GROUP GRADINGS ON THE LIE AND JORDAN ALGEBRAS
OF BLOCK-TRIANGULAR MATRICES

MIKHAIL KOCHETOV AND FELIPE YUKIHIDE YASUMURA

ABSTRACT. We classify up to isomorphism all gradings by an arbitrary group
G on the Lie algebras of zero-trace upper block-triangular matrices over an
algebraically closed field of characteristic 0. It turns out that the support of
such a grading always generates an abelian subgroup of G.

Assuming that G is abelian, our technique also works to obtain the classifi-
cation of G-gradings on the upper block-triangular matrices as an associative
algebra, over any algebraically closed field. These gradings were originally de-
scribed by A. Valenti and M. Zaicev in 2012 (assuming characteristic 0 and G
finite abelian) and classified up to isomorphism by A. Borges et al. in 2018.

Finally, still assuming that G is abelian, we classify G-gradings on the upper
block-triangular matrices as a Jordan algebra, over an algebraically closed field
of characteristic 0. It turns out that, under these assumptions, the Jordan case
is equivalent to the Lie case.

1. INTRODUCTION

The algebras of upper block-triangular matrices are an essential example of non-
simple algebras. Moreover, viewed as Lie algebras, they are an example of the so-
called parabolic subalgebras of simple Lie algebras. Group gradings on the upper
triangular matrices (a Borel subalgebra) were investigated in [10].

In this paper, we classify gradings by any abelian group G on the upper block-
triangular matrices, viewed as an associative, Lie or Jordan algebra, over an algebra-
ically closed field F, which is assumed to have characteristic 0 in the Lie and Jordan
cases. The basic idea is to show that every G-grading on the upper block-triangular
matrices (of trace zero in the Lie case) can be extended uniquely to a grading on
the full matrix algebra. However, not every G-grading on the full matrix algebra
restricts to a grading on the upper block-triangular matrices, which leads us to
consider an additional Z-grading. In the associative case, this approach to the
classification of gradings is different from the one of A. Valenti and M. Zaicev, who
investigated upper triangular matrices in [14] and upper block-triangular matrices
in [15] (under more restrictive assumptions than here). The Lie and Jordan cases
are new. It turns out that the automorphism group of the upper block-triangular
matrices, viewed as a Jordan algebra, is the same as the automorphism group of the
upper block-triangular matrices of trace zero, viewed as a Lie algebra. Hence, the
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classifications of abelian group gradings in both cases are equivalent. The Jordan
algebra of upper triangular matrices was investigated in [11].

Moreover, we prove that, in the Lie case, there is no loss of generality in assuming
G abelian, because the support of any group grading on the zero-trace upper block-
triangular matrices generates an abelian subgroup.

The paper is structured as follows. After a brief review of terminology and
relevant results on gradings in Section 2, we obtain a classification of gradings
by abelian groups on the associative algebra of upper block-triangular matrices in
Section 3 (see Theorem 9 and Corollary 10). In Section 4, we classify gradings
on the Lie algebra of upper block-triangular matrices (Theorem 15 and Corollary
17). The center of this algebra is spanned by the identity matrix, and we actually
classify gradings on the quotient modulo the center. The effect that this transition
has on the classification of gradings is discussed in Section 7, the main results of
which (Theorem 27 and Corollary 28) are quite general and may be of independent
interest. Our approach to classification in Section 4 follows the same lines as in
the associative case. However, the Lie case is substantially more difficult, and some
technical aspect is postponed until Section 5, where we also prove the commutativity
of support (Theorem 24). Finally, the Jordan case is briefly discussed in Section 6.

2. PRELIMINARIES ON GROUP GRADINGS

Let A be an arbitrary algebra over a field F and let G be a group. We say that
A is G-graded if A is endowed with a fixed vector space decomposition,

r:A=EPA,.
geG
such that AjA;, C Ay, for all g, h € G. The subspace A, is called the homogeneous
component of degree g, and the non-zero elements x € A, are said to be homoge-
neous of degree g. We write degx = g for these elements. The support of A (or of
I') is the set Supp A= {g € G | A, # 0}.

A subspace I C A is called graded if I = @gecl NAg. If Iis a graded ideal
(that is, it is simultaneously an ideal and a graded subspace), then the quotient
algebra A/I inherits a natural G-grading. A is said to be graded-simple if A% # 0
and A does not have nonzero proper graded ideals.

If A is an associative or Lie algebra, then a graded A-module is an A-module V
with a fixed vector space decomposition V = Gagec Vg such that Ay - Vi C Vg,
for all g,h € G. A nonzero graded A-module is said to be graded-simple if it does
not have nonzero proper graded submodules. (A graded submodule is a submodule
that is also a graded subspace.)

Let H be any group and let « : G — H be a homomorphism of groups. Then «
induces a H-grading, say A = @,,cy A}, on the G-graded algebra A if we define

A4, = P A,

g€a~1(h)

The H-grading is called the coarsening of I" induced by the homomorphism a.

Let B = @ gec By be another G-graded algebra. A map f: A — B is called
a homomorphism of G-graded algebras if f is a homomorphism of algebras and
f(Ag) C By, for all g € G. If, moreover, f is an isomorphism, we call f a G-graded
isomorphism (or an isomorphism of graded algebras), and we say that A and B are
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G-graded isomorphic (or isomorphic as graded algebras). Two G-gradings, I' and
I, on the same algebra A are isomorphic if (A,T') and (A,I”) are isomorphic as
graded algebras.

Let T be a finite abelian group and let o : T' x T" — F* be a map, where R*
denotes the group of invertible elements in a ring R. We say that o is a 2-cocycle if

o(u,v)o(uw,w) = o(u,vw)o(v,w), Yu,v,w e T.

The twisted group algebra F°T is constructed as follows: it has {X; | t € T} as
an F-vector space basis, and multiplication is given by X, X, = o(u,v)Xy,. It
is readily seen that F?T is an associative algebra if and only if ¢ is a 2-cocycle,
which we will assume from now on. Note that A = F°T has a natural T-grading,
where each homogeneous component has dimension 1, namely A; = FX;, for each
t € T. This is an example of the so-called division grading. A graded algebra D is a
graded division algebra (or D has a division grading) if every non-zero homogeneous
element of D is invertible.
Define 8: T x T — F* by B(u,v) = o(u,v)o(v,u)~t. Then we have

Xu Xy = Blu,v) X, Xy, Yu,veT,

and f is an alternating bicharacter of T', that is, 8 is multiplicative in each variable
and S(u,u) =1 for all uw € T. If char F does not divide |T'|, then F°T is semisimple
as an (ungraded) algebra. It follows that FoT is a simple algebra if and only if /3 is
non-degenerate. In particular, the non-degeneracy of § implies that |T| = dimF°T
is a perfect square. It is known that, if F is algebraically closed, the isomorphism
classes of matrix algebras endowed with a division grading by an abelian group G
are in bijection with the pairs (T, 3), where T is a finite subgroup of G (namely,
the support of the grading) and § : T' x T' — F* is a non-degenerate alternating
bicharacter (see e.g. [7, Theorem 2.15]).

For each n-tuple (g1, . . ., gn) of elements of G, we can define a G-grading on M,, =
M, (F) by declaring that the matrix unit F;; is homogeneous of degree gigj_l7 for all
iand j. A grading on M, is called elementary if it is isomorphic to one of this form.
For any g € G and any permutation o € S, the n-tuple (g,(1)9; - - -, go(n)g) defines
an isomorphic elementary G-grading. Hence, an isomorphism class of elementary
gradings is described by a function s : G — Z>¢, where g € G appears exactly £(g)
times in the n-tuple. Moreover, G acts on these functions by translation: given
g € G, one defines the function gk : G — Z>o by gk(z) = k(g 'z). For any
k: G — Zxo with finite support, we denote |x| := )~ k(x).

If F is algebraically closed, then, for a fixed abelian group G, the isomorphism
classes of G-gradings on M,, are parametrized by the triples (T, 3, ), where T is a
finite subgroup of G, 8 : T x T'— F* is a non-degenerate alternating bicharacter,
and x : G/T — Zso is a function with finite support such that |k|\/|T] = n.
A grading in the isomorphism class corresponding to (7,3, k) can be explicitly
constructed by making the following two choices: (i) a k-tuple v = (¢1,...,gx) of
elements in G such that each element x € G/T occurs in the k-tuple (¢17, ..., gxT)
exactly k(z) times (hence k = |k|) and (ii) a division grading on M, with support T
and bicharacter 3 (hence |T| = ¢?). Since n = k¢, we identify M,, with My ® M, via
Kronecker product and define a G-grading on M,, by declaring the matrix E;; ® d,
with 1 < 4,5 < k, and d a nonzero homogeneous element of My, to be of degree

gi deg(d)g; .
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Finally, two triples (T,(,k) and (T”,8’,k’) determine the same isomorphism
class if and only if 77 =T, 5’ = 3, and there exists g € G such that K = gk (see
e.g. [7, Theorem 2.27]).

3. ASSOCIATIVE CASE

Let F be a field and let V' be a finite-dimensional F-vector space. Denote by %
a flag of subspaces in V', that is

0=V CWC...CV,=V.

Let n = dimV and n; = dimV;/V;_q, for i = 1,2,...,s. We denote by U(.%) the
set of endomorphisms of V' preserving the flag .%, which coincides with the upper
block-triangular matrices UT(nq, . ..,ns) after a choice of basis of V respecting the
flag .#. We fix such a basis and identify U(.%) = UT (ny,...,ns) C M.

For each m € Z, if |/m| < s, let J,, C M, denote the m-th block-diagonal of
matrices. Formally,

Jm = Span{E;; € M,, | there exists ¢ € Z>( such that
ny+--+ng <i<ng+---+ngpr,and
nt st ngpm <J S nit e F gpmg )

Setting J,, = 0 for |m| > s, we obtain a Z-grading M,, = @ Jm, which is the

elementary grading defined by the n-tuple
(=1,...,—1,-2,...,—2 ..., —8,...,—5).

meZ

ny times no times ns times

This grading restricts to U(.%), and we will refer to the resulting grading U (%) =
D,.~0 Jm as the natural Z-grading of U(.#). The associated filtration consists of
the powers of the Jacobson radical J of U(F), that is, @,,, J; = J™ for all m > 0.

Let G be any abelian group and denote G# = Z x G. We identify G with the
subset {0} x G C G# and Z with Z x {1g} C G¥. We want to find a relation
between G#-gradings on M,, and G-gradings on U(.%).

First, we note that, given any G#-grading on M,,, we obtain a Z-grading on M,,
if we consider the coarsening induced by the projection onto the first component
G* — Z.

Definition 1. A G#-grading on M, is said to be admissible if U(.Z) with its
natural Z-grading is a graded subalgebra of M,,, where M,, is viewed as a Z-graded
algebra induced by the projection G# — Z. We call an isomorphism class of G#-
grading on M,, admissible if it contains an admissible grading.

Lemma 1. For any admissible G*-grading on M, the Z-grading induced by the
projection G# — 7 has J,, as its homogeneous component of degree m.

Proof. From the definition of admissible grading, we know that, for any m > 0,
Jm is contained in the homogeneous component of degree m in the induced Z-
grading on M,,. In particular, each E;; is homogeneous of degree 0. It follows that
By M, E;; = FE;; is a graded subspace. Hence, all E;; are homogeneous. Moreover,
if B;; € J_, then Ej; € Jp, has degree m, so E;; must have degree —m, since
E;; = Ei;Ej;. The result follows. O
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Recall from Section 2 that, over an algebraically closed field, any isomorphism
class of G*#-gradings on M, is given by a finite subgroup T of G# (hence, in
fact, T C @), a non-degenerate bicharacter § : T'x T — F* and a function
K : G* /T — 7o with finite support, where n = k¢, k = |x| and £ = /|T.

Lemma 2. Consider a G#-grading on M, with parameters (T, 3,k) and let

Y= ((a’lvgl)v (a2’92)’ ) (akvgk))

be a k-tuple of elements of G associated to k. Then the Z-grading on M,, induced
by the projection G* — Z is an elementary grading defined by the n-tuple

(a1y...,01,02,...,42, ... Ak, ..., Q).
—_——— ——— N ——
£ times ¢ times £ times

Proof. We have a G#-graded isomorphism M, ~ M; ® M,, where M} has an
elementary grading defined by v and M, has a division grading with support T
Since T is contained in the kernel of the projection G# — Z, the factor M, will get
the trivial induced Z-grading. The result follows. O

By the previous two lemmas, the isomorphism class of G#-gradings on M,, with
parameters (T, 3, k) is admissible if and only if v has the following form, up to
permutation and translation by an integer:

Y= ((_17911)7 ERE (_1aglk1); (_27921), ey (_2792k2) ceey (_svgsl)a R (_Sagsks))7
where n; = k;£ for all i = 1,2,...,s. Equivalently, this condition can be restated

directly in terms of k, regarded as a function Z x G/T — Z>o, as follows: there
exist a € Z and Ky, ..., ks : G/T — Z>q with |k;|\/|T| = n; such that

kla—i,z) = ri(z), Yie{l,2,...,s},x€G/T,

and k(a—i,2) =0if i ¢ {1,2,...,s}.
By Lemma 1, every admissible G#-grading M,, = @(m 9)EGH A(m,g) Testricts to
a G#-grading on U(.%), hence the projection onto the second component G# — G

induces a G-grading on U(.#), namely, U(F) = @ e By where By = D, A(m.g)-

Lemma 3. If two admissible G -gradings on M,, are isomorphic then they induce
isomorphic G-gradings on U(F).

Proof. Assume that 1) is an isomorphism between two admissible G#-gradings on
M,,. Since 1 preserves degree in G, it fixes U(.#) as a set and therefore restricts
to an automorphism of U(%). This restriction is an isomorphism between the
induced G-gradings on U(.%). O

Now we want to go back from G-gradings on U (%) to G#-gradings on M,,. First
note that the G-gradings on U(.%#) obtained as above are not arbitrary, but satisfy
the following:

Definition 2. We say that a G-grading on U (%) is in canonical form if, for each
m € {0,1,...,s — 1}, the subspace J,, is G-graded.

In other words, a G-grading I' : U(F) = @ ¢
only if it is compatible with the natural Z-grading on U(%). If this is the case, we

obtain a G#-grading on U(.%) by taking J,, N B, as the homogeneous component
of degree (m,g). We want to show that this G#-grading uniquely extends to M,,.

By is in canonical form if and
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To this end, let us look more closely at the automorphism group of U(.%). We
denote by Int(z) the inner automorphism y + xyz~! determined by an invertible
element x.

Lemma 4. Awt(U(F)) ~ {¢ € Auwt(M,,) | v(U(F)) =U(F)}.
Proof. Tt is proved in [6, Corollary 5.4.10] that
Auwt(U(F)) = {Int(z) |z € U(F)*}.

On the other hand, every automorphism of the matrix algebra is inner, so let
y € M) and assume yU(.Z)y~! = U(.F). Then, by the description of Aut(U (%))
above, we can find x € U(.#)* such that

Int(z) |y(oy= Int(y) |uz) -

It follows that zy~' commutes with all elements of U(.#). Hence yz=! = A1, for
some A € F* and y = Az € U(F)*. O

Assume for a moment that F is algebraically closed and charF = 0. Since G
is abelian, it is well known that G-gradings on a finite-dimensional algebra A are
equivalent to actions of the algebraic group G = Homyz(G,F*) by automorphisms
of A, that is, homomorphisms of algebraic groups G — Aut(A) (see, for example,
[7, §1.4]). The homomorphism nr : G — Aut(A) corresponding to a grading T :
A=, cq Ay is defined by nr(x)(z) = x(g)z for all x € G,geGandz € A,

By Lemma 4, we have

Aut (U(.F)) ~ Staba s, (U(F)) © Aut(M,),

hence, if F is algebraically closed and charF = 0, we obtain the desired unique
extension of gradings from U(.%) to M,,. To generalize this result to arbitrary TF,
we can use group schemes instead of groups. Recall that an affine group scheme over
a field F is a representable functor from the category Algp of unital commutative
associative F-algebras to the category of groups (see e.g. [16] or [7, Appendix A]).
For example, the automorphism group scheme of a finite-dimensional algebra A is
defined by

Aut(A)(R) := Autgr(A® R), VR € Algy.

Another example of relevance to us is GLj(A), for a finite-dimensional associative
algebra A, defined by GL;(A4)(R) := (A® R)*. (In particular, GL;(M,) = GL,.)
Note that we have a homomorphism Int : GL;(A) — Aut(A4).

If G is an abelian group, then the group algebra FG is a commutative Hopf
algebra, so it represents an affine group scheme, which is the scheme version of the
character group G. Tt is denoted by GP and given by GP(R) = Homgz(G, R*).
In particular, GP(F) = G. If we have a G-grading I on A, then we can define a
homomorphism of group schemes nr : GP — Aut(A) by generalizing the formula
in the case of G: (yr)r(x)(z @ r) = z ® x(g)r for all R € Algg, x € GP(R),
r€ R, g€ Gandx € Ay. In this way, over an arbitrary field, G-gradings on A are
equivalent to homomorphisms of group schemes GP — Aut(A).

Lemma 5. Over an arbitrary field, Aut(U(F)) is a quotient of GL1(U(%)), and
Aut (U(F)) ~ Stabaut(a,)(U(F)) via the restriction map.
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Proof. We claim that the homomorphism Int : GL;(U(#)) — Aut(U(F)) is a
quotient map (in the sense of affine group schemes, see e.g. [16, Chapter 15] or
[7, 8A.2]). Since GL1(U(%)) is smooth, it is sufficient to verify that (i) the group
homomorphism Int : (U(#) @ F)* — Autz(U (%) @ F) is surjective, where F is the
algebraic closure of F, and (ii) the Lie homomorphism ad : U(.%) — Der(U (%)) is
surjective (see e.g. [7, Corollary A.49]). But (i) is satisfied by Corollary 5.4.10 in
[6], mentioned above, and (ii) is satisfied by Theorem 2.4.2 in the same work.
Since the homomorphism Int : GLy (U(%)) — Aut(U (%)) factors through the
restriction map Stabaugas,)(U(F)) — Aut (U(F)), it follows that this latter is
also a quotient map. But its kernel is trivial, because the corresponding restriction
maps for the group StabAutF(Mn @) (U(F) ®@TF) and Lie algebra Stabpey(as, ) (U(F))
are injective (see e.g. [7, Theorem A.46]). O

Coming back to a G-grading I" on U(.%) in canonical form, we conclude by
Lemma 5 that the corresponding G#-grading on U(.%) extends to a unique G-
grading T'# on M,,. By construction, I'# is admissible and induces the original
grading T' on U(Z). It is also clear that I'# is uniquely determined by these
properties. Thus, we have a bijection between admissible G#-gradings on M,, and
G-gradings on U(.%) in canonical form.

Lemma 6. For any G-grading on U(F), there exists an isomorphic G-grading in
canonical form.

Proof. Tt follows from Lemma 5 that the Jacobson radical J = @, Jm of U(F)
is stabilized by Aut(U(&)). Hence, J is a G-graded ideal, so the proof of [17,
Lemma 1] shows that, in fact, there exists an isomorphic grading such that each
block is a graded subspace. (I

Lemma 7. If two G-gradings, T1 and Ty, on U(F) are in canonical form and
isomorphic to one another, then there exists a block-diagonal matriz x € U(F)*
such that 1o = Int(x) is an isomorphism between 'y and Ts.

Proof. Let ¢ = Int(y) be an isomorphism between I'1 and I'y. Write y = (45)1<i<j<s
in blocks and let « = diag(y11,...,¥ss). Then z is invertible, so let ¢y = Int(x).
Fix m € {0,1,...,s— 1} and let a € J,,, be G-homogeneous with respect to I';.
Since J™ = J,, ® J™! we can uniquely write ¢(a) = b+ ¢, where b € J,, and
¢ € J"t. Since I'y is in canonical form, J,, and J™*! are G-graded subspaces
with respect to I';. Since 1 preserves G-degree, it follows that b and ¢ are G-
homogeneous elements with respect to I'; of the same G-degree as a with respect
to I';. Finally, note that ¢y(a) = b. Since m and a were arbitrary, we have shown
that 1 is an isomorphism between I'y and I's. O

Now we can prove the converse of Lemma 3.

Lemma 8. If two admissible G¥-gradings on M,, induce isomorphic G-gradings
on U(F), then they are isomorphic.

Proof. Let T'; and T's be two isomorphic G-gradings on U (%) obtained from two
G*#-gradings on M, I‘fﬁ and Fjﬁ, respectively. For i = 1,2, let n; : (G#)P —
Aut(M,) be the action corresponding to T'*. Consider also the restriction I’
of Fz# to U(Z) and the corresponding action 7} : (G#)P — Aut(U(Z)). By
Lemma 7, we can find an isomorphism ¢y = Int(z) between I'y and T's, where x
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is block-diagonal. Such vy preserves the natural Z-grading, so it is actually an
isomorphism between the G#-gradings I} and T'y. Hence, o1} (x) = n5(x)wo for
all x € (G*)P(R) and all R € Algp. By Lemma 5, this implies 1071 (x) = 12(x) %0
for all y € (G#)P(R), which means 1y is an isomorphism between I'Y and I'7. O

‘We summarize the results of this section:

Theorem 9. Over an arbitrary field, the mapping of an admissible G#-grading
on M, to a G-grading on U(ZF), given by restriction and coarsening, yields a
bijection between the admissible isomorphism classes of G¥ -gradings on M, and
the isomorphism classes of G-gradings on U(F). O

If F is algebraically closed, then the admissible isomorphism classes of G7-
gradings on M,, can be parametrized by the triples (T, 5, (k1,...,Ks)), where T C G
is a finite subgroup, 8 : T x T — F* is a non-degenerate alternating bicharacter
and k; : G/T — Zso are functions with finite support such that |r;]\/|T] = ni,
for each ¢ = 1,2,...,s. Hence, isomorphism classes of G-gradings on U(.%) are
parametrized by the same triples.

Choosing, for each k;, a k;-tuple ~; of elements of G, where k; = |k;|, we re-
produce the description of G-gradings on U (%) originally obtained in [15]. Note,
however, that we do not need to assume that G is finite, nor charF = 0. Also
note that we have a description not only of G-gradings but of their isomorphism
classes, which gives an alternative proof of the following result first established in
[4, Corollary 4]:

Corollary 10. Two G-gradings on U(F), determined by (T, B, (k1,...,ks)) and
(1,8, (KY,...,K.)), are isomorphic if and only if T' =T, ' = B and there exists
g € G such that K, = gk;, for alli=1,2,...,s. O

4. LIE CASE

Now we turn our attention to U(.%)(7), that is, U(.%) viewed as a Lie algebra
with respect to the commutator [z, y] = zy — yz. Since we will be working with Lie
and associative products at the same time, we will always indicate the former by
brackets and keep using juxtaposition for the latter. We assume that the grading
group G is abelian and the ground field F is algebraically closed of characteristic 0,
and follow the same approach as in the associative case.

Denote by 7 the flip along the secondary diagonal on M,, that is, 7(FE;;) =
E,—jt1n—it1, for all matrix units E;; € M,. Note that U(#)” = U(%) if and
only if n; = ng_;41 foralli =1,2,...,[5]. Let

U)o = {z € U(F) | tr(a) = 0},

which is a Lie subalgebra of U(#)(~). Moreover, U(.#)(7) = U(F), @ F1, where
1 € U(Z) is the identity matrix. The center 3(U(.Z)(7)) = F1 is always graded, so
1 is a homogeneous element. If we change its degree arbitrarily, we obtain a new
well-defined grading, which is not isomorphic to the original one, but will induce
the same grading on U(.%)(7)/F1 ~ U(%)y (compare with [10, Definition 6]).
It turns out that, up to isomorphism, a G-grading on U (% )(’) is determined by
the induced G-grading on U (%), and the degree it assigns to the identity matrix
(see Corollary 29 in Section 7). Conversely, any G-grading on U (%), extends to
U(F)) = U(F) @ F1 by defining the degree of 1 arbitrarily. Thus, we have a
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bijection between the isomorphism classes of G-gradings on U(.%#)(~) and the pairs
consisting of an isomorphism class of G-gradings on U(% ), and an element of G.

We start by computing the automorphism group of U(.% ). To this end, we will
use the following description of the automorphisms of Aut(U(.%#)(")), which was
proved in [13] for the field of complex numbers.

Theorem 11 ([5, Theorem 4.1.1]). Let ¢ be an automorphism of U(.F)(~), and
assume charF = 0 or charF > 3. Then there exist p,d € U(F), with p invertible
and d block-diagonal, such that one of the following holds:

(1) ¢(z) = prp~t + tr(zd)1, for all x € U(ZF), or

(2) ¢(z) = —pax"p~t + tr(zd)1, for all x € U(F). O

Remark. Case (2) in the previous theorem occurs if and only if U(.%) is invariant
under 7, that is, n; = ns_;41 for all i. It follows that U(&#) admits an anti-
automorphism only under this condition. Indeed, if ¢ is an anti-automorphism of
U(%), then —1 is a Lie automorphism of U(%). Hence, by Theorem 11, we have
—p(x) = prp~t + tr(zd)1 for all z € U(F) or n; = ns_;41 for all i. However, the
first possibility cannot occur if n > 2, since it would imply that the composition
Y Int(p~!), which maps z — —x + tr(zd’)1 where d’ is the block-diagonal part of
—pdp~1, is an anti-automorphism of U(.%), but this is easily seen not to be the
case. (Of course, if n = 2 then we have n; = ns_;41 for all 7.)

As a consequence, we obtain the following analog of Lemma 4. (As usual, the
symbol x denotes a semidirect product in which the second factor acts on the first.)

Lemma 12. Ifn > 2 and n; = ns_;11 for all i, then
Aut(U(F)o) ~ {Int(z) | z € U(F)*} x (—T1);
otherwise, Aut(U(.F)o) =~ {Int(z) | € U(F)*}. In both cases,
Aut(U(F)o) ~ Stabaye(st,) (U(F)o)-

Proof. Let 1 € Aut(U(F)y). We extend ¢ to an automorphism ¢ of U(.Z)(~) by
setting ¢(1) = 1. By the previous result, ¢ must have one of two possible forms.
Assume it is the first one:

o(z) = prp~t +tr(xzd)l, Va € U(ZF).
But as U(#)y is an invariant subspace for ¢, we see that, for all x € U(.%)o,
0 = tr(¢(x)) = tr(pep~ ! + tr(zd)1) = ntr(zd).

Therefore, tr(zd) = 0 and hence ¥(z) = ¢(z) = pxp~ !, for all z € U(F)y, so
¥ = Int(p). The same argument applies if ¢ has the second form. Note that,
for n = 2, the second form reduces to the first on UT'(1,1)o, since —7 coincides
with Int(p) on slp, where p = diag(1, —1). On the other hand, for n > 2, the two
forms do not overlap, since the action of —7 differs already on the set of zero-trace
diagonal matrices from the action of any inner automorphism. We conclude the
proof in the same way as for Lemma 4. O

Let G be an abelian group and define G# = Z x G. Similarly to the associative
case, we want to relate G-gradings on U(.% ) and G¥-gradings on sl,,, since for the
latter a classification of group gradings is known [1] (see also [7, Chapter 3]).

Recall that .J,,, stands for the m-th block-diagonal of matrices. We consider again
the natural Z-grading on U(F)p: its homogeneous component of degree m € Z is
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I NU(F)g if 0 < m < s and 0 otherwise. We say that a G-grading on U(F)g
is in canonical form if, for each m € {0,...,s — 1}, the subspace J,, N U (%) is
G-graded. A G#-grading on sl,, is said to be admissible if the coarsening induced
by the projection G# — Z has U(%)o, with its natural Z-grading, as a graded
subalgebra. An isomorphism class of G#-grading on sl,, is called admissible if it
contains an admissible grading.

Since any Z-grading on sl,, is the restriction of a unique Z-grading on the asso-
ciative algebra M,,, Lemma 1 still holds if we replace M,, by sl,,. Therefore, every
admissible G#-grading on sl,, restricts to U(.% ), and, by means of the projection
G# — @, yields a G-grading on U(.%)g, which is clearly in canonical form. Con-
versely, thanks to Lemma 12, if a G-grading on U(.% )y is in canonical form then it
comes from a unique admissible G#-grading on sl,, in this way. Therefore, similarly
to the associative case, we obtain a bijection between admissible G#-grading on sl,,
and G-gradings on U(.% ), in canonical form.

The following result is technical and will be proved in Section 5:

Lemma 13. For any G-grading on U(F)g, there exists an isomorphic G-grading
in canonical form.

Clearly, as in Lemma 3, if two admissible G#-gradings on sl,, are isomorphic
then they induce isomorphic G-gradings on U (% )g. The converse is established by
the same argument as Lemma 8, using the following analog of Lemma 7:

Lemma 14. If two G-gradings, Ty and T'a, on U(F ) are in canonical form and
isomorphic to one another, then there exists an isomorphism g between I'y and
Ty of the form vy = Int(z) or g = —Int(x)r where the matrix x € U(F)* is
block-diagonal.

Proof. Let ¢ be an isomorphism between I'y and 'y, If ¢ = Int(y) then we are in
the situation of the proof of Lemma 7. If ) = —Int(y)7 then the same proof still
works because all subspaces J,,, are invariant under 7. (]

In summary:

Theorem 15. The mapping of an admissible G¥#-grading on sl,, to a G-grading
on U(F)g, given by restriction and coarsening, yields a bijection between the ad-
missible isomorphism classes of G¥ -gradings on sl, and the isomorphism classes
of G-gradings on U(F)y. O

There are two families of gradings on sl,, n > 2, namely, Type I and Type II.
(Only Type I exists for n = 2.) Their isomorphism classes are stated in Theorem
3.53 of [7], but we will use Theorem 45 of [2], which is equivalent but uses more
convenient parameters.

By definition, a G#-grading of Type I is a restriction of a G#-grading on the
associative algebra M,,, so it is parametrized by (T, 3, k), where, as in Section 3,
T C G is a finite group, 8 : T x T — F* is a non-degenerate alternating bicharacter
and  : Z x G/T — Zsg is a function with finite support satisfying |x|y/|T| = n.

For a Type II grading, there is a unique element f € G# of order 2 (hence, in fact,
f € GQ), called the distinguished element, such that the coarsening induced by the
natural homomorphism G# — G# /(f) is a Type I grading. The parametrization of
Type II gradings depends on the choice of character y of G# satisfying x(f) = —1.
So, we fix xy € G with X(f) = —1 and extend it trivially to the factor Z. Then,
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the parameters of a Type II grading are a finite subgroup T C G# (hence T C G)
containing f, an alternating bicharacter 5 : T x T — F* with radical (f) (so,
B determines the distinguished element f), an element g# € G#, and a function
k: ZxG/T — Z>o with finite support satisfying |x|v/|T"|/2 = n. These parameters
are required to satisfy some additional conditions, as follows.

To begin with, for a Type II grading, 7" must be 2-elementary. Its Type I coars-
ening is a grading by G# /(f) ~ Z x G with parameters (T, 3, k), where T := T/{f)
is a subgroup of G := G/(f), B: T x T — F* is the non-degenerate bicharacter
induced by 3, and & is now regarded as a function on Z x G/T ~Z x G/T.

Since T is 2-elementary, 5 can only take values 1 and ¢ := /|T'|/2 is a power
of 2. If one uses Kronecker products of Pauli matrices (of order 2) to construct a
division grading on M, with support T and bicharacter /3, then the transposition
will preserve degree and thus become an involution on the resulting graded division
algebra D. The choice of such an involution is arbitrary, and it will be convenient
for our purposes to use 7, which also preserves degree. Since all homogeneous
components of D are 1-dimensional, we have

(X7)" = () Xz, VteT, Xge Dy,

f and B as maps of vector spaces over the field of two elements, this equation
means that 7 is a quadratic form with polarization 3. Define a quadratic form
n: T — {+1} with polarization 8 by n(t) = x(¢)7(t), where ¢ denotes the image of
t € T in the quotient group 7.

Recall that a concrete G# /(f)-grading with parameters (T, 3, x) is constructed
by selecting a k-tuple of elements of G# /(f), as directed by &, to get an elementary
grading on My, where k = |s|, and identifying M,, ~ M} ® D via Kronecker product.
The remaining parameter g# can then be used, together with the chosen involution
7 on D, to define an anti-automorphism ¢ on M, by the formula

o(X)=07'X"®, VX e M,,

where the matrix ® € My ® D ~ M,,(D) is constructed in such a way that ¢? acts
on M, in exactly the same way as x?, which acts on M,, because it can be regarded
as a character on G# /(f) (since x2(f) = 1) and M,, is a G¥ /(f)-graded algebra.
As a result, we can split each homogeneous component of the G# /(f)-grading on
M,, into (at most 2) eigenspaces of ¢ so that the action of x on the resulting G#-
graded algebra Mnf) coincides with the automorphism —¢. Finally, the restriction
of this G#-grading to sl,, is a G#-grading of Type II with parameters (7T’ 3, g#, K).
In order to construct ®, two conditions must be met:

(i) kis gff -balanced in the sense that x(x) = k((g7 ) 'z~") for all z € Zx G/T
(where the inverse in Z is understood with respect to addition);
(ii) Kk(g#T) is even whenever g (¢%)% € T and 5(g (9#)?) = —1 for some
g” € G*.
Such a matrix ® € My (D) is given explicitly by Equations (3.29) and (3.30) in [7],
but in relation to the usual transposition. Since we are using 7, the order of the k
rows has to be reversed and the entries in D chosen in accordance with the above
quadratic form 7 rather than the quadratic form in [7]. It will also be convenient
in our situation to order the k-tuple associated to x in a different way, as will be
described below.
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We are only interested in admissible isomorphism classes of G#-gradings on sl,,.
If n = 2, the isomorphism condition for (Type I) gradings is the same as in the
associative case: all translations of k determine isomorphic gradings. If n > 2,
however, one isomorphism class of Type I gradings on sl,, can consist of one or two
isomorphism classes of gradings on M,,, because (T, 3, k) and (T, 37!, k) determine
isomorphic gradings on sl,,, where the function & : Z x G/T — Z>¢ is defined by
k(i,x) := rk(—i,2~ ). Hence, the isomorphism class of G*-gradings of Type I with
parameters (T, 8, k) is admissible if and only if at least one of the functions x and
R has the form described after Lemma 2. Assuming it is k, there must exist a € Z
and functions k1, ..., ks : G/T — Zso with |k;|\/]T| = n;, such that

(4.1) kla—i,z) = ki(z), Yie{l,2,...,s},x€G/T,

and k(a —i,2) = 0 if ¢ & {1,2,...,s}. Then & can be expressed in the same
form, but with the function %;(z) := x;(z~!) playing the role of xs_;,1 for each i.
Thus, the isomorphism classes of G-gradings of Type I on U(.%), are parametrized
by (T, 5, (k1,...,kKs)), and, if n; = ng_;41 for all 4, then (T, 3, (k1,...,Ks)) and
(T, 871, (Rs,...,R1)) determine isomorphic G-gradings on U(.% ).

Now consider the isomorphism class of Type II gradings on sl, (n > 2) with
parameters (7T, 3, g# , k). Admissibility is a condition on the Z-grading induced
by the projection G# — Z, which factors through the natural homomorphism
G#* — G#/(f). So, for this isomorphism class to be admissible, it is necessary and
sufficient for x to have the form given by Equation (4.1), but with |r;|\/|T|/2 = n;.

Lemma 16. If g# = (ag,g0) and k is given by Equation (4.1), then k is g#—
balanced if and only if ag = s+1—2a and ki(x) = ks_ir1(gy 'z~ ") for allz € G/T
and all 7.

Proof. Consider the function rz : Z — Zxo given by rz(m) = 3 /1 £(m, g).

Then the support of kz is {a — s,...,a — 1}. On the other hand, if x is gg#—
balanced, then 7z is ap-balanced, that is, xkz (i) = kz(—ag — 4), for all ¢ € Z, which
implies —ag — (a — s) = a — 1. The result follows. O

Therefore, we can replace the parameters gé’& and k by go and (K1, ..., kKs). Also,
since gff (g#)2 ¢ T for any g# = (a —i,g) with s + 1 # 2i, condition (ii) is
automatically satisfied if s is even, and affects only & HE if s is odd. Hence, we can
restate conditions (i) and (ii) in terms of k1, ..., ks as follows:

(i) mi(w) = Keit1(gy ™) for all x € G/T and all 4;
(i") either s is even or s is odd and H%(QT) is even whenever gog? € T and
n(gog?) = —1 for some g € G.

Note that condition (i) implies that n; = |k;|¢ = |ks—i+1|f = ns—it1, so Type
IT gradings on U(% ) can exist only if n; = ns_; 4 for all 4, as expected from the
structure of the automorphism group (see Lemma 12).

Let us describe explicitly a Type II grading on U (%), in the isomorphism class
parametrized by (T, 8, go, (k1,...,ks)). For each 1 < i < %7 we fill two |x;]-
tuples, v; and ~s_;4+1, simultaneously as follows, going from left to right in ~; and
from right to left in v5_;41. For each coset € G/T that lies in the support of ;,
we choose an element g € = and place k;(x) copies of g into 7; and as many copies
of gy 'g~! into vs—_;11. If s is odd, we fill the middle |r;|-tuple 7;, with i = =L, in
the following manner: ~; will be the concatenation of (possibly empty) tuples v,
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v+, 4%, v~ and 4 (in this order), where v and v are to be filled from left to
right, v~ and +” from right to left, and 4" in any order. For each z in the support
of ki, we choose an element g € z. If gog® ¢ T, we place k;(x) copies of g into v¢
and as many copies of gy 'g~! into 7*. If gog? € T and 1(gog®) = —1, we place
1ki(z) copies of g in each of v and y~. Finally, if gog®> € T and 1(gog?) = 1, we
place x;(x) copies of g into v°. Concatenating these 71, ...,7s results in a k-tuple
v = (g1,---,gxr) of elements of G. Taking them modulo (f), we define a G-grading
on My, and, consequently, on M,, ~ M, ®D, so M,, = @ Rg. Then we construct

a matrix ® € My (D) ~ M} ® D as follows:

geG

® = diag(x(9; e, x(g, o) @ diag(Xg,52 oo Xgpgz )
(4.2) @ diag(X

B3 yqs17 NG0s, )
S diag(fXgogiipqurla ) 7X§Ofli,p) D dlag(X(gjg__lp+1)I£7 oo 7X(gk;_1)-[2)7

where p is the sum of the lengths of v1,...,7|s), and ~<, q is the length of 4T,

and dAm/g denotes arrangement of entries along the secondary diagonal (from left to
right). Finally, we use ® to define a G-grading on M

(4.3) M) = @D Ry where Ry = {X € Ry | &' X7® = —x(g) X},
geG

which restricts to the desired grading on U(.%#).

Thus we obtain the following classification of G-gradings on U(# ), from our
Theorem 15 and the known classification for sl,, (as stated in [2, Theorem 45] and
[7, Theorem 3.53]).

Corollary 17. Every grading on U(ZF)o by an abelian group G is isomorphic either
to a Type I grading with parameters (T, B, (k1,...,ks)), where |k;| = ni+/|T|, or
to a Type II grading with parameters (T, 3, go, (K1, ..., Ks)), where |k;|\/|T]/2 = n;
and T is 2-elementary. Type II gradings can occur only if n > 2 and n; = Ns_;41
for all i, and their parameters are subject to the conditions (i’) and (ii’) above.
Moreover, gradings of Type I are not isomorphic to gradings of Type II, and within
each type we have the following:

(M) (T,B8,(Kk1,...,ks)) and (T', 08, (KY,...,Kk.)) determine the same isomor-
phism class if and only if T' = T and there exists g € G such that either
B =B and ki = gr; for all i, orn > 2, B’ = B~ and K, = gks_i1 for all
i, where k(x) = k(x™1) for allx € G/T.

(II) (T, B, 90, (K1,-..,ks)) and (T', B, g0, (K, ..., kL)) determine the same iso-
morphism class if and only if T' =T, ' = 8, and there exists g € G such
that gy = g~ %go and K}, = gk, for all i. O

5. COMMUTATIVITY OF THE GRADING GROUP

Our immediate goal is to prove Lemma 13. The arguments will work without
assuming a priori that the grading group is abelian, and, in fact, our second goal
will be to prove that the elements of the support of any group grading on U(.% ),
must commute with each other. It will be more convenient to make computations
in U(Z)(-). So, suppose U(.F)(~) is graded by an arbitrary group G. We still
assume that charF = 0, but F need not be algebraically closed.
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Write U(F) = D,<;<,<, Bij, where each B;; is the set of matrices with non-
zero entries only in the_(i_, ﬂ—th block. Thus, Jp, = Bi m+1 @ Bamy2 @ @ Bs—m,s
for allm € {0,1,...,s—1}. It is important to note that [J1, J,,] = Jm4+1 and hence
the Lie powers of the Jacobson radical J = €D, Jm coincide with its associative
powers.

Let e; € B;; be the identity matrix of each diagonal block and let

0 = Span{ey,eq, ... e}

We can write B” =5, D ]Fei, where 5, = [B”,B“] >~ 5[7,‘1’. Let S = @::1 S; and
R=0®J. Then U(Z)(7) = S@ R is a Levi decomposition.

We will need the following graded version of Levi decomposition, which was
established in [12] and then improved in [8] by weakening the conditions on the
ground field:

Theorem 18 ([8, Corollaries 4.2 and 4.3]). Let L be a finite-dimensional Lie algebra
over a field F of characteristic 0, graded by an arbitrary group G. Then the radical
R of L is graded and there exists a maximal semisimple subalgebra B such that
L =B® R (direct sum of graded subspaces). O

Corollary 19. Consider any G-grading on U(F)(7). Then the ideal R is graded.
Moreover, there exists an isomorphic G-grading on U(ﬂ)(’) such that S is also
graded.

Proof. By Theorem 18, there exists a graded Levi decomposition U (-# )(&) = B@R.
But U(#)(7) = S@®R is another Levi decomposition, so, by Malcev’s Theorem (see
e.g. [9, Corollary 2 on p. 93]), there exists an (inner) automorphism 1 of U (.%#)(-)
such that ¥(B) = S. Applying 1 to the given G-grading on U(.%)(~), we obtain a
new G-grading on U(.%)(~) with respect to which S is graded. O

Lemma 20. For any G-grading on U(ﬁ)(f), there exists an isomorphic G-grading
such that the subalgebras 0 and S are graded.

Proof. We partition {1,...,s} = {i1,...,4} U{j1,...,Js—r} S0 that n;, =1 and
nj, > 1. Denote en = > ;_; €i,, then eaU(F)ea =~ UT,, the algebra of upper
triangular matrices (if r > 0).

By Corollary 19, we may assume that S is graded. Then its centralizer in R, N :=
Cr(95), is a graded subalgebra. It coincides with Span{e;,,...,e;, } ® eaU(F)en,
and its center (which is also graded) coincides with Span{e;,,...,e;,,ea}. If r =0,
then N = 0 and we are done. Assume r > 0. Then we obtain a G-grading on
N/3(N) ~ UT,g_)/Fl ~ (UT,)o. These gradings were classified in [10], where
it was shown that, after applying an automorphism of UT,S_), the subalgebra of
diagonal matrices in U T,gf) is graded. Since —7 preserves this subalgebra, we may
assume that the automorphism in question is inner. But an inner automorphism of
eaU(F)en can be extended to an inner automorphism of U(%). Indeed, let y be
an invertible element of eaU(ZF)ea. Then z =3 7" e;, +y € U(F)* and Int(z)
extends Int(y). Moreover, Int(x) preserves S. Therefore, we may assume that the
subalgebra of diagonal matrices in N/3(V) is graded. But the inverse image of this
subalgebra in N is precisely 0, so 0 is graded. O

It will be convenient to use the following technical concept:
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Definition 3. Let L be a G-graded Lie algebra. We call x € L semihomogeneous
if £ = xp, + x,, with x;, homogeneous and z, € 3(L). If ) ¢ 3(L), we define the
degree of x as degxj; and denote it by degx.

An important observation is that if  and y are semihomogeneous and [z, y] # 0,
then [z, y] is homogeneous of degree deg x deg y (as [z, y] will coincide with [zp, yn]).

Proposition 21. For any G-grading on U(f/")(_), there exists an isomorphic G-
grading with the following properties:

(i) the subalgebras sy, + $5_k41 are graded,
(i) the elements ey —es_gy1 (k # %1) are semihomogeneous of degree 15, and
(iii) the elements ey +es_p4+1 are semihomogeneous of degree f (if s > 2), where
f € G is an element of order at most 2.

Proof. By Lemma 20, we may assume that S and 0 are graded subalgebras. Also
note that J = [R, R] and all of its powers are graded ideals. We proceed by
induction on s. If s =1, then s; = S is graded and there is nothing more to prove.
If s = 2, then 1 ® 55 = S is graded. Also, Span{ej,es} =0 and ey +e9 =1 is
central, so e; — es is a semihomogeneous element. Its degree must be equal to 14,
because [e; — eq, 2] = 2z for any « € J = B1a. Now assume s > 2.

Claim 1: N := By1 ® B;s @ F1 @ J is graded.

First suppose s > 4. Consider J572 = J,_5 @ Jo_1 (the three blocks in the top
right corner) and the graded ideal C := Cr(J*72) = RNCyzy (J572). Tt is easy
to see that

C = Span{es,... o1} ®F1 B Bog @ -+ @B By_o s_1 & J°.

Now, the adjoint action induces on C/J? a natural structure of a graded U (.%)(~)-
module, and one checks that N = Anny(zy-)(C/J?) + J, so N is graded.
If s = 3, then consider J? = .J, = B3 and the graded ideal C' := CU(Lg)<_>(J2).
One checks that
C=ByaFlal

and hence N = Anng (g (C/.J). This completes the proof of Claim 1.
It follows that SN N = s, & s, is a graded subalgebra, and

I, :==02N N = Span{ey, e,, 1}

is graded as well. Hence, Cy, (J*~!) = Span{e; + e, 1} is graded, so we conclude
that e; + es is semihomogeneous. Denote its degree by f.

Claim 2: f? = 1¢ and e; — e, is semihomogeneous of degree 1¢.

Since I; /F1 is spanned by the images of e; and e, there must exists a semihomo-
geneous linear combination € of e; and ey that is not a scalar multiple of e; +
es. Consider the graded I;-module J572/J%~1. As a module, it is isomorphic to
Bi,s-1 @ B3, where 1 acts as 0, e; as the identity on the first summand and 0 on
the second, and e; as 0 on the first and the negative identity on the second. Using
this isomorphism, we will write the elements x € Js’z/JS’1 as r = x1 + xro with
21 € By s—1 and z2 € By ;. Since the situation is symmetric in e; and es, we may
assume without loss of generality that € = e; + aes,  # 1. Pick a homogeneous
element x = 1 +x2 with 1 # 0. First, we observe that (e; +es)-((e1+es)-x) =z,
which implies f2 = 1g. If 75 = 0, then é-2 = (e; +e3) -7 = x, and this implies that
the semihomogeneous elements é and e; 4+ es both have degree 14, which proves
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the claim. If a = 0, then é -z = x1 — azs = 1 is homogeneous and we can apply
the previous argument. So, we may assume that o # 0.

Suppose for a moment that we have degé = 1g. If @ = —1, we are done.
Otherwise, we can consider the homogeneus element 0 # z +a 1€ 2 € Bj s—1 and
apply the previous argument again.

It remains to prove that deg é = 1¢. Denote this degree by g and assume g # 1¢.
Considering

D :=Span{z,é-x,e- (€ -x),...},

we see, on the one hand, that dim D < 2, because D C Span{z1,z2}. On the other
hand, non-zero homogeneous elements of distinct degrees are linearly independent,
so the order of g does not exceed 2. By our assumption, it must be equal to 2. Then
x and é-x form a basis of D and y := é- (€-x) has the same degree as 2. Therefore,
y = Az for some A # 0. On the other hand, y = x; + o®x5, hence o = £1. The
case o = 1 is excluded, whereas a = —1 implies é-x = x, which contradicts g # 1.
The proof of Claim 2 is complete.

We have established all assertions of the proposition for £ = 1. We are going
to use the induction hypothesis for k > 1. To this end, let e := 1 — (e; + e5) and
consider eU(F)e ~ UT(ng,...,ns—1). Observe that the operator ad(e; — e5) on
U(.Z)) preserves degree and acts as 0 on By; @ eU(.F )e @ By, as the identity on
the blocks Bia, ..., Bi,s—1 and Bag,...,Bs_1 s and as 2 times the identity on By,.
It follows that

71t = (id — gad(er — e)) (i — ad(er ) ) U(F))
=B11 D eU(ﬁZ)e ® Biss,

is a graded subspace. Hence, Ly := Cp,(J*71) = F(e; + es) ® eU(F)e is graded
and we can apply the induction hypothesis to L1 /F(e; + es) ~ UT(na,...,ns_1).
Therefore, for 1 < k < %1, the subalgebras F(e1 + e5) @ (sx + $s—k4+1) C L1 are
graded, the elements e +e5_41 are semihomogeneous of degree [’ in L; (if s > 4),
and the elements e — es_p4+1 (k # %) are semihomogeneous of degree 1¢ in L.
For the subalgebras, we can get rid of the unwanted term F(e; + e5) by passing to
the derived algebra, so we conclude that sy 4+ s5_+1 are graded. For the elements,
since 3(L1) = F(e1 + e5) ® F1, we also have to get rid of F(e; + e,) before we can
conclude that they are semihomogeneous in U (.%)(7).

Claim 3: ey + e;_g11 are semihomogeneous of degree f in U(ﬁi)(_).

If s =3, then e; = 1 — (e; + e3) is semihomogeneous of degree f. If s = 4, then
es +es—1 =1 — (e1 + es) is semihomogeneous of degree f. So, assume s > 4. By
the above paragraph, we know there exist oy, such that ag(e; + es) + ex + €s—g+1
are semihomogeneous of degree f’ in U(Z)(7). If ap = 0, then pick a non-zero
homogeneous element = € J*~2/J°7L1. Since (e; +e) -z = —(ea +es_1) -7 # 0,
we conclude that f = f’ and the claim follows, because we can subtract the scalar
multiples of e; + e, from the elements ax(er + es) + ex + es—p+1. If ag # 0,
consider instead the graded U(.%)(™)-module ([e; — es, J?] +J%)/J3. As a module,
it is isomorphic to B3 ® Bs_2 s, 50 e2 + e,—1 annihilates it. Picking a non-zero
homogeneous element x, we get

(aa(e; +es)+eat+es—1) -z =as(er+es) x#0,

so again f = f’ and the claim follows.
Claim 4: e;, — e;_g41 are semihomogeneous of degree 15 in U(?)(’).



GROUP GRADINGS ON BLOCK-TRIANGULAR MATRICES 17

We know there exist o), such that a},(e1 +es)+ex —es—k+1 are semihomogeneous
of degree 1¢ in U(ﬂ)(’). If f = 14, then we can subtract the scalar multiples of
e1 + es, so we are done. If f # 1lg, we want to prove that «j, = 0. By way
of contradiction, assume o) # 0. If k& < §, then e, — e,_p41 annihilates the
graded module ([e; — ey, J¥] + J¥+1)/JFHL 50, using the argument in the proof
of Claim 3, we conclude that deg(e; + es) = 1@, a contradiction. It remains to
consider the case s = 2k. If s > 4, then e,/5 —e,/241 annihilates the graded module
([ex — es, J] + J?)/J?, which is isomorphic to Bis & Bs_1 s, so the same argument
works. If s =4, then e; — ez does not annihilate this module, but acts on it as the
negative identity. Picking a non-zero homogeneous element x, we get

T+ (ah(er +es) +ex—e3) -z =ab(er +es) z#0,

so again deg(e; + es) = 1g, a contradiction.
The proof of the proposition is complete. ([

Proof of Lemma 13. We extend a given G-grading on U (%) to U(.Z)(~) by defin-
ing the degree of 1 an arbitrarily. Then U(%)g =~ U(#)(7)/F1 as a graded algebra.
By Lemma 20, we may assume that 0 and S are graded, hence the subalgebra
Jo = 0® S and its homomorphic image Jo/F1 ~ JoNU(F)o in U(F ), are graded.
(In fact, by Proposition 21, we can say more: every subalgebra B;; + Bs_;+1 + F1
is graded.) To deal with J,, for m > 0, we will use the semihomogeneous elements

d; :=e; — es_; 1 of degree 1 (i # 3'2"1). Fixi<j. lfi+j+#s+1, then

Bij ® Be_ji1.6 i1 = ad(d; — d;)ad(d;)ad(d;)U(F) ),
which is a graded subspace. If i + j = s + 1, then
Bi; = (id — ad(d;))ad(d;)J* "t
is graded. Thus, B;; + Bs—j4+1,s—i+1 is graded for all ¢ < j, hence so is Jp,. ([

Now, we proceed to prove that the support of any G-grading on U (%) is a com-
mutative subset of G in the sense that its elements commute with each other. The
key observation is that, if x and y are homogeneous elements in any G-graded Lie
algebra and [z, y] # 0, then deg x must commute with degy. By induction, one can
generalize this as follows: if z1, ...,z are homogeneous and |[. .. [x1,x2],..., k] # 0
then the degrees of x; must commute pair-wise. This fact was used to show that the
support of any graded-simple Lie algebra is commutative (see e.g. [12, Proposition
2.3] or the proof of Proposition 1.12 in [7]). We will need the following two lemmas.

Lemma 22. Suppose a semidirect product of Lie algebras V' x L is graded by a group
G in such a way that both the ideal V and the subalgebra L are graded. Assume that
the support of L is commutative and, as an L-module, V is faithful and generated
by a single homogeneous element. Then the support of V x L is commutative.

Proof. Let v be a homogeneous generator of V' as an L-module and let g = degwv.
Denote by H the abelian subgroup generated by Supp L. Then Supp V' is contained
in the coset Hg. In particular, the subgroup generated by Supp (V' x L) is also
generated by H and g, so it is sufficient to prove that g commutes with all elements
of Supp L. Let a # 0 be a homogeneous element of L. Since V is faithful, there exists
a homogeneous element w € V such that a-w # 0. But, in the semidirect product,
a - w = [a,w], hence deg a and degw commute. Since dega € H, degw € Hg, and
H is abelian, we conclude that dega commutes with g. [
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Lemma 23. Let L = L1 X --- X Ly and suppose the semidirect product V x L
is graded by a group G in such a way that V and each subalgebra L; are graded.
Assume that V is graded-simple as an L-module and, for each i, Supp L; is commu-
tative and V is faithful as an L;-module. Then the support of V x L is commutative.

Proof. One checks that, if we redefine the bracket on the ideal V' to be zero while
keeping the same bracket on the subalgebra L and the same L-module structure on
V, the resulting semidirect product is still G-graded, so we may suppose [V, V] = 0.
Let v be any non-zero homogeneous element of V' (hence a generator of V' as an L-
module). Let W; be the L;-submodule generated by v. Since the actions of L; and
L; on V commute with each other for all j # ¢, W; must be a faithful L;-module, so
we can apply Lemma 22 to the graded subalgebra W; x L; and conclude that degwv
commutes with the elements of Supp L; for each 7. It remains to prove that the
elements of Supp L; commute with the elements of Supp L; for j # 4. Let a # 0 be
a homogeneous element of L;. Pick a homogeneous v € V such that v/ :=a-v #0
and denote g = degv and ¢’ = degv’. By the previous argument, both g and ¢’
commute with every element of Supp L;. But this implies that dega commutes
with every element of Supp L;. O

Theorem 24. The support of any group grading on U(F)o over a field of charac-
teristic 0 generates an abelian subgroup.

Proof. The result is known for simple Lie algebras, so we assume s > 1. We extend
the grading to U(.#)(~) and bring it to the form described in Proposition 21. Then,
as in the proof of Lemma 13 just above, we can break J into the direct sum of graded
subspaces of the form B;; @ Bs_jt1s—i+1 (i +J #s+1)or B; (i+j=s+1),
forall 1 < i < j <s. Also, §; := s; + 5,_;+1 are graded subalgebras (possibly
zero). Note that any non-zero §; is graded-simple and, therefore, its support is
commutative, except in the following situation: 7 %1 and one of the ideals
5; and §5_;41 is graded. In this case, the other ideal is graded, too, being the
centralizer of the first in §;, and we can apply Lemma 23 to the graded algebra
Bis—it1 ®5; ~ Bjs—it1 X (8; X $5_;41) to conclude that the support of §; is still
commutative. Moreover, its elements commute with those of Supp B; s_;41, so we
are done in the case s = 2. From now on, assume s > 2. Let f be the element of
G as in Proposition 21.

Case 1: f=1¢.

Here each block B;; and each subalgebra s; is graded. Indeed, each element e; is
semihomogeneous of degree 1. If ¢ + j = s + 1, then we already know that B;; is
graded, and otherwise B;; = ad(e;)(Bij ® Bs—ji1,s—i+1), so it is still graded. For
§;, it is sufficient to consider i < 3'2"1. Ifi = %, then we already know that s; is
graded, and otherwise we can find j > i such that j # s — i+ 1, which implies that
s; = Cs,(B;j) is still graded.

Applying Lemma 23 to B;; X (s; X §;), we conclude that the supports of non-zero
s; and s; commute element-wise with one another and also with Supp B;;. (This
works even if one of s; and s; is zero.) It follows that Supp S generates an abelian
subgroup H in G. It also commutes element-wise with Supp.J. Indeed, since
Supp B;; is contained in a coset of H, it is sufficient to prove that the degree of one
non-zero homogeneous element of B;; commutes with the elements of Supps;. We
already know this if k =i or k = j. Otherwise, we will have k < i < j,i < k < jor
i < j < k. In the last case, we have [B;;, B;;] = B, so we can find homogeneous
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elements © € B;; and y € Bj;, such that 0 # [z,y] € Bjx. Since the elements of
Supp s commute with degy and with degz degy, they must commute with degz
as well. The other two cases are treated similarly.

It remains to prove that SuppJ is commutative. Since J; generates J as a
Lie algebra, it is sufficient to prove that, for any 1 < i < j < s — 1, the sets
Supp B; ;+1 and Supp B; ;11 commute with one another element-wise. But we

can find homogeneous elements x1 € Bia, T2 € Ba3,...,2s—1 € By_1,s such that
[...[z1,22],...,25-1] # 0, so the degrees of x1,x9,...,25_1 must commute pair-
wise. The coset argument completes the proof of Case 1.

Case 2: f # 1¢.

Here we work with Bij = B;j + Bo_jt1,5—i+1. If §; and §; are distinct (that is,
i+j # s+ 1) and non-zero, then B;; is a direct sum of two non-isomorphic simple
(8; x §;)-submodules. We claim that it is a graded-simple (§; x §;)-module. Indeed,
otherwise one of the submodules B;; and Bs_j11 s—i+1 would be graded. But there
exist scalars \; such that é; := e; + es_;+1 + A;1 are homogeneous of degree f, and
ad(é;) acts as the identity on B;; and the negative identity on Bs_;11 s—;+1, which
forces f = 1¢, a contradiction.

Therefore, we can apply Lemma 23 to Bij x (8; x 5;) and conclude that the
supports of non-zero §; and 5; commute element-wise with one another, hence
Supp S is commutative.

Now consider B;j, with i + j # s+ 1, as an ((3; x §;) x F&;)-module, where one
of 5; and s; is allowed to be zero. The simple submodules B;; and Bs_j11,s—i+1
are non-isomorphic, because they are distinguished by the action of €;. Hence, our
argument in the first paragraph shows that Bij is a graded-simple module, so we
can apply Lemma 23 to B,;j x ((5; x §;) x F&;) and conclude that the supports
of 5, and 5; commute element-wise with f and also with Supp Bij. Moreover, f
commutes with Supp Bij. Ifi+j=s+1, then Bij = B;; and we can apply Lemma
22 to Bij X gz

Therefore, the elements of Supp S commute with f and together generate an
abelian subgroup H in G. Then, by the same argument as in Case 1 (but using
Bij instead of B;;), we show that Supp S commutes element-wise with Supp J. In
order to prove that f commutes with Supp J, it is sufficient to consider J;. As we
have seen, f commutes with Supp BZ—J— where i + j # s+ 1. The only case that
is not covered in Jy is B’S/Q’S/Hl = By/2,s/241 for even s. Since s > 2, we have
[Bs/2—1,5/2, Bsj2,s/241] = Bsja—1,s/241- Since f commutes with Supp By/z_1 /2
and with Supp BS/Q,LS/QH, we conclude that f commutes with Supp B/ /241 as
well. The commutativity of Supp J is proved by the same argument as in Case 1. [

6. JORDAN CASE

Every Jordan isomorphism from the algebra U(.%), s > 1, to an arbitrary asso-
ciative algebra R is either an associative isomorphism or anti-isomorphism [3, Corol-
lary 3.3]. By the remark after Theorem 11, U(.#) admits an anti-automorphism
if and only if n; = ns_;41 for all 7. So, taking into account the structure of the
automorphism group of U (%) (see Lemma 4), we obtain that the automorphism
group of U(.Z)(), that is, the algebra U(.F) viewed as a Jordan algebra with re-
spect to the symmetrized product z oy = xy + yz, is either {Int(z) | z € U(F)*}
or {Int(z) |z € U(F)*} x (7). In both cases, the following holds:
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Lemma 25. Ifn > 2, Aut(U(Z)H)) ~ Aut(U(F)o). O

Hence, if T is algebraically closed of characteristic 0 and the grading group G
is abelian, then the classification of G-gradings on the Jordan algebra U(.%#)(*) is
equivalent to the classification of G-gradings on the Lie algebra U(%#)g (see also
[7, §5.6] for the simple case, s = 1). Thus, we get the same parametrization of the
isomorphism classes of gradings as in Corollary 17. The only difference is the sign
in the construction of Type II gradings on MY(LH (compare with Equation (4.3) and
recall that @ is given by Equation (4.2)):

MP = @Rg where By = {X € Ry | 7' X"® = x(9) X},
geG

which are then restricted to U(.Z)(*). Hence, for n > 2, an explicit bijection
between the G-gradings (or their isomorphism classes) on U(.Z)*) and those on
U(F)o is the following: reduction modulo F1 for Type I gradings and reduction
with shift by the distinguished element f for Type II gradings (which occur on
U(Z)*) even for n = 2, but in this case reduce to Type I gradings on U(.%)o).

We note, however, that this result does not exclude the existence of group grad-
ings on U(.%)™) with non-commutative support. In view of Theorem 24, these
gradings, if they exist, are not analogous to gradings on U(%)o.

7. ISOMORPHISM AND PRACTICAL ISOMORPHISM OF GRADED LIE ALGEBRAS

We use the main result of this section to obtain a classification of group gradings
for U(.%)(=) from the classification for U(.% ), but it is completely general and may
be of independent interest. Let G be a group and let Ly and Ly be two G-graded
Lie algebras over an arbitrary field F.

Definition 4 ([10, Definition 7]). Ly and Ly are said to be practically G-graded
isomorphic if there exists an isomorphism of (ungraded) algebras ¢ : L1 — Lo that
induces a G-graded isomorphism L;/3(L1) — La/3(L2).

Note that, in this case, for every homogeneous non-central z € Li, we can find
z € 3(L1) such that y = ¢(x + z) is homogeneous in Ly and degxz = degy.

Clearly, if Ly and Lo are G-graded isomorphic then they are practically G-graded
isomorphic. The converse does not hold, but if L; and Lo are practically G-graded
isomorphic then the derived algebras L] and L} are G-graded isomorphic. More
precisely:

Lemma 26. Assume ¢ : L1 — Lo is an isomorphism of algebras that induces
a G-graded isomorphism L1/3(L1) — Lo/3(L2). Then 1 restricts to a G-graded
isomorphism L} — L.

Proof. Let 0 # x € L} be homogeneous of degree g € G. Then there exist in L
nonzero homogeneous z; of degree g} and /' of degree g/, i = 1,...,m, such that
z =" |2}, 2] and gjg! = g for all i. Also, there exist z/,z/ € 3(L;) such that
Y(z; + 2}) is homogeneous of degree ¢; and ¥ (z} + 2/') is homogeneous of degree
g/, for all 4. Hence,

P(z) = <Z[£§ + 2,2 + Zﬁ) =D [+ ) (] + )]
i=1 i=1

is homogeneous in Lo of degree g, as desired. ([
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Now we will see what happens if we strengthen the hypothesis on ¥ by assuming,
in addition, that it restricts to a G-graded isomorphism 3(L;) — 3(Lz2). This does
not yet imply that ¢ itself is a G-graded isomorphism, but we have the following;:

Theorem 27. Let L and Ls be G-graded Lie algebras, and assume that there
exists an isomorphism of (ungraded) algebras v : L1 — Lo such that both the
induced map L1 /3(L1) — La/3(L2) and the restriction 3(L1) — 3(L2) are G-graded
isomorphisms. Then Ly and Lo are isomorphic as G-graded algebras.

Proof. Let Ny C 3(L1) be a graded subspace such that
3(L1) = N1 @ (3(L1) N LY).

By our hypothesis, Ny := (1) is a graded subspace of 3(Ls). Since L} & Ny is
a graded subspace of Ly, there exists a linearly independent set By = {u;};c.s of
homogeneous element of L; satisfying

Ly =L} ® Ny ® Span B;.

By our hypothesis, we can find z; € 3(L1) such that ¥ (u; + 2;) is a homogeneous
element of Ly that has the same degree as w;. Since 3(L;) C L} & N, the set
By := {¢(u; + #) }ie.s is linearly independent and satisfies

LQ = L/2 (5] N2 (5) SpanBQ.

Now define a linear map 6 : Ly — Lo by setting 0|, on, = 0 and 6(u;) = ¢(z;) for
all i € #. This is a “trace-like map” in the sense that its image is contained in
3(L2) and its kernel contains L}. It follows that ¢ := 1 + 6 is an isomorphism of
algebras Ly — Ly. Applying Lemma 26, we see that 1, and hence QZJ, restricts to a
G-graded isomorphism L} & Ny — L}, & Ny. By construction, ¥(u;) = 1(u; + 2;).
It follows that ¢ is an isomorphism of G-graded algebras. ]

Corollary 28. Let I'y and I's be two G-gradings on a Lie algebra L and consider
the G-graded algebras Ly = (L,T'y) and Ly = (L,T'3). If L1/3(L1) = La/3(L2) and
3(L1) = 3(L2) as G-graded algebras, then Ly ~ Lo as G-graded algebras.

Proof. Apply the previous theorem with ¢ being the identity map. O

Corollary 29. LetT'; and Ty be two G-gradings on U(.F)(™) and assume char F { n.
Then T'y and 'y are isomorphic if and only if they assign the same degree to the
identity matriz 1 and induce isomorphic gradings on U(ZF)(7) /F1 ~ U(F ).

Proof. The “only if” part is clear. For the “if” part, take an automorphism gy of
U(%)o that sends the grading induced by I'; to the one induced by I's, extend g
to an automorphism v of U(Z)(7) = U(F) @ F1 by setting ¢(1) = 1, and apply
the theorem. (]

REFERENCES

[1] Y. Bahturin, M. Kochetov, Classification of group gradings on simple Lie algebras of types
A, B, C and D, Journal of Algebra, 324 (2010), 2971-2989.

[2] Y. Bahturin, M. Kochetov, A. Rodrigo-Escudero, Gradings on classical central simple real
Lie algebras, Journal of Algebra, 506 (2018), 1-42.

[3] C. Boboc, S. Discilescu, L. van Wyk, Jordan isomorphisms of 2-torsionfree triangular rings,
Linear and Multilinear Algebra, 64(2) (2016), 290-296.

[4] A. Borges, C. Fidelis, D. Diniz, Graded isomorphisms on upper block triangular matriz alge-
bras, Linear Algebra and its Applications, 543 (2018), 92-105.



22

5
6
[7
8

9
[10

[11
12
13
[14
[15
[16

[17

MIKHAIL KOCHETOV AND FELIPE YUKIHIDE YASUMURA

| A. Cecil, Lie Isomorphisms of Triangular and Block-Triangular Matriz Algebras over Com-
mutative Rings. Thesis (M.Sc.), University of Victoria (Canada). 2016.

| W.S. Cheung, Mappings on triangular algebras. Thesis (Ph.D.), University of Victoria
(Canada). 2000.

] A. Elduque, M. Kochetov, Gradings on simple Lie algebras, Mathematical Surveys and Mono-
graphs, 189. American Mathematical Society (2013).

| A. S. Gordienko, Co-stability of radicals and its applications to PI-theory, Algebra Collo-
quium, 23(3) (2016), 481-492.

| N. Jacobson, Lie algebras, republication of the 1962 original. Dover Publications (1979).

| P. Koshlukov, F. Yasumura, Group gradings on the Lie algebra of upper triangular matrices,
Journal of Algebra, 477 (2017), 294-311.

| P. Koshlukov, F. Yasumura, Group gradings on the Jordan algebra of upper triangular ma-
trices, Linear Algebra and its Applications, 534 (2017), 1-12.

| D. Pagon, D. Repovs, M. Zaicev, Group gradings on finite dimensional Lie algebras, Algebra
Colloquium, 20(4) (2013), 573-578.

| L. Marcoux, A. R. Sourour, Lie isomorphisms of Nest Algebras, Journal of Functional Anal-
ysis, 164(1) (1999), 163-180.

] A. Valenti, M. Zaicev, Group gradings on upper triangular matrices, Archiv der Mathematik
89(1) (2007), 33-40.

| A. Valenti, M. Zaicev, Abelian gradings on upper block triangular matrices, Canadian Math-
ematical Bulletin, 55(1), (2012), 208-213.

| W.C. Waterhouse, Introduction to affine group schemes, Graduate Texts in Mathematics,
66. Springer-Verlag (1979).

| F. Yasumura, Group gradings on upper block triangular matrices, Archiv der Mathematik,
110(4) (2018), 327-332.

DEPARTMENT OF MATHEMATICS AND STATISTICS, MEMORIAL UNIVERSITY OF NEWFOUNDLAND,

ST. JOHN’s, NL, A1C5S7, CANADA.

Email address: mikhail@mun.ca

DEPARTMENT OF MATHEMATICS, UNIVERSIDADE ESTADUAL DE MARINGA, MARINGA, PR, BRAZIL.
Email address: felipeyukihide@gmail.com



