GRADED MODULES OVER CLASSICAL SIMPLE LIE
ALGEBRAS WITH A GRADING

ALBERTO ELDUQUE* AND MIKHAIL KOCHETOVT

ABSTRACT. Given a grading by an abelian group G on a semisimple Lie al-
gebra £ over an algebraically closed field of characteristic 0, we classify up to
isomorphism the simple objects in the category of finite-dimensional G-graded
L-modules. The invariants appearing in this classification are computed in the
case when £ is simple classical (except for type D4, where a partial result is
given). In particular, we obtain criteria to determine when a finite-dimensional
simple £-module admits a G-grading making it a graded £-module.

1. INTRODUCTION

Let £ be a semisimple finite-dimensional Lie algebra over an algebraically closed
field F of characteristic 0. Suppose £ = @geG L4 is a grading by an abelian group
G. We want to study finite-dimensional G-graded modules over £. Since G is
abelian, the universal enveloping algebra U(£) has a unique G-grading such that
the canonical imbedding £ — U(£L) is a homomorphism of graded algebras. Thus,
a graded L-module is the same as a graded U(£)-module. The following lemma is
a well-known version of Maschke’s Theorem in the graded setting:

Lemma 1. Let A = @QGG Ay be a G-graded associative algebra where G is any
group. Let N C M be graded A-modules. If N admits a complement in M as an
A-module then it admits a complement as a graded A-module. O

Applying this to a finite-dimensional graded module W over A = U(L), we
conclude that W is isomorphic to a direct sum of graded-simple A-modules. Thus
we arrive to the problem of classifying graded-simple £-modules up to isomorphism.
This turns out to be closely related to another natural problem: which of the £-
modules admit a G-grading that makes them graded £-modules?

The first step in solving these problems is a version of Clifford Theory (see
Section 3), which describes graded-simple £-modules in terms of simple (ungraded)
L-modules. In this context, there appears an action of the character group G on
dominant integral weights of £ and what we call the graded Schur index of such a
weight A (or of the corresponding simple £-module V). In order to compute the
Schur index, we use the graded Brauer group of F (Section 2). This is a special
case of the so-called Brauer-Long group of a commutative ring [7], but since here
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2 A. ELDUQUE AND M. KOCHETOV

the ring in question is F, an algebraically closed field, this group has a very simple
structure, which allows efficient computation. To each dominant integral weight A,
we assign an element of the Brauer group, which will be called the Brauer invariant
of A (or of V) and denoted Br(\).

The second step, carried out for simple Lie algebras £ (Section 3), is a reduction
of Br()\) for general X to the case where A is the sum over a G-orbit of fundamental
weights. This orbit always has length < 3, and length 3 can appear only if £ has
type Dy. Therefore, we concentrate on the case of one fundamental weight or a
pair of fundamental weights positioned symmetrically on the Dynkin diagram of L.

Finally, we compute the Brauer invariants of all simple modules if £ is a simple
Lie algebra of type A, (r > 1, Section 4), B, (r > 2, Section 5), C,. (r > 2, Section
6) or D, (r =3 or r > 4, Section 7), for all G-gradings on £. These G-gradings
were classified up to isomorphism — i.e., the action of Aut(£) — in paper [1] (see
also the monograph [5] and references therein) in terms of the natural module for
L, which is the simple module of minimal dimension (except for By and Ds). As
a by-product, we determine which gradings in series D are “inner” and which are
“outer”, and classify them up to the action of Int(£). (For series A, this was already
clear in [1].) For type Dy, we restrict ourselves to “matrix gradings”, i.e., those
induced from the matrix algebra Mg(F), hence an orbit of length 3 cannot appear.

It turns out that the Brauer invariant of a simple module V) is in most cases
determined by the Brauer invariant of the natural module, which appears as a
parameter in the classification of G-gradings on the Lie algebra. The exceptions
are the following: type A, with an outer grading and odd r > 3 when A is symmetric
and involves the central node of the Dynkin diagram, type B, when A involves the
node corresponding to the spin module, and type D, when A involves the nodes
corresponding to the half-spin modules. In these cases, we have to invoke other
parameters in the classification of G-gradings. It is also worth noting that the
order of Br()\) in the graded Brauer group is almost always < 2, the exceptions
being type A, with an inner grading (then the order is a divisor of r + 1) and type
D, with an inner grading and odd r (then the order is 1, 2 or 4).

As to the exceptional simple Lie algebras, gradings have been classified up to
isomorphism for types Go and Fy (see [5] and references therein). The situation
is surprisingly simple in the case of G2, because the modules corresponding to its
fundamental weights are the module of trace zero elements in the Cayley algebra
and the adjoint module. Since any grading on G5 is induced from a grading on the
Cayley algebra, it follows that Br()) is trivial for any dominant integral weight A,
i.e., given any grading on G5 by an abelian group, any module over G2 admits a
compatible grading. We do not consider the case of Fj here.

All modules in this paper will be assumed finite-dimensional over F. Unless
indicated otherwise, all vector spaces, algebras, tensor products, etc. will be taken
over F.

2. GRADED BRAUER GROUP

First we briefly recall gradings by abelian groups on matrix algebras — see e.g.
[8, 4, 1, 5] and references therein.

Let G be a group and let R = P e Ry be a graded-simple finite-dimensional
associative algebra over any field F. Then R is isomorphic to Endp (W) where
D is a graded division algebra (i.e., every nonzero homogeneous element of D is
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invertible) and W is a finite-dimensional right “vector space” over D (i.e., a graded
right D-module, which is automatically free). The graded algebra R has a unique
graded-simple module, up to isomorphism and shift of grading. Hence, if G is
abelian, the isomorphism class of the graded algebra D is determined by R. We
will denote this class by [R]. Selecting a homogeneous D-basis {v1,..., v} in W,
v; € Wy,, and setting W = span{vi,...,v;} (over F), we can write R = C® D
where C = End(W) is a matrix algebra with an elementary grading, i.e., a grading
induced from its simple module. Explicitly, the elementary grading is determined
by (g1, -, 9k) as follows: deg E;; = gig;1 where F;; are the matrix units associated
to the basis {v1,...,vx}.

Assume that F is algebraically closed. Then D is a twisted group algebra of its
support T' (necessarily a subgroup of G), i.e., D is spanned by elements Xy, t € T,
such that X;X; = o(s,t)Xs where o is a 2-cocycle of T with values in F*. The
elements X; are determined up to a scalar multiple and ¢ up to a coboundary, but
the relation

XX = B(s, ) Xy Xs foralls,teT

implies that the function 8(s,t) = o(s,t)/o(t,s) is an alternating bicharacter of
G (with values in F*) and is uniquely determined by D. Moreover, R (or D) is
simple if and only if 3 is nondegenerate, i.e., rad 3 :={t € T | B(t,s) =1Vs € T}
is trivial. Note that if char F = p then this condition forces |T| to be coprime with
p. Finally, if G is abelian then the isomorphism class of the graded algebra D is
uniquely determined by the subgroup 7" C G and the nondegenerate alternating
bicharacter 8, and, conversely, each such pair (T, 3) gives rise to a graded division
algebra [1]. Thus, for matrix algebras R graded by an abelian group, the classes
[R] are in bijection with the pairs (T, ).

Fix an abelian group G. Given G-graded matrix algebras Ry = Endp, (W)
and Ry = Endp,(Ws) as above, the tensor product R ® Ry is again a G-graded
matrix algebra and hence can be written in the form Endp (W). It is easy to see
that D is determined by D; and Ds. Indeed, writing R; = C; ® D, (i = 1,2) and
D1®@Ds = CR®D, we obtain R1 @Ry = (€3 ®C2®C)®D where the first factor
has an elementary grading and the second factor has a division grading. Hence
we can unambiguously define [R1][Rz] as the isomorphism class of D. This gives
an associative commutative multiplication on the set of classes, with the class of
F being the identity element and the class of D°P being the inverse of the class of
D (since D® DP = End(D) as graded algebras, and End(D) has an elementary
grading induced by the grading of D). Thus we obtain an abelian group, which will
be called the G-graded Brauer group of .

In order to express D in terms of D; and D,, it will be convenient to rewrite
the gradings in terms of actions. The group of characters G acts on any G-graded
vector space V:

(1) x *v = x(g)v forallveVg,gEG,xeé.

If charF = 0 or if charF = p and G has no p-torsion then the grading can be
recovered as the eigenspace decomposition relative to this action. If R is a matrix
algebra with a G-grading then each x € G acts by an automorphism of R, so
there exists an invertible element u, € R such that x * z = uyzuy Lforall z € R
(Noether—Skolem Theorem). Explicitly, if R = C® D as above then we can take

uy = diag(x(g1), - - x(gr)) ® X;
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where t is the unique element of T such that x(s) = (¢, s) for all s € T. Note that
Uy Uy, = B(t1, 752)ux2ux1 Define an alternating bicharacter 3 on G (with values in
F*) by setting B(Xl, x2) = B(t1,t2). Thus we have

(2) Uy Uyy = B(x1, X2)Uy, Uy, for all x1,x2 € G.

This “commutation factor” j3 is in fact the obstruction preventing the mapping y —
Uy from being a representation of G (cf. [10]). For our purposes, it is important that
T and J can be recovered from f as follows: T = (rad 8)* and B(t1,t2) = B(x1, X2)
where x; is any character such that B(@/JaXi) = (t;) for all ¢ € G (i=1,2). It
is clear from the characterization (2) that the “commutation factor” of Ry ® Ry is
the product of those of Ry and R,. Hence the class [R; ® Rs] is given by T and S
determined by B 61 62 as above.

We can summarize this discussion by saying that the G-graded Brauer group
of F is isomorphic to the group of alternating continuous bicharacters of the pro-
finite group é\o where Gq is the torsion subgroup of G if charF = 0 and the
p’-torsion subgroup of G if charF = p (i.e., the set of all elements whose order is
finite and coprime with p). The topology of é\o, which makes it a compact and
totally discontinuous topological group, comes from the identification of é; with
the inverse limit of the finite groups H where H ranges over all finite subgroups
of Gy. Equivalently, the topology of é?) is given by the system of neighborhoods
of identity consisting of the subgroups of finite index H' for the same H. This
topology allows us to retain in this setting all the usual properties of duality for
ﬁmte abelian groups: we just have to restrict our attention to continuous characters
Go — F* (where F has discrete topology) and closed subgroups of Go In partlcular
any continuous alternating bicharacter : Go X GO — F* has the form J for some
nondegenerate alternating bicharacter 3 of the finite subgroup (radv)* C Go.

The following property will be useful in the sequel:

Lemma 2. Let R be a matriz algebra over an algebraically closed field F. Suppose
R is graded by an abelian group G. If € is a homogeneous idempotent of R then eRe
is a G-graded matriz algebra and [eRe] = [R] in the G-graded Brauer group of F.

Proof. Write R = Endp (W) where D is a graded division algebra and W is a right
vector space over D. Then Wy = W is a graded D-subspace and £Re can be
identified with Endp (Wy). The result follows. O

Note that the Brauer class [R] alone does not determine R as a graded algebra,
but it does so in conjunction with another invariant: the G-orbit of the multiset
(i.e., a set whose elements are assigned multiplicity) {¢17,...,gxT} in G/T, where
G acts on G/T by translations [1].

To conclude this section, we make an observation that will be useful later. Any
group homomorphism f: G — G’ yields a functor F from the category of G-graded
vector spaces (algebras, etc.) to that of G’'-graded vector spaces (algebras, etc.).
Namely, F' sends V = @ ccVy to V = B e Vg, where Vyr = D 15 Voo
and is identical on morphisms. Since any G-graded algebra can be regarded as
a G’'-graded algebra in this way, we obtain a homomorphism from the G-graded
Brauer group to the G’-graded Brauer group (i.e., the graded Brauer group is
a covariant functor in G). In the realization of the graded Brauer group of an
algebraically closed field in terms of bicharacters, this homomorphism simply maps
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Btod=po (f X f) where f: é\{) — é; is induced by the restriction f: Go — Gj,.
The nondegenerate bicharacter v corresponding to 4 can be calculated in terms of
(B using the following fact.

Lemma 3. Let T be a finite abelian group and let 8 be a symmetric or skew-
symmetric bicharacter on T. Assume that B is nondegenerate, so t — [(t,-) is
an isomorphism T — T. Let B be the mondegenerate bicharacter on T obtained
by composing B with the inverse of this isomorphism. Given a subgroup H C T,
consider the restriction %y ofB to the subgroup H- C T. Then (rad )+t is the
subgroup HH' C T where

H ={teT|B(th)=1 foralhe H}.

Moreover, 8 induces a nondegenerate bicharacter v on HH'/H, which correponds
to 4, as follows: y(xH,yH) = B(x,y) for all x,y € HH'. O

3. CLIFFORD THEORY FOR GRADED MODULES

Let £ be a semisimple finite-dimensional Lie algebra over an algebraically closed
field F of characteristic 0. Given a grading £ = gec Lg by an abelian group G,
we want to classify (finite-dimensional) graded-simple £-modules. When working
with a specific graded £-module W, we may replace G with the subgroup generated
by the supports of £ and W. Thus we may assume, without loss of generality, that
G is finitely generated.

The classical Clifford theory relates irreducible representations of a group and
those of its normal subgroup of finite index. A similar approach can be used to de-
scribe simple modules over the smash product A#FH in terms of those of A, where
A is an associative algebra and H is a finite group acting on A by automorphisms
(see e.g. [9]). To study graded L-modules, we can take A = U(L) and H = G but
note that H is not necessarily finite and hence should be regarded as an algebraic
group (a quasitorus) in order to have equivalence between graded £-modules and
modules over the smash product U(L)#FG. Therefore, we outline here the rele-
vant version of Clifford theory, interpreting the results in the language of gradings.
Some of these ideas already appeared in relation to graded modules in [2], where
the representation theory of quantum tori was used instead of Clifford theory.

3.1. Twisting modules by an automorphism. Since £ is G-graded, the alge-
braic group G acts on £ by automorphisms. For y € CA¥, we will denote by a, the
corresponding automorphism of £: ay(z) = x * « for all x € £ (see (1) for the
definition of ). This automorphism extends uniquely to an automorphism of U (L)
(associated with the induced G-grading), which we will denote by «, as well. If
W is a graded L-module then G also acts on W. For X € é, we denote by ¢,
the corresponding linear transformation of W: ¢, (w) = x * w for all w € W. The
condition £,W), C Wy, translates to the following:

(3) oy (zw) = ay(x)py(w) for all x € G,xel,weW.

For any L-module V and a € Aut(L), we denote by V% the corresponding
twisted £-module, i.e., the vector space V with a different L-action: x - v = a(z)v
for all z € £ and v € V. In other words, if V is an L-module via p: £ — gl(V) (or,
equivalently, via p: U(£) — End(V)) then V' is an L-module via p o a. Clearly,
if ¢b: V1 — V4 is a homomorphism of £-modules then 9 is also a homomorphism
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V* — V5. Hence the group Aut(£) acts (on the right) on the set of isomorphism
classes of L-modules. It is well known that, for any inner automorphism « and
any L-module V', the twisted module V¢ is isomorphic to V, so the action of
Aut(£) on the isomorphism classes of £-modules factors through the quotient group
Out(£L) := Aut(£)/Int(L). In particular, the orbits are finite. Moreover, fixing a
Cartan subalgebra of £ and a system of simple roots, we can split the quotient map
Aut(£) — Out(L) using the subgroup of diagram automorphisms. Hence the action
of Aut(L) on the isomorphism classes of simple £-modules can be represented as
an action of Out(£) on dominant integral weights by permuting the vertices of
the Dynkin diagram and the corresponding fundamental weights w1, ..., w,, where
r = rank £. Explicitly, an element o € Aut(£) can be uniquely written in the form
a = apT where ap € Int(£) and 7 is a diagram automorphism, so Vi* = V-1, for
any dominant integral weight A\, where V) is the simple module of highest weight
A

In particular, any x € G can be used to twist an L-module V through a = «,.
We will write VX for V*x. Now observe that, for a graded £-module W, equation
(3) can be restated by saying that ¢, is an isomorphism W — WX. Disregarding
the grading of W, we can write W as the direct sum of its isotypic components:

W =P W
A

where A ranges over a finite set of dominant integral weights of £ and W), is a sum
of copies of Vy. It follows that ¢, maps W) onto W, where p is determined by

—1
the condition V), = V¥ | so u = 7,(\) where 7, is the diagram automorphism
representing the class of a,, in Out(£). We denote by K the inertia group of A:

KEx={xeG|nN) =X ={xeG|V=W}

Note that, since x — «, is a homomorphism of algebraic groups G— Aut(L) and
the stabilizer of A\ in Aut(£) is Zariski closed (as it contains the closed subgroup
Int(£) of finite index), the subgroup K is Zariski closed in G. Let Hy = K} ca,
so Hi = K, and |H,| equals the size of the orbit GA. Since Do ey W is a G-
invariant (equivalently, G-graded) £-submodule of W, we conclude that all graded-
simple £-modules have the form V¥ & --- @& V¥ where {A1,..., A} is a G-orbit
and k is a positive integer. We will show that, for any orbit, this &k is uniquely
determined.

3.2. Brauer invariant and graded Schur index of a simple module. Let
V' = V) be the simple module of highest weight A and consider the corresponding
homomorphism p: U(L) — End(V'). By Density Theorem, this is a surjection. For
any x € K, we have VX =V, which means that there exists u, € GL(V') such that
play(a)) = uyp(a)uy! for all a € U(L). Clearly, the inner automorphism @, (z) =
Uy LUy 1 of End(V) is uniquely determined, so the operator uy is determined up
to a scalar multiple. Thus we obtain a representation Ky — Aut(End(V)) given
by x — ay. In particular, the operators u,, x € K, commute up to a scalar.
Note that we can select a basis in End(V') consisting of the images of homogeneous
elements of U(L) (with respect to the G-grading), so the representation K, —
Aut(End(V)) is a homomorphism of algebraic groups and corresponds to a G-
grading on End(V) where G = G/H,. This is the unique G-grading on End(V)
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such that p: U(L) — End(V) is a homomorphism of graded algebras. Here U(L)
is considered with the G-grading induced by the quotient map G' — G (which is
a coarsening of the G-grading), and the existence of the mentioned G-grading on
End(V) can also be seen from the fact that the kernel of p is a G-graded ideal.

Definition 4. The class [End(V))] in the (G/Hy)-graded Brauer group will be
called the Brauer invariant of A (or of V) and denoted by Br(A). The degree of
the graded division algebra D representing Br(\) will be called the (graded) Schur
indez of A (or of Vy).

Recalling the description of the graded Brauer group from the previous section,
we see that Br(\) is determined by the “commutation factor” of the operators u,,

(x € K), i.c., the alternating bicharacter 3 of K given by (2).

Proposition 5. Let V = V) and G = G/Hy. The L-module Vk admits o G-
grading that makes it a graded-simple L-module if and only if k equals the Schur
index of V. This G-grading is unique up to isomorphism and shift.

Proof. If W = V* admits a G-grading making it a graded £-module then End(W)
has an induced elementary grading and p®*: U(£L) — End(W) is a homomorphism
of G-graded algebras. Since p®* has the same kernel as p, we see that End(W)
contains a G-graded unital subalgebra R isomorphic to End(V). Let C be the
centralizer of R in End(W). Then € is G-graded and End(W) = R ® € as G-graded
algebras. Hence [R] = [C]~! in the G-graded Brauer group. If W is graded-simple
then C is a graded division algebra, so C = D°P where D is the graded division
algebra representing [R] = Br()\). Hence k? = dim € = dim D, so k equals the
Schur index of A. (If W is G-graded but not necessarily graded-simple then k must
be a multiple of the Schur index.)

Conversely, suppose k equals the Schur index. Again, write End(W) 2 R® C (as
algebras) where R is the image of U(L) and € is its centralizer, which is a matrix
algebra of degree k and hence can be given a G-grading using any isomorphism of
algebras D°P — €. Then End(W) also receives a G-grading, which is elementary
since [R][€] is trivial in the graded Brauer group. Therefore, W has a G-grading
that induces the grading of End(W). Since € is a graded division algebra, W is
graded-simple as an R-module. Since R is a graded-simple algebra, it has a unique
graded-simple module, up to isomorphism and shift of grading. ([

Remark 6. Under the conditions of Proposition 5, let £ be the Schur index of V. Fix
a G-grading on U = V* as in Proposition 5 and pick an element g € G. Since the
action of £ factors through End(V), the shift U [9] is isomorphic to U as a graded
L-module if and only if g belongs to the support of the graded division algebra
representing [End(V)].

3.3. Induced graded space. To classify graded-simple £-modules up to isomor-
phism, we need another ingredient: the construction of a graded space induced
from a quotient group. Let H be a finite subgroup of G and let U = @geé Uy
be a G-graded vector space where G = G/H. Let K = H' C G. Then U is a
K-module, so we can consider W = Ind?(U = FG ®ri U, which is a G-module
and thus a G-graded space. Note that, as a K-module or G-graded space, W is just
the sum of s copies of U, where s = |H|. The G-grading on W can be explicitly
described as follows. Take H = {x1,...,xs} and extend each y; to a character of
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G in some way. We will denote the extensions by x; as well, and we may assume
that x1 is the trivial character. Then {x1,..., xs} is a transversal for the subgroup
K in G and hence R

mdSU =, QU@ --- & xs @ U.

One verifies that, for any g € GG, the homogeneous component W, is given by
S
W, = {ij ®@x;(9) 'u | u e Us}.
j=1

We will denote the G-graded space W = €D, Wy by Indg/HU.

If U is a G-graded L£-module then £ acts on W as follows: z - (y®u) =
X®ay-1(x)u for all z € £, x € G and u € U. One verifies that this action is
well defined and turns W into a G-graded L-module. Moreover, if U is simple
as a G-graded L-module and K is its inertia group then W is simple as a G-
graded L-module. Indeed, let Wy C W be a nonzero G-graded L-submodule. Since
Xi QU =2 UXi " are simple as G-graded £-modules and pairwise non-isomorphic, we
conclude that there exists ¢ such that x; @ U C Wy. But x; @ U generates W as a
@—module, hence Wy =W.

3.4. Classification of graded-simple modules. Let A be a dominant integral
weight. If © € G then Hy = H, (since G is abelian) and the (G/H,)-graded
algebras End(Vy) and End(V,,) are isomorphic (with an isomorphism induced by
ay: U(L) = U(L) for some x € G). Hence A and p have the same graded Schur
index and Brauer invariant.

Definition 7. For each G-orbit O in the set of dominant integral weights, we select
a representative A\ and equip U = Vf with a (G/H,)-grading as in Proposition 5,
where £ is the graded Schur index of V. Then W(0) := Ind§ /m,U 1s a graded-
simple £-module.

Theorem 8. Let L be a semisimple finite-dimensional Lie algebra over an alge-
braically closed field of characteristic 0. Suppose L is graded by an abelian group G.
Then, for any graded-simple finite-dimensional £-module W, there exist a G-orbit
O of dominant integral weights and an element g € G such that W is isomorphic
to W(O)9 with W(0O) as in Definition 7. Moreover, two such graded modules,
W (09 and W (O, are isomorphic if and only if @' = O and ¢'Gx = gGa
where Gy is the pre-image of the support of the Brauer invariant [End(Vy)] under
the quotient map G — G/H ), with X\ being a representative of O.

Proof. We already know that, as an ungraded L-module, W can be written as
Wi @ ---® W, where W; = Vf and O = {A\y,..., A} is a G-orbit. Let A = M
be the representative selected for O in Definition 7 and let K = H j\- C G. Then
the isotypic component Wj is invariant under all ¢,, x € Ky, so Wy is a G-
graded L£-module for G = G/Hy. Let {x1,...,Xs} be a transversal for K, in G
where 1 is the trivial character. We order the x; in such a way that A\; = 7,,(\)
and hence ¢,, maps Wy onto W;. For any G-graded L-submodule Wy C W,
the direct sum ), ¢, (Wy) is a G-graded L-submodule of W. It follows that
Wy is graded-simple and hence k = ¢ by Proposition 5. Moreover, there exists
g € G such that U is isomorphic to W, as a G-graded £-module. We fix an
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isomorphism ¢ : U — W, and set ¢; = ¢y, 0 p1. Then ¢;: U — WX is an
isomorphism of G-graded £-modules. Define a linear isomorphism ¢: W(0)9 — W
by setting ¢(x; ®u) = xi(g) " *pi(u). We claim that ¢ is an isomorphism of G-
graded L£-modules. It follows from the definition of L-action on W(O) that ¢ is an
isomorphism of £-modules. It remains to show that ¢ s G-equivariant.

Recall that x * w = ¢, (w) for all w € W and x € G. Now fix ¢ and x. Then
there exist unique j and xo € K such that xx; = x;xo. Since xo sends Hy to 1,
we regard it as a character of G with xo(g9) = x0(g). By definition of ¢;, we have
(4) #1(x0(9)(xo0 * 1)) = Xo * p1(w) = @y, (p1(u))
for any u € U. By definition of induced module, we have

Xx (X ®u) = XXi ®@ U= XjX0 ®u = X; ® Xo * U.
Hence we compute, using the definition of ¢ and equation (4):

P(x(9)x * (xi ®u)) =x;(9)” " x(9)¢; (X0 * u)
=xi(9) ™% (xo(9) (x0 * u))

=xi(9) " x, (91(x0(9) (x0 * 1))
7.(9) 1LPX] ((pxo 501 ))
(9)~
(9)~

1

1

=xi(9) " ox (o, (01 (u))

=xi(9) " ox (i) = x * (xi @ u),
which is exactly what is required for ¢: W(O)[g] — W to be G—equivariant.

If ¢ € G then g is in the support of the graded division algebra representing
[End(V})] and hence, by Remark 6, the G-graded £-module U9 is isomorphic to U.
Then the above argument allows us to extend an isomorphism ¢;: U9 — U to an
isomorphism ¢: W(0)l9) — W(0). Conversely, suppose that ¢: W(0)l¥) — W(0)
is an isomorphism of G-graded £-modules. Looking at the isotypic components as
L-modules (disregarding the grading), we see that ¢ must map x; ® U onto x1 ® U,
S0 it restricts to an isomorphism (y; ® U)W — y; ® U of G-graded £-modules. By
Remark 6, g must be in the support of the graded division algebra representing
[End(V))], so g € Ga. O

Corollary 9. An L-module V' admits a G-grading that would make it a graded
L-module if and only if, for any dominant integral weight A\, the multiplicities of
Vais---, Vi, in V oare equal to each other and divisible by the graded Schur index of
A, where {\1,...,As} is the G-orbit of A O

3.5. Comparison of graded modules for two isomorphic gradings on L.
Gradings by abelian groups have been classified up to isomorphism [1, 5] for the
classical simple Lie algebras except Dy. Let us compare the theories of graded
modules for two isomorphic G-gradings on a semisimple Lie algebra £. So let
I':L=@,cqlyand I : L =P, Ly be two such gradings and let o be an
automorphism of £ such that a(ly) = qu for all ¢ € G. We will use prime to

distinguish the objects associated to I from those associated to I'. For any y € CA?,
we have ) = aa,a™ L. Suppose Vy =2 V¥ Then

:{X66|V>\axgVA}:{X€G|VuaaXgvf}:{X€é|V;ngﬂ}:Kfr
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Since a maps the kernel of py: U(L) — End(Vy) onto the kernel of p,: U(L) —
End(V,,), we obtain a commutative diagram

End(Vy) —=— End(V},)

where the vertical arrows are surjective and « is an isomorphism of algebras.
Clearly, & maps the G-grading of End(V}) induced by I' to the G-grading of End(V},)
induced by I, where G = G/H) = G/H),. Hence Br(\) = Br'(u). We conclude
that the theory of graded modules for I can be obtained from that for I" as long
as an isomorphism « is known. In particular, if « is inner then we have H{ = H)
and Br’(A\) = Br()) for all \.

For the classical simple Lie algebras of type A; and of series B and C, all
automorphisms are inner so the H) are trivial, and it suffices to calculate Br(\)
for one representative of each isomorphism class of gradings. For series A (except
Aq) and D (except Dy), the index of Int(£) in Aut(£) is 2 so the Hy have order at
most 2, and each isomorphism class of gradings consists of at most 2 orbits under
the action of Int(L). Clearly, the isomorphism class of a grading I' is one Int(£)-
orbit if and only if Stab(T") (i.e., the group of automorphisms of £ as a G-graded
algebra) contains an outer automorphism. This is definitely the case if ' is an
“outer grading” (i.e., the image of G in Aut(£) contains an outer automorphism).
For series A, the gradings are already classified in [1] as inner (Type I) and outer
(Type II), and it is clear when two inner gradings belong to one Int(£)-orbit. For
series D, this will be done in Section 7. It should be noted that type Dy is no
different from other members of the series if we restrict our attention to “matrix
gradings”, i.e., those that can be obtained by restricting a grading of Mg(F) (or,
equivalently, such that G fixes the isomorphism class of the natural module).

3.6. Calculation of Brauer invariants. We conclude this section by showing
how, for simple Lie algebras, the calculation of Brauer invariants of all dominant
integral weights can be reduced to the fundamental weights wy,...,w,.

Proposition 10. Let A1 and Ay be dominant integral weights of a semisimple
Lie algebra £ and let p = A\ + Ao. Suppose L is equipped with a grading by an
abelian group G such that Hy, C H, (equivalently, Hy, C H,). Then Br(p) =
Br(A1)Br(X2) in the (G/H,)-graded Brauer group.

Proof. Denote R; = End(Vy,) (i = 1,2) and G = G/H,. Let V. =V, ®@V,,
and R = End(V). By definition of Hj,, the algebra R; is (G/Hj,)-graded in
such a way that the surjection p;: U(L) — R; is a homomorphism of (G/H)j,)-
algebras, hence a fortiori a homomorphism of G-graded algebras. Let p: U(L) — R
be the tensor product representation, i.e., the representation of £ on V given by
p(z) = p1(2) @1+ 1@ pa(z) for all x € L. If we give R a G-grading by identifying
R and R; ® Ry in the natural way then p: U(L) — R is a homomorphism of G-
graded algebras. This homomorphism is not surjective, in general, so let A be
its image, which is a graded unital subalgebra of R. It is known that the simple
module V,, occurs in V' with multiplicity 1. Let ¢ € R be the projection of V
onto V,, associated with the decomposition of V' into isotypic components (as an
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L-module). Then ¢ is the identity element in the block Ag of the semisimple algebra
A associated to the A-module V,,. By definition of H,,, the kernel I of the surjection
p: U(L) — End(V,,) is a G-graded ideal of U(L), hence p(I) is a graded ideal of A.
But Ay is the annihilator of p(I) in A, so Ay is a graded subalgebra of R. Moreover,
Ap = End(V,,) as G-graded algebras. Therefore,

Br(p) = [End(V,,)] = [Ao] = [eRe] = [R] = [R1][Ro] = Br(A1)Br(Az),
where we have used Lemma 2. ([l

If £ is simple then Out(£) has order at most 2 in all cases except Dy. For Dy,
we have Out(£) = S5 so the image of the abelian group G in Out(£) has order at
most 3. It follows that, in all cases, the G-orbits in the set of dominant integral
weights have length at most 3, and G acts cyclically on each orbit. Consider
A = Y7 mwg, where the {wg,,...,wk } is an orbit and m; are nonnegative
integers. Since G cyclically permutes the wy,, we have one of the following two
possibilities: either all m; are equal or Hy = H,,, (for any ). It follows that, if we
know the Brauer invariant of Y7, wy, for each orbit, then we can compute it for
any dominant integral weight using Proposition 10.

Proposition 11. Let Ay and Ao be dominant integral weights of a semisimple Lie
algebra £ and let u = Ay + \o. Suppose L is equipped with a grading by an abelian
group G such that {\1, \2} is a G-orbit, so H, ={e} and Hy, = (h), i = 1,2, where
h has order 2, and the algebra R = End(Vy, ® Vi) has a G-grading by identification
with End(Vy, ) @ End(Va, ), where G = G/(h). Fiz x € G such that x(h) = —1 and
pick isomorphisms u': Vy, — V¥ and u": Vi, — V. Then Br(u) = [R] in the G-
graded Brauer group where the G-grading on R is obtained by refining the G-grading
as follows:
Ry = {z € Rg | uzu™"' = x(g9)x} forallg € G,

where u = (v’ @u') o7 and T is the flip v @v" — v @V for all v\ € V), and
v eV, (sou€R).

Proof. Let R; = End(Vy,). Then p;: U(L) — R; are homomorphisms of G-graded
algebras and the following diagram commutes:

UL) —25 U (L) —25 U(L)

Pll lpz lm
’ 17

Ry —2 Ry —2 R4
where o/(a) = va(u’)~! for all @ € Ry and o”(b) = u”b(u”)~! for all b € Ry.
Since a, is an isomorphism of G-graded algebras, so are o’ and . Define an
automorphism &: R — R (as a G-graded algebra) by setting
ala®b) =a"(b)®@a'(a) foralla € Ry, b e Ry.

Then a?(a®b) = o”a'(a) ® o/’ (b) = (x? *x a) @(x? * b) where, as usual, * denotes
the actions of K = K, = K, associated to the G-gradings. Hence a2 acts as the
scalar operator x2(g) on the homogeneous component Rg (where we regard X2 as
a character of G), and we obtain a G-grading on R by setting

Ry ={z € Rg | a(z) = x(g9)z} forallgeG.
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For p = p1 ® p2, one checks that p(a, (z)) = a(p(x)) for all z € £. It follows that
p: U(L) — R is a homomorphism of G-graded algebras. By the same argument
as in the proof of Proposition 10, we obtain Br(u) = [R] in the G-graded Brauer
group (H,, is trivial in our case). It remains to observe that

ala®b) =u"b(u") ' @ualw) "t = (W ou)T(a@b)r(u @u') ! = u(a®b)u!
for all a € R1 and b € R,. O

The result is especially simple in the case when V), and V), are dual to each
other.

Proposition 12. Let Ay and Ay be dominant integral weights of a semisimple Lie
algebra £ such that Vx, = VY, and let p = Ay + A2. Suppose L is equipped with

a grading by an abelian group G such that {\1, A2} is a G-orbit. Then Br(p) is
trivial.

Proof. We will use the notation of Proposition 11 and the abbreviations V = Vj,
and V* = V,,. Then we have the following commutative diagram:

QOPL)L

End(V)*? Y End(V*)

where adj denotes the map sending an operator a € End(V) to its adjoint a* €
End(V*), which is determined by

(x,ay) = (a"z,y) forallz e V* yeV,

where (-,-) is the canonical pairing between V* and V. It follows that [End(V™*)]
is the inverse of [End(V)] in the G-graded Brauer group. Hence the G-grading on
R = End(V ®@V*) is elementary. We claim that this elementary grading on R is
induced from the G-grading on the vector space V ® V* coming from the natural
isomorphism V @ V* = End(V). Indeed, for any ¢ € K := Ky, = K),, we have
p1(oy(x)) = uwpl(x)ulzl for all z € £, hence pa(ay(x)) = (ufb)flpg(as)ufb for all
z € L. It follows that the @—grading on the algebra R = Ry ® R, is associated to the
K-action ¢ * x = (uy ®(u,) ")z (uy ®(u;‘;)’1)’1. Under the natural isomorphism
V®V* = End(V), the operator uy, ®(ufb)_1 on V®V* corresponds to the inner
automorphism Ad(uy) of End(V'), and these inner automorphisms determine the
G-grading of End(V).

Now consider x € G \ K, ie, x € G with x(h) = —1. We may choose the
associated isomorphisms u': V — (V*)X and «”: V* — VX so that u” = ((u/)*) L.
Define a nondegenerate bilinear form on V as follows:

(x,y) = (W'z,y) forallz,y eV,
and then define a linear map ¢: End(V) — End(V) by setting
(az,y) = (z,0(a)y) forallz,y € V, a € End(V),

i.e., ¢(a) is the adjoint of @ with respect to the bilinear form (-,-). Clearly, ¢ is
an anti-automorphism. One checks that ¢(a)* = w'a(u’)~! for all a € End(V).
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Therefore, we have the following commutative diagram:

Lop ™ .p

End(V)°P —— End(V)

Since —a, is a homomorphism of G-graded algebras, so is ¢. Moreover, p? acts as
the scalar operator x*(g) on the homogeneous component End(V)g. It follows that
we obtain a G-grading on the vector space End(V') by setting

(5) End(V), ={a € End(V)z | ¢(a) = —x(g)a} forallge G.

Since —¢ is a Lie homomorphism, this is actually a G-grading on the Lie algebra
End(V)(_). By construction, py: £ — End(V)(_) is a homomorphism of G-graded
algebras. Finally, we claim that the operator u = (v” @ v')T on V ® V* corresponds
to ¢ on End(V') under the natural isomorphism V' ® V* = End(V). Indeed, for any

z €V and f € V*, the element z® f corresponds to a(-) = f(-)z € End(V). For
any x,y € V, we compute:

(z@ flz,y) = (f()z,y) = (fra)(u'z,y) = (W, u" f)(u'z,y)
= (2, (W'2)(y) (")) = (z,u(z® f)(y)),
proving the claim. Therefore, in our case, the G-grading on R = End(End(V)) in

Proposition 11 is induced from the above G-grading on the vector space End(V').
Thus Br(u) = [R] is trivial. O

4. SERIES A

Consider the simple Lie algebra £ = sl,.11(F) of type A,, where F is an alge-
braically closed field of characteristic 0. Given a G-grading on £, we are going to
find the Brauer invariant of every simple £-module. The parameters used in [1]
(see also [5]) to determine the G-grading on £ (up to isomorphism) include what
are, in our present terminology, the inertia group and the Brauer invariant of the
natural module of £.

4.1. Preliminaries. Recall that the calculation of Brauer invariants reduces to
modules of the form V) where X is the sum of fundamental weights forming a G-
orbit. The simple £-module of highest weight w; (i = 1,...,7) can be realized as
A'V where V is the natural module of £, which has highest weight w; and dimension
n=r+1.

Proposition 13. For the simple Lie algebra of type A, graded by an abelian group
G and for anyi =1,...,r, we have Br(w;) = Br(wy)" in the (G/H,, )-graded Brauer
group.

Proof. Denote G = G/H,,,, R = End(V) and p: £ — R the natural representation.
Then the algebra R = End(V®?) is G-graded by identification with R®? and
p® U(L) — Ris a homomorphism of G-graded algebras. We identify A*V with
the space of skew-symmetric tensors in V®?. Let € € R be the standard projection
VO 5 ATV, e,

1
ey ®---Qu;) = T E (=1)"0r(1) ® - Qg forallvy,...,v; eV
" wesS;
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Then End(A'V) can be identified with eRe. With this identification, we have
p"(a) =ep®i(a)e for all a € U(L).

Now let K be the group of characters of G. If the G-grading on R is associated
to the action x xx = uxxugl, x € K, x € R, then the grading on R is associated

to the action x xz = ﬂxxﬂgl, x€e K, xe ﬁ, where
Uy (V1 ® -+ Qv;) = Uy (V1) ® -+ - Quy(v;) forallvy,...,v; €Vl

Clearly, uyet;, L= ¢ for all y € K, so ¢ is a homogeneous idempotent of R. There-
fore,

Br(w;) = [End(A'V)] = [eRe] = [R] = [R]' = Br(w:)’,
where we have used Lemma 2 (cf. the proof of Proposition 10). O

4.2. Inner gradings on sl,.;1(F). Gradings of Type I, i.e., such that the image
of G in Aut(L) consists of inner automorphisms, are classified by the correspond-
ing gradings on R = End(V), and the latter by the graded division algebra D
representing the class [R] in the G-graded Brauer group and the multiset = in
G/T (determined up to a shift) representing the grading on a right vector space
W over D such that R = Endp (W), where T C G is the support of D. Explic-
itly, we can select a homogeneous D-basis {v,...,vx} of W and identify V' with
W ®p N = W @ N where W = span {vy,...,v;} (over F) and N is the natural left
(ungraded) module for the matrix algebra D, so dim N = ¢ is the graded Schur
index of V' and n = k.

Remark 14. The G-grading on V¥ in Proposition 5, where A = wq and H) is trivial,
is obtained by identifying V¢ with V® M = W @ D = W where M is the natural
right module for the matrix algebra D.

The G-grading on R then comes from the identification of R with €® D where
C = End(W). The multiset = is {¢17,...,9xT} where g; = degv;. In [1, 5], the
D-basis was chosen in such a way that g; = g; whenever g;1" = g;T'; here it will be
convenient not to impose this condition. Finally, the G-grading on £ comes from
the identification of £ with the graded subspace [R, R] of R. Two Type I gradings,
I' and IV, belong to one Int(£)-orbit if and only if 77/ =T, ' = 8 and E' = gE for
some g € G (see [1] or [5, Theorem 3.53)).
Theorem 15. Let L be the simple Lie algebra of type A, over an algebraically
closed field F of characteristic 0. Suppose L is graded by an abelian group G such
that the image of G in Aut(L) consists of inner automorphisms (Type I grading).
Then, for any dominant integral weight X = Y ._, m;w;, we have Hy = {e} and
Br(\) = BEi—vimi where §: G x G — F* is the commutation factor associated to
the parameters (T, 8) of the grading on L.

Proof. Since H,, is trivial for all ¢, we can apply Proposition 10:
Br(\) = [ [ Br(w:)™.
i=1

But by Proposition 13, we have Br(w;) = Br(w; )" = 3%. The result follows. O

Corollary 16. The simple L-module V) admits a G-grading making it a graded
L-module if and only if the number Y., im; is divisible by the exponent of the
group T'.
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Example 17. Consider £ = sl3(F). Then either T' = {e} or T = (a) x (b) = Z3. In
the first case, any simple £-module has trivial Brauer invariant and hence admits a
G-grading, as expected because the grading on £ is a coarsening of Cartan grading.
In the second case (so-called Pauli grading on £), T has a unique nondegenerate
alternating bicharacter 8 (defined on the generators by S(a,a) = B(b,b) = 1 and
B(a,b) = B(b,a) = —1), for which 42 = 1. Hence Br(mw;) is trivial for even m and
equals ,5’ for odd m. In particular, the simple L£-modules of even highest weight
admit a G-grading but those of odd highest weight do not: they have graded Schur
index 2.

4.3. Outer gradings on sl,1(F). If » > 1 then there exist gradings of Type II,
i.e., such that the image of G in Aut(L) contains an outer automorphism. Every
such grading has a distinguished element h € G of order 2, which is characterized
by the property that the corresponding G-grading is of Type I, where G = G/(h).
(Using our present notation, we have H,, = (h).) Gradings of Type II with a fixed
distinguished element h are classified by the corresponding G-graded algebras R
equipped with an anti-automorphism ¢ representing (the negative of) the action of
a fixed y € G with y(h) = —1. Namely, the Type II grading on £ corresponding
to (R, ) comes from the identification of £ with the graded subspace [R,R] of the
Lie algebra R(~) equipped with the G-grading given by (5).

The existence of ¢ forces T C G to be an elementary 2-group, where T is the
support of the graded division algebra D representing [R] in the G-graded Brauer
group. Moreover, for any x € R, (x) is the adjoint of x with respect to a suitable
nondegenerate F-bilinear form B: W x W — D which is D-sesquilinear relative to
an involution of the graded algebra D (see [4] or [5]). To write ¢ explicitly, we
can fix a “standard realization” of D as a matrix algebra in the following way. To
simplify notation, we temporarily omit bars and write 7 instead of T. Select a
symplectic basis {a;} U {b;} of T (as a vector space over the field of two elements)
with respect to the nondegenerate alternating bicharacter 8: T x T — F*| i.e.,
B(a;,b;) = —1 and all other values of 5 on basis elements are equal to 1. Then we
can take D = Ms(F) ® - - - ® Ms(F) with the following T-grading:

Xaj :1@...@(51(1))@...@1 and ij :1@...@(?%)@...@17

where the indicated matrix appears in the j-th factor, and

_ & nj
X sy = (LX) AT
Note that we have *X,, = Xa’j1 = X,, and "X, = Xb_j1 = X, for all j, and hence
(6) X,=X'=pB(s)X, forallsecT,

where 8: T'— {%1} is a quadratic form on T (as a vector space over the field of
two elements) whose polar bilinear form is 5(-,-), i.e., 8(s,t) = B(st)B(s)B(t) for
all s,t €T.

Remark 18. This matrix realization of D can be presented in a concise way if we
write T' = A x B, where A = (a;) and B = (b;), and take for N the vector space
FB = span {ey | b € B} with the following action of D: X, err = [(a, b )eyy for
all a € A and b,b’ € B.

Lemma 19. If |T| # 4 then det(X;) =1 for allt € T. If |T| = 4 then det(X;) =
B(c,t) for allt € T, where ¢ = ab. a



16 A. ELDUQUE AND M. KOCHETOV

Fix a standard matrix realization of D. Adjusting the sesquilinear form B, we
may assume that the involution of D is the matrix transpose. Selecting a suitable
homogeneous D-basis {v1,...,vx} in W, degv; = g;, we may assume that

=27 —27 — — — — ——1
(7) gltl == gqtq = gq+lgq+2 == gq+2sflgq+2s =9o >

where ¢+2s =k, g, € G, t; € T, and the sesquilinear form B is represented by the
following block-diagonal matrix:

(8) ® = diag (X¢,,- .-, Xty (07 60) -5 (L1 0))s
where p; € F* and I = X, € D (see [4] or [5, Theorem 3.31]). The element g,
has the meaning of the degree of B as a linear map W ® W — D. The scalars p;
can be expressed in terms of a single scalar u satisfying p3 = x*(g, ), namely,
i = N0X2(§;-|12i—1)~ The gradings of Type II with distinguished element h are
classified by the graded division algebra D, the multiset = = {3,T,...,q,T}, and
the elements 1o € F* and g, € G (see [1] or [5, Theorem 3.53]). Identifying R with
My, (D) through the D-basis {v1,...,v;} and using the fixed matrix realization of
D, we can write the anti-automorphism ¢ in matrix form as follows:

O(X) =0 1(*X)® for all X € M, (F),
where X is the transpose of X. Note that ¢(X) is the adjoint of X with respect
to the nondegenerate bilinear form (v',v”)e = *o'®v” on V, which can also be
expressed, using the identification V =W ®@p N = W ® N, as follows:

(9) (W' @z, 0" @Yy)e = ‘zB(w ,w")y forallw’,w” € W, z,y € N,

where the expression in the right-hand side is matrix product (using the fixed matrix
realization of D).

Recall that the action of a character 1 of G on the G-graded algebra R is given
by 9 x x = uquu;l (x € R) where

(10) uy = diag(y(71), - - -, ¥(9x)) @ Xz
and ¢ € T is determined by the condition 3(%,5) = ¢(5) for all 5 € T.

Lemma 20. For any1p € G with1p(h) = 1, we have (upv’, ugpv™) e = 1 (go ) (v, v")e
for allv' 0" € V.

Proof. Tt is sufficient to verify ‘u, ®uy = ¢(gy *)®, which follows from orthogonality
of X7 and the equations

V() X7 X5, Xy = 0(9,)* B, 1) X5, = 0(5) 0 () Xz, = ¥(75 ) Xa,,
for each i = 1,...,q, as well as the equations (g, 2;_1)¥(9412;) = z/;(ygl), for
each j=1,...,s. ([l

We will need the following notation to state our main result on Type II gradings.
Let ¢ be the G-graded Schur index of V, so £ is a power of 2, |T| = ¢? and dim V =
n = kl. If n is even, then set

—_n/2,— _ .
(11) B = { 7023, -+ if 042,

(@go)"*(g,---g,)" ifL=2,
where, for £ = 2, ¢ is the element of T as in Lemma 19 (¢ = ab where {a, b} is the

selected basis of T). Note that relations (7) imply that A’ has order at most 2 and
depends only on gy, ...,g,-
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Theorem 21. Let £ be the simple Lie algebra of type A, (r > 1) over an alge-

braically closed field F of characteristic 0. Suppose L is graded by an abelian group

G such that the image of G in Aut(L) contains outer automorphisms and hence

H,, = (h) for some h € G of order 2 (Type II grading with distinguished element

h). Let K = K, = (h)* and fit x € G\ K (i.e., x(h) = —1). Then, for a

dominant integral weight A = _._, m;w;, we have the following possibilities:
1) If my # myy1—; for some i, then Hy = (h), K\ = K, and Br(\) =

Bzzélimi = BAZ}(:TIH)/QJ m2i-1 " qhere B: K x K — F* is the commutation

factor associated to the parameters (T, 3) of the grading on L.

2a) If r is even and m; = my41—; for all i, then Hy = {e} and Br(\) = 1.

2b) Ifris odd and m; = m,11—; for alli, then Hy = {e} and Br(\) = 4™+n/2,
where 4: G x G — F* is the extension of the alternating bicharacter
B2 K x K — F* given by A(x, ¥) = (k') for all ¢ € G, where f3 is
the commutation factor associated to the parameters (T, ) of the grading
on £ and h' € G is the unique element satisfying x(h') = 1 in the coset h’
defined by (11). The order of h' is at most 2.

Proof. Since x acts by an outer automorphism, we have V,1_; = V;*. The G-orbits
in the set of fundamental weights are the pairs {w;,w,11-:}, i1 =1,...,|r/2], and,
if  is odd, also the singleton {w(,+1)/2}-
1) In this case, we actually deal with a Type I grading by G = G/(h), so Theorem
15 applies.
2a) Here A = Z:ﬁ mi(w; +wpp1-3). Since Hy, 4, ,,_, is trivial for all 7, we can
apply Proposition 10:
r/2
Bl“()\) = H Br(wi + wr,url,i)mi’.
i=1
Since V,,, and V,
2b) Now A = M(ry1)/2Wr41)/2 T Z(;_l

~1; are dual to each other, Proposition 12 gives the result.

/2 m;(w; + wy41-4) and hence

(r=1)/2
Br(A) = Br(w(r1)/2)™ 072 H Br(w; + wrg1-4)™" = Br(wg41y/2) 072
i=1
by Propositions 10 and 12. It remains to consider the module V,,, = APV for

p = % and compute the associated commutation factor 4: G x G — F*. The
restriction of 4 to K x K is equal to 3P according to Proposition 13. Since ¥(x, x) =
1, it suffices to show that §(x,v) = ¢(h') for all ¥ € K. By definition of the

commutation factor, we have

(12) Uy Ty = Y(X, Y) Uy,

where iy : (APV)X — APV and iy : (APV)¥" — APV are isomorphisms of £-
modules. We can take for #, the mapping x1 A - - Axp = uypT1 A -+ A uyy
(x; € V) where uy is given by (10). We will now describe .

Let v/: VX' — V* be an isomorphism of L£-modules. Then, for any a € R,
¢(a) is the adjoint of a with respect to the bilinear form (z,y) = (v'z,y) on V
— see the proof of Proposition 12 (with A\ = wy). Multiplying «’ by a scalar if
necessary, we may assume that (z,y)e = (u'z,y) for all z,y € V. Let @ be the
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induced isomorphism (APV)X ' — AP(V*), which is given by @z A -+ A xp) =
Wz A---Au'z)y for all z; € V. The L-module AP(V*) can be identified with (A?V)*
through the canonical pairing

(LN Afg A= Nyg) = Z (=)™ (frsyn)) - (fpr Ym(py) for ally; €V, fi € V7.

TES)

Hence (az,y) = (x,y)e for all z,y € APV, where the bilinear form (-, )¢ is defined
on APV as follows:

(TN AZg Y1 A NYg)o = Z (=)™ (@1, Yr))a - (Tp, Yn(p))@ for all s, y; € V.
TESy

Note that, by Lemma 20, we have

(13) (apx, Upy)e = V(gy ") (x,y)e for allz,y € APV.

Since 2p = dimV, the L-module APV is isomorphic to its dual (APV)* via the
bilinear form on APV given by (z,y) =  Ay. Namely, an isomorphism 6: APV —
(APV)* is defined by the rule (A(z),y) = (z,y) for all z,y € APV. Hence 6714 is
an isomorphism (/\T’V)’(1 — APV, so we can take 1, = 6~ 1%. By construction, we
have

(Uyw,y) = (Ux,y) = (z,y)s for allz,y € APV.

Finally, we can calculate 4(x, %) using equation (12). For any z,y € APV, on
the one hand, we obtain

(Uxtiya,y) = (apz,y)e = PG ") (@, @y y)e,
where we have used (13). On the other hand, we obtain
(Gpiiya,y) = det(uy) (i, @y,'y) = det(uy) (@, by y)s.
It follows that
A0 )t = (gp) det(uy).-

Looking at (10), we see that det(uy) :7(]_[;{:1 ¥(7;)") det(X7)*. Taking into ac-
count Lemma 19 and recalling that 8(¢,t) = ¢(¢) by definition of u,, we obtain

)t = 4 PEDY(IT ) if 42,

1/’(?8)#’( Hi=1 ?f)w(é)k if £ = 23

so (x, %) = ¥(h')~ = ¢(h') since h’ has order at most 2. Substituting ¢ = x2,
we get 1 = 4(x, x?) = x2(/). Let I/ be one of the two elements in the coset h'.
Since x(h')? = x2(h') = 1, we see that (h')? # h and hence (h')? = e. Replacing b/
with h'h if necessary, we obtain x(h') = 1. Then 4(x, ) = (k') for all ¢ € G. O

Remark 22. If r = 3 (mod 4) then BUr+1)/2 — 1 and the support 7' of the graded
division algebra representing Br(w(,+1y/2) is {e} if b’ = e and (h, W) = Z3 if b’ # e.

Proof. The property §(x, %) = (k') implies that rad ¥ = G if W = e and rad 4 =
KN (k)L if b/ #e. Since T = (rad¥)*, we get T = {e} if B’ = e and T = (h, k')
if b/ #e. O
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Remark 23. If r = 1 (mod 4) then S"+1/2 = 3 and the support T of the graded
division algebra representing Br(w(,41)/2) is T if ' € T and T x (h,h’) = T x Z3
(orthogonal sum relative to 7) if b’ ¢ T, where T is regarded as a subgroup of G by
identifying ¥ € T with the unique element ¢ in the coset  satisfying x(t) = B(h/,t)
in the case i’ € T and x(t) = 1 in the case b’ ¢ T.

Proof. The property 4(x,¥) = (k') implies that rad 4 = rad N (W)L if rad § ¢
(W)*. The condition rad 3 C (h')* is equivalent to h' € T. If this is the case,
then rad4 = (rad 3, %) where ¥ = xto and tg is any element of K satisfying
Yol = B(K,-). Let H be the pre-image of T under the quotient map G — G, so
H* =rad B .

If ¥ € T then T = (rad4)* = H N {Y)" is a subgroup of index 2 in H (since
X ¢ radB and %2 € rad B), so T is precisely the isomorphic copy of T in G obtained
as indicated.

If ' ¢ T then T = (H, ). The definition of 4(-,-) and the fact that 4(x, ) =
W(I') for all ¢ € G imply that (¢, h') = x(¢) for all t € T. In particular, y(h, h’
—1 and hence the restriction of ~(-,-) to (h,h’) is nondegenerate. Also, ¥(h
A(x', ) for all ¢ € G, where ' € rad 8. It follows that T = T x (h,h'), where
is a subgroup of G obtained as indicated.

o~

Corollary 24. The simple L-module V) admits a G-grading making it a graded
L-module if and only if 1) for all i, m; = m,y1_; and 2) either r is even or r
is odd and one of the following conditions is satisfied: (i) m(,.41y/2 is even or (ii)

r=3 (mod 4) and ' =€ in G or (iii) r =1 (mod 4), T = {&} and b’ =€ in G.

5. SERIES B

Consider the simple Lie algebra £ = s09,11(F) of type B,., r > 2, where F is an
algebraically closed field of characteristic 0. In this case all automorphisms of £
are inner. For a given G-grading on £, we are going to find the Brauer invariants
of all simple £-modules.

In [1], the G-gradings on £ are classified in terms of the corresponding G-graded
algebras R = End(V) equipped with an orthogonal involution ¢ where V is the
natural module of £, which has highest weight w; and dimension n = 2r + 1.
Namely, the grading on £ corresponding to (R, ¢) comes from the identification of
L with the graded subspace K(R, @) = {z € R | p(z) = —z}.

The existence of the involution ¢ forces T' C G to be an elementary 2-group,
where T is the support of the graded division algebra D representing [R] in the G-
graded Brauer group. But |T is a divisor of the odd number n?, hence T = {e}, i.e.,
the Brauer invariant of the natural module is trivial. In other words, the G-grading
on R = End(V) is induced by some G-grading V = EBgeG Vg, which is determined
up to a shift. Since, for ¢ =1,...,7 — 1, the simple £-module of highest weight w;
can be realized as A'V, which has a natural G-grading induced from V', we see that
the Brauer invariants of all fundamental weights, except possibly w,., are trivial.
The simple £-module V,,_ is called the spin module and can be constructed in the
following way, using the Clifford algebra €I(V, Q) where @ is the quadratic form
associated to the orthogonal involution ¢.

For any z € R, ¢(x) is the adjoint of  with respect to a nondegenerate symmetric
F-bilinear form B: V xV — F. Selecting a suitable homogeneous basis {v1,...,v,}
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in V, degv; = g;, we may assume that

(14) g1 = ... =02 =gq+10¢+2 = - = Gg+2s—19q+2s = 90

where ¢ + 2s = n, go € G, and the bilinear form B is represented by the following
block-diagonal matrix:

(15) ¢ =diag (1,...,1,(%8),..., (%)),

where the number of 1’s is ¢ (see [4] or [5, Theorem 3.42]). The element go has
the meaning of the degree of B as a linear map V®V — F. Since ¢ is odd, we
have ¢ > 1 and hence gq is a square in G, so we may, and will, shift the G-grading
on V so that gy becomes e. The G-gradings on £ are classified by the multiset
Z2={g1,.--,9n} (see [1] or [5, Theorem 3.65]).

Remark 25. Since F is algebraically closed, we may take, at the expense of adding
blocks (9 ), the elements g1, ..., g, to be distinct.

The quadratic form Q is given by Q(v) = 2 B(v,v) so that B is the polar form of

Q, i.e., B(u,v) = Q(u+v) — Q(u) — Q(v). In particular Q(v;) = % fori=1,...,q
and Q(v;)) =0fori=q+1,...,q+ 2s.

Recall that the Clifford algebra €l(V) = €l(V,Q) of a quadratic space (V,Q)
is the quotient of the tensor algebra T'(V') by the ideal generated by the elements
v®wv— Q)L for all v € V. We will denote by z - y the product of elements in
Cl(V). The algebra €I(V) is naturally graded by Zy: €l(V) = Cl5(V) & Clz(V),
with V' contained in the odd part.

The Lie algebra so(V, Q) imbeds in €I(V,Q)(~) (actually, in its even part) as the
subspace [V, V] =span{u-v—v-u|u,v € V}. Indeed, for u,v,w € V,

ady,y) (w) = [[u,v], w]
=U-VW—VUW—W-UVTW-V-U
(16) = (B(v,w)u —u-w-v) — (Bu,w)v —v-w-u)
— (B(u,w)v —u-w-v) + (Bv,w)u —v-w-u)
= —2(B(u,w)v — B(v,w)u),
and the linear maps
(17) Ouw @ W — Bu,w)v — B(v,w)u

span s50(V, Q). Hence we have an imbedding p: so(V, Q) — €l5(V, Q) defined by
the property p(oy,.) = —%[u,v]".

In the case at hand, dim V' is odd, so the even Clifford algebra €l5(V) is simple,
and its unique (up to isomorphism) irreducible module is the spin module of £.

The G-grading on V induces a G-grading on T'(V'), and the elements v@v—Q(v)1
are homogeneous because B is a homogeneous map V ® V' — F of degree e. Hence
CI(V) inherits a G-grading from T'(V'), and V imbeds in €I(V') as a graded subspace.
The G-grading and the Zs-grading on €I(V') are compatible in the sense that the
homogeneous components of one are graded subspaces with respect to the other.
Since the G-gradings on £ and on €l5(V) are both induced from V', the imbedding
p: L — CI()(V)(*) is a homomorphism of G-graded algebras.

Recall that, for y € @, the action of x on V is given by the matrix:

uy = diag(x(g1), - -, X(gg+2s)),
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and the action of x on R and £ is the conjugation by w,. Let A\; = x(g;). Note that
equation (14), with go = e, implies that A\? =1 fori =1,...,q and Ag2j-1Ag+2j =
1 for j =1,...,s. Thus u, is in the orthogonal group O(V,Q). Note that the
square of the element g;---g, is e, so we may shift the grading on V by this
element and still have gy = e. Therefore, we may assume without loss of generality
that g1 - - - g; = e. Then we have A\, --- Ay = 1 and hence det(uy) = A1 -+ - Agq2s = 1,
i.e., uy is actually in the special orthogonal group SO(V, Q).

For any x € é, the orthogonal transformation w, induces an automorphism
Cl(uy ) of €(V, Q) whose restriction to V is u,. This automorphism gives the action
of x on the G-graded algebra €I(V, Q) and on its graded subalgebra €l5(V, Q).

Since u, € SO(V,Q), there is an element s, € Spin(V,Q), unique up to sign,
such that u, (v) = s, -v- s ! for all v € V. Recall that

Spin(V,Q) = {z € €V, Q) |z -V - z V=V and z - T(x) =1},

where 7 is the canonical involution of €l(V,Q), i.e., the unique involution whose
restriction to V' is the identity.

Given isotropic elements u,v € V with B(u,v) = 1, and a nonzero scalar o € F,
the element

s=(au+a ') - (utv)=au-v+a tv-u e Spin(V,Q)
commutes with all the vectors in V' orthogonal to v and v, and satisfies
scu=(oau-v+av-u)-u=au-v-u=au,

u-s=u-(au-v+av-u)=atu-v-u=atu,

s0 §-u-s ' = a?u and, in the same vein, s-v- s~ ! = o 2v.
Hence, if we choose square roots /\;ﬁ for i = 1,...,2s in such a way that
Aé-/i-22j—1)‘;{&-22j =1forall j =1,...,s, then we may take
o 1/2 1/2 1/2
(18) sy = ( IT 27 ”i) ' ( IT O\iaimavaraionvasai + Ao vq42 'Uq+2j71)>'
1<i<q 1<j<s
Ni==1

Note that there is an even number of indices ¢ with A\; = —1 (1 < i < q).
But for u,v as above and 0 # «, 8 € F, we have

(cu-v+atv-u) - (Bu-v+pv-u)=abu-v-u-v+a tflvu-v-u
=afu-v+ (af) tv-u.
Also, if uy,...,u,, are orthogonal elements and I, J are two subsets in {1,...,m}
of even size, then uy-uy = (—1)””‘”1” ~uy where ur = [[;c;ui and uy = [, wi.
It follows that, for any x1,x2 € é,
Sx1 " Sx2 = 'AV(XLXQ) Sx2 " Sxa»
where
(19) A(x1, x2) = (—Disisabalgd=xa(g)=-1}
By construction, the conjugation by s, is the automorphism €l(u,) of €l(V), for
all x € G, so the commutation factor ¥ is precisely Br(w,) = [€l5(V)].

The following result, which will be used in Section 7, can be obtained by argu-
ments similar to the above computation of 4.
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Lemma 26. Let (V,Q) be a quadratic space of even dimension over a field of
characteristic different from 2. Let uj,us € O(V,Q) be commuting semisimple
elements. Since €UV, Q) is central simple, there exist invertible elements s1,so €
€V, Q), unique up to scalar, such that €l(w;)(x) = s;-x-s;" for all z € €UV, Q),
i = 1,2. Then the group commutator [s1,82] = s1 - Sg - 51_1 . 52_1 is given by
[s1,82] = (=1)PrP2*+d where p; = 0 if u; € SO(V,Q) and p; = 1 if u; ¢ SO(V,Q),
i =1,2, and d is the dimension of the common (—1,—1)-eigenspace of uy, ug. O

It is convenient to introduce some notation before we state our main result

for Series B. As mentioned above, a G-grading on £ is determined by a multiset
=={g1,-..,92r+1} satisfying (14) with go =e. Fori =1,...,q, set

Gi =91 Ggi—19i+1"" " gq-

Then §? = e and §; - - §; = e. Consider the group homomorphism
(20) fz: G =78, x — (z1,...,2,) where x(3;) = (—1)%.

Note that the image of f= is contained in the hyperplane (Z%)y determined by the
equation 1 + -+ + z; = 0. Define z ey = Y% x;y; for all z,y € ZI. Note
that this is a symmetric bilinear form whose restriction to (Z1)¢ is alternating and
nondegenerate.

Theorem 27. Let L be the simple Lie algebra of type B, (r > 2) over an alge-
braically closed field F of characteristic 0. Suppose L is graded by an abelian group
G. Then, for any dominant integral weight A\ = _._, m;w;, we have Hy = {e} and
Br(\) = 4™r, where 4: G x G — F* is given by 4(x1, x2) = (—1)/=0x)ef=(x2) 4yith
f= as in (20) associated to the parameter = of the grading on L.

Proof. Since H,, is trivial for all ¢, we can apply Proposition 10:
Br(\) = H Br(w;)™.
i=1

But Br(w;) = 1 for all i < r and Br(w,) = 4 according to (19) in which we substitute
Gi = 9i(91 - - - gq) for g;. u

Remark 28. The support of the graded division algebra representing [Br(w,.)] is the
subgroup of (g1, ..., Gy} given by

{917" -+~ g4* | & € Z3 such that z ey = 0 for all y € Z3 satisfying g{* - -- g4 = e}
={g1" 95" = € f=(G)}
Thus, it is an elementary 2-group of (even) rank < ¢ — 1.

Proof. Let T = Z3. Define a homomorphism «: T — G by a(e;) = g; where
{e1,...,€e,} is the standard basis of ZI. Let H = ker «. We can identify T with T
using the standard basis. Then H+ C T is precisely the image of f=. The result
now follows from Lemma 3 using 8(z,y) = B(x,y) = (—1)**¥ and regarding 4 of
Theorem 27 as a bicharacter on the image of f=.

Alternatively, let Q = (g1,...,3,), s0 Q- = ker fz. For any = € Z3, set §° :=
Gyt Gq". Then, for any x € G and z € Zi,

X(3) = (~1)7*=00
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and, in particular,
(21) §° = e if and only if z € f=(G)’,

where prime denotes the orthogonal subspace relative to the nondegenerate sym-
metric bilinear form e on ZJ. Then, since Q = (ker fz)* C (rad4)*, we have

(rad9)t ={g€ Q| x(g) =1Vx e G such that ﬁ()@é) =1}
={g€Q|x(g) =1Vy € G such that f=(x) e f=(G) = 0}
={g"|xe fz=(x) =0Vx e G such that f=(x) e fg(é) =0}
={3" | @ ® f=(x) = 0 Vx € G such that f=(x) € /=(C)'}
=1{g" |z € (/=(G)n f=(0)) '}
={§" |z € f=(G) + f=(G)'}
=1{7" |z € J=(G)},

where in the last equation we used (21). O

Corollary 29. The simple L-module V) admits a G-grading making it a graded
L-module if and only if m, is even or the elements gi,...,Gq have the following

~T

property: for any x € fg(é), g1t gqt =e.
6. SERIES C

Consider the simple Lie algebra £ = sp,.(F) of type C,, r > 2, where F is an
algebraically closed field of characteristic 0. In this case all automorphisms of £
are inner. For a given G-grading on £, we are going to find the Brauer invariants
of all simple £-modules.

In [1], the G-gradings on £ are classified in terms of the corresponding G-graded
algebras R = End(V) equipped with a symplectic involution ¢ where V is the
natural module of £, which has highest weight w; and dimension n = 2r. Namely,
the grading on £ corresponding to (R, ¢) comes from the identification of £ with
the graded subspace X(R,¢) = {z € R | p(z) = —z}.

The existence of the involution ¢ forces T' C G to be an elementary 2-group,
where T is the support of the graded division algebra D representing [R] in the
G-graded Brauer group. Although the isomorphism class of a grading on £ is not
determined by the parameters (7', §) of D (see [1] or [5, Theorem 3.69]), it turns out
that these are all we need to obtain the Brauer invariants of all simple £-modules.
The reason is that, for any ¢ = 1,...,r, the simple £-module of highest weight w;
is contained with multiplicity 1 in AV (see e.g. [3, VIIIL, Section 13], where it is
shown that A'V 2 V., & A"2V), so we can express its Brauer invariant in terms
of that of V.

Proposition 30. For the simple Lie algebra of type C,. graded by an abelian group
G and for any i = 1,...,r, we have Br(w;) = Br(wy)" in the G-graded Brauer
group.

Proof. Denote R = End(V) and p: £ — R the natural representation. As in the
proof of Proposition 13, the algebra R = End(V®?) is G-graded by identification
with R®% and p®i: U(L) — R is a homomorphism of G-graded algebras. Moreover,
identifying End(A*V) with eRe where £: V®i — ATV is the standard projection,
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we have p"(a) = ep®i(a)e for all a € U(L). Since ¢ is a homogeneous idempotent,
PN UL) — eRe is a homomorphism of G-graded algebras. Let ey € eRe be the
projection of A'V onto V,, associated to the decomposition of A’V into isotypic
components (as an £-module). As in the proof of Proposition 10, we see that & is
homogeneous and gyReg = End(V,,,) as G-graded algebras. Therefore,

Br(w;) = [End(V,,,)] = [eoReo] = [R] = [R] = Br(w:)’,
where we have used Lemma 2. O

Theorem 31. Let £ be the simple Lie algebra of type C,. (r > 2) over an alge-
braically closed field F of characteristic 0. Suppose L is graded by an abelian group
G. Then, for any dominant integral weight X = Y ._, m;w;, we have Hy = {e}
and Br(\) = BZM:ZH)/% m2i-1where f3: G x G — F* is the commutation factor
associated to the parameters (T, ) of the grading on L.

Proof. Since H,, is trivial for all ¢, we can apply Proposition 10:
Br(\) = [ [ Br(w)™.
i=1

But by Proposition 30, we have Br(w;) = Br(w;)! = Bi. Also, 32 = 1. The result
follows. ([

Corollary 32. The simple L-module V) admits a G-grading making it a graded
L-module if and only if T = {e} or the number EZL(:T1+1)/2J Moj_1 15 even.

7. SERIES D

Consider the simple Lie algebra £ = so0.,.(F) of type D,, r > 3, where F is
an algebraically closed field of characteristic 0. The natural module V' of £ has
highest weight w; and dimension n = 2r. Suppose £ is given a G-grading. In the
case 7 = 4, assume that this is a matrix grading, i.e., the action of G fixes wp. Our
goal is to find the Brauer invariants of all simple £-modules.

7.1. Preliminaries. In [1], the G-gradings on £ are classified in terms of the cor-
responding G-graded algebras R = End(V') equipped with an orthogonal involution
. Namely, the grading on £ corresponding to (R, ¢) comes from the identification
of £ with the graded subspace K(R, ) = {z € R | p(z) = —z}.

The existence of the involution ¢ forces T' C G to be an elementary 2-group,
where T is the support of the graded division algebra D representing [R] in the G-
graded Brauer group. Moreover, for any x € R, ¢(x) is the adjoint of z with respect
to a suitable nondegenerate F-bilinear form B: W x W — D which is D-sesquilinear
relative to an involution of the graded algebra D. Here, as in Subsection 4.2, W is
a right vector space over D such that R = Endg (W) as a G-graded algebra. Recall
that V' can be identified with W ®p N where N is the natural left (ungraded)
module for D, ¢ = dim N is the graded Schur index of V and |T'| = ¢2. Fix a
standard matrix realization of D as described at the beginning of Subsection 4.3.
Adjusting the sesquilinear form B, we may assume that the involution of D is the
matrix transpose. Selecting a suitable homogeneous D-basis {v1,...,vr} in W,
degv; = g;, we may assume that

(22) gith = ... = gitg = Gg+19q+2 = - - = Gg+2s—19q+2s = 9o >
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where ¢+ 2s = k, gg € G, t; € T, and the sesquilinear form B is represented by the
following block-diagonal matrix:

(23) <I>:diag(th,...,th,(96)7...,(96)),

where I = X, € D and all X, are symmetric (see [4] or [5, Theorem 3.42]). The
element gy has the meaning of the degree of B as a linear map W ® W — D. For
r # 4, the G-gradings on £ are classified by the graded division algebra D, the
multiset 2 = {¢17,...,gkT}, and the element gy € G (see [1] or [5, Theorem 3.74]).
The same proof works for matrix gradings in the case r = 4. Note, however, that
this classification is up to isomorphism (matrix isomorphism in the case r = 4),
so one set of parameters may correspond to one or two Int(£)-orbits in the set of
G-gradings on L.

Fori=1,...,r—2, the simple £-module of highest weight w; can be realized as
AV, whose Brauer invariant can be computed in the same way as in Proposition
13. Thus, for i < r — 1, we have H,, = H,, = {e} and Br(w;) = Br(w;)" in
the G-graded Brauer group. As to the simple L-modules V,, , and V., which
are called the half-spin modules, they are fixed by the automorphisms of £ given
by x — wuzu~! with v € SO(V,Q) and permuted by such automorphisms with
u € O(V,Q)\ SO(V,Q). Here Q is the quadratic form associated to the involution
¢, namely, Q(v) = (v, v)e where the bilinear form (-,-) on V =W @p N is given
by (9). To calculate H,, _, = H,,, it will be convenient to work with similitudes of
Q. Recall that f € GL(V) is a similitude of multiplier p if Q(f(v)) = pQ(v) for all
v € V; fis proper if det(f) = p” and improper if det(f) = —u”. Then z +— faf~!
is an automorphism of £; it fixes the half-spin modules if f is proper and swaps
them if f is improper. For any y € @, the action of y on R is the conjugation by
the matrix

(24) uy = diag (x(91), - - - x(9k)) ® X,
where the element ¢ € T is such that x(s) = (¢, s) for any s € T. By Lemma 20
(with G instead of G), u,, is a similitude of multiplier x(go) . On the other hand,
¢
det(uy) = (x(91) -~ x(gr))" det(X)"
and kl =n = 2r.

Lemma 33. For the similitude u,, given by (24), we have:

o If |T| > 4, then u,, is proper for any x € G.
o If|T| =4, soT ={e,a,b,c = ab}, with X, and X), symmetric, then u,, is
proper if and only if x(h) = 1, where

- ti--tq if r is even,
ety ooty if 7 ois odd.

o If|T| =1, then u, is proper if and only if x(h) =1, where h = gjg1 - - gk.-
(Note that relations (22) imply that h has order at most 2 and depends only
on gi,---,9q-)

Proof. If |T'| > 4, then det(X;) = 1 for any ¢ by Lemma 19, and
2
(x(g1) -~ x(gr))” = x(91) - - x(92)x(9g1194+2)% - - X(Ggr25-19q124)°
= x(90) " x(t1 - tg) = x(g0)Fx(t1 -+ 1),



26 A. ELDUQUE AND M. KOCHETOV

hence

[VEN

‘
ks r

2 _ .
det(uy) = (x(g1) - x(gx))"* = x(90) "2 = x(g90) "
This proves the first part.

If |T| = 4, then k = r, and the computations above give

det(uy) = x(g0) "X (t1 - - tq) det(Xy)F,

so for even k, u,, is proper if and only if x(¢1 - - - t4) = 1, while for odd k, u, is proper
if and only if x(t1---t;) = det(X;), and, by Lemma 19, det(X;) = B(c,t) = x(c),
whence the result.

If |T| = 1, then u, is proper if and only if x(g1---gx) = x(g90)~", which is
equivalent to x(ghg1 - gx) = 1. O
Thus, if |T| > 4, then the grading on £ is inner and H,, , = H, = {e}. If

|T'| = 1 or 4, then the grading is inner if and only if h = e where h € G is the element
defined in Lemma 33, also H,, _, = H,, = (h). We state for future reference:

Definition 34. The distinguished element of a G-grading on sos,(F) is the element
h € G of order at most 2 defined by

90919 i [T =1,

b t1---tg if [T| =4 and r is even,
~)etyoo-ty, if|T| =4 and r is odd,
e if |T] > 4.

The half-spin modules V. , and V,,. can be constructed using the Clifford al-
gebra CI(V) = €I(V, Q) in the following way. The algebra €I(V) is simple but its
even part €l3(V) is a direct sum of two simple ideals. The center of €lg(V) is

(25) Z(€E(V,Q)) =F1 @ Fz,

where z is the element, unique up to sign, in Spin(V, Q) that satisfies z-v = —v - 2z
for any v € V. If {v1,...,v9,} is an orthogonal basis with Q(v;) = 1 for all 4, then
we may take z = +wvp ---wvg9,.. Thus, conjugation by z gives the automorphism T
of €I(V) associated to the Zs-grading, i.e., T is id on €l5(V) and —id on €3 (V).
Note that 22 = (—1)"1. Moreover, the center of Spin(V, Q) is

. Zo X Zo if r is even,
Z(Spin(V, ={£l,£2} =
(Spin(V, @) = {1, 2} {24 if 7 is odd.
For even r, the elements ey := %2 are central idempotents of €ly(V), so

Cl(V) = Clg(V)esr @ €lg(V)e_ is the decomposition of the even Clifford alge-
bra as the direct sum of simple ideals. For odd r, the elements eL = @ are
central idempotents of €lg(V).

Let S* be the unique (up to isomorphism) irreducible module for €lg(V)e.
Denote by my : €lg(V) — €l(V)ex = End(S¥), x + xe4, the projections on each
of the simple ideals. Hence,

+id if r is even
26 = ’
(26) m+(2) {i\/—lid if 7 is odd.

Recall that the Lie algebra £ = s0(V, Q) imbeds in €l5(V, Q) as the subspace [V, V]
(see (16) and (17) where we have to substitute the bilinear form (-, ) for B). This
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gives a Lie algebra homomorphism p: £ — QZ[(V)(_). Composing p with 71, we
get the two half-spin representations p4, and we may identify St with V,, | and
S~ with V,,,. or vice versa, depending on the choice of the sign for z.

7.2. G-grading on the even Clifford algebra. We want to construct a G-
grading on €l5(V) such that p is a homomorphism of G-graded algebras. Since
S+ and S~ are non-isomorphic irreducible £-modules, the image of the extension
p: U(L) — €I(V) is the entire €l5(V), so the G-grading on €l5(V") will be uniquely
determined by this property.

Given a similitude f of multiplier ;1 on a quadratic space (V, Q) and a square root
1’2, we have p='/2f € O(V,Q), and hence there is an automorphism €l(u~/2f)
of €I(V, Q) that maps v to u~'/2f(v) for all v € V. Note that the restriction of
Cl(u~"/2f) to the even part €lg(V, Q) does not depend on the choice of the square
root. Thus we obtain a homomorphism from the group of similitudes GO(V, @) to
Aut(€l3(V, Q)). In fact, this is a homomorphism of algebraic groups because it can
be defined without using square roots in the following way. First, €l5(V, @) can be
defined as the quotient T(V®@V)/1,(Q) + I2(Q), where I1(Q) is the ideal generated
by the elements v ® v — Q(v)1 for v € V| and I3(Q) is the ideal generated by the
elements u@ vV w — Q(u)u@w, for u,v,w € V (see e.g. [6, Lemma 8.1]). Then,
for a similitude f of multiplier y, the restriction of the above mapping €l(u~/2f)
to VeV is given by v @ w — p~1f(v) @ f(w) for all v,w € V. The extension
of this latter to T(V ®@ V) leaves I;(Q) and I3(Q) invariant and hence induces an
automorphism of €l5(V,Q), which coincides with Q:[(N_l/Qf)|¢lg(V,Q)~

For any y € G, u, is a similitude of multiplier x(go) ™" (Lemma 20), so we fix a
square root of x(go) and consider the automorphism a,, = €[(x(go)'/?uy) of €1(V).
Recall that the imbedding p: £ — €I(V) is defined by p(cy,,) = —1[u,v] for all
u,v € V. As usual, let a,, be the action of x on £.

Lemma 35. For any x € @, we have po,, = Gy p.
Proof. For any u,v,w € V, we compute:
Uy Ouw(w) = (1, w)e uy (v) — (v, W)e ty(u)
= X(90) (ty (), ux (w)) @ ty (v) = x(g0) (tx (V) Uy (w)) @ 1y (1)
= X(90) Ty, () uy, (v) (Ux (W),

so we get uxauwu;l = X(90)Tu (u),u, (v)- Hence

Py (Ouw) = X(QO)p(UuX(u),uX(v)) = —%X(go)[ux(u)vux(v)]'
1 . 1

= _i[ax(u)a&x(v)] = dx(_i[uav]')
= dxp(o'u,v)y
which proves the result. ([l
For any x1, X2 € G, we have Uy, Uyy = B(X1>X2)Ux2u><1» where 3 = Br(w; ) is the

commutation factor of the natural module V =V, , which takes values in {+1}.
Thus the restriction to V' of &,, &,, equals the restriction to V' of B(x1, x2)Gy, Gy, -
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Therefore, the commutator of &,, and &,, in the group Aut(€I(V)) is given by

~ ~ o id if B(XlaX?) = 17
1) o) = {T if A1, x2) = —1,

where T is the automorphism of €[(V') associated to the Zs-grading. Note that,
in any case, the restrictions dX1|€la(V) and dXz‘@()(V) commute. We claim that
the mapping G — Aut(€l5(V)) sending x to &y|er;(v) is a homomorphism of al-
gebraic groups. Indeed, this mapping is the composition of two homomorphisms:
G — PGO(V,Q) given by x — a, and PGO(V,Q) — Aut(€l5(V)) induced by
the homomorphism GO(V, Q) — Aut(Cl5(V)) defined above. Here we identified
PGO(V, Q) := GO(V, Q)/F* with Aut(£) (a subgroup of Aut(£) in the case r = 4).

Corollary 36. The homomorphism of algebraic groups G — Aut(€lG(V)) given by
X = Oy lery(v)

endows €ly(V) with a G-grading such that the imbedding p: L — €lg(V)(7) is a
homomorphism of G-graded algebras. O

Remark 37. If |T| = 1, then V itself is G-graded. For u € V, and v € V;, the
element u - v € €l5(V) is homogeneous of degree abgy. Note, however, that €l(V)
is not G-graded.

We can now obtain relations between the Brauer invariants of the half-spin mod-
ules and that of the natural module. Let H = H,,, , = H,,.. Then the G-grading on
Cl5(V) 2 End(ST) x End(S™) induces (G/H)-gradings on End(S™) and End(S™)
such that p1: U(L) — End(S*) are (surjective) homomorphisms of (G/H)-graded
algebras. By definition, Br(S*) = [End(S%)] in the (G/H)-graded Brauer group.

For any u € O(V,Q), there exists an invertible element s € €I(V,Q), unique
up to scalar, such that €l(u)(z) = s-x-s~! for all z € €I(V,Q). It follows from
5-V-s~! = V that the element s must be even or odd; moreover, it can be normalized
so that s-7(s) = 1 where 7 is the canonical involution of €l(V, Q). If u € SO(V, Q)
then s is even, so it be taken in Spin(V, Q). Also, the conjugation by the element
74 (s) = se4 is the restriction of €l(u) to the simple ideal €lg(V, Q)ex = End(S¥).
If u ¢ SO(V, Q) then s is odd and €l(u) swaps the simple ideals €l5(V, Q)e.

Lemma 38. For any x € @, fix an invertible element s, € €IV') such that &, is
the conjugation by sy. Then the group commutator [Sy,, Sy,] = Sy, * Sxa * Sy * Syi
belongs to {+1} if B(x1, x2) = 1 and to {£=} if B(x1, x2) = —1, with z as in (25).

X1 X2

Proof. The element [s,,, Sy,] is even and independent of the choice of s,. It fol-
lows that [sy,,sy,] € Spin(V,Q). By (27), the conjugation by [sy,,s,,] is id if
B(Xl,XQ) =1and T if B(Xl, X2) = —1. The result follows. O

The following proposition is reminiscent of Theorem 9.12 in [6], which deals with
the ordinary Brauer group of the field F (which is there of arbitrary characteristic
and, of course, not assumed algebraically closed).

Proposition 39. Let the simple Lie algebra of type D, be graded by an abelian
group G. If r = 4, assume that the highest weight w1 of the natural module is
fized by G. Let H = H, , = H, . Then we have the following relations in the
(G/H)-graded Brauver group:
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e Ifr is odd then Br(w,_1)Br(w,) = 1 and Br(w,_1)? = Br(w,)? = Br(w;).
o Ifr is even then Br(w,_1)Br(w,) = Br(w;) and Br(w,_1)? = Br(w,)? = 1.

Proof. Let K = H* C G and let A1 : K x K — F* be the commutation factors of
the half-spin modules S*. For any y € K, the element sy is even, so the conjugation
by 74 (8y) = sye+ is the restriction of &, to the simple ideal €lg(V)es = End(SF).
For x1,x2 € K, we have Y4 (x1, X2) = [T+ (Sx, )» T+ (Sxs)]-
e If B(x1,x2) = 1, then Lemma 38 tells us that [sy,, sy,] is either 1 or —1,
hence
Y (X1 Xx2) = F- (X1, x2) € {£1}.
e If B(x1, x2) = —1, then Lemma 38 tells us that [s,, , s,,] is either z or —z.
Taking into account (26), we see:
— If r is even, then z acts as id on S* and —id on S, hence

F+ (X1, x2) = =7-(x1, x2) € {£1}.
— If r is odd, then z acts as v/—1id on ST and as —/—1id on S~, hence

A+ (X1, x2) = —A—(x1, x2) € {£V—-1}.
The result follows. 0

Corollary 40. Br(w,_1) = Br(w,) if and only if Br(wy) = 1. O

7.3. Inner gradings on so05,(F). Assume that the given grading on £ = soy,(F)
is inner, i.e., the similitudes u,, are proper for all x € G. Recall that this happens
if and only 1f h = e where h € G is the distinguished element (bee Definition 34).

We will now determine the commutation factors . : G x G — F* of the half-
spin modules S* of £. First we calculate 4+ (x1, x2) in a special case. Recall the
quadratic form g: T — {£1} defined by equation (6).

Lemma 41. For any x € é, fiz a square root x(go)'/? and an invertible element
sy € €U(V) such that &, = €l(x(go)*/?uy ) is the conjugation by s,. Consider x,v) €
G such that the similitudes uy and uy are proper and B(t') = ") = ', t") =1
where x|r = B(t',-) and Y|r = B(t",-). Then the group commutator s, sy), which
does not depend on the choice of the square roots, can be calculated as follows:

o If|T| > 16, then [sy, sy] = 1.
o If|T| =16, then [sy, sy] =
o If|T| =4, then

Lifx|r =1 or¢|r =1 or x|r = ¢[r,
(71)‘{1§Z§q [ x(t:i)=v(t:)=1}| otherwise.

if x|t =1 and ¥|r =1,

1
5y 5] = (—1) {1<i<q | x(t:)=1, pi=—1}| if X7 # 1 and |7 = 1,
X 9 ( 1)|{1<z<q [ (t;)=1,\;=—1}] ZfX'T =1 and ¢|T # 1,
( 1) {lglgq I x(ti)= ¢(t )=1,Ai= Nt}l ZfX'T 7é 1 and '(/}|T # 1}

where \; = x(90)"/?x(9:) and pi = 1(g0)"*9(g:) fori=1,...,q
o If|T| =1, then [sy, sy] = (—1)TISiSa I Xi=mi==1} "with \; and p1; as above.
Proof. First of all, changing the square root X(go)l/ 2 is tantamaunt to replacing Sy
by zsy, but [zsy, sy] = [Sy, Sy since sy is even. Recall that

uy = diag (x(g1),---,x(gx)) ® Xy and  uy = diag (¥(g1), .. .,9%(gr)) @ X
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Since (t',t") is a totally isotropic subspace of T' with respect to the quadratic
form §(-), Witt Extension Theorem implies that we may choose totally isotropic
subspaces A and B such that T = A x B and t',#" € A. Then we can pick a
symplectic basis {@;} U {b;} of T with A= (a;) and B= (b;). We use tildes to
distinguish from the symplectic basis associated to the standard matrix realization
of D leading to equations (22) and (23), which was fixed earlier. Since ng =1,
X =1 and Xo, Xy, = (=1)% Xy, X, (Kronecker delta) are defining relations
for D, the mapping X,, — Xg,, Xp, — ng extends to an automorphism of D
and thus leads to a new matrix realization of D, in which the elements X; and
Xy are diagonal. Namely, using the notation N = FB as in Remark 18, we
have X, &, = B(',b)é, and Xy é, = B(t",b)é for all b € B. Therefore, the basis
vip =0 @6, (i=1,...,k b€ E) of V.= W ®p N consists of common eigenvectors
of uy and wuy. Setting \; = x(g0)"/?x(g:) and p; = ¥(go)"/?(g;) for i = 1,... .k,
we obtain:

X(90)"Pux (vip) = Xipvip Where Aiy = XB(',b) = Xix(b),

$(g0)" Py (vip) = pipoip where pip = pB(t",b) = it (b).

Relations (22) imply that A\? = x(t;) for i = 1,...,q and Agy2j_1\g42; = 1 for
j=1,...,s, and similarly for the u;. It follows that

Aoy =x(t:), piy =0(t;) for 1<i< g, be B;
Agt2j-16Aq42b = Hat2j-1bligr2jp = 1 for 1<j <s,beB.

By Lemma 26, we have [sy, ;] = (—1)% where d is the dimension of the common
(=1, —1)-eigenspace V_; of the proper isometries X(go)l/2uX and w(go)l/zuw. Note
that vgyoj—14 € V_1 if and only if vg19;p € V_1, so the vectors v;, with i > ¢ do
not affect the parity of d. Also, if x(t;) = —1 or ¥(¢;) = —1 for some ¢ < ¢ then
v;p ¢ V_q for all b € B. Therefore, we can restrict our attention to 1 < ¢ < ¢ such
that x(¢;) = ¢(t;) = 1. For any such ¢, we have v; , € V_; if and only if x(b) = —X\;
and ¢(b) = —p;.

If IT| =1, then B = {e}, so v; . € V_; if and only if \; = p; = —1. Otherwise
¢ = |B| is a nontrivial power of 2. Note that, for given &, € {1}, the set
B(&,n) :={be B | x(b) =&, ¢(b) = n} has size 0 or £/2 or £ unless the restrictions
X|5 and 9|5 are distinct and nontrivial. In this latter case (which is impossible for
¢ = 2), the set B(¢,n) has size £/4. If £ > 4 then all of these numbers are even,
hence so is d. If £ = 4 then we get size 1 if x|5 and 9|5 are distinct and nontrivial,
and even size otherwise. Finally, consider £ = 2. We get even size unless at least
one of x|z and 1|5 is nontrivial. If, say, x|z # 1 then |B(¢,m)| = 1 if and only if
Ylg =1,n=1or Y|z = x|g, n =& It remains to observe that, since ',t" € A,
we have x(A) = 1 and 1(A) = 1, so we may replace the restrictions of x|z and ¢| 5
by x|r and |7, respectively, in the above conditions. O

4 Consider the case |T'| = 1.

The G-grading on £ is induced by a G-grading on the natural module V' = V,,,
and is determined by go € G and a multiset = = {g1, ..., go, } satisfying (14). Note
that ¢ is even. Let 1 = (1,...,1) € Z and consider the map

(28) fzgo: G = Z§/(1), x = (21, @) + (1) where x(90)"/*x(g:) = (~1)"".
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Note that this map does not depend on the choice of the square roots and is a
homomorphism of groups. Since h = gg/le - gq = e, the image of f= 4, is con-
tained in (Z1)o/(1) where (Z1)o is the hyperplane determined by the equation
1+ -+ 24 =0. Define zey =7  x;y; for all z,y € ZJ. Note that this is a
symmetric bilinear form whose restriction to (Z%)y is alternating and degenerate.
The radical of this restriction is precisely (1), so we obtain an alternating non-
degenerate form on (Z1)o/(1), which we still denote by z e y. By Lemma 41, we
obtain:

(29) A (X1, X2) = F- (X1, X2) = (=1)fB000x1)e 20 (x2),
The following is analogous to Remark 28:

Remark 42. If ¢ = 0 then Br(w,—1) = Br(w,) = 1. Otherwise go is a square
in G, so we may shift the grading on V and assume gy = e. Then we can define
f=: G- Z3, x — (z1,...,2q), where x(g;) = (—1)1, and the support of the graded
division algebra representing [Br(w,_1)] = [Br(w,)] is the subgroup of (g1,...,44)
given by

{g1" -+~ g4* | & € Z3 such that z ey = 0 for all y € Z3 satisfying g{* - - - g4 = e}
={gi' g5 € f=(G)}

Thus, it is an elementary 2-group of (even) rank < g — 2.

¢ Consider the case |T'| = 4.

Here T = {e,a,b,c}, B(a) = B(b) = 1 (i.e., X, and X} are symmetric). The
G-grading on £ is determined by go € G and a multiset = = {g1, ..., g, } satisfying
(22) with k = r. Note that g and r have the same parity. Also note that ¢; € {e, a, b}
foralli=1,...,q.

Fix Ya, X € G such that xo(t) = B(a,t) and y,(t) = B(b,t) for all t € T. Set
Xe = 1L and x. = XaXs- Then {Xe, Xa, Xp; Xc} is a transversal for the subgroup T+
of G.

Since B(xa; x5) = B(a,b) = —1, Lemma 38 tells us that the group commutator of
the corresponding invertible elements s,, and s,, of €l5(V) is a nonscalar central
element of the spin group, so we may set

2 =[Sy, Sy -
Then we have, by (26), that 4+ (Xa, X») = [T+ (5y, ) T+ (S, )] = £1 if r is even and
+i if r is odd, where i = /—1.
For any ¢ € T+, we have 3(xa,%) = B(xs,%) = 1, so Lemma 41 yields

At (Xas ®) = [ma (85, ), Te(54)] = (_1)|{1Si§q | ti€{e,al, pi=—1}

%(XMP) = [ﬂ-i(SXb)aﬂ-i(Sll))] = (-
where 11; = 1(g0)"/?¢(g;). For any t € T, define

L={1<i<q|ti=t}.

Then I, = § and the sets I, I,, I form a partition of {1,...,q}. Now, the
distinguished element A is given by

{a'l‘lbh’| if r is even,

1)|{1Si§q | tvE{ffJ>}7/u:—1}\7

allelF1plLI+L i 1 ig odd.
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Since h = e, we conclude that the sizes of I, and I, have the same parity as r. It
follows that the same is true of I,. Set

Ic|+|1a])/2 I |+ 2
g = g2 T g and gy = g2 T g
iel.Ul, i€l Ul

Note that g2 = e, g2 = e if r is even and g2 = a, g7 = b if r is odd. Set g. = e and

ge = gagp. Then, for any ¢ € T+, we have (e, %) = 1(g.) and we can restate the
above formulas as

Y (Xas ) = ¥(9a) and  Fx(xo,¥) = ¥(90)-
It follows that

A (Xer V) = Y& (Xas V) Y+ (Xps ¥) = ¥(ga)1b(g6) = ¥ (ge)-
Also note that, for any ', " € T+, we have 4+ (¢)',9") = 1 by Lemma 41.

e If r is even, then we have 44 (xa, x») = 1 and hence also 44 (xa, Xc) = 1
and Y4 (xe, xp) = 1. It follows that

(30) (W xer, ¥"xer) = ¥ (g )0 (g0),

for all ', ¢ € T and ¢, " € T+. Since every element of G can be written
uniquely in the form ¢x; (¢ € T+, t € T), the above formula determines
44 (x1, x2) for all y1,x2 € G. Note that 4_ = 34, by Proposition 39.

e If r is odd, then we have 44 (xq, X») =i and hence also 44 (xq, Xc) =1 and
A4 (Xe, xp) = 1. It follows that

(31) A (X, ") = B A (g0 )" (g0),
for all t/,¢" € T and v, 9" € T+, where
1 if B, ) = 1,
B ") = i i B, ) =—1and ' <",
—i B, t")=—1and t' >¢",

and the nontrivial elements of T are formally ordered a < ¢ < b. This
determines 44 (x1, x2) for all x1,x2 € G, and 4_ = ’Ay;lby Proposition 39.

Remark 43. Let Q = (T, gq,gp). If r is odd then ¥y, is in rad 4y if and only if
t =eand ¥(g,) = ¥(gp) = 1, hence @Q is the support of the graded division algebra
representing 4, and 4_, Q = Z2. If r is even, then 1y, is in rad 4, if and only if
gt € T and ¥(g,) = ¥(gp) = 1, hence the support of the graded division algebra
representing 44 is the subgroup of @ consisting of all elements z € @ satisfying
Xa(x) =11if g4 € T, xp(x) = 1if gp € T and xq(x) = xp(2) if gags € T'; this is an
elementary 2-group of rank 0, 2 or 4.

4 Consider the case |T'| = 16 (hence r is even).

Here T = (a1, az) x (b1,b2), B(a;) = B(b;) = 1 for j = 1,2. The G-grading on
L is determined by gy € G and a multiset Z = {g1,...,gx} satisfying (22) with
k =r/2, where (t;) = 1 for all i = 1,...,q. Note that ¢ and r/2 have the same
parity.

Pick elements x4, xs, of @, J = 1,2, such that x,,(t) = B(a;,t) and xp,(t) =
B(bj,t) for all t € T. It follows from Lemma 41 that 7 lies in the radicals of 4.
and 4. Indeed, if ¢/ ,¢"” € T+ then 44 (', ¢") = [m1(syr), mx(syr)] = 1. Also,
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Y+ (Xa;,¥) = 1 and 44 (xp,, %) = 1 for any ¢ € T+. Since T together with x,,
and xy,, j = 1,2, generate the group G, we conclude that ¢ is in rad 4, as claimed.
Define a homomorphism

f: é — Z%v X ($17$27y1792) where X(a‘]) = (_I)ZE]” X(b_]) = (_l)yj’ .] = 1a2

The kernel of f is precisely T, and we have just shown that 4+ factors through
f. Note that §(-) is given by

B(t) = (—1)"1¥1172¥2 wwhere t = a{'a3by' by>.

Also, xp,(t) = x; and x4, (t) = y;, j = 1,2.
Now write t; = a;' ay® b]' b5°> ,i=1,...,q. Then Lemma 41 yields

Ao (o1 Xoa) = (~1)E @ DG 5 (v, x,) = (- B @ D08 4D,
Ft (Xbas Xar) = (~D)TI= @ FDGHD 54 (ya, xa,) = (—1) T 087D 074D,

Let X' = x», and X’ = Xa,. Since B(x’,X") = B(b1,a1) = —1, Lemma 38 tells us
that the group commutator of the corresponding invertible elements s,, and s, of
Cl5(V) is a nonscalar central element of the spin group, so we may set

z =[Sy, Sy

Then we have, by (26), that Y4 (Xb,, Xa1) = [T+ (Sxa ), T+ (5y,)] = 1. Finally, using
Lemma 41 again, we compute:

'3/-1- (Xb27 Xaz) = '3/-1- (Xbl Xb2s Xay Xllz)’%:l (Xb1 » Xay )’3’;1 (Xb1 )y Xaz )&;1 (wa Xal)
— (1) Zi (@428 +1) (58 458+ 1)+ +1) (557 + 1)+ (287 +1) (517 +1))
o o q
= (TG40 e T] B = (-1
i=1

To summarize our calculations, define a 4 x 4 matrix with entries in Zs as follows:

q
nggo - Z M+(ti)’
=1

where, for any t = a7'a32b¥'b5* with B(t) = 1, the symmetric matrix M T (t) is
0 (l’l + 1)(.%’2 + 1) 0 (St’,‘l + 1)(y2 + 1)
0 (w2 +1)(y1 +1) 1
M*(t) =
W 0 (0 + Dl + 1)
sym 0

Then, for any x1,x2 € G, 44 (x1, x2) is given by

(32) A (X1, x2) = (—1) VODME 5 70@),

Finally, 4_ = 34, by Proposition 39.

Remark 44. The supports of the graded division algebras representing 4, and §_
are contained in T, so each of them is an elementary 2-group of rank 0, 2 or 4.

¢ Consider the case |T'| > 16 (hence r is even).

Say, |T'| = 2*™ withm > 2,80 T = {(ay,...,am) X {b1,...,bm), B(a;) = B(b;) =1
for 5 =1,...,m. Using the same notation as in the previous case, we obtain from
Lemma 41 that T+ C rad4+ and 44 (Xu, X») = 1 where u and v are any of the
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elements aj, b; except for the cases u = a;, v = b; or u = bj, v = a;. Defining 2
appropriately, we may assume that 94 (xa,,Xs,) = 1. But then, using Lemma 41
again, we compute for j > 1:

’3/+ (Xaj ) ij) = ’?Jr (Xal Xajyr Xb1 Xb, )’3/—;1 (X(ll » Xby )’?—:1 (Xal » Xbj )’A)’I-l(Xaj ) Xbl) =1
Therefore, for all x1,x2 € CA?, we obtain:

(33) (X1, x2) =1 and A (x1,x2) = B(x1, x2)-

By examining the above cases, we see that if |T| > 1 then 4, # 3. Recall also
that 44 # 4_ if and only if |T'| > 1 (Corollary 40). In summary:

Theorem 45. Let L = so(V) be the simple Lie algebra of type D, (r > 3) over an
algebraically closed field F of characteristic 0. Suppose L is given a grading I' by
an abelian group G, with parameters (T, ), E and go, such that the image of@ in
Aut(L) consists of inner automorphisms. If |T| > 1 then the Aut(L)-orbit (orbit
under the stabilizer of the natural module if 1 = 4) of T' consists of two Int(L)-
orbits, which are distinguished by the Brauer invariants of the half-spin modules,
Y+ and §—, where 44 is given by equations (30) through (33), while y— = %:1 for
oddr and y_ = B'ﬁ for even r, with B: G x G — F~ being the commutation factor
associated to the parameters (T,3). If |T| = 1 then 44 = Y_ are given by equation
(29), but we may have one or two Int(L)-orbits: the grading I' on L in this case
is induced by a G-grading on the natural module V', and we get one Int(L)-orbit if
and only if there exists an improper isometry V. — V that is homogeneous of some
degree with respect to the G-grading. O

Theorem 46. Under the conditions of Theorem 45, consider a dominant integral
weight X\ = >\, mw;. If|T| > 1, denote by I'y a representative of the Int(L)-orbit
for which Br(w,_1) =4—, Br(w,) = 44+ and by T'_ a representative of the orbit for
which Br(wy—1) = 44, Br(w,) = 4_. Then we have Hy = {e} and the following
possibilities for Br(\):

1) If my—1 = m, (mod 2), then

AT/2

[it1 M2 if v is even,
Br()\) = A~ (r—1)/2 o _ 2 . .
pizy T maici—(me—1=me) /2t e s odd,

2) If my—1 #m, (mod 2), then

A§r/2 R o
pizim2i-14, if r is even,
BI‘(A) = A22€7'71)/2 mMoi—1—Mp_1+m . .
ALt o TN ifrods odd,
where we take or and A_ for T'_.

h take Ay Ty and 4 r

Proof. If |T| > 1, assume we are dealing with I';, the case of I'_ being completely
analogous. Since H,,, is trivial for all 4, we can apply Proposition 10:

T ) ASYT T2 i A1 Ay
Br(A) = [ [ Br(w)™ = p=imrimge
i=1

The result follows from the fact 42 = 1 and the relations of Proposition 39: 4_ =
BA4, 42 =1if ris even and 4— = 47", 42 = B if r is odd. O
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Corollary 47. The simple L-module V) admits a G-grading making it a graded
L-module if and only if one of the following conditions is satisfied:
1) T ={e} and one of (i) my—1 =m, (mod 2) or (ii) 44 = 1;
2) T # {e}, my—1 =m, (mod 2) and one of (i) r is even and ZZQ mo;_1 18
even or (i) r s odd and Zl(-:ll)/z mai—1 — (Mr_1 —m,.)/2 is even;
3) T # {e}, my—1 #£ m, (mod 2), r is even, 4+ = 1 and one of (i) we are
dealing with T+ and Z:fl Mma;—1 1S even or (ii) we are dealing with '™ and
Z:fl Mai_1 18 odd.

7.4. Outer gradings on so0s,.(F). Now suppose that the given grading on £ =
509,(FF) is outer, i.e., the image of G in Aut(£) is not contained in Int(£). We
remind the reader that, in the case r = 4, we assume that we have a matrix
grading, i.e., the action of G fixes the natural module V = Vi, - (This is automatic
for r # 4.) So, the elements y € G act on £ as conjugations by similitudes u,, of V'
and there exists x € G such that uy is improper. Recall that this can happen only
for |T| = 1 or 4 and, moreover, there is a distinguished element h € G of order 2,
which is characterized by the property that the corresponding G-grading is inner,
where G = G/(h) (see Lemma 33 and Definition 34). Also recall that H,, = {e} for
i<r—1land H, , =H, =(h). Denote K = (h)* c G,s0o K=K, , =K, .

Since {wy_1,w,} is a G-orbit, we have Br(w,_1) = Br(w,) in the G-graded Brauer
group. This implies that Br(w;) is trivial in the G-graded Brauer group, i.e., the
G-grading on £ is induced from a G-grading on V. (This can also be seen from the
fact that h € T if |T| = 4.)

1 1

4 Counsider the case |T'| = 1.

Already the G-grading on £ is induced by a G-grading on V, so it is determined
by go € G and a multiset = = {g1,..., g2, } satisfying (14). For the G-grading, we
just have to take g, =g, € G and Z' = {gy, ..., 7, }-

¢ Counsider the case |T'| = 4.

Here T = {e,a,b,c}, B(a) = B(b) = 1 (i.e,, X, and X} are symmetric). The
G-grading on £ is determined by go € G and a multiset = = {¢1, ..., g, } satisfying
(22) with k& = r. The operators uy, 1 € K, commute with each other, so they define
a common eigenspace decomposition of V. Explicitly, writing V = W ®p N and
uy = diag(¥(g1),...,¥(gr)) ® Xy, t € {e, h}, we see that v}, _; :=v; ® €1 and v}, :=
v;®eq, 1 =1,...,7r, are common eigenvectors, where ey, es € N are eigenvectors of
Xp,. Define a G-grading on V by setting degvh;, |, = g, and deg v}, = g,h’, where
1 is an element of T distinct from e and h. (There are two such elements but they
yield the same element of G.) One checks that the bilinear form (-,-)e on V, with
matrix (23), is homogeneous with respect to this G-grading, of degree g) = g, if
h € {a,b} and g = goh' if h = c. Hence the G-grading on V induces a G-grading
on L. Since diag(v(g1),...,%(gr)) ® ((1, w(%/)) is a scalar multiple of w,, for any
Y € K, we see that this G-grading on £ coincides with the one induced from the
original G-grading by the quotient map G — G. The new multiset

E/ = {glaglh/a e 7?7‘??7’%‘,}7

after reordering, satisfies (14) for g{, indicated above, possibly with a different gq.
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In either case, we define fz/ o : K — Zg//<1> similarly to equation (28) and set

(34) oW, z) = (—1)F b P ()
for all 91,12 € K, similarly to equation (29).

Theorem 48. Let L be the simple Lie algebra of type D, (r > 3) over an alge-
braically closed field F of characteristic 0. Suppose L is graded by an abelian group
G such that the image of G in Aut(L) contains outer automorphisms. If r = 4,
assume further that this image is contained in the stabilizer of the natural module.
Let K = (h)%, where h € G is the distinguished element. Then, for a dominant
integral weight X = >\ m;w;, we have the following possibilities:
la) If my—1 # m, but my_1 = m, (mod 2), then Hy = (h), K\ = K, and
Br(\) = 1.
1b) If my—1 £ m, (mod 2), then Hyx = (h), Kx = K, and Br(\) = 4o, where
Ao: K x K — F* is given by equation (34).
2) If my_1 = m,, then Hy = {e} and Br(\) = BZ}Z?J mai-1 with B: Gx G —
F* being the commutation factor associated to the parameters (T, 3) of the
grading on L.

Proof. 1) Since we are dealing with an inner grading by G = G/(h), we apply
Theorem 46 and take into account that, with respect to our G-grading, B =1 and
hence 44 = 4_ are given by equation (29), of which equation (34) is a restatement
with the data pertaining to the G-grading.

2) Here A = Z:ff m;w; +my_1(wp—14w,). Since H,,, fori < r—1and Hy,,_, tu,

are trivial, we can apply Proposition 10:
=2 Lr—1)/2]

Br(\) = (H Br(wi)m1‘> Br(w,_1 +w, )"t = f2i=1 M2i-1Br(wp_1 +w, )"
i=1

Thus, it suffices to show that

1 if risodd
Br(wr_1+w,,){A if r is odd,

B if r is even.

In the G-graded Brauer group, we can write Br(w,_; + w,) = Br(w,_1)Br(w,) by
Proposition 10, so Br(w,—1+w,) = 1 by Proposition 39. (Recall that the restriction
of  to K is trivial.) If  is odd, then we actually have Br(w,_1 4+ w,) = 1 in the
G-graded Brauer group, thanks to Proposition 12, since V,,._, and V,, are dual to
each other. So assume that r is even.

Denote ¥ = Br(w,_1 +w,). The fact that Br(w,_; +w,) is trivial in the G-graded
Brauer group means that §(u1,192) = 1 for all ¥1,19 € K. Fix x € G \ K (ie.,
x(h) = —1). It will be sufficient to show that 4(x, ) = B(x,¥) for all ) € K. We
will again use the models S* for the modules V,, _, and V, . By our choice of ,
we have ST 22 (ST)X, and we are going to apply Proposition 11.

Let S = ST @ S~. Then €[(V) can be identified with End(S) as a Zg-graded
algebra. Since the similitude u, is improper, the corresponding element s, is odd,
i.e., it swaps ST and S~. Recall that, by definition of the G-grading on €lg(V), we
have x x z = sxx8;1 for all € €l5(V), where * denotes the G-action associated
to the G-grading. Since the imbedding 7: L — €l5(V) respects the G-grading,
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Sy: S — SX is an isomorphism of L-modules, so we may use v’ = s,|g+ and
u” = sy|g- in Proposition 11.

According to that proposition, 4 is the commutation factor associated to the
G-graded algebra R = End(S*T ® S™) = End(S™) ® End(S™), where the G-grading
is obtained by refining the G-grading using the conjugation by the operator u =
(W' @u)or on ST®S™, with 7: ST®S™ — S~ ®S™ being the flip. It is conve-
nient to consider R as imbedded into End(S ® S) by virtue of the decomposition
S®S=(STeSHa(STesS™)®(S™®ST)®d(S™ ®S7). Recall that the G-grading
on End(S%) is associated with the K-action ¢xx = swxslzl for x € End(S¥). It fol-
lows that the G-grading on R is associated with the K-action v *x = dwxﬁ;1 where
Uy is the restriction of sy ® sy to ST ®S™. By the definition of the refinement in
Proposition 11, the G-grading on R is associated to the extension of this K-action
to a G-action obtained by setting x * = uzu~'. By definition of commutation
factor, Y(x,¢) is the group commutator of u and . But w is the restriction of
(s ®sy)oT to ST®S™, so it will be sufficient to compute the group commutator
of s, ®s, and s, ® sy (since the flip clearly commutes with these operators). But
by Lemma 38, we know that [s,,sy] € {£1} if B(x,%) = 1 and [sy, s,] € {2z} if
B(x,¥) = —1. Tt follows that [s, ®sy,5, @ sy is 1 in the first case and z® z in
the second case. But z acts as 1 on ST and —1 on 5™, so the restriction of z® z
to ST ® S~ is —1. Therefore, ¥(x, 1) = B(x,v), as desired. O

Corollary 49. The simple L-module V) admits a G-grading making it a graded
L-module if and only if 1) my_1 =m, and 2) T = {e} or Z}Zfi Mai_1 15 even.
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