂
2
∑(r−1)/2
i=1 m2i−1−mr−1+mr

± if r is odd,

where we take γ̂+ for Γ+ and γ̂− for Γ−.

Proof. If |T | > 1, assume we are dealing with Γ+, the case of Γ− being completely
analogous. Since Hωi is trivial for all i, we can apply Proposition 10:

Br(λ) =

r∏
i=1

Br(ωi)
mi = β̂

∑r−2
i=1 imi γ̂

mr−1

− γ̂mr+ .

The result follows from the fact β̂2 = 1 and the relations of Proposition 39: γ̂− =

β̂γ̂+, γ̂2
+ = 1 if r is even and γ̂− = γ̂−1

+ , γ̂2
+ = β̂ if r is odd. �
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Corollary 47. The simple L-module Vλ admits a G-grading making it a graded
L-module if and only if one of the following conditions is satisfied:

1) T = {e} and one of (i) mr−1 ≡ mr (mod 2) or (ii) γ̂+ = 1;

2) T 6= {e}, mr−1 ≡ mr (mod 2) and one of (i) r is even and
∑r/2
i=1m2i−1 is

even or (ii) r is odd and
∑(r−1)/2
i=1 m2i−1 − (mr−1 −mr)/2 is even;

3) T 6= {e}, mr−1 6≡ mr (mod 2), r is even, γ̂+ = 1 and one of (i) we are

dealing with Γ+ and
∑r/2
i=1m2i−1 is even or (ii) we are dealing with Γ− and∑r/2

i=1m2i−1 is odd.

7.4. Outer gradings on so2r(F). Now suppose that the given grading on L =

so2r(F) is outer, i.e., the image of Ĝ in Aut(L) is not contained in Int(L). We
remind the reader that, in the case r = 4, we assume that we have a matrix

grading, i.e., the action of Ĝ fixes the natural module V = Vω1
. (This is automatic

for r 6= 4.) So, the elements χ ∈ Ĝ act on L as conjugations by similitudes uχ of V

and there exists χ ∈ Ĝ such that uχ is improper. Recall that this can happen only
for |T | = 1 or 4 and, moreover, there is a distinguished element h ∈ G of order 2,
which is characterized by the property that the corresponding G-grading is inner,
where G = G/〈h〉 (see Lemma 33 and Definition 34). Also recall that Hωi = {e} for

i < r − 1 and Hωr−1
= Hωr = 〈h〉. Denote K = 〈h〉⊥ ⊂ Ĝ, so K = Kωr−1

= Kωr .

Since {ωr−1, ωr} is a Ĝ-orbit, we have Br(ωr−1) = Br(ωr) in the G-graded Brauer
group. This implies that Br(ω1) is trivial in the G-graded Brauer group, i.e., the
G-grading on L is induced from a G-grading on V . (This can also be seen from the
fact that h ∈ T if |T | = 4.)

� Consider the case |T | = 1.
Already the G-grading on L is induced by a G-grading on V , so it is determined

by g0 ∈ G and a multiset Ξ = {g1, . . . , g2r} satisfying (14). For the G-grading, we
just have to take g′0 = g0 ∈ G and Ξ′ = {g1, . . . , g2r}.

� Consider the case |T | = 4.
Here T = {e, a, b, c}, β(a) = β(b) = 1 (i.e., Xa and Xb are symmetric). The

G-grading on L is determined by g0 ∈ G and a multiset Ξ = {g1, . . . , gr} satisfying
(22) with k = r. The operators uψ, ψ ∈ K, commute with each other, so they define
a common eigenspace decomposition of V . Explicitly, writing V = W ⊗DN and
uψ = diag(ψ(g1), . . . , ψ(gr))⊗Xt, t ∈ {e, h}, we see that v′2i−1 := vi⊗ e1 and v′2i :=
vi⊗ e2, i = 1, . . . , r, are common eigenvectors, where e1, e2 ∈ N are eigenvectors of
Xh. Define a G-grading on V by setting deg v′2i−1 = gi and deg v′2i = gih̄

′, where
h′ is an element of T distinct from e and h. (There are two such elements but they
yield the same element of G.) One checks that the bilinear form (·, ·)Φ on V , with
matrix (23), is homogeneous with respect to this G-grading, of degree g′0 = g0 if
h ∈ {a, b} and g′0 = g0h̄

′ if h = c. Hence the G-grading on V induces a G-grading

on L. Since diag(ψ(g1), . . . , ψ(gr))⊗
( 1 0

0 ψ(h′)

)
is a scalar multiple of uψ, for any

ψ ∈ K, we see that this G-grading on L coincides with the one induced from the
original G-grading by the quotient map G→ G. The new multiset

Ξ′ = {g1, g1h̄
′, . . . , gr, grh̄

′},

after reordering, satisfies (14) for g′0 indicated above, possibly with a different q.
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In either case, we define fΞ′,g′0
: K → Zq

′

2 /〈1〉 similarly to equation (28) and set

(34) γ̂0(ψ1, ψ2) = (−1)
fΞ′,g′0

(ψ1)•fΞ′,g′0
(ψ2)

for all ψ1, ψ2 ∈ K, similarly to equation (29).

Theorem 48. Let L be the simple Lie algebra of type Dr (r ≥ 3) over an alge-
braically closed field F of characteristic 0. Suppose L is graded by an abelian group

G such that the image of Ĝ in Aut(L) contains outer automorphisms. If r = 4,
assume further that this image is contained in the stabilizer of the natural module.
Let K = 〈h〉⊥, where h ∈ G is the distinguished element. Then, for a dominant
integral weight λ =

∑r
i=1miωi, we have the following possibilities:

1a) If mr−1 6= mr but mr−1 ≡ mr (mod 2), then Hλ = 〈h〉, Kλ = K, and
Br(λ) = 1.

1b) If mr−1 6≡ mr (mod 2), then Hλ = 〈h〉, Kλ = K, and Br(λ) = γ̂0, where
γ̂0 : K ×K → F× is given by equation (34).

2) If mr−1 = mr, then Hλ = {e} and Br(λ) = β̂
∑br/2c
i=1 m2i−1 , with β̂ : Ĝ×Ĝ→

F× being the commutation factor associated to the parameters (T, β) of the
grading on L.

Proof. 1) Since we are dealing with an inner grading by G = G/〈h〉, we apply

Theorem 46 and take into account that, with respect to our G-grading, β̂ = 1 and
hence γ̂+ = γ̂− are given by equation (29), of which equation (34) is a restatement
with the data pertaining to the G-grading.

2) Here λ =
∑r−2
i=1 miωi+mr−1(ωr−1+ωr). Since Hωi for i < r−1 and Hωr−1+ωr

are trivial, we can apply Proposition 10:

Br(λ) =

(
r−2∏
i=1

Br(ωi)
mi

)
Br(ωr−1 +ωr)

mr−1 = β̂
∑b(r−1)/2c
i=1 m2i−1Br(ωr−1 +ωr)

mr−1 .

Thus, it suffices to show that

Br(ωr−1 + ωr) =

{
1 if r is odd,

β̂ if r is even.

In the G-graded Brauer group, we can write Br(ωr−1 + ωr) = Br(ωr−1)Br(ωr) by
Proposition 10, so Br(ωr−1 +ωr) = 1 by Proposition 39. (Recall that the restriction

of β̂ to K is trivial.) If r is odd, then we actually have Br(ωr−1 + ωr) = 1 in the
G-graded Brauer group, thanks to Proposition 12, since Vωr−1 and Vωr are dual to
each other. So assume that r is even.

Denote γ̂ = Br(ωr−1 +ωr). The fact that Br(ωr−1 +ωr) is trivial in the G-graded

Brauer group means that γ̂(ψ1, ψ2) = 1 for all ψ1, ψ2 ∈ K. Fix χ ∈ Ĝ \ K (i.e.,

χ(h) = −1). It will be sufficient to show that γ̂(χ, ψ) = β̂(χ, ψ) for all ψ ∈ K. We
will again use the models S± for the modules Vωr−1

and Vωr . By our choice of χ,
we have S± ∼= (S∓)χ, and we are going to apply Proposition 11.

Let S = S+ ⊕ S−. Then Cl(V ) can be identified with End(S) as a Z2-graded
algebra. Since the similitude uχ is improper, the corresponding element sχ is odd,
i.e., it swaps S+ and S−. Recall that, by definition of the G-grading on Cl0̄(V ), we

have χ ∗ x = sχxs
−1
χ for all x ∈ Cl0̄(V ), where ∗ denotes the Ĝ-action associated

to the G-grading. Since the imbedding π : L → Cl0̄(V ) respects the G-grading,
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sχ : S → Sχ is an isomorphism of L-modules, so we may use u′ = sχ|S+ and
u′′ = sχ|S− in Proposition 11.

According to that proposition, γ̂ is the commutation factor associated to the
G-graded algebra R = End(S+⊗S−) = End(S+)⊗End(S−), where the G-grading
is obtained by refining the G-grading using the conjugation by the operator u =
(u′′⊗u′) ◦ τ on S+⊗S−, with τ : S+⊗S− → S−⊗S+ being the flip. It is conve-
nient to consider R as imbedded into End(S⊗S) by virtue of the decomposition
S⊗S = (S+⊗S+)⊕(S+⊗S−)⊕(S−⊗S+)⊕(S−⊗S−). Recall that theG-grading
on End(S±) is associated with the K-action ψ∗x = sψxs

−1
ψ for x ∈ End(S±). It fol-

lows that the G-grading on R is associated with the K-action ψ∗x = ũψxũ
−1
ψ where

ũψ is the restriction of sψ ⊗ sψ to S+⊗S−. By the definition of the refinement in
Proposition 11, the G-grading on R is associated to the extension of this K-action

to a Ĝ-action obtained by setting χ ∗ x = uxu−1. By definition of commutation
factor, γ̂(χ, ψ) is the group commutator of u and ũψ. But u is the restriction of
(sχ⊗ sχ) ◦ τ to S+⊗S−, so it will be sufficient to compute the group commutator
of sχ⊗ sχ and sψ ⊗ sψ (since the flip clearly commutes with these operators). But

by Lemma 38, we know that [sχ, sψ] ∈ {±1} if β̂(χ, ψ) = 1 and [sχ, sψ] ∈ {±z} if

β̂(χ, ψ) = −1. It follows that [sχ⊗ sχ, sψ ⊗ sψ] is 1 in the first case and z⊗ z in
the second case. But z acts as 1 on S+ and −1 on S−, so the restriction of z⊗ z
to S+⊗S− is −1. Therefore, γ̂(χ, ψ) = β̂(χ, ψ), as desired. �

Corollary 49. The simple L-module Vλ admits a G-grading making it a graded

L-module if and only if 1) mr−1 = mr and 2) T = {e} or
∑br/2c
i=1 m2i−1 is even.
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