GRADED-DIVISION ALGEBRAS OVER ARBITRARY FIELDS

YURI BAHTURIN, ALBERTO ELDUQUE, AND MIKHAIL KOCHETOV

ABSTRACT. A graded-division algebra is an algebra graded by a group such
that all nonzero homogeneous elements are invertible. This includes division
algebras equipped with an arbitrary group grading (including the trivial grad-
ing). We show that a classification of finite-dimensional graded-central graded-
division algebras over an arbitrary field F can be reduced to the following three
classifications, for each finite Galois extension L of F: (1) finite-dimensional
central division algebras over L, up to isomorphism; (2) twisted group alge-
bras of finite groups over L, up to graded-isomorphism; (3) F-forms of certain
graded matrix algebras with coefficients in A ®, C where A is as in (1) and
C is as in (2). As an application, we classify, up to graded-isomorphism, the
finite-dimensional graded-division algebras over the field of real numbers (or
any real closed field) with an abelian grading group. We also discuss group
gradings on fields.

1. INTRODUCTION

Let A be an algebra over a commutative ring F and let G be a group. We
will write the operation of G as multiplication and denote its identity element by
e. A G-grading on A is an F-module decomposition A = ®QGG Ay such that
Ag A, C Ay, for all g,h € G. If such a decomposition is fixed, A is said to be
a G-graded algebra. The nonzero elements of A, are said to be homogeneous of
degree g. An F-submodule (in particular, a subalgebra or an ideal) U C A is
graded if U = @geGUg where Uy := U N Agy. In this case, the support of U is the
set Supp(U) := {g € G | Uy # 0}. For any subset H C G, we define a graded
submodule Ay = @geH Ay, with Supp(Ag) C H. If H is a subgroup of G,
then Ag is a graded subalgebra of A. In this paper, we will deal exclusively with
associative algebras over a field F.

Many concepts and classical results of ring theory have their G-graded analogues.
For example, a homomorphism of G-graded algebras A — B is an algebra homo-
morphism that maps A, to By, for all g € G. In particular, this gives the notion
of isomorphism of graded algebras, or graded-isomorphism for short. Given a G-
graded algebra A, a graded left A-module is a left A-module V with a vector space
decomposition V = @gea V, such that A,V C Vg, for all g, h € G. A is said to be
graded-simple if A? # 0 and A has no graded ideals except 0 and A. In particular,
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this holds if A is a graded-division algebra, i.e., a unital G-graded algebra in which
every nonzero homogeneous element is invertible. It is easy to see that every graded
module over a graded-division algebra is free: more precisely, it admits a basis con-
sisting of homogeneous elements. The importance of graded-division algebras can
be illustrated by the following graded analogue of a classical result of Wedderburn:
A is graded-simple and satisfies the descending chain condition on graded left ideals
if and only if there exists a G-graded algebra D and a graded right D-module V
such that D is a graded-division algebra, V has finite rank, and A ~ Endp(V) as a
G-graded algebra (see [7, Theorem 2.6]). Here the G-grading on Endp (V) is defined
by declaring an operator r to be homogeneous of degree g if 7(V4) C Vg, for all
h € G. For a given A, the pair (D, V) is unique up to isomorphism and — a new
feature that appears in the graded setting — shift of grading: ¥ may be replaced by
VUl for any g € G, where V9 is V as a vector space, but with each V}, now declared
to be the homogeneous component of degree hg and the right D-module structure
of V now making V19 a graded right 19 1D-module (see [7, Section 2.1]).
Graded-division algebras were studied in [8] in terms of group extensions. Indeed,
if D is a graded-division algebra, then T := Supp(D) is a subgroup of G, D, is a
division algebra, and we have the following short exact sequence of groups:

(1) 1 =D =Dy —T—1,

where D is the group of nonzero elements of D, Dy, is the group of nonzero
homogeneous elements of D, the map D, — Dy is the inclusion, and the map
Dg. — T sends a homogeneous element to its degree. Thus, we can assign to each
graded-division algebra with support 7' a group extension of the form

1A - E—=T—1,

where A is a division algebra and the image of the map T — Out(A*) is contained
in the subgroup Out(A). (Note that the group A* and the algebra A have the
same inner automorphisms, also Z(A*) = Z(A)*.) It is shown in [8] that the above
assignment is an equivalence of categories if we take as morphisms, on the one hand,
homomorphisms of graded algebras and, one the other hand, homomorphisms of
group extensions («, 3,7v) where v = idr and « is the restriction of an algebra
map. In principle, this yields a classification of graded-division algebras D with
Supp(D) =T and D, ~ A in terms of homomorphisms p : T — Out(A) and group
cohomology: p must be such that the corresponding obstruction in H3(T, Z(AX))
vanishes, and then the isomorphism classes of D with a fixed p (up to conjugation
in Out(A)) are in bijection with the orbits in H?(T, Z(A*)) under a certain twisted
action of Aut(A, p) (see [8] for details). It should be noted, however, that even if the
computation of the relevant cohomology groups and orbits therein can be made,
this still does not give us an easy way to construct the corresponding graded-
division algebras and study their properties (for example, determine which of them
are simple as algebras). Graded-division algebras graded by the group Z were
considered in [12].

In the special case where F is algebraically closed and D is finite-dimensional, the
situation simplifies: |T'| < oo and D, = F, so D is graded-isomorphic to the twisted
group algebra F™T' for some 2-cocycle 7 : T'x T' — F* (with T acting trivially on
F*), and F7T is graded-isomorphic to F™ T if and only if [r] = [r] in H2(T,F*).

In this paper we want to study finite-dimensional graded-division algebras over
an arbitrary field F and show how the general case can be reduced to the case of a
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twisted group algebra, i.e., D, = F, by means of Galois descent (see Section 2). This
latter case has been studied, for example, in relation to projective representations
of finite groups. Here we will limit our consideration of this case to abelian groups,
for which all twisted group algebras can be explicitly classified up to isomorphism
of graded algebras (Section 3). As an application, we give an explicit classification
up to isomorphism of the finite-dimensional graded-division algebras with abelian
support in the case F = R (Section 4). This classification was previously known
assuming D is simple as an algebra [11]. One can also classify graded-division
algebras up to equivalence, i.e., an isomorphism of algebras D — D’ that maps
D; to D’W(t) where v : T — T is a group isomorphism. In the case F = R, such
a classification of finite-dimensional graded-division algebras was obtained in [5]
(see also [4, 11] for the case of D simple as an algebra). It should be noted that,
for an abelian group G, the (cocycle twisted) loop algebra construction in [6] (see
also [1, 2, 3]) can be used to reduce the classification of G-graded algebras that
are graded-central and graded-simple (resp., graded-division) to that of gradings
by quotients of G on central simple (resp., division) algebras.

Another interesting question is the following: what division algebras over F admit
nontrivial gradings and what are the possible supports? Clearly, any grading on
a division algebra yields a graded-division algebra, but in general it is difficult to
determine which graded-division algebras are in fact division algebras. In Section 5,
we will discuss this question in the commutative setting, i.e., gradings on field
extensions of F.

2. GENERAL CASE

In this section we discuss general finite-dimensional graded-division algebras over
an arbitrary field and suggest a method to reduce their classification to some more
particular problems. Let

(2) D=

teT

be such a graded algebra over a field F, where T := Supp D is a finite group. Note
that, unless T is abelian, the center Z(D) is not necessarily a graded subalgebra
of D, but we can still define Z(D), := Z(D) N D,. It is a subfield of the finite-
dimensional division algebra D, and it contains F. If Z(D). = F then D is said to
be graded-central. In any case, D is an algebra over Z(D), and the decomposition
(2) is a grading of D as a Z(D).-algebra. Therefore, it is natural to view Z (D). as
the ground field. From now on, we assume that D is a graded-central. We will also
fix nonzero elements X; € D; for all t € T. Then Dy = DXy = XD, (so D can be
regarded as a crossed product).

Now let us consider the center L. = Z(D,) of the division algebra D.. This is a
finite field extension of F. In the following lemma we will show that L is always a
Galois extension of F and determine its Galois group. For this, we will need the
centralizer of L in D:

Centp(L) :={z € D | zy = yx for all y € L}.
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Since L C D, Centp(L) is a graded subalgebra of D. We denote by K the support
of this subalgebra. Since the elements of D, centralize L, we have

Centp(L) = @ D, =: Dk
teK

Lemma 2.1. The center L = Z(D,) of the identity component of D is a Galois
extension of the base field F, and its Galois group Gal(L/F) is isomorphic to T/K
where K = Supp Centp (L) is a normal subgroup of T

Proof. For any t € T, the inner automorphism Int X; of D, y — XtyXfl, maps D,
onto itself, so induces an automorphism of D.. Being the center of D, L is stable
under all automorphisms of D,.. As a result, Int X; restricts to an automorphism
(Int X¢)|1. of L over F. Clearly, (Int X;)| does not depend on the choice of X;
in D;. Therefore, the map ¢ — (Int X;)|p, is a well-defined homomorphism T' —
Autp(L). Now (Int X;)|L = idy, if and only if D; centralizes L, so the kernel of this
homomorphism is K. Also, the fixed points in L under this action of T" are precisely
the elements of F = Z(D).. By Artin’s theorem [9, Theorem 2 in Section VIIL.1],
L is a Galois extension of F and T'/K is isomorphic to Gal(IL/F). O

In what follows, we are primarily interested in the case L = Z(D,), but our
results hold in a slightly more general setting: L can be any Galois extension of F
contained in Z(D.). It follows from Lemma 2.1 that the Galois group Gal(L/F) is
still isomorphic to T/K where K = Supp Centp(L).

Now let us extend the scalars from FF to L, i.e., consider the L-algebra D=7 ®r L
with the natural grading D= Dicr D, where D, := D, @ L.

It is clear that the property of being graded-central is invariant under scalar
extensions. Indeed, let A be a unital G-graded algebra over a field F and let K be
any field extension of F. Then Z(A®pK) = Z(A) @ K and, hence, Z(A®rK), =
Z(A). ®r K, which shows that A is graded-central if and only if so is A®pK.
(This is valid without assuming A unital or associative if we replace the center by
centroid.) As is well known from the case G = {e}, being graded-simple or graded-
division is not preserved under scalar extensions in general. Following [1], we will
consider the property of being graded-central and graded-simple at the same time,
which we refer to as graded-central-simple.

Lemma 2.2. The property of being graded-central-simple is invariant under scalar
extensions.

Proof. Let A be a unital G-graded algebra over a field F and let K be any field
extension of F. We can consider A as an algebra with one binary operation (mul-
tiplication) and a family of unary operations {p, | ¢ € G} where p, : A — A sends
each element of A to its component of degree g. Then Z(A). can be interpreted
as the centroid of this expanded algebra structure. Moreover, the ideals of this
structure are precisely the graded ideals of A, and its scalar extension from F to K
gives precisely the algebra A ®p K with its natural grading. The result follows. O

Therefore, our graded algebra D is graded-central-simple. However, it is not a
graded-division algebra unless L = F. Indeed, write Gal(L/F) = {01,02...,0%},
where k = |L : F] = [T : K] and 07 = id. It is well known that the mapping
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AQu = (1 Ny ..o (Mp), for all A\, u € L, extends to an isomorphism
LeL L) ILqX]LQX'-'XLk.
F

k copies of L

Consequently,

De=De®L = (De®L) QL =D, (L RL) ~ Ay X Ag X -+ X Ay,
F L 'F L F
where A; := D, ®LL; are the Galois twists of D.: A; is isomorphic to D, as an
F-algebra but its LL-algebra structure is twisted in the sense that, in A;, we have
d-\=do;'(\) for d € D, and A € L. With our convention o; = id, we may
identify A; with D, as an L-algebra.

Note that Gal(L/F) acts on D in the usual way: o(d®\) = d®@o()), for all
d € D and X € L, and that Gal(L/F) permutes the primitive (central) idempotents
€1,E9,...,E Of 156 simply transitively: o;(e1) = ¢;, so we may relabel them as
€s = ¢€; if 0 = 0. With this relabeling, we have o(e;) = €4-.

The same argument works for Centp(L) = Dk, since it is an L-algebra. In
particular, 251( = Dx ®r L has the property that 5151( is isomorphic to D as a
graded L-algebra.

Let us pick t; € T so that t; K — o, under the isomorphism 7//K — Gal(L/F).
Then {t1,ta,...,t} is a transversal for K in T'. It is convenient to take t; = e. Since
Int(X¢, ®1) acts as 0 ® id on L ®r LL, it permutes the idempotents {e1,¢€2,...,ex},
with the above relabeling, in this way: Int(X;, ®1)(e;) 1. It follows that,

for any choice of t;, we have

= £ —
TO,

(X 'ol) = (X '®1 if i = j;
) c(Xg @) = K BY = K Se e =
’ 0 if i # 5.

Now, since D is a finite-dimensional graded-simple L-algebra, there exists a finite-
dimensional graded-division L-algebra £ and a graded right £-module V of finite
rank such that D ~ Endg (V). We can choose for V any minimal graded left ideal
of D. Since €1 is a primitive idempotent of 256, we will take V = 2551. With this
choice of V, and taking into account (3), we will have

E ~ Endﬁ(ﬁsl) = £,Dey = £1Dgey = e1Dx ~ Dx

as graded LL-algebras. In particular, & ~ D, and Supp & = K.
At the same time,

(4) V= 551 = 51561 @ 52561 CRERR skﬁel,

as a graded right module over £,De; = £,Dk. It follows from (3) that aﬂSal =
(Xt_i1 ®1)e1 Dk and so the set

(X @ Der, (X, ®@1)ey, ..., (X' ®@1)eq}

is a basis of V consisting of homogeneous elements of degrees tfl,tg L ,t,;l,
respectively. In the language of [7], the multiset in 7'/ K defining the graded right
E-module V is T/ K with multiplicity 1 at each point.

Finally, in the case L = Z(D.), all L-linear automorphisms of £ ~ D, are
inner, so we may multiply X;, for each t € K, by a suitable element of D, so that
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X; € Centp(D.). Then £ ~ Dg ~ D, ®1,C as a graded L-algebra, where

C := Centp(D,) = Centp, (D @]LXt
teK
To summarize:

Theorem 2.3. Let D be a graded-division algebra (or ring), considered as a T-
graded algebra over the field F = Z(D)., where T = SuppD. Assume that D
is finite-dimensional. Let L be a Galois extension of F contained in Z(D.) and
let K = Supp Centp(LL). Then D®pL ~ Endg(V) as a graded L-algebra, where
€ ~ Dk is a graded-division algebra over L = Z(€). and V is the direct sum of
graded right £-modules of rank 1, with exactly one from each isomorphism class of
such modules. Moreover, in the case L = Z(D.) (which is a Galois extension of
F by Lemma 2.1), we have £ ~ D, @, C where C = Centp(D,) is a graded-divison
algebra over L. with 1-dimensional homogeneous components. ([

The algebra D= D ®r L comes with the canonical Galois descent datum: for
every o € Gal(L/F), we have the automorphism 1, of the graded F-algebra D
defined by ¥,(d® ) = d®oc()), for all d € D and X € L, and we can recover D
as the set of points in D fixed by all these automorphisms. Recall that, in general,
a Galois descent datum for a G-graded LL-algebra Ais a homomorphism, o +— ,,
from Gal(L/F) to the group Aut$ (A) of automorpisms of A as a graded F-algebra
such that 1y (2A) = ¥ (2)o()), for all z € A and A € L. Given such a datum, the
set of fixed points A is a graded F-subalgebra of A and we have an isomorphism
A®rL — A sending a ® A — al, i.e., Ais an F-form of A.

The automorphisms of Endg(V), where € is a graded-division algebra and V is
a graded right £-module of finite rank, are described by [7, Theorem 2.10]: each
Y, is given by a pair (2,91), where ¢? : t)glta") 5 &, for some t, € T, is

an isomorphism of graded F-algebras and 1} : Vil 5 Visa y0-semilinear iso-
morphism of graded modules, in the following way: ¥, (r) = ¥ir(ypL)=! for all
r € Endg (V). The pair (¢2,41) is not quite unique: for any nonzero homogeneous
element d € &, we can replace 1. by the map v — tL(v)d and, simultaneously,
% by (Intd)~1¢Y. Thus, only the coset t;(Supp€) is determined by t,. It is
convenient to fix 9% = idg and ¥}, = idy.

With the usual identification of Z(£) and Z(Endg(V)), we have 9, |z =

V| 7(e), so Y : ltalglts "1 £ is a o-semilinear isomorphism of graded L-algebras.

Proposition 2.4. Under the conditions of Theorem 2.3, consider the canonical
descent datum ., o € Gal(L/F), on D = D@pL and use the 1somorphism D ~
Endg (V) to realize each 1, by a pair (Y2, ¢L) as above. Write V = Doeccar Vo
where the graded right E-modules V, of rank 1 are labeled so that Supp(V,) is the
coset of K in T corresponding to o~' under the isomorphism T/K — Gal(L/F)

sending tK — (Int X;)|L. Then v1(V,) = Vo, for all 0,7 € Gal(L/F).

Proof. Recall the relabeling of the idempotents €1,€a,...,6x as &5 := ¥, (€1), SO
we have 1, (e;) = €,-. Relabeling in the same manner the summands in the direct
sum decomposition (4) of V = 7551, we can take V, := 507551. Note that, under
the isomorphism D ~ Endg (V), the element ¢, corresponds to the projection of V

onto the summand V,. Since, under the same isomorphism, 1, corresponds to the
map 7+ PLr(l)~1, it follows that ¥l (V) = V.. O
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Remark 2.5. A ¢0-semilinear isomorphism 1 : Vo'l — V satisfies YL (V,) =
Vor for all 7 € Gal(L/F) if and only if the coset t,K is the element of T/K
corresponding to o under the isomorphism T/K — Gal(L/F).

Proof. Since 1} maps the homogeneous component V; of V onto Vy-1, for any
t € T, it maps the £-submodule V,-1g onto V(, ¢)-1x or, in other words, V, onto
V., where 7 corresponds to tK and 7’ to t,tK. O

We will now prove that, conversely, a descent datum as in Proposition 2.4 on
Endg (V) as in Theorem 2.3 gives rise to a graded-division algebra.

Theorem 2.6. Let £ be a finite-dimensional graded-division algebra with support
K over a field L, with Z(£). = L. Suppose L is a finite Galois extension of F
and T is a group containing K as a normal subgroup such that T/K ~ Gal(L/F).
Consider £ as a T-graded algebra and let V be the direct sum of graded right &-
modules of rank 1, with exactly one from each of the [T : K| isomorphism classes of
such modules: V = eaaeGal(]L/]F) Vs, where we chose the labeling in such a way that

Supp(V,) is the coset of K inT corresponding to o~* under the above isomorphism.
Suppose that D := Endg (V) has a descent datum Gal(L/F) — Aut (D), o — vy,
where Y, (1) = YLr(YL)~! for allr € D and YL(V;) = Vyr for all 0,7 € Gal(L/F).
Then the F-form D of the graded L-algebra D determined by the descent (i.e., the

set of fixed points in 5) is a graded-division algebra with support T and Z (D). = F.
Moreover, 1L is isomorphic to a subfield of Z(D.) and € ~ Dk as graded F-algebras.

Proof. Pick representatives in each coset of K in T and label them t,, according
to the isomorphism T/K ~ Gal(LL/F). It is convenient to have tjg = e. Let v, € V
be a nonzero element of degree t;!. Then V, = v,€ and {v, | 0 € Gal(L/F)}
is a basis of V as an £-module. Relative to this basis, the homogeneous elements
of Endg (V) are represented by matrices that have at most one nonzero entry in
each row and in each column. Indeed, if » € Endg (V) is homogeneous of degree
g € T, then r(V;) C Vo, for all 7 € Gal(IL/F), where o is the element of Gal(LL/FF)
corresponding to g1 K. Hence, r(v;) = Vrg,d, for some homogeneous d, € £.

Without loss of generality, we may assume that 1} is a (1)2-semilinear) isomor-
phism itz 5 p (see Remark 2.5). Then 9. (v;) = vyrCyr where 0 # ¢, , €
&, 41,1 Since ¢y = idy, it follows that ciq , = 1.

Now, the element r, as above, belongs to D if and only if r is a fixed point of
all 1, ie., rpl = ¢lr for all o € Gal(L/F). Evaluating both sides on the basis
elements v, we obtain:

re€D &  dor = Corantha(ds)c, - for all o, 7 € Gal(L/F).

In particular, if » € D then d, = cmo—owg(did)c;}d. As a result, all entries of the
matrix representing r are determined by the single entry diq. Therefore, if r is
nonzero then all d, are invertible, so D is indeed a graded-division algebra. By
construction, we have D ~ D ®p L, hence D has the same support as D, ie., T
Since Z(D) is identified with Z(£) and the property of being graded-central is
invariant under field extensions, we conclude that Z(D). = F.

Observe that if g € K then oo = id and r is represented by a diagonal matrix,
in which the entry d, is homogeneous of degree t,gt-!. Let us define ® : £ — D by
sending, for each g € K, every d € &, to the (diagonal) operator ®(d) € Endg(V)
defined by ®(d)(vy) = v,((Intc,ia)y3(d)), for all ¢ € Gal(L/F). Clearly, ® is
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an injective homomorphism of F-algebras (but not L-algebras), and it preserves
degree since 0 : [tglta’] 5 € and ¢p5q € E.. Also, the fixed point condition
in the previous paragraph implies that ®(£) D Dg. We claim that, actually,
®(£) = Dk. Indeed, it is sufficient to prove that the dimensions are equal. We
have dimg (D) = dimy (D) = [T : K] dimy(£), since Dg consists of all operators
represented by the diagonal matrices with entries in €. But [T : K] = [L : F], so
dimp(Dg) = dimp(E), which proves the claim. In particular, ® maps &, onto D.,
hence L is isomorphic to a subfield of Z(D.). O

Remark 2.7. Since ¢ : tlglte’] 5 € is a o-semilinear isomorphism (and, for
any t € K, WELTT ~ & by means of an inner automorphism), it follows that, in
Theorems 2.3 and 2.6, for any t € T, the graded L-algebra [Melt™ s isomorphic
to the o-twist of €& where o € Gal(IL/F) corresponds to tK under the isomorphism
T/K ~ Gal(L/F). In particular, if T = K Centy(K) then £ is isomorphic to all of
its Galois twists.

In view of Theorems 2.3 and 2.6, the classification of finite-dimensional graded-
central graded-division algebras over a field [F, up to isomorphism of graded alge-
bras, reduces to the following three problems:

CP1: The classification, up to isomorphism, of finite-dimensional central di-
vision algebras over each finite Galois extension L of F;

CP2: The classification of graded-division algebras with 1-dimensional com-
ponents over L (in other words, twisted group algebras of finite groups);
CP3: The classification of the descent data on Endg (V) as in Theorem 2.6

where £ = A®LC, with A is as in CP1 and C is as in CP2.

Problem 1 is classical and hard for many important fields F. Problem 3 also
appears to be hard in general (but not for F = R, as we will see in Section 4). For any
given field L and group 7', Problem 2 can be approached through group cohomology:
one has to compute H?(T,IL*) and also find a 2-cocycle in each cohomology class
if one wants to construct the corresponding twisted group algebra explicitly. In the
next section we will solve Problem 2 for all finite abelian groups.

3. GRADED-DIVISION ALGEBRAS WITH 1-DIMENSIONAL COMPONENTS

Consider a graded-division algebra C over a field I with 1-dimensional homoge-
neous components Cy, t € K. As before, we can fix nonzero elements X, € C;, for
any t € K. Then, for any s,t € K, we have X, X; = 7(s,t) X4 where 7(s,t) € L*.
The function 7 : K x K — L* is a 2-cocycle with respect to the trivial action of K
on IL*. Thus, C can be regarded as the twisted group algebra L™ K with its natural
K-grading. The graded-isomorphism class of C is determined by the cohomology
class [r] € H?(K,L*). From now on, we will assume that K is a finitely generated
abelian group. Then we have a split exact sequence:

1 — Exty(K,L*) — H2(K,L*) %5 Homg (K Ay K, L) — 1,

where an element of Exty(K,L*) is sent to the corresponding class of symmetric
2-cocycles K x K — X and the map # sends [r] € H?(K,L*) to the alternat-
ing bicharacter S, (s,t) := 7(s,t)/7(t,s). A (non-canonical) splitting of the above
sequence can be obtained by writing K as a direct product of cyclic groups:

(5) K ={a1) x - X {am),
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and sending an alternating bicharacter 8 € Homy (K Az K,L*) to the bicharacter
(hence 2-cocycle) 7 € Homz (K ®z K,L*) defined by

Bla;,a;) ifi<y;
T(ai’aj):{l ’ ifi>

So, in principle, H?(K,L*) is known, since Extz is an additive functor and
Extz(Z,L*) =1 and Extyz(Z,,L*)=1L*/(L*)",

where we are using the following
NOTATION. For any abelian group A, we define

A= {a" |a e A} and Appi={ac Al|a" =e}.

Also, Tor(A) will denote the periodic (torsion) part of G and Tor,(A) the p-primary
component of A (i.e., the union of Apx over k € N), where p is a prime number.
It is convenient to define Tor,/(A) := [],_, Torq(A). Finally, o(a) will denote the
order of an element a € A.

We would like to give an explicit description of the graded-division algebra C.
First, we note that 8 = 8, describes the commutation relations in C:

XSXt = /8(5, t)Xth

(This is the easiest way to see that 3, is indeed a bicharacter and it is independent
of the choice of the elements X; or, in other words, of the 2-cocycle 7 representing
a given cohomology class.) Unless Extz(K,L*) = 1 (as is the case, for example
when L is algebraically closed, because then L* is a divisible group), 8 alone does
not determine the graded-isomorphism class of C.

Remark 3.1. 8 determines the graded-isomorphism class of C @y L, where L is
the algebraic closure of .. Thus, if L is perfect, C can be recovered through Galois
descent, but we are going to take a more direct approach.

Let Fr = [liemor(r) £, where Fy = L*/(L*)le®]. For any t € Tor(K), the

element Xf(t) € CX = L* depends on the choice of X;, however its image in F;

does not. We denote this image by p(t). The function p : Tor(K) — UteTor(K) F,
can be regarded as an element of F.

The triple (K, 8, 1) determines C up to isomorphism of graded algebras. Indeed,
if we write K as the direct product of cyclic groups (5), we can present C in terms
of generators and defining relations as follows. First, we give the free associative
algebra L(X:E, ..., XE) a K-grading by setting deg X, := a; and deg X, := a; .
(This is the K-grading induced from the standard Z?™-grading of the free associa-
tive algebra of rank 2m by a homomorphism Z?™ — K.) Second, we consider the
two-sided ideal J generated by the homogeneous elements of three types:

(i) X; X;" —1and X;"X; — 1 for all 4;
(il) X;" X5 — Bi; X7 X;F for all i < j;
(iif) (X;F)°(@) — p, for all i such that o(a;) < oo;

where 8;; = B(a;,a;) and p; € L* is any representative of p(a;) € L* /(X )@l
Then, for any choice of representatives, we have

C~L(XE,..., X5 /T
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as graded algebras. Indeed, for each ¢ with o(a;) < oo, we can find A; € LL* such that
A = 1 X0 and we let \; = 1 for all ¢ with o(a;) = oo. Then the surjective

homomorphism of graded algebras L(X, ..., X£) — C sending X;" +— \;X,, and
X; = A" X! factors through a homomorphism L(X{,...,X5)/J — C, which

must be an isomorphism thanks to the following result.

Proposition 3.2. For any scalars B;; € L* (i < j) and p, € L™ satisfying

ij(ai) =1 if o(a;) < oo and ij(aj) =1 if o(a;) < oo, let J be the (graded) ideal of

L(XT, ..., XE) generated by the elements (i), (ii) and (iii) above. Then
D(K?/B’LJ?M’L) = L<Xit7aX$>/J

is a graded-division algebra with support K and 1-dimensional homogeneous com-
ponents.

Proof. For any n € Zsg, denote X! := (X;7)" and X; " := (X, )". It is clear
that D(K, B;;, t;) is spanned by the images of the monomials X7 --- X, where
n; € Z and 0 < n; < o(a;) if o(a;) < oco. All of these monomials have different
degrees in K, so the homogeneous components of D(K, f;;, ;) have dimension at
most 1, but one needs to check that the support of the grading is the entire group
K, because a priori some of these monomials could belong to J.

This can be done, for example, by first considering the algebra
Q :=L(XE, ..., XE) /]

where Jj is the ideal generated by the elements (i) and (ii). It is well known and easy
to show (for example, by considering iterated Ore extensions) that Q has a basis
consisting of (the images of) the monomials X{'* --- X' n; € Z. By our condition
on the scalars f3;;, the monomials Xf({“), for all ¢ with o(a;) < oo, are central in Q.
Let A be the subalgebra that they generate in Q. As an A-module, Q@ has a basis
consisting of the monomials satisfying 0 < n; < o(a;) for all ¢ with o(a;) < co. It
follows that these monomials form an L-basis of Q/.J, where J = J/Jy is the ideal
generated by (the images of) the elements (iii). Clearly, Q/J ~ D(K, B, ;). O

Remark 3.3. The algebra Q in the above proof is known as the quantum torus
of dimension m with parameters B;;. So, one might call our algebras D(K, B;j, 1t;)
quantum quasitori.

The conditions on f;; in Proposition 3.2 are necessary and sufficient for the
existence of an alternating bicharacter § : K x K — L* such that §(a;,a;) = 55
for all # < j. Clearly, the scalars 3;; determine 8 uniquely, and 3 is the bicharacter
associated to the graded-division algebra D(K, §;;, pt;) by its commutation relations.
Also, the function p € Fi associated to D(K, B;j, ju;) satisfies pu(a;) = p; (IL*)[0(@0)]
for all i with o(a;) < oo. It follows that D(K, Bij, i) ~ D(K, Bj;, ii;), as graded
algebras, if and only 8;; = g} for all i < j and y; = p} (mod (L*)(@)]) for all i
with o(a;) < co.

Remark 3.4. With B fized, we can view C as an object in the Yetter-Drinfeld
category KYD (see e.g. [10, Chapter 10]), with LK -coaction given by the grading:
z = gQx for all v € Cy, and the LK -action induced from the coaction through (3:
g-x = B(g,h)x for all x € Cy,. Then any decomposition of K as a direct product
of cyclic groups allows us to write C as a tensor product in the category £YD of

algebras of the form IL[X, X 1] (Laurent polynomials) and L[ X]/(X™—pu), p € L*.
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This interpretation can be used to obtain an alternative proof of Proposition 3.2,
since ]L(Xli, o, XY/ T maps surjectively on such a tensor product.

The classification of graded-division algebras as D(K, 8,5, it;) has a disadvantage
of being dependent on the choice of decomposition (5) of K, so one may prefer to
use the functions f and p rather than their values at chosen generators of K. Let
us record the properties of u with respect to multiplication. First of all, for any
g € Tor(T) and any divisor n of o(g), the element X' is a scalar multiple of Xn

and (X;)O(gn) = X_g(g), so we have:

(6) nlolg) = ulg") = pulg) L)@,

which is the image in L*/(L*)l@/" of the element u(g) € L*/(LX)lW@I  If
g, h € Tor(K) have coprime orders, then o(gh) = o(g)o(h) and X, commutes with
X, because (g, h) = 1. In this case, we have

(X, X)) = (X;;(g))O(h) (XZ(h))"(g)
and hence
(7) ged(o(g),0(h) =1 = pu(gh) = p(g)*™ u(h)*.
This expression is well-defined as an element of I* /(IL*)[(gh)],
Thus it suffices to describe the restriction of p to Tor,(K), for each prime divisor
p of | Tor(K)|. So, consider g,h € Tor,(K), with o(g) = p*, o(h) = p® and, say,
k > (. If k = ¢, assume that o(gh) = p*. If k > ¢, this holds automatically. Using
the formula
(X, Xn)" = Blg, )~ ()X X,
we obtain:
k—2£
®)  olg)=p">o0h)=p" = ulgh)=plg)uh) ;

(g)p(h) if p is odd;
Blg. W) u(g)p(h) it p=2.

e {#1).

Theorem 3.5. Let L be a field and let K be a finitely generated abelian group. For
any alternating bicharacter f: K x K — L* and any p € Fi = HteTor(K) Fy,
Fy := 1L /(ILX)eW]] satisfying Equations (6) through (9), there is a unique, up to
isomorphism, graded-division algebra D(K, 3, ) = @, x Dy over L such that

(i) dimD; =1 for allt € K;

(ii) xy = B(s,t)yx for allx € Dy, y € Dy, s,t € K;

(iii) 2°® € u(t) for all x € Dy, t € Tor(K).
Every graded-division algebra C = @,c i C¢ with dimC; = 1, for all t € K, is
isomorphic to one, and only one, of the graded-division algebras D(K, B, ).

(9) o(g) = o(h) = o(gh) = pk = u(gh) = {

Equation (9) holds for k£ > 1; also note that 8(g, h)?

Proof. Fix a decomposition (5) of K such that the orders of those a; that belong
to Tor(K) are prime powers. Let §;; = f(a;,a;), for all i < j, and let p; € L* be
any representative of p(a;), for all ¢ with a; € Tor(K). We have already seen that
the graded-division algebra D(K, f3;;, it;) of Proposition 3.2 satisfies conditions (i)
and (ii). Also, the function p/ € Fi associated to D(K, f;;, 1t;) satisfies Equations
(6) through (9) and coincides with p on the generators a; of Tor(K). It is easy to
see that this forces p = p'. The result follows. (]
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Remark 3.6. If K is finite, we have a canonical decomposition K = [], Tor,(K),
which yields the decomposition of C as an ordinary tensor product of the graded
subalgebras C(p) := Cror, (k) -

4. THE REAL CASE

We will now classify, up to isomorphism, the finite-dimensional graded-division
algebras whose support is a (finite) abelian group over the field R, following the steps
CP1-CP3 proposed in Section 2. In the treatment of algebras with 1-dimensional
homogeneous components, we will follow the approach of Section 3. We keep the
notation introduced in these two sections. Since we do not use the topology of R,
our results are valid for any real closed field F (if we interpret C as F[y/—1], which
is the algebraic closure of F). We fix 4 = y/—1.

CP1: The only finite field extensions are R and C. By a classical result of
Frobenius, the only finite-dimensional central division algebras over R are R and
H, and the only central division algebra over C is C itself.

CP2: We have to classify finite-dimensional graded-division algebras with 1-
dimensional components over L =R and L = C.
Since L is algebraically closed, in this case any finite-dimensional graded-
division algebra C has 1-dimensional components. Also, u is trivial, so such algebras
are completely classified by (K, 3).
Here L is not algebraically closed, but (LX) = L* for all odd n. More-
over, the only roots of unity in I are +1. By Remark 3.6, we can write a finite-
dimensional graded algebra C with 1-dimensional components as C = C(2) ® C(2')
where C(2) = Crory(x) and C(2') = Cror,, (k). Since C(2') has trivial 8 and pu, it
must be the group algebra of Tory (K) with coefficients in L. As to C(2), it is
determined by (Torz(K), 3, 1), where 3 : Torg(K) x Torg(K) — {£1}, and u can
be regarded as a function Torg(K) — {£1} since L/(IL*)[" ~ {£1} for all even n.
This function satisfies p(e) = 1 and Equations (8) and (9) in Section 3, which boil
down to the following:

1(g) if o(g) > o(h);
p(gh) = § ng)u(h) if o(gh) = o(g) = o(h) > 2;
Blg, h)u(g)u(h) if o(gh) = o(g) = o(h) = 2.
The last of the above equations clearly holds if one of the elements gh, g, h equals

e, so we have

(10) u(gh) = B(g, h)u(g)u(h) for all g, h € K.

In other words, regarding Kig) and {£1} as vector spaces over the field of two
elements, the restriction of ,u|K[2] is a quadratic form with polarization 6|K[2] X K[y -
Moreover, Equation (6) yields u(g) = M(ggkfl) if o(g) = 2* with k > 1. Therefore,
p is completely determined by its restriction to K[gj, which we still denote by .

Remark 4.1. If Tory(K) is an elementary abelian 2-group, then p determines (.

CP3: In the study of Galois descent for D = Endg (V) as in Theorem 2.6, the
only nontrivial case is L = C; then £ = C and C is determined by (K, ), where
K has index 2 in T since | Gal(C/R)| = 2. By Remark 2.7, C is isomorphic to its
complex conjugate, which is the only nontrivial Galois twist in this case, given by the
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generator v of Gal(C/R). It immediately follows from the commutation relations
that this Galois twist of C is determined by (K,vyo3) = (K, 371). Therefore, 8 must
take real values, so §: K x K — {£1}. It follows that, if we scale the generators
X,, (associated to a decomposition (5)) so that ngai) =1, they will generate over
R a real form of the graded C-algebra C.

Now, the Galois descent data for End¢ (V) is just one C-antilinear automorphism
Y = 1, satisfying ¢? = id. Recall that 1 is given by a pair (¢p,1), where
g : C — C is C-antilinear, and ¢; : V — V is ¢p-semilinear and must swap
Via and V.. Also recall that the pair (1o, 1) is not unique, but can be adjusted
using any nonzero homogeneous ¢ € C to replace 1y by (Int )~ 11y and 1; by the
map v — 1 (v)e. Thus, we may assume that 11 is a (1g-semilinear) isomorphism
pltol 5 Y where ¢ is an arbitrarily chosen element of the coset T'\ K (to = ty 1
in the notation of the proof of Theorem 2.6). We fix tg, so 9 is determined up to
multiplication by a nonzero element ¢ € C, = C and g is uniquely determined.

Lemma 4.2. Any C-antilinear automorphism of the graded algebra C is involutive.

Proof. As we have seen above, the graded algebra C admits a real form. Using a
homogeneous basis X, s € K, of one of these forms, any C-antilinear automorphism
of C as a graded algebra is given by X, — x(s)Xs, where x € Homz(K,C*). Now
the square of this automorphism sends X to |x(s)|?Xs = X5, forany s € K. O

It follows from Lemma 4.2 that the set of fixed points of g is a real form of the
graded algebra C, which we will denote by Cgr, and we pick the elements X, s € K,
to be in Cg, so that Crp = @, RXs and 1o(X,) = X,. Pick nonzero v; € V,
and vo € Vi, so Vig = v1C and V, = v2C. Relative to the C-basis {v1,v2}, we can
represent ¢; by the matrix [0 “

Co 0
v, we may assume that co = 1. Then v? is C-linear (13 = id¢) and represented by

[%1 wo(()cl)]' Since ¢(r) = Y1y !, we have

. Here co € C, = C and ¢; € Ctg. Adjusting

P =id & Polc) =1 € Z(C).
This condition is equivalent to ¢; € Rth and t3 € rad . Here

radf:={se K |B(s,t) =1forallt € K}.

] < rad B, so we conclude

TP ¢ rad 8.

Let us compute the fixed points of ¢ using matrix representation of End¢ (V) relative
to the C-basis {v1,v2}. We have

-1
Tl T12 0 e [Yo(z11) vo(z12)| [0 @
X = = X) = .
[1321 5622} v(X) [1 0} [?/10(1?21) Yo(z22)| [1 0
Hence, X satisfies ¢)(X) = X if and only if x99 = to(x11) and xa; = ¢ "o (12)
(compare with the proof of Theorem 2.6: ¢yiq = 1 and ¢y, = ¢1). Thus, writing

c1 = /\_1th, for some A € R*, we see that the real form D of End¢ (V) determined
by our Galois descent has the following basis:

Since (§ takes values +1, we always have K

, 0 XpX,
(11) Y, := [)(()5 )(()] JYs, Y= [AX t?é ] JYi,s (s € K),
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where J := {8 —Oz]’ D.=(I,J)g ~C and D; =D.Y; forall t € T.
Xp X2, 0
Remark 4.3. Since X;2 € Z(C), we have Y2 =X| ° ‘o 2 € Z(D)
’ 0 thXt_lt
0

forallt € T~ K. Also, ((al +bJ)Y;)? = (a® + b?)Y? for all a,b € R, hence
d*> € Z(D) for alld € D; witht € T\ K.

We will now investigate the isomorphism problem for these real forms. A general
fact is that the forms determined by v and 1)’ are isomorphic if and only if there
exists ¢ € Autd (Ende(V)) such that 1 = @ (indeed, ¢ maps the set of fixed
points of ¢ onto that of ¢'). In terms of the corresponding pairs, (¢, 1) for i,
(15, 91) for ¢ and (o, 1) for ¢ (where ¢q is C-linear), this condition is tantamount
to the existence of a nonzero homogeneous ¢ € C such that 1,0 = (Int ¢) ~Lpgtbg
and ¥]p1(v) = @191 (v)e for all v € V. Since 1; and )] are chosen to have degree
to, we get ¢ € C. = C and hence 9 po = o1, which implies that the real forms
Cr and Cp determined by v and 1, respectively, are isomorphic: ¢ maps Cr
onto Cg. This reduces the isomorphism problem to the case where Cr = Cp and
1o = 1. In this case ¢ restricts to an automorphism of the graded algebra Cg, so
wo(Xs) = x(s)X; for some x € Homyz(K,R*).

On the one hand, we have 1% (v) = vey, for all v € V, and similarly, (¢])%(v) =
vcy. On the other hand, since ¢ is vp-linear, applying ¥] to both sides of the
identity ¥} (v) = (19107 ")(v)e, we obtain

(¥1)%(v) = (prfer )(v)d,  where d = ctio(c) = |cf?,

where the last equality holds because ¢ € C and v is C-antilinear. By comparing,
we get ¢] = ¢o(c1)d. Since ¢; = )Flth and ¢ = (A’)*lth, we get the following
relation between the parameters A and \':

NN =x(t3)d, where d > 0.

Therefore, we have a dichotomy: either x(t2) = 1 for all y € Homgz(K,R*) and then
the sign of parameter X is uniquely determined, or there exists x € Homgz (K, R*)
such that x(#2) = —1 and then the sign of A can be changed to make A\ > 0. It is
easy to see that the first alternative of the dichotomy occurs if and only if t2 € K2,
which is equivalent to K being a direct summand of T. .

Finally, observe that taking ¢g = id¢ and ¢; represented by [(1) \/(FTJ yields
an automorphism ¢ of the graded algebra End¢ (V) that maps the real form spanned
by the elements (11) to the one spanned by the elements of the same form, but with
A replaced by sgn(\).

To summarize our classification, it is convenient to introduce the following nota-
tion for some special cases of the graded-division algebras D(K, 8, i) as in Theorem
3.5, which can be presented by generators and relations as in Proposition 3.2.

Definition 4.4. Let T be a finite abelian group.

(i) Given an alternating bicharacter 3 : T x T — C*, let D(T, 3) = @,cr D:
be the graded-division algebra over C with 1-dimensional components and
support T that is characterized, up to isomorphism, by the commutation
relations xy = B(s,t)yx, for all x € Dy, y € Dy and s,t € T.
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(ii) Given an alternating bicharacter  : T x T — {£1} and a quadratic
form p = Tigy — {&1} with polarization B|7y, x1y, (recall Equation (10)),
let D(T,B,p) = @ycr Di be the graded-division algebra over R with 1-
dimensional components and support T that is characterized, up to isomor-
phism, by the properties xy = B(s,t)yx, for allx € Dy, y € Dy and s,t € T,
and 2°® € p(t°D/2)Rsg, for all nonzero t € T with even o(t).

We have proved the following result:

Theorem 4.5. Any finite-dimensional graded-division algebra over R with abelian
support T is graded-isomorphic to one of the following:

(1) D(T, B, p) ~ D(Tora(T), B, 1) @R Tore, (T) where S : T x T — {£1} is
an alternating bicharacter (which is automatically trivial on Tory (T)) and
o Tigy — {£1} is a quadratic form with polarization BT, x1y,

(2) D(T, B, 1) @ H where D(T, B, u) is as in item (1) and H is the quaternion
algebra with trivial grading;

(3) The real form D = @, Dt of Ma(C) with 2-dimensional components Dy =
(Yy, JYy)r where C is the complexification of D(K, B, 1u) = @, RXs as
in item (1) with K C T being a subgroup of index 2, T2} C rad, J =
diag(i, —1), and the elements Yi, t € T, defined as follows:

(a) Y, = [)és )?J and Y5 = [59(5 )gs} forall s € K, if K is a direct
summand of T, where § € {£1} and ty is an arbitrarily chosen element
of order 2 in T\ K;

(b) Y, = ﬁ() )?] and Yi,s = Lgt Xt%Xs} forall s € K, if K is not
a direct summand of T, where tg is an arbitrarily chosen element in
T\ K;

(4) D(T,B) where : T x T — C* is an alternating bicharacter.

Moreover, two algebras in different items are not graded-isomorphic to one another,
nor two algebras in the same item if they have different parameters K, B, u and ¢
(as applicable), except that, in item (4), B and B~ give graded-isomorphic algebras
over R (but not over C unless 8 takes values in {£1}). Finally, the parameters
w and 8 in item (3) depend on the choice of tg, and the previous assertion applies
only if the same choice of ty has been made for both algebras. [

As stated above, the parameters p and 6 defining the same (graded-isomorphism
class of) D in item (3) depend on the choice of tg € T\ K, so we will denote them
e, and dg,. Let us investigate how they change if we replace to by t{, = tog, g € K.

Note that 5 does not change, because it is an invariant of C (which is itself an
invariant of D, since D®r C ~ End¢(V) and also C ~ Dg). On the other hand,
the real form Cg will change to Cg. Indeed, vy is replaced by (Int X,) !4, so C is
spanned by the elements X; = X}, for all h € K with 8(g,h) = 1, and X} = ¢X},
for all h € K with 8(g,h) = —1. Therefore, we have

(12) Ptog(h) = e, (h)B(g,h), forallto e T\ K, gec K, and h € K.

If K is a direct summand of T', we restricted the choice of ty to elements of order
2, i.e., tg € Tjg) \ K]z}, so we consider only g € K[ in this case. From Remark 4.3
(with A = 0y, ), it follows that

(13) d? € Sy 114, (tg 't)R5o, for all 0 # d € Dy and to,t € Tigy \ Koy
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In particular, d? € §;,R~q for all 0 # d € D,,. Applying this to t{, = tog and e
and comparing with what (13) gives for ¢ = t{,, we conclude that

(14) Otog = Otoity(g), for all tg € Tjg) \ Ko and g € K.

Using the transition formulas (12) and (14), it is possible to compare graded-division
algebras in item (3) of Theorem 4.5 even when they are presented using different
elements .

In order to state a parametrization that does not involve the choice of tgy, we
introduce the following generalization of “nice maps” from [11]:

Definition 4.6. Let T be a finite abelian group, K C T be a subgroup of index 2,
and B : K x K — {£1} be an alternating bicharacter. A map v : T~ K — {£1}
will be called (T, K, B)-admissible if

v(tgh)v(t)
v(tg)v(th)
(Of course, since the values are +£1, division above is the same as multiplication,
but it makes the formula look more intuitive.) We define the following equivalence

relation on the set of (T, K, 3)-admissible maps: v ~ V' if and only if the map
t = V'(t)/v(t) is constant on each Kjg-coset in T\ K.

(15) =B(g,h), forallte T\K,geK, andh € K.

Note that, for any ¢ € T', the map

v(th)

v(t)

is the same for all v within an equivalence class, and Equation (15) implies (by
restricting g to K7g)) that v; satisfies Equation (10), i.e., 4 is a quadratic form with

polarization |, x k. Moreover, Equation (15) is equivalent to the following, for
some, and hence all, t € T\ K:

(16) vig(h) = v¢(h)B(g,h), forall g€ K and h € Kjy).

Now we can reformulate the parametrization of Theorem 4.5 (cf. [11, Theorem 23]):

23 K[Q] — {:l:].}7 h +—

Corollary 4.7. Let G be an abelian group. The set of isomorphism classes of
finite-dimensional G-graded algebras D over R that are graded-division algebras is
in bijection with the disjoint union of the following four sets:

Triples (T, B8, 1) where T is a finite subgroup of G, B : TxT — {£1} is an
alternating bicharacter, and p : Tig) — {1} is a quadratic form with polarization
B'Tp] xTig)7

Triples (T, B, 1) as above;

’(C ~D. ¢ Z(D)‘ Quadruples (T, K, B,v) where K C T are finite subgroups of G

with [T : K] =2, f: K x K — {£1} is an alternating bicharacter with T?! C rad ,
and v is as follows:

(a) If K is a direct summand on T', then v is a (Tjg), K[g, Bj2))-admissible map
(see Definition 4.6) where Blg) := Bl Ky x Ky 5
(b) If K is not a direct summand of T, then v is an equivalence class of
(T, K, 5)-admissible maps;
’C ~D, C Z(D)‘ Pairs (T,{3,87}) where T is a finite subgroup of G and B :
T xT — C* is an alternating bicharacter.
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Proof. Only the third case requires proof. We now explain how p and ¢ (if appli-
cable) are related to v.

(a) Suppose K is a direct summand of T'. Given p = iy, and § = Jy, corresponding
to an element to € Tjp) \ K[z, we define v as follows:

v(t) = ou(ty't), for allt € Tiy \ K.

The fact that p is a quadratic form with polarization [y immediately implies that
vis a (Tig), K[z, Bj21)-admissible map. Equations (12) and (14) can be used to verify
that v does not depend on the choice of ty, but a better way is to observe that, in
view of Equation (13), we have d? € v(t)Rsq for all 0 # d € D;. Conversely, given
v and tg, we define p := vy, and § := v(tp).

(b) Suppose K is not a direct summand of T. Let t1,...,t; be representatives
of the Kpy-cosets contained in 7'\ K, where £ = [K : Ky]. Given a family u,
t € T\ K, of quadratic forms with polarization Sy and satisfying Equation (12),
pick 6; € {£1} for i =1,...,¢ and define

v(t) == Sy, (t;'t), for all t € t; K.

This defines a map v : T\ K — {£1}. For any t € T\ K, we can write t = t;g for
some ¢ and g € K[, hence

v(tigh) _ dipe, (gh)
v(tig) i, (9)
We have shown that v, = u, for all t € T\ K, so Equation (12) becomes Equation
(16), which proves that v is a (T, K, 5)-admissible map. Clearly, by varying the
0; we fill in an equivalence class of (T, K, 3)-admissible maps. Conversely, given a
(T, K, B)-admissible map v, we define y; := v, which is a family of quadratic forms
with polarization )9 and satisfying Equation (12). |

Vt(h) =

= s, (R)B(g, h) = pt,g(h) = ps(h), for all h € K.

We conclude this section by sketching an alternative approach to classifying
graded-division algebras D in item (3) of Theorem 4.5 (without Galois descent).
We have D, ~ C and D, is not central, so the support K of C := Centp(D,) is a
subgroup of index 2 in 7. Moreover, C = Dg. We have seen in Remark 4.3 that
d? € Z(D) for all d € Dy with t € T ~. K, but this can be proved directly (see e.g.
[11, Remark 21]). As before, fix to € T~ K and pick nonzero dy € D;,. Then
the automorphism Int dy of the graded algebra D is involutive, so it determines a
Zo-grading D = Dy @ D7, which is compatible with the T-grading. Therefore, we
get a refined grading on D by T X Zs, whose homogeneous components

D,iy == {d € Dy | doddy ' = (—1)'d}, for all t € T and i € Zo,

are 1-dimensional. Hence, the T-graded subalgebra Dy = Centp(dy) has 1-dimen-
sional components and support T, i.e., it falls in item (1) of Theorem 4.5. The
graded-isomorphism class of Dg depends only on tg, i.e., it does not depend on
the choice of 0 # dy € Dy,. Indeed, for any 0 # ¢ € D. ~ C, an isomorphism
Centp(dy) — Centp(cdp) is given on homogeneous elements by z +— z if deg(z) € K
and z — ﬁx otherwise. The graded algebra D can be recovered as D&@D@, where

® denotes the tensor product in the category of R-superalgebras and we take the
superalgebra structures D, = R1®Ri and Dy = (D) ik B (D) k- The T-grading
on the tensor product comes from the T-grading of Dy (since D, has a trivial T-
grading). Note that the tensor product of superalgebras is again a superalgebra, but
we forget about the superalgebra structure (which would be (Dg) x @ (D)7 ki for



18 YURI BAHTURIN, ALBERTO ELDUQUE, AND MIKHAIL KOCHETOV

the even part of D and (Dg)rx ® i(Dg)k for the odd part). The correspondence
with our approach through Galois descent is the following: C is the same (up to
graded-isomorphism) and Cr = (Dg) k.

5. GRADINGS OF FIELDS
5.1. Graded field extensions.

Definition 5.1. Let K/F be a field extension and let G be a group. We say that
K is a G-graded extension of F if the additive group of K is endowed with a direct
sum decomposition

(17) K:@Kga

geG
where Ky # 0, KKy, C Kyp,, for all g,h € G, and K, =F.

In other words, the field K is a G-graded F-algebra with 1-dimensional homoge-
neous components and support G. We will show in a moment that this implies that
K/F is algebraic, but note that it need not be normal or separable. For example,
Q[V/2]/Q is Zs-graded and F({¥/X)/F(X), with charF = p, is Z,-graded.

Remark 5.2. A finite Galois field extension K/F can be considered as Hopf-Galois
for the Hopf algebra FY of F-valued functions on T' = Gal(K/F) (for which K is
a right comodule algebra) — see e.g. [10, Chapter 8]. A field extension K/F is a
G-graded extension in the above sense if and only if it is Hopf-Galois for the group
algebra FG (for which K is a comodule algebra by means of its G-grading).

A more general object is a commutative graded-division algebra, which we will
call a graded-field. The support of a graded-field is an abelian subgroup of G, so
we will assume that G is equal to the support and, hence, is abelian. Also, the
identity component is a field extension of F. In this section, we are interested in
the following questions:

(1) Which field extensions can be made graded field extensions?
(2) Which graded-fields are fields?

The following result gives some restrictions on the groups that can be the support
of a graded field extension.

Proposition 5.3. Let K/F be a G-graded field extension. Then G is a torsion
abelian group and there is a subgroup M in the multiplicative group K* such that
F* C M and G ~ M/F*. In particular,

(i) If K is a finite field, then G is a cyclic group;

(ii) K/F is an algebraic extension.

Proof. Assume, to the contrary, that there is an element g € G of infinite order and
let 0 # z € K;. Then all powers ™, n € Z, have different degrees and are therefore
linearly independent over F = K. This means that K, is isomorphic to the ring
of Laurent polynomials over F. On the other hand, Lemma 5.4, below, implies that
K(g) must be a subfield of K. This is a contradiction.

Let M = Kj;, the group of nonzero homogeneous elements of K. Clearly, it is
a subgroup of K*, and the fact M/F* ~ G is just a special case of (1). If K'is a
finite field then K* is cyclic, so G must be cyclic.
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Let € K, for some g € G. As we have shown, the order of g is finite, so x°09) s
in F, which implies that z is algebraic over F. Since K is spanned by homogeneous
elements, K/F is an algebraic extension. O

Lemma 5.4. Let G be a group and let A be a unital G-graded algebra. If H is a
subgroup of G and an element x € Ay is invertible in A then x=! € Ap.

Proof. Let us partition the homogeneous components of ! into left H-cosets:
7t = Zle y; where y; € Ag, and Sy,...,S; are distinct left H-cosets. Then
l=2"12 = Zle y;x and, since x € Ay and SH = S for any left H-coset S, we
see that y;x € Ag, for all . But 1 € A, C Apy, so we conclude that there exists
i such that S; = H, and yjo = 0 for all j # ¢. This means 1 = y;x and hence
! =y; € Ap, as desired. O

Proposition 5.5. Let K be a graded-field with support G and let L. = K.. Then K
is a field if and only if G is a torsion (abelian) group and, for every prime number
p, the subalgebra K(p) := Ko, (@) s a field.

Proof. The necessity of these conditions follows from Proposition 5.3 and Lemma
5.4. Let us prove the sufficiency. Let xz be a nonzero element of K. Since z has
finitely many nonzero components and every element of G has a finite order, we see
that x € Ky where H is a finite subgroup of G. So, it is sufficient to prove that Ky
is a field. We can write H as the direct product of its primary components (Sylow
subgroups): H = Hy x --- X H,, where H; C Torp,(G) and py,...,pm are distinct
primes. Then Kz can be identified with the tensor product K; ®1, - - - ®1, K,,, where
K; = Kpg,. Since K(p;) is a field, Lemma 5.4 implies that K; is also a field. It is a
finite extension of I of degree pf for some k;. Let us embed all K; over L in the
algebraic closure L and consider the composite K = K; ---K,, in L. Since [K; : L],
1=1,...,m are pairwise coprime divisors of [K : L], we conclude that

dimp K = [K: L] > [Ky : L] - [Kp, : L] = dimy (K; @ -+ © Kyp) = dimy K.

But then the surjective homomorphism of L-algebras Ky = Ky ®r, - - - @1 K,,, — ]I~{,
defined by a1 ® -+ - ® Quy, — @1 * - - Qupy,, must be an isomorphism, so Ky is a field. O

From now on, we will assume that G is a finite abelian group. We will also
consider the identity component as the ground field F. The above proposition
allows us to restrict ourselves to graded-fields which are graded by finite abelian
p-groups, where p is a prime number. Every such graded-field K has the form

(18) K~ FIX]/(XP 1) @ @ F[ Xl (X2~ i),

where G' = (a1) x -+ X {a,), o(a;) = p*, and p; € F* for all i = 1,...,m. (This
is a special case of the presentation in Proposition 3.2, with §;; = 1.)
In the proofs throughout this section, we will use the following criterion:

Theorem 5.6. [9, Theorem 16 in Chapter 8] Given a field F, a polynomial X™—a €
F[X] is irreducible if and only if the following two conditions hold:

(i) If p is a prime divisor of n then o & FP;

(ii) If 4 is a divisor of n then o ¢ —4 F*. O

In this section, the more traditional notation (F*)" will be used for the group
(F*)["l. We start with the following necessary condition:
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Proposition 5.7. Let K be a graded-field of the form (18) and let U be the subgroup
of F* generated by pi1, ..., fm- If K is a field then

[UE)? /()P =p™.
Proof. We proceed by induction on m. Denote by Uy the subgroup of F* generated
by f1s o i I = 1 and FIX1]/(XP" —pu1) is a field then X?* — i is irreducible,
so py ¢ FP. Tt follows that |Uy(F*)P/(F*)P| = p.

Now let m > 2. We set H = (aq) X -+ X {@y,—1). Since K is a field, Ky is also
a field by Lemma 5.4. By induction hypothesis, |U,,_1(F*)?/(F*)?P| = p™~1L.

We have K ~ KH[X,,L]/(X%Cm — Itm). Since K is a field, Xﬂfm — [ty 1S an
irreducible polynomial in Kg[X,,], 0 pm € (Kg)P. Assume U, (F*)P/(F*)P < p™,
i.e., fim € Up_1(F*)P. Since in Kz each j; is the p¥-th power of the image x; of
X;, fori=1,...,m — 1, it follows that u,, € (K};)?, a contradiction. O

Note that the condition in Proposition 5.7 is definitely not sufficient, because
even in the case of G ~ Zj4, we have —4 ¢ (Q*)?2, but the graded-field Q[X]/(X*+4)
is not a field, since X% +4 = (X2 +2X + 2)(X? — 2X + 2). We have sufficiency in
the following particular case:

(19) K =~ FIX1)/(X? = 1) @ @ F[Xnl /(X2 — fim).

Proposition 5.8. Let K be a graded-field of the form (19) with charF # 2, and let
U be the subgroup of F* generated by p1, ..., tm. Then K is a field if and only if

U (F*)?/(F)?] = 2™

Proof. Since p; ¢ F?, each K; := F[X;]/(X? — ) is a field. Let us embed them over
Fin F and let K be the composite K; - - - K, in F. For K to be a field, it is necessary
and sufficient that [K : F] = 2™ (see the proof of Proposition 5.5). But K/F is a
Kummer extension of exponent 2, so [K : F] = |[A/(F*)2| where A = U(F*)? (see
Theorem 5.14, below). The result follows. (]

Example 5.9.

(i) Owver Q, there are Z5'-graded field extensions for any m =1,2,...;
(ii) Ower the field Q, of p-adic numbers, p # 2, Z3'-graded field extensions exist
only form =1,2;
(iii) Ower the field Qo of 2-adic numbers, Z5'-graded field extensions exist only
form=1,23.

Proof. In case (i), the prime numbers p; = 2,p; = 3,... are known to be inde-
pendent mod (Q*)2. Hence the field K = Q(\/P1, /D2 - - - s1/Pm) is graded by Z3".
The grading is given by assigning to each element p’fl/2 . -p:f,{"m, k; € {0,1}, the

degree (k1,...,kn) € Z5". (These elements form a graded basis of K over Q.)
Claims (i) and (iii) are well-known facts about Q) /(Q)?. O

5.2. Finite fields. Let K be a finite field of characteristic p. Suppose K is given
a grading with support G and let F = K.. By Proposition 5.3, G must be a cyclic
group, and its order is k = [K : F]. Let |F| = p, so |K| = p**. Given k, we want
to determine what p and ¢ can appear, i.e., to characterize the extensions of finite
fields that can be made Zjy-graded extensions. By Proposition 5.3, a necessary
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kL

1
condition is that k be a divisor of péil. From the next result, it is clear that
p

this condition is not sufficient (take e.g. p =3, £ =1 and k = 4).

Theorem 5.10. Let K = GF(p") and F = GF(p’) be Galois fields where ¢ divides
n. Let k =mn/L. Then there exists a G-grading on K with support G and the identity
component F if and only if the following two conditions hold:

(i) If q is a prime divisor of k then q divides p* — 1;

(i) If 4 divides k then 4 divides p* — 1.

If such a grading exists, the group G must be cyclic of order k.

Proof. The assertion about G is already proved, so G = (g) where o(g) = k. Then
K must be isomorphic to F[X]/(X* — 1) as a graded F-algebra, where 1 € F* and
the grading is defined by setting deg X := g. Any value of u yields a graded-field,
and if it happens to be a field, then it must be isomorphic to K. Therefore, our
question is to determine whether or not there exists u € F* such that X* — y is an
irreducible polynomial in F[X].

According to Theorem 5.6, this happens if and only if ¢ F9, for any prime
divisor ¢ of k, and also p & —4F* if 4 divides k. The multiplicative group F* is
cyclic of order m = p* — 1. If some prime divisor ¢ of k is not a divisor of m then
(F*)? = F* and so the polynomial X* — y is never irreducible. If 4 | k then 2 is a
prime divisor of k£, so m must be even and hence p must be odd. Note that 4 divides
m if and only if either p = 1 (mod 4), or p = 3 (mod 4) and ¢ is even. Assume
that 4 is not a divisor of m, i.e., p=3 (mod 4) and ¢ is odd. Then (F*)* = (F*)2.
Hence —4(F*)* = —4(F*)? = —(F*)2. At the same time, —1 is not a square in
F, so FX = —(F*)2 U (F*)? = (—4(F*)*) U (F*)2. Therefore, X* — i is never
irreducible in this case. We have proved the necessity of our conditions (i) and (ii).

To prove sufficiency, assume (i) and (ii) are satisfied. Then there exists p € F*
such that p & F? for any prime divisor g of k. Indeed, by (i), every such ¢ is a
divisor of m, so in the cyclic group F* of order m each (IF*)? is a proper subgroup,
and a finite cyclic group is not the union of its proper subgroups. If 4 t k then
XP* — i is irreducible for any u as above. Now, if 4 | k then 4 | m by (ii), so either
p=1 (mod 4), or p=3 (mod 4) and ¢ is even. It follows that —1 is a square in
F, so —4F* C F2. Since 2 is among the prime divisors of k, any u as above satisfies
p & —4F* and, therefore, X* — 1 is irreducible. O

Remark 5.11. As we have seen in Section 3, the isomorphism classes of graded-
fields with support Zy, and identity component F are parametrized by the cosets
w(FX)* in B> /(F*)%. The above proof shows that, in the case F = GF(p®), none
of these graded-fields is a field unless conditions (i) and (ii) are satisfied, and if
they are satisfied then the graded-field determined by u(F>*)* is a field if and only if
p & (FX) or, equivalently, p™/1 # 1 for all prime divisors q of k, where m = p*—1.

Example 5.12. Let K = GF(2qa) where q s a prime number. Then any grading
on K is trivial.

Proof. Using the notation of Theorem 5.10, we must have k = ¢® and ¢ = ¢*=#
for some 0 < 8 < . We claim that, for any 8 # 0, condition (i) is not satisfied.
Indeed, ¢ is a prime divisor of k, but not of m = 2¢ — 1, because 29 = 2 (mod q)
and hence 2 =2 # 1 (mod q). O
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Example 5.13. Let K = GF(p?) where p and q are prime numbers and q divides
p’ — 1. Then K admits a Z,-grading with identity component GF(p").

Proof. The conditions of Theorem 5.10 are satisfied, so the grading exists. Let us
construct it explicitly. Let F = GF(p®) and consider the automorphism ¢ = ¢ of
K where ¢ is the Frobenius automorphism: ¢(x) = P. The order of 1) is ¢ and the
set of its fixed points equals F. Since ¢ divides p’ — 1, there is a subgroup of order
q in F*, i.e., F contains a primitive ¢g-th root of unity, say, ¢ (so K/F is a Kummer

extension, see below). It follows that we have a Z,-grading K = @iezq K; whose
homogeneous components are the eigenspaces of ¢¥: K; = {z | 2P = Cix}, for all
1 € Zq. O

5.3. Kummer extensions. A finite Galois extension K/F is called a Kummer
extension of exponent n if the Galois group I' = Gal(K/F) is abelian of exponent
dividing n and F contains a primitive n-th root of unity. The classification of such
extensions is as follows.

Theorem 5.14. [9, Theorems 13 and 14 in Chapter 8] Let F be a field containing
a primitive n-th root of unity. Then we have the following:

(1) Given any subgroup A of F* such that (F*)" C A and A/(F*)™ is finite,
we have a canonical isomorphism from A/(F*)™ onto the dual group T =
Hom(I',F*) of I' = Gal(F(AY™)/F), given by a(F*)" — x. where, for
any a € A, Xa(0) := o(a)/a, where o is an element of F(AY™) such that
o™ = a. In particular, we have [F(AY™) : F) = |A/(F*)"|.

(2) The mapping A — F(AY™) sets up an inclusion-preserving bijection from
the set of subgroups A of F* such that (F*)™ C A and A/(F*)" is finite,
onto the set of isomorphism classes of Kummer extensions of F of exponent
n. d

Corollary 5.15. Fvery Kummer extension is a graded extension in a canonical
way. More precisely, let K/F be a Kummer extension of exponentn, so K = IE‘(AI/”)
and T = Gal(F(AY™)/F) as in Theorem 5.14. Then K/F is a G-graded extension,
with G = A/ (F>*)" ~ T, as follows: the homogeneous component labeled by the coset
represented by a € A, is given by

(20) Ky@Exyn = Fa  where o™ = a

and does not depend on the choice of the representative a and o € K such that
a” =a.

Proof. Since F contains enough roots of unity, the I'-action on K diagonalizes, and
the eigenspace decomposition is a grading by T. The identity component of this
grading is the set of fixed points of T', i.e., F, which implies that K/F is a f—graded
extension. R

For each character x € T', there is a unique coset a(F*)" € A/(F*)" such that
X = Xa, 1€, Xa(0) = o(a)/a where o € K is any element satisfying o™ = a. An
element = € K is homogeneous of degree x, if and only if, for any o € I', we have

o(x) = Xa(o)z = (o(@)/a)z.
Now, « itself satisfies the above equation. Since the components of the grading are
1-dimensional, K, rx)» = K, = Fa, as claimed. ([
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Example 5.16. Let K = Q((,) be the n-th cyclotomic extension of Q. The Galois
group of T = Gal(K/Q) is isomorphic to Z). If n = 2’€pr1 oopFmowhere 2 < py <
.. < pm oare prime, k > 0 and k; > 0, then ' is the direct product of either m
(fk<1),m+1 (ifk=2), orm+2 (if k > 3) cyclic subgroups of even order.
Thus, I'jg) is either Zy', Zg"“ or Z;”+2. Since abelian groups of exponent 2 are
isomorphic to the groups of their rational characters, K admits a grading by Z%',
Z0 or Z9H? (as indicated above). The identity component of the grading is the
set of fized points under the action of I'g. The only cases where this group is the
whole T aren =1,2,3,4,6,8,12,24. In these cases K/Q is a graded field extension,
and the grading is given by Equation (20) above.

For example, K = Q(Cg) can be written as K = Q(v/2,4) = Q(A'?) where
A = (2, -1)(Q*)%. We have T' = (o) x () where 0(v/2) = —V/2, 0(3) = 4, and T is
the complex conjugation restricted to K. The dual group T is generated by x2 and
X—1, which are given by x2(0) = =1, x2(7) =1, and x_1(0) =1, x_1(7) = —1.

~

The canonical T-grading is the following (T’ ~ 7Z3):
(21) Q) = Qe QV2 8 Qi & QV2i.

The converse of Corollary 5.15 is false. Indeed, we have already seen that a
graded field extension need not be Galois. The following is a partial converse:

Proposition 5.17. Let K/F be a G-graded finite field extension. Assume that F
contains a primitive root of unity of degree n = exp(G). Then K/F is a Kummer
extension with Gal(K/F) ~ G.

Proof. By our assumption, G and G are isomorphic (non-canonically), so they have
the same exponent n. The G-grading on K yields a G-action, G — Autp(K), given
by x-z=x(g)xforallz € Ky, g € G and x € G. Since the support of the grading
is G, this action is faithful. Since K, = F and G separates points in G, the set of
fixed points under the G-action is F. Hence K/F is Galois with Gal(K/F) ~ G. O

Remark 5.18. Both Corollary 5.15 and Proposition 5.17 are consequences of the
fact that an action (resp., grading) by a finite group G is the same as the action
(resp., coaction) by the Hopf algebra FG, so it canonically corresponds to a coaction
(resp., action) of the Hopf dual (FG)* = F%, and we have F& = FG if G is abelian
and F contains a primitive root of unity of degree exp(G) — see e.g. [10].

Example 5.19. Recall K = Q((g) from Ezample 5.16, with the canonical Z3-
grading given by (21). We have K ~ Q[X]/(X* + 1), since the 8-th cyclotomic
polynomial is X* + 1, so K/Q is a Z4-graded extension:

Q(¢s) = Q& Q¢s @ Qi & Q(st.

This shows that a Kummer extension may be a graded extension in a way dif-
ferent from the canonical one.
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