CLASSIFICATION OF GROUP GRADINGS
ON SIMPLE LIE ALGEBRAS OF TYPES A, B, C AND D

YURI BAHTURIN AND MIKHAIL KOCHETOV

ABSTRACT. For a given abelian group G, we classify the isomorphism classes
of G-gradings on the simple Lie algebras of types A, (n > 1), Bn (n > 2), Cp
(n > 3) and Dy, (n > 4), in terms of numerical and group-theoretical invariants.
The ground field is assumed to be algebraically closed of characteristic different
from 2.

1. INTRODUCTION

Let U be an algebra (not necessarily associative) over a field F and let G be an
abelian group, written multiplicatively.

Definition 1.1. A G-grading on U is a vector space decomposition

U=pU,
geG

such that
UgUp C Uy, forall g,h € G.

Uy is called the homogeneous component of degree g. The support of the G-grading
is the set

{9e G| U, #0}.

Definition 1.2. We say that two G-gradings, U = @,cq Uy and U = @, U,
are isomorphic if there exists an algebra automorphism v : U — U such that

Y(Uy) = U, forall ge@,
e, U=@,cqUs and U = P, U, are isomorphic as G-graded algebras.

The purpose of this paper is to classify, for a given abelian group G, the iso-
morphism classes of G-gradings on the classical simple Lie algebras of types A,
(n>1), B, (n>2),C, (n>3) and D,, (n > 4), in terms of numerical and group-
theoretical invariants. Descriptions of such gradings were obtained in [4, 8, 5, 2, 1],
but the question of distinguishing non-isomorphic gradings was not addressed in
those papers. Also, A. Elduque [13] has recently found a counterexample to [8,
Proposition 6.4], which was used in the description of gradings on Lie algebras of
type A. The fine gradings (i.e., those that cannot be refined) on Lie algebras of
types A, B, C and D (including D,) have been classified, up to equivalence, in [13]
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over algebraically closed fields of characteristic zero. For a discussion of the differ-
ence between classification up to equivalence and classification up to isomorphism
see [16]. The two kinds of classification cannot be easily obtained from each other.

We will assume throughout this paper that the ground field F is algebraically
closed. We will usually assume that charF £ 2 and in one case also charF # 3. We
obtain a description of gradings in type A without using [8, Proposition 6.4] and
with methods simpler that those in [2, 1]. We also obtain invariants that allow us
to distinguish among non-isomorphic gradings in types A, B, C and D.

The paper is structured as follows. In Section 2 we recall the description of
G-gradings on a matrix algebra R = M, (F) and determine when two such grad-
ings are isomorphic (Theorem 2.6). We also obtain a canonical form for an anti-
automorphism of R that preserves the grading and restricts to an involution on the
identity component R, (Theorem 2.10). In particular, this allows us to classify (up
to isomorphism) the pairs (R, ¢) where R = M, (F) is G-graded and ¢ is an invo-
lution that preserves the grading (Corollary 2.15). In Section 3 we use affine group
schemes to show how one can reduce the classification of G-gradings on classical
simple Lie algebras to the classification of G-gradings on R = M, (F) and of the
pairs (R, ) where ¢ is an involution or an anti-automorphism satisfying certain
properties. In Section 4 we obtain a classification of G-gradings on simple Lie alge-
bras of type A — see Theorem 4.9. Finally, in Section 5 we state a classification of
G-gradings on simple Lie algebras of types B, C and D (except Dy) — see Theorem
5.2, which is an immediate consequence of Corollary 2.15.

2. GRADINGS ON MATRIX ALGEBRAS

Let R = M,,(F) where F is an algebraically closed field of arbitrary characteristic.
Let G be an abelian group. A description of G-gradings on R was obtained in
[3, 7, 6]. In this section we restate that description in a slightly different form
and obtain invariants that allow us to distinguish among non-isomorphic gradings.
Criteria for isomorphism of the so-called “elementary” gradings (see below) on
matrix algebras M, (F) and on the algebra of finitary matrices were obtained in
[11] and [9], respectively.

We start with gradings R = @, g with the property dim Ry < 1forallg € G.
As shown in the proof of [3, Theorem 5], R is then a graded division algebra, i.e.,
any nonzero homogeneous element is invertible in R. Consequently, the support
T C G of the grading is a subgroup. Following [13], we will call such R = P . Ry
a division grading (the terms used in [3, 7, 6] and in [14] are “fine gradings” and
“Pauli gradings”, respectively). Note that since R = F’T is semisimple, charF
does not divide n? = |T.

For each t € T', let X; be a nonzero element in the component R;. Then

XXy = o(u,v) Xyo

for some nonzero scalar o(u,v). Clearly, the function o : T x T — F* is a 2-
cocycle, and the G-graded algebra R is isomorphic to the twisted group algebra
FoT (with its natural T-grading regarded as a G-grading). Rescaling the elements
X; corresponds to replacing ¢ with a cohomologous cocycle. Let

o(u,v)

Bo(u,v) :=

o(v,u)’
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Then 3 = (3, depends only on the class of o in H*(T,F*) and 3 : T x T — F*
is an alternating bicharacter, i.e., it is multiplicative in each variable and has the
property B(t,t) =1 forallt € T.

Clearly, X, X, = (u,v)X,X,. Since the centre Z(R) is spanned by the identity
element, 3 is nondegenerate in the sense that G(u,t) = 1 for all v € T implies
t = e. Conversely, if ¢ is a 2-cocycle such that 3, is nondegenerate, then F°T is a
semisimple associative algebra whose centre is spanned by the identity element, so
FeT is isomorphic to R. Therefore, the isomorphism classes of division G-gradings
on R = M,(F) with support T C G are in one-to-one correspondence with the
classes [0] € H?(T,F*) such that 3, is nondegenerate.

The classes [o] and the corresponding gradings on R can be found explicitly as
follows. As shown in the proof of [3, Theorem 5|, there exists a decomposition of
T into the direct product of cyclic subgroups:

(1) T=H; xH/ x---x H.xH/

such that H; x H;' and H} x H] are (-orthogonal for i # j, and H; and H]' are
in duality by 5. Denote by ¢; the order of H! and H/. If we pick generators a;
and b; for H] and H/', respectively, then ¢; := B(a;,b;) is a primitive £;-th root
of unity, and all other values of 8 on the elements ay,bq,...,a,,b, are 1. Pick
elements X,, € R,, and X, € I, such that Xﬁj = Xf; = 1. Then we obtain an
isomorphism F°T — My, (F) ® - - - ® My, (F) defined by

(2) Xp—I® - I®X,®I®---1 and X, —I® - -IQY,®I®- -1,

where

et 00 0 0 0 1 0 0 0

0 &2 0 0 0 0 0 1 0 0
(3) Xi=| - and Y; =

0 0 0 g 0 0 00 0 1

0 0 0 0 1 1 00 00

are in the i-th factor, My, ().

It follows that the class [0] € H?(T,F*), and hence the isomorphism class of the
G-graded algebra F?T', is uniquely determined by 8 = (,. Conversely, since the
relation X, X, = f(u,v)X,X, does not change when we rescale X, and X,, the
values of 3 are determined by the G-grading. We summarize our discussion in the
following

Proposition 2.1. There exist division G-gradings on R = M, (F) with support T C
G if and only if charF does not divide n and T = Z?l X e X Z?T where b1 -+ £, =n.
The isomorphism classes of division G-gradings with support T are in one-to-one
correspondence with nondegenerate alternating bicharacters 5 :T x T — F*. O

We also note that taking

X(ail ,b{l ,...,aiT,bZT) = Xlzlll Xg; T thl:Xlg:’
we obtain a representative of the cohomology class [o] that is multiplicative in each
variable, i.e., it is a bicharacter (not alternating unless T is the trivial subgroup).

In what follows, we will always assume that ¢ is chosen in this way.

Definition 2.2. A concrete representative of the isomorphism class of division
G-graded algebras with support T and bicharacter 5 can be obtained as follows.
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First decompose T as in (1) and pick generators aq,by,...,a,,b.. Then define a
grading on My, (F) by declaring that X; has degree a; and Y; has degree b;, where
X, and Y; are given by (3) and &; = B(a;,b;). Then My, (F) @ --- ® M, (F) with
tensor product grading is a representative of the desired class. We will call any
representative obtained in this way a standard realization.

If R has a division grading, then its structure is quite rigid. Any automorphism
of the graded algebra R must send X; to a scalar multiple of itself, hence it is given
by X; — A(t)X; where A : T — F* is a character of T. Since [ is nondegenerate,
it establishes an isomorphism between 7" and T. 1t follows that the automorphism
of R corresponding to A is given by X — Xt_lXXt where ¢t € T is determined by
Bu,t) = A(u) for all uw € T.

It follows from [8, Lemma 6.1] that the graded algebra R admits anti-auto-
morphisms only when 7' is an elementary 2-group (and hence charF # 2 or T is
trivial). In this case, we can regard T as a vector space over the field of order 2
and think of o(u,v) as a bilinear form on T (recall that o is chosen so that it is
a bicharacter). Hence o(t,t) is a quadratic form, and S(u,v) is the polar bilinear
form for o(t,t). Note that o(t,t) depends on the choice of o, so it is not an invariant
of the graded algebra R. In fact, any quadratic form with polar form §(u,v) can
be achieved by changing generators a;,b; in the i-th copy of Z3. However, once
we fix a standard realization of R, o(t,t) is uniquely determined. Following the
usual convention regarding quadratic forms, we will denote o(t,t) by 5(¢) so that
B(u,v) = B(uv)B(u)B(v). Note that
(4) XP =pu)X forall X €R,ucT

is an involution of the graded algebra R. Hence any anti-automorphism of the
graded algebra R is given by X — X, LXPX, for a suitable t € T. In the standard
realization of R as Mo (F)®", the involution 3 is given by matrix transpose on each
slot of the tensor power. We summarize the above discussion for future reference:

Proposition 2.3. Suppose R = M, (F) has a division G-grading with support T C
G and bicharacter 3. Then the mapping that sendst € T to the inner automorphism
X — Xt_lXXt is an isomorphism between T and the group of automorphisms
Aut ¢(R) of the graded algebra R. The graded algebra R admits anti-automorphisms
if and only if T is an elementary 2-group. If this is the case, then, in any standard
realization of R, the mapping X — ‘X is an involution of the graded algebra R.
This involution can be written in the form (4), where §:T — {£1} is a quadratic
form. The bicharacter B3(u,v) is the polar bilinear form associated to 8. The group
Aut ¢(R) of automorphisms and anti-automorphisms of the graded algebra R is
equal to Aut g(R) x (). In particular, any anti-automorphism of the graded algebra
R is an involution, given by X — Xt_lXﬁXt for a uniquely determined t € T. O

We now turn to general G-gradings on R. As shown in [3, 7, 6], there exist
graded unital subalgebras C' and D in R such that D = M,(F) has a division
grading, C = M (F) has an elementary grading given by a k-tuple (g1,...,9x) of
elements of G:

C, =Span{E;; | g;'g; =g} foral geGaG,
where Fj; is a basis of matrix units in C', and we have an isomorphism C® D — R

given by ¢ ® d — cd. Moreover, the intersection of the support {g; 1gj} of the
grading on C' and the support T' of the grading on D is equal to {e}.
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Without loss of generality, we may assume that the k-tuple has the form

(g§k1)5 R ’gng))

where the elements g1, ..., g, are pairwise distinct and we write ¢(9 for g, ...,g.
—
q times
It is important to note that the subalgebras C' and D are not uniquely de-
termined. We are now going to obtain invariants of the graded algebra R. The
partition k = k1 + - - - + ks gives a block decomposition of C. Let e; be the block-
diagonal matrix diag(0, ..., Ix,,...,0) where I}, is in the i-th position, i = 1,...,s.
Consider the Peirce decomposition of C' corresponding to the orthogonal idempo-
tents e1,...,es: O = e;Ce;. We will write C; instead of Cy; for brevity. Then the
identity component is

Re=Ci®I¢ --dC:;1.

It follows that the idempotents ey, . .., e; and the (non-unital) subalgebras C1, . .., C;
of R are uniquely determined (up to permutation). It is easy to verify that the cen-
tralizer of R, in R is equal to e; ® D @ --- @ e; ® D. Hence the (non-unital)
subalgebras D; := e¢; ® D of R are uniquely determined (up to permutation). All
D; are isomorphic to D as G-graded algebras, so the isomorphism class of D is
uniquely determined. This gives us invariants 7" and 3 according to Proposition
2.1. However, there is no canonical way to choose the isomorphisms of D with D;.
According to Proposition 2.3, the possible choices are parameterized by t; € T,
i =1,...,s. If we fix isomorphisms 7; : D — D;, then each Peirce component
R;; = e;Re; becomes a D-bimodule by setting d - r = 1;(d)r and r - d = rn;(d) for
alld € D and r € R;;j. Taking n;(d) = e; ®d for all d € D, we recover the subspaces
C;; for i # j as the centres of these bimodules:

Cij={reRiy|d-r=r-d foral deD}.
Also, the subalgebra D of R can be identified:
D ={m(d)+ - +nd) | de D}.

If we replace 1; by n}(d) = n;(X; 'dX,), then we get Ci; = 0 (X, 1) Cijn;(Xy,). Let
C'=C18 - &C;0@,,; Cjj and D' = {ny(d)+---+n,(d) | d € D}. Then C" and
D’ are graded unital subalgebras of R. Let ¥ = e; @ Xy, +---+es® X;,. Then ¥ is
an invertible matrix and the mapping 1(X) = ¥~ XV is an automorphism of the
(ungraded) algebra R that sends C' to C’ and D to D’. The restriction of ¢ to D
preserves the grading, whereas the restriction of 1 to C' sends homogeneous elements
of degree g; 'g; to homogeneous elements of degree ¢; 'g; 'g;t; (i.e., “shifts” the
grading in the (¢,7)-th Peirce components by t;ltj). We conclude that the G-
grading of R associated to the k-tuple (ggkl), e ,ggks)) is isomorphic to the G-
grading associated to the k-tuple ((g1t1)*1), ..., (gsts)**)). Finally, we note that
the cosets g, 1ng are uniquely determined by the G-graded algebra R, because
they are the supports of the grading on the Peirce components R;; (i # j). We
have obtained an irredundant classification of G-gradings on R.

To state the result precisely, we introduce some notation. Let

k= (ki,...,ks) where k; are positive integers.
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We will write || for k1 +---+ks and e;, i = 1,..., s, for the orthogonal idempotents
in M), (F) associated to the block decomposition determined by x. Let

v =(g1,---,9s) where g; € G are such that g; 'g; ¢ T for all i # j.

Definition 2.4. We will write (k,7) ~ (,7) if £ and K have the same number of
components s and there exist an element g € G and a permutation 7 of the symbols
{1,...,s} such that k; = kr¢;y and g; = gr(;)g (mod T'), foralli=1,...,s.

Definition 2.5. Let D be a standard realization of division G-graded algebra
with support T C G and bicharacter 5. Let x and « be as above. Let C' =
M, |(F). We endow the algebra M), (D) = C ® D with a G-grading by declaring
the degree of U ® d to be g; 'tg; for all U € ¢;Ce; and d € D;. We will denote
this G-graded algebra by M(G, T, D, k,~). By abuse of notation, we will also write
M(G,T, 3, k,7), since the isomorphism class of D is uniquely determined by (.

Theorem 2.6. Let F be an algebraically closed field of arbitrary characteristic.
Let G be an abelian group. Let R = @QGG R, be a grading of the matriz algebra
R = M, (F). Then the G-graded algebra R is isomorphic to some M(G,T, 3, k,7)
where T C G is a subgroup, § : T x T — F* is a nondegenerate alternating
bicharacter, k and vy are as above with \n|\/m = n. Two G-graded algebras
M(G, Ty, B1,k1,7) and M(G, Ty, Ba, k2,72) are isomorphic if and only if Ty = Ty,
B = B2 and (k1,71) ~ (K2,72). U

Remark 2.7. In fact, it follows from the above discussion that, for any permu-
tation 7 as in Definition 2.4, there exists an isomorphism from M(G,T, 3,&,7) to
M(G, T, 3,k,7) that sends €; to er(;). We can construct such an isomorphism ex-
plicitly in the following way. Let P = P, be the block matrix with Ij, in the (i, 7(7))-
th positions and 0 elsewhere (i.e., the block-permutation matrix corresponding to
7). Pick t; € T such that g; = gr(tri)g and let B be the block-diagonal matrix
e1 @ Xy, + - +es ® X¢,. Then the map X +— (BP)X(BP)™! has the desired
properties. We will refer to isomorphisms of this type as monomial.

Let Sym(s) be the group of permutations on {1,...,s}. Let Aut(k,7) be the
subgroup of Sym(s) that consists of all = such that, for some g € G, we have
ki = kr) and g; = griyg (mod T) for all i =1,...,s.

Proposition 2.8. The group of automorphisms Aut ¢(R) of the graded algebra
R=M(G,T,[(,k,7) is an extension of Aut (k,v) by PGL(F) x Aut ¢(D) where

PGL,(F) = (GLHI(IE‘) X oo x GL,, (IF))/IFX,
where F* is identified with nonzero scalar matrices.

Proof. Any ¢ € Aut ¢(R) leaves the identity component R, invariant and hence
permutes the idempotents ey, ..., es. This gives a homomorphism f : Aut ¢(R) —
Sym(s). Looking at the supports of the Peirce components, we see that f(i) €
Aut (k,7). Conversely, any element of Aut (k,~) is in im f by Remark 2.7, since
it comes from a monomial automorphism of the graded algebra R. Finally, any
1 € ker f leaves C; and D; invariant and hence is given by 1(X) = ¥~ XU where
U=B8BQQ & dBs®Q, for some B; € GL,(F) and Q; € D. In view of
Proposition 2.3, we may assume that @); = X, for some ¢; € T. It is easy to see
that ¢ preserves the grading if and only if t; = ... = t,;. The result follows. O
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In order to classify gradings on Lie algebras of types B, C and D, we will need to
study involutions on G-graded matrix algebras. A description of such involutions
was given in [5]. Here we will slightly simplify that description and obtain invariants
that will allow us to distinguish among isomorphism classes. We start with a more
general situation, which we will need for the classification of gradings in type A.

Definition 2.9. Let G be an abelian group and let U = @QGG Uy be a G-graded
algebra. We will say that an anti-automorphism ¢ of U is compatible with the
grading if p(Uy) = U, for all g € G. If U; and U, are G-graded algebras and ¢
and o are anti-automorphisms on U; and Us, respectively, compatible with the
grading, then we will say that (U, ¢1) and (U, p2) are isomorphic if there exists an
isomorphism 1) : U; — Us of G-graded algebras such that ¢, = ¥~ a1,

Suppose R = M, (F) is G-graded and there exists an anti-automorphism ¢ com-
patible with the grading and such that ¢?|gr, = id. Then ¢ leaves some of the
components of R, invariant and swaps the remaining components in pairs. With-
out loss of generality, we may assume that e; are g-invariant for ¢ = 1,...,m and
not @-invariant for ¢ > m. It will be convenient to change the notation and write
i1 Emils - €5y €p S0 that ¢ swaps €] and e for i > m. (Thus the total number
of orthogonal idempotents in question is 2k — m.) It will also be convenient to
distinguish ¢-invariant idempotents of even and odd rank. Thus we assume that
€1,...,e¢ have odd rank and es41,...,e, have even rank. We will change the
notation for x and ~ accordingly:

(5) R = (QI7 -4y, 2qe+1a ey 2qm7 dm+1,9m+1 - -+, 4k, qk)
where ¢; are positive integers with ¢q,...,q, odd, and
(6) Y= (917 s 9y o1y - 7gmvg:n+1)g;;z+1’ s ag;gvg;cl)

where g; € G are such that gi_lgj ¢ T for all i # j.

As shown in [8, 5], the existence of the anti-automorphism ¢ places strong re-
strictions on the G-grading. First of all, note that the centralizer of R, in R,
which is equal to Dy @ --- @& Dy, @ D), ., ® D), 1 & --- D D) & D}, is p-invariant.
Since ey, ..., ey, are y-invariant and belong to D1, ..., D,,, respectively, we see that
Dy, ...,D,, are also p-invariant. By a similar argument, ¢ swaps D} and D/ for
i > m. Each of the D;, D} and D/ is an isomorphic copy of D, so we see that D
admits an anti-automorpism. By Proposition 2.3, T' must be an elementary 2-group
and we have a standard realization D = My (F)®".

Since ¢ preserves the G-grading and ¢(e; Re;) = e;Re; for i, j < m, the supports
of these two Peirce components must be equal, which gives g;” ! gj = gj_l gi (mod T)
for i,j < m. Similarly, p(ejRe]) = €}Re] implies (g;)~'g§ = (gj)~"gi’ (mod T)
for 4, j > m. Also, p(e;Re’;) = €]/ Re; implies gi_lg; = (¢§)""gi (mod T) for i <m
and j > m. These conditions can be summarized as follows:

(7) GI= =00 = G = - = 0hgi (mod T).

If ~y satisfies (7), then we have

gitr = ... = gmtm = Gp19mirtmr1 = .. = Gegite
for some t1,...,t, € T. We can replace the G-grading by an isomorphic one so

that v satisfies

(8) gttt = ... = Gotm = Gy 1Gma1 = --- = G-
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Indeed, it suffices to replace gi by ¢i't;, it = m + 1,...,k (which does not change
the cosets mod T).

Theorem 2.10. Let F be an algebraically closed field, charlF # 2. Let G be
an abelian group. Let R = M(G,T,(,k,7v). Assume that R admits an anti-
automorphism ¢ that is compatible with the grading and satisfies ©*|g, = id. Write
k and 7y in the form (5) and (6), respectively. Then T is an elementary 2-group and
v satisfies (7). Up to an isomorphism of the pair (R, ), v satisfies (8) for some
tyeoostm €T and ¢ is given by p(X) = ®~1(*X)® for all X € R, where matriz
D has the following block-diagonal form:

4 m k
0o I,
(9) =) I,0X,0 Y SieX,o > (/” 51>®I
i=1 17qi

i=+1 i=m+1

. . 0 I,
where, fori =€+ 1,...,m, each S; is either Iz, or (71 o ), and fhypt1s .-« Mk
a5

are monzero scalars.

Proof. There exists an invertible matrix ® such that ¢ is given by ¢(X) = @71 (! X)®

for all X € R. Recall that conjugating ¢ by the automorphism ¥ (X) = ¢! X ¥

replaces matrix ® by *W®W, i.e., ® is transformed as the matrix of a bilinear form.
Recall that we fixed the idempotents

(10) P Y Y N T S AN AN <
It is also convenient to introduce e; = €} + e fori=m+1,... k.

Following the proof of [5, Lemma 6 and Proposition 1], we see that, up to an
automorphism of the G-graded algebra R, ® has the following block-diagonal form
— in agreement with the idempotents given by (10):

4 m k
‘PZZSiYi@QiEB Z SiY; ® Qi @ Z SiY; ® Q.
i=1 i=0+1 i=m+1
(This is formula (20) of just cited paper, rewritten according to our present nota-
tion.) For ¢ = 1,...,m, the matrix Y; is in the centralizer of the simple algebra C;,
i.e., has the form Y; = &;1,,. Fori =m+1,..., k, the matrix Y; is in the centralizer
of the semisimple algebra C} & C/, i.e., has the form Y; = diag(n;1,,,&:1,,). Each
Q; is in D;, and the map X — Qi_l(tX)Qi is an anti-automorphism of D. Hence,
by Proposition 2.3, each @; is, up to a scalar multiple, of the form X;,, for an
appropriate choice of ¢; € T'. The scalar can be absorbed in Y;. Finally, the matrix

S;is Iy, for i =1,... ¢, either Iy, or (7?@. I(q)i) fori=4¢+1,...,m, and (10 Ig)i)

i

fori=m+1,..., k. This allows us to rewrite the above formula as follows:
4 m k 0 5 I
_ ) Q. idq;
2= Gl eXu® ) GSieX.e ) (qui 0 >®X“'
=1 i=0+1 i=m+1

Here &;,n; are some nonzero scalars. If we now apply the inner automorphism of
the graded algebra R given by the matrix P = %61 QI+---+ ﬁek ® I, then ¢

is transformed to the anti-automorphism given by the following matrix (which we
again denote by ®):

¢ m k

O IQi

v=Ynexe Y sexe Y (5 W)ex,
i=1 i=0+1 i=m+1 ¢
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for an appropriate set of nonzero scalars fi,4+1,..., k. It can be easily verified
(and is shown in the proof of [5, Theorem 3]) that ¢y,...,t; satisfy the following
condition: gity = ... = grtm = Im1Imp1tmer = ... = ggg”t

Finally, the inner automorphism (X) = \I/_lX \IJ of R where
UV l=e; @I+ Fen®@I+e, @I +el 10Xy, + - +e,@+ef ®Xy,
sends the G-grading to the one given by

(gla <y 9m, g;n+17g:;1+1tm+17 B 7.9]/@7glkltkr)

and transforms ¢ to the anti-automorphism given by a matrix of form (9). O

If ¢ is an involution on R, then one can get rid of the parameters fi,,+1,. .., is,
and the selection of Syi1,...,S, is uniquely determined. Indeed, the matrix ® is

then either symmetric or skew-symmetric. In the first case, ¢ is called an orthogonal
(or transpose) involution. In the second case, ¢ is called a symplectic involution.
Set sgn(y) = 1 if ¢ is orthogonal and sgn(¢) = —1 if ¢ is symplectic. Similarly, set
sgn(S;) = 1if tS; = S; and sgn(S;) = —1if 1S; = —S;. We restate the main result
of [5] in our notation (and setting t,;,41 = ... =t = e):

Theorem 2.11. [5, Theorem 3] Under the conditions of Theorem 2.10, assume
that p? = id. Then, up to an isomorphism of the pair (R,¢), v satisfies (8) for
some t1,...,ty, € T and ¢ is given by p(X) = &~ 1(*X)® for all X € R, where
matriz ® has the follawing block-diagonal form:

(11) d = ZI@Xt@ZSé@Xt@ZS@I

i=0+1 i=m-+1
where
) . 0 I,
o fori=L+1,...,m, each S; is either I, or (_1 81), and

a4

o fori=m+1,...,k, all S; are either (13‘ Igi) or (_?q‘ Iff)

such that the following condition is satisfied:

sgn(p) = B(t) = ... = B(te)
(12) = B(tes1)sgn(Ses1) = .. = Btm)sgn(Sm)
=sgn(Smy1) = ... = sgn(Sk).
Conversely, if v satisfies (8) and condition (12) holds, then ® defines an involution
of the type indicated by sgn(yp) on the G-graded algebra R. (I
It is convenient to introduce the following notation (for m > 0):
(13) T=(t1,...,tm)-

Note that for the elements t1,...,%,, in (8), the ratios t;ltj are uniquely deter-
mined by the cosets of ¢1, ..., g, mod T so it is sufficient to specify only one ¢; to
find 7.

Definition 2.12. We will say that + is x-admissible if it satisfies (7) and, for some
t1,...,te € T, we have git; = ... = gZt, and
(14) Btr) = ... = B(te).

(If £ < 1, then condition (14) is automatically satisfied.)
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Definition 2.13. Let T' C G be an elementary 2-group (of even rank) with a
nondegenerate alternating bicharacter 8. Suppose 7y is *-admissible, and v and 7
satisfy (8) and (14). If £ > 0, let § be the common value of 5(¢1),...,0(ts). If
¢ =0, select 6 € {1} arbitrarily. Consider R = M(G, T, 3,k,7). Let ® be the
matrix given by (11) where the matrices \S; are selected so that equation (12) holds
with sgn(y) = 6. Then, by Theorem 2.11, ¢(X) = ®~1(*X)® is an involution on
R that is compatible with the grading. We will denote (R, ¢) defined in this way
by M*(G,T,3,k,~,7,0). (Here 7 is empty if m = 0.)

Definition 2.14. Referring to Definition 2.13, we will write (k,~,7) =~ (k,7,T) if
k and K have the same number of components of each type, i.e., the same values
of ¢, m and k, and there exist an element ¢ € G and a permutation 7 of the
symbols {1,...,k} preserving the sets {1,...,¢}, {{+1,...,m}and {m—+1,...,k}
such that ¢; = qr(;) for all 4, g; = g9 (mod T') for all i = 1,...,m, {g;,9{} =
{979 9519} (mod T) for all i =m +1,...,k, and

e if ;> 0, then ¢; =tr) foralli=1,...,m;
e if m =0, then glg/ = g;(i)g;’(i)g2 for some (and hence all) i = 1,...,k.
In the case m = 0, 7 is empty, so we may write (k,7) ~ (K, 7).

Corollary 2.15. Let charF # 2 and R = M(G,T,(,k,v). Then the G-graded
algebra R admits an involution if and only if T is an elementary 2-group and ~y
is x-admissible. If ¢ is an involution on R, then (R,y) is isomorphic to some
M*(G,T, B, k,7,7,0) where § = sgn(p). Two G-graded algebras with involution,
M*(G, Ty, b1, k1,71, 71,01) and M*(G, Ty, Ba, k2, V2, T2, 02), are isomorphic if and
only if Ty =Ty, B1 = B2, (K1,71,71) = (K2,72,T2) and 01 = 0.

Proof. The first two statements are a combination of Theorems 2.10 and 2.11. It
remains to prove the last statement.

Let Ry = M(G,T1,B1,k1,7), Ra = M(G, Ty, B2, k2,72) and let @1 and ¢
be the corresponding involutions. Suppose T} = Ts, 81 = (2, and (k1,71,71) =~
(k2,72,72). Then, by Theorem 2.6, there exists an isomorphism of G-graded alge-
bras ¢ : Ry — Ry. By Remark 2.7, 1 can be chosen to be a monomial isomorphism
associated to the permutation 7 in Definition 2.14. The matrix of the involution
"Lyt on Ry is then obtained from the matrix of , by permuting the blocks on
the diagonal so that they align with the corresponding blocks of ¢ and possibly
multiplying some of the blocks by —1 (the extra condition for the case m = 0 in
Definition 2.14 guarantees that the second tensor factor in each block remains T).
If §; = Jo, then 1 1yt can be transformed to ; by an automorphism of the
G-graded algebra R; (see the proof of Theorem 2.10).

Conversely, suppose there exists an isomorphism v : (Ry, 1) — (Ra, p2). First
of all, §; and 5 are determined by the type of involution (orthogonal or symplectic),
$0 §1 = d3. By Theorem 2.6, we also have Ty = Ty, 81 = fa, (k1,71) ~ (k2,72). The
partitions of k1 and ko according to {1,...,¢}, {¢+1,...,m} and {m+1,... k}
are determined by ¢; and s, hence they must correspond under . At the same
time, for some g € G, the cosets of 7197 and ~»T must correspond under 3 up
to switching g/ with ¢/ (¢ > m). In the case m > 0, by Proposition 2.3, 7, and
To are uniquely determined by the restrictions of ¢; and s to Dq,...,D,, and
hence must match under the permutation determined by . Therefore, in this
case (Kk1,71,71) =~ (K2,72,72). It remains to consider the case m = 0. Looking at
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the description of the automorphism group given by Proposition 2.8, we see that
1 = 1o where 1) is a monomial isomorphism and « is in PGLy, (F) x Aut ¢(D).
The action of ¥y on @2 leads to the permutation of blocks and the replacement
of the second tensor factor I by X, for some tg € T. Then « must transform
Yo Loothg to 1. The effect of o on one block is the following (we omit subscripts
to simplify notation):

(& ) erx) (5 o) =) (5 5)=x)

0 'AB
jE(gtBA 0>®X’f°'

We see that o cannot change tg. It follows that tg = e and (k1,71) = (k2,72). O

3. CORRESPONDENCE BETWEEN LIE GRADINGS AND ASSOCIATIVE GRADINGS

Let U be an algebra and let G be a group. Then a G-grading on U is equivalent
to a structure of an FG-comodule algebra (see e.g. [17] for background). If we
assume that U is finite-dimensional and G is abelian and finitely generated, then
the comodule structure can be regarded as a morphism of (affine) algebraic group
schemes GP — Aut (U) where GP is the Cartier dual of G and Aut (G) is the
automorphism group scheme of U (see e.g. [19] for background). Two G-gradings
are isomorphic if and only if the corresponding morphisms G” — Aut (U) are
conjugate by an automorphism of U. Note also that, if U is finite-dimensional,
then we may always assume without loss of generality that G is finitely generated
(just replace G by the subgroup generated by the support of the grading).

If charF = 0, then GP = @, the algebraic group of characters on G, and
Aut (G) = Aut (G), the algebraic group of automorphisms. If charF = p > 0,
then we can write G = G x G; where G has no p-torsion and G; is a p-group.
Hence GP = é\o x GP | where é?; is smooth and G¥ is finite and connected. The

algebraic group Gy (which is equal to G) acts on U as follows:
x*X =x(9)X forall X € Ujand g € G.

The group scheme Aut (U) contains the group Aut (U) as the largest smooth
subgroupscheme. The tangent Lie algebra of Aut (U) is Der (U), so Aut (U) is
smooth if and only if Der (U) equals the tangent Lie algebra of the group Aut (U).

We will be interested in the following algebras: M, (F), psl,(F), so,(F) and
sp,,(F), where charF # 2. In all these cases the automorphism group scheme is
smooth, i.e., coincides with the algebraic group of automorphisms (regarded as a
group scheme). Indeed, for the associative algebra R = M, (F), it is well-known
that Aut (R) = PGL,(F) and Der (R) = pgl,,(F). For the Lie algebra L = so0,(F)
(n > 5, n # 8) or sp,(F) (n > 4), it is known that every automorphism of L is
the conjugation by an element of O, (F) or Sp,, (F), respectively — see [15] for the
case charF = 0 and [18] for the case charF = p (p # 2). In particular, every
automorphism of L is the restriction of an automorphism of R. Similarly, every
derivation of L is the restriction of a derivation of R (see e.g. [10]).

Let ¢ be the involution of R such that L = KC(R, ¢), the space of skew-symmetric
elements with respect to ¢. Then the projectivizations of the groups O, (F) and
Sp,, (F) are equal to Aut (R, ¢), and their tangent algebras are equal to Der (R, ¢).
Hence the restriction map 0 : Aut (R, ¢) — Aut (L) is a surjective homomorphism
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of algebraic groups such that df : Der (R, ) — Der (L) is also surjective. It follows
that Aut (L) is smooth. Since L generates R as an associative algebra, both § and
df are also injective. Hence 6 : Aut (R, v) — Aut (L) is an isomorphism of algebraic
groups. For G-gradings this means the following. Clearly, if R = @ gec By is a
grading that is compatible with ¢, then the restriction L, = R, N L is a grading of
L. Since 0 : Aut (R, p) — Aut (L) is an isomorpism and the automorphism groups
are equal to the automorphism group schemes, the restriction map gives a bijection
between the isomorphism classes of G-gradings on L and the Aut (R, p)-orbits on
the set of p-compatible G-gradings on R. The orbits correspond to isomorphism
classes of pairs (R, ¢) where R = M, (F) is G-graded and ¢ is an involution on R
that is compatible with the grading.

The case of L = psl,(F) is more complicated. We have a homomorphism of
algebraic groups 6 : Aut (R) — Aut (L) given by restriction and passing to cosets
modulo the centre. It is well-known that this homomorphism is not surjective for
n > 3, because the map X — —*X is not an automorphism of the associative
algebra R, but it is an automorphism of the Lie algebra R(~) and hence induces
an automorphism of L. Let Aut(R) be the group of automorphisms and anti-
automorphisms of R. Then we can extend @ to a homomorphism Aut (R) — Aut (L)
by sending an anti-automorphism ¢ of R to the map induced on L by —p. This
extended 6 is surjective for any n > 3 if charF # 2,3 (see [18]) and for any n > 3
if char F = 3 (see [10]). It is easy to verify that 6 and df are injective and hence ¢
is an isomorphism of algebraic groups (see e.g. [1, Lemma 5.3]). It is shown in [10]
that, under the same assumptions on charF, every derivation of L is induced by a
derivation of R. It follows that Aut (L) is smooth, i.e., Aut (L) = Aut (L).

Now let L = @, Ly be a G-grading and let « : GP — Aut (L) be the corre-
sponding morphism. Then we have a morphism & := 0~ 'a : GP — Aut (R), which
gives a G-grading R = @QEG R, on the Lie algebra R(). The two gradings are
related in the following way: L, = (Ry N [R, R]) mod Z(R).

Set A = a~1(Aut (R)). Then A is a subgroupscheme of G of index at most
2. Moreover, since GP is connected, it is mapped by & to Aut(R) and hence
is contained in A. We have two possibilities: either A = G” or A has index 2.
Following [8], we will say that the G-grading on L has Type I in the first case and
has Type II in the second case. In Type I, the G-grading corresponding to & is
a grading of R as an associative algebra. In Type II, we consider A+, which is a
subgroup of order 2 in G. Let h be the generator of this subgroup. Note that, since
charF # 2, the element A is in Gy.

Remark 3.1. For the readers more familiar with the language of Hopf algebras,
there is an alternative way to define the element h. The Hopf algebra F[Aut (R)]
of regular functions on the algebraic group Aut(R) has a group-like element f
defined by f(¢») = 1 if ¢ is an automorphism and f(¢) = —1 if ¢ is an anti-
automorphism. The morphism of group schemes & : GP — Aut (R) corresponds to

a homomorphism of Hopf algebras F[Aut (R)] — FG. The element h is the image
of f under this homomorphism.

Let G = G/(h). Then the restriction & : A — Aut(R) corresponds to the
coarsening of the G-grading on R given by the quotient map G — G-
R=@DR; where Rz = Ry @ Rgp.
geG
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This G-grading is a grading of R as an _associative algebra. The G-grading on R
can be recovered as follows. Fix y € Go = @ such that x(h) = —1. Then x acts
on R as —¢ where ¢ is an anti-automorphism preserving the G-grading. Then we
have

Ry ={X € Rg | —¢(X) =x(9)X} = {—»(X) + x(9)X | X € Rg}.
Thus we obtain 1) a bijection between the isomorphism classes of G-gradings on L
of Type I and the Aut (R)-orbits on the set of G-gradings on R and 2) a bijection be-
tween the isomorphism classes of G-gradings on L of Type II and Aut (R)-orbits on
the set of pairs (R, ¢) where R = M,,(F) is G-graded and ¢ is an anti-automorphism
on R that is compatible with the G-grading and has the property p?(X) = x? * X
for all X € R.

Remark 3.2. If n = 2, then 6 : Aut (R) — Aut (L) is an isomorphism, so there
are no gradings of Type II.

4. GRADINGS ON LIE ALGEBRAS OF TYPE A

Let L = psl,(F) and R = M, (F), where charF # 2 and, for n = 3, also
charF # 3. Let L = @geG L, be a grading of L by an abelian group G. As
discussed in the previous section, this grading belongs to one of two types. Gradings
of Type I are induced from G-gradings on the associative algebra R, which have
been classified in Theorem 2.6.

Definition 4.1. Let R = M(G,T,3,k,7v) and let L, = (R, N [R, R]) mod Z(R).
We will denote the G-graded algebra L obtained in this way as AD(G,T, 3, &, 7).

Now assume that we have a grading of Type II. Then there is a distinguished
element h € G of order 2. Let G = G/(h). Then the G-grading on L is induced
from a G-grading on the Lie algebra R(~) that is obtained by refining a G-grading
R = @ g Ry on the associative algebra R. Let R = M(G,T, B, k,7) as a G-

graded algebra. The refinement is obtained using the action of any character x € G
with x(h) = —1, and the result does not depend on the choice of x. So we fix x € G
such that x(h) = —1.

Set p(X) = —x * X for all X € R. Then ¢ is an anti-automorphism of the
G-graded algebra R. Moreover, p?(X) = x2 * X. Since x?(h) = 1, we can regard
x? as a character on G and hence its action on X € Ry is given by x*+X = x2(9)X.
In particular, p?|g. = id. By Theorem 2.10, T is an elementary 2-group, & is given
by (5) and ~ is given by (6) with bars over the g’s. We may also assume that ~
satisfies

1 =1

(15) giti = =Gnlm = Grpi1Gims1 = - = 5.5
for some 7y,...,tm € T, and ¢ is given by p(X) = ®~1(*X)® where

4
(16) =) I, X5 ZS@X @ Z (u )@I

i=0+1 i=m-+1

where p; are nonzero scalars. We will use the notation 7 introduced in (13).
Our goal now is to determine the parameters pu; € F* that appear in the above
formula. On the one hand, the automorphism (2 is the conjugation by matrix
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(Pl given by

i 0
tp—1p = Zﬁ 1, 1@ g B(t)segn(S;)loq, @ I & Z (“ i /171[ )@I.
4 qi

i=0+1 i=m+1
On the other hand, ¢? acts as xy2. We now derive the conditions that are necessary
and sufficient for x% x X = (*®~1®)"1 X (*®~1®) to hold for all X € R.
Recall the idempotents eq,...,e, € C defined earlier (where e; = e} + ¢ for
i > m). We denote by U;; any matrix in the Peirce component e;Ce;. Then, for
1<14,5 <m, we have, for allz € T,
2 * (Ui © Xq) = X2(§;1§j¥)Uij ® X7
while
¢* (Ui ® X7) = ('@710) (Ui @ Xp) ('@ 7' ®)
= B(t:)sgn(S:)B(t;)sgn(S;)(Ui; @ Xg).

For m+1 < 4,5 < k, we write Ujj = (4 B) according to the decompositions

e; =e;+e and e; =€) + €. Then, for allt €T,
2((=I\—1+/F 117
(@) ghA X *((g9)~'g; t)B>
* U1®X*: 77‘77]7
s X0 = (Yol gHC (@) gD
while

-1
> pet A g B)
U @ X)) = ( j
¥ ( J t) /’LZ/’L]C /.L“U/j 1D
For 1 <i<mand m+1 < j <k, wewrite U;; = (A B) according to the
decomposition e; = € + €. Then, for all € T,

X (Ui © X7) = (g7 'g;DA  XP(g; '971)B)
while
(UZJ ® X7) = B(ti)sgn(S;) (/”LJA M 1B)
Form+1<i<kand1l<j<m, we have a similar calculatlgn. -

By way of comparison, we derive x2(%) = const for alLf €T, and so X3(T) = 1.
Hence the natural epimorphism 7 : G — G splits over T, i.e., 7= H(T) = T x (h),
where T = 77 1(T) Nker . So we may identify 7" with T and write ¢; for the
representatlve of the coset t; in T. Conversely, if 7 : G — G splits over T, then

XA(T) = 1.
In the case 1 < 4,5 < m, our relations are equivalent to (3(t;)sgn(S;)x?(g;) =
B(t;)sgn(S;)x*(g;). Therefore, we have a fixed A € F* such that
(17) B(ti)sen(S)x*(g;) =\ foral i=1,...,m
In the case m + 1 < 14,5 < k, our relations are equivalent to
i XG0 = ny ) (G))
and
pi XP(Gh) = mix*(g5)-
Therefore, we have a fixed p € F* such that

(18) w3 = pix?@) =p forall i=m+1,... k.
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In the case 1 <7 <m and m+ 1 < j <k, our relations are equivalent to
(19) 15 3 (g)) = Bti)sen(Si)X*(F:) = mix>(d))-

If both (17) and (18) are present (i.e., m # 0,k), then (19) is equivalent to
i = A. We have proved that if the G-grading on R is the coarsening a G-grading
on R(-) induced by 7 : G — G, and x acts on R as —¢, then 7~ *(T) splits and
conditions (17) and (18) hold with A = u. Conversely, if R = M(G,T, 3, k,7) is
such that 7=1(T') splits, and an anti-automorphism ¢ is given by matrix (16) such
that (17) and (18) hold with A\ = p, then 2 acts as x? on R and hence —¢ defines
a refinement of the G-grading on R to a G-grading (as a vector space). The latter
is automatically a grading of the Lie algebra R(~), since —¢ is an automorphism
of R(-).

To summarize, we state the following

Proposition 4.2. Let h € G be an element of order 2 and let m: G — G = G/(h)
be the quotient map. Fiz x € G with x(h) = —1. Let R = M(G,T, 3, k,v) and let
@ be the anti-automorphism of thgé—gmded algebra R given by o(X) = ¢~ (! X)®
with ® as in (16). Set H = 7= Y(T). Then

Ry ={X € Ry | —p(X)=x(9)X} foral geG

defines a G-grading on R if and only if H splits as T x (h) with T = H Nker x
and the following condition holds (identifying T with T ):

Bt)x*(G1) = ... = Bte)x*(90)
(20) = B(teg1)sgn(Ser1) x> (Goy1) = - - = Btm)sgn(Sm) X (o)
= 11X @i 1) = 1 X @) = - = X2 @) = X (@5)-

(]
It is convenient to distinguish the following three cases for a grading of Type II
on L:

e The case with ¢ > 0 will be referred to as Type Ily;
e The case with ¢ = 0 but m > 0, will be referred to as Type Ily;
e The case with m = 0 will be referred to as Type II3.

Definition 4.3. We will say that v is admissible if it satisfies

(21) 91= =00 =Tms10mp1 = - = Gign  (mod T)
and, for some ?1,...,% € T, we have g3t; = ... = gt, and
(22) BEX(G1) = - - = BE)X(Te)-

(If £ < 1, then condition (22) is automatically satisfied.)

Note that the above definition does not depend on the choice of x € G with
x(h) = —1. Indeed, if we replace x by X = xi) where ¢ € G satisfies ¢(h) = 1,
then 1 can be regarded as a character on G and we can compute:

Xo(g7'9;) = x2@5 9w (@5 'gy) = X g)v @ ) = X (g ' g)v ()
for all 1 < 4,5 < ¢. On the other hand, for £ € T, we have

B(tt:)B(EE ;) = BB)B(E)B(E, 1) B(E)B(E;)B(E, ;) = B(E:)B(E;)B(E, Lt ).
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Therefore, if condition (22) holds for x and #i,...,%, then it holds for ¥ and
tty,...,tt, where t is the unique element of T such that B(¢,u) = ¢ (u) for all
ueT.

As pointed out earlier, for 7 satisfying (21), we can replace g/, ¢ > m, within
their cosets mod T so that v satisfies (15).

We now give our standard realizations for gradings of Type II. Let H C G
be an elementary 2-group of odd rank containing h. Let § be a nondegenerate
alternating bicharacter on T = H/(h). Fix k. Choose 7 formed from elements
of G = G/(h) and 7 formed from elements of T = H/(h) so that they satisfy
(15). Let R = M(G,T,3,r,7). Fix x € G with x(h) = —1 and identify T with
T = H Nkery.

Definition 4.4. Suppose ¢ > 0 and 7y is admissible. Let ® be the matrix given by
(16) where the scalars p; and matrices S; are determined by equation (20). Then,
by Proposition 4.2, the anti-automorphism ¢(X) = ®~(!X)® defines a refinement
of the G-grading on the associative algebra R to a G-grading R = @ gec g s
a Lie algebra. Set L, = (R, N [R, R]) mod Z(R). We will denote the G-graded
algebra L obtained in this way as AM)(G, H, h, 3, k,7,T).

Definition 4.5. Suppose £ = 0 and m > 0. Choose § = (01,...,0n) € {£1}™ so
that
B(tl)XQ(gl)(sl == ﬂ(tm)X2(§m)5m'

(Note that there are exactly two such choices.) Let ® be the matrix given by (16)
where the matrices S; are selected by the rule sgn(S;) = d; and the scalars p; are
determined by equation (20). Then, by Proposition 4.2, the anti-automorphism
o(X) = & 1(!X)® defines a refinement of the G-grading on the associative alge-
bra R to a G-grading R = P . Ry as a Lie algebra. Set L, = (R4 N [R, R])
mod Z(R). We will denote the G-graded algebra L obtained in this way as
ARG, H, b, B, 5,7,7, ).

Definition 4.6. Suppose m = 0. Then we have
XP(@3)) = - =X @Th)-
Let 1 be a scalar such that 2 is equal to the common value of x%(g.g7). (There are
two choices.) Let ® be the matrix given by (16) where the scalars u; are determined
by equation
1 (@) = no (@) = = g X3 Gk) = e (98) = e
Then, by Proposition 4.2, the anti-automorphism ¢(X) = & 1(!X)® defines a

refinement of the G-grading on the associative algebra R to a G-grading R =
@D, cc Ry as a Lie algebra. Set Ly = (Ry N [R, R]) mod Z(R). We will denote the

G-graded algebra L obtained in this way as AM) (G, H, h, B, k, 7, 1v).

Definition 4.7. Referring to Definition 4.5, we will write (k,v,7,0) ~ (K,7,7,0)
if £ and K have the same number of components of each type, i.e., the same values
of m and k, and there exist an element g € G and a permutation 7 of the symbols
{1,...,k} preserving the sets {1,...,m} and {m +1,...,k} such that ¢; = gr¢;
for all 4, t; = Lr(i)s fz =919 (mod T) and ¢; = Or(s) for alli =1,...,m, and

(9,97} = {519 T (y9} (mod T) for alli=m+1,....k.
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Definition 4.8. Referring to Definition 4.6, we will write (k,v, u) =~ (K, 7, ) if &
and K have the same number of components k and there exist an element g€ G

and a permutation 7 of the symbols {1,. k‘} such that ¢; = ¢, {gl,gz} =
{979 909} (mod T) and §;g; = ;)90 59 for all 4, and, finally, i = px*(9).

Theorem 4.9. Let F be an algebraically closed field, charF # 2. Let G be an
abelian group. Let L = psl, (F) where n > 3. If n = 3, assume also that char F # 3.
Let L = @geG Ly be a G-grading. Then the graded algebra L is isomorphic to one
of the following:

o AN(G,T, B, k,~),

o A(III)(G7 H7 h? ﬂ’ K? fY? T)7

o AU)(G H, h,B,k,7,7,0),

b A(IIS)(G7 H’ h7 ﬂ? K? IYV /’L)f

as in Definitions 4.1, 4.4, 4.5 and 4.6, with |/{|\/m =n in Type I and |k|\/|H|/2 =
n in Type II. Graded algebras belonging to different types listed above are not iso-
morphic. Within each type, we have the following:

o AV(G, T, 81, k1,m) =2 AV(G, Ty, B2, k2, 72) if and only if Ty =Ty, 1 =
Ba, and (k1,7m) ~ (k2,72) or (k1,m) ~ (k2,75 );

o AM(G, Hy,ha, Br,k1,m,m1) = AUD(G, Hy, ha, B2, Ko, 72, 72) if and only
if Hy = Ha, hy = hy, B1 = (2, and (k1,71,71) = (K2,72, T2) or (K1,71,T1) &
(H2372_177_2);

o AURN(G, Hy,hy, By, k1, v1, 1, 01) 2 ARG, Ha, hy, Ba, K2, Y2, T2, 82) if and
only Zle HQ, hl = hg, ﬂl = ,62, and (Iil,’yl,’fl,él) ~ (527’}/2,7'2,52) or
(F1,71,71,01) & (K2, 75 5 72, 0);

o AUS)(G, Hy, ha, Br, k1, ) = AT (G, Ha, ha, B2, Ko, va, p2) if and only
if Hi = Ha, hy = ha, B1 = B2, and (K1,71, 1) = (K2, V2, H2) or (K1,71, 1) ~
(52,7 ' g )

Proof. The first statement is a combination of Theorem 2.10 and Proposition 4.2.
The non-isomorphism of graded algebras belonging to different types is clear.

For Type I, let Ry = M(G, T}, B1,k1,7) and Ry = (G, T5, B2, ka,72). By Theo-
rem 2.6, Ry & Ry if and only if Ty = T5, 81 = B2, and (k1,71) ~ (k2,72). It remains
to observe that the outer automorphism X — —!X transforms M(G, T, 3, k,~) to
M(G,T,B,k,771).

For Type II, the element h, the subgroup H, and the bicharacter 3 on T = H/{(h)
are uniquely determined by the grading, so we may assume Hy; = Hsy, h1 = ho, and
B = B2. Let Ry = M(G,T,B3,k1,7) and Ry = M(G,T, 3, ka,72). Fix x € G
with x(h) = —1. Let ¢1 and @2 be the corresponding anti-automorphisms. We
have to check that (Ry, 1) = (Ra, ¢2) if and only if

Ih) (K1,71,71) & (K2,72,T2),

o) (K1,71,71,01) & (K2, 72, T2, 02),

I3) (k1,71 1) = (K2, 72, p2)-

For Type II;, the “only if” part is clear, since (k,7,7) is an invariant of (R, p)
(up to transformations indicated in the definition of the equivalence relation =z).
Indeed, (k,7) is an invariant of the G-grading, and 7 corresponds to the restric-
tions of ¢ to Di,...,D,, by Proposition 2.3. To prove the “if” part, assume
(k1,71,711) = (K2,72,72). Then, by Theorem 2.6, there exists an isomorphism
of G-graded algebras ) : R — Ry. By Remark 2.7, we can take for ¢ a monomial
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isomorphism associated to the permutation 7 in Definition 2.14. The matrix of the
anti-automorphism ¢!t on R; is then obtained from the matrix of ¢y by per-
muting the blocks on the diagonal so that they align with the corresponding blocks
of 1, and possibly multiplying some of the blocks by —1. Hence, by Theorem 2.10,
1 1p91p can be transformed to ¢; by an automorphism of the G-graded algebra
R;.

For Type IIy, the proof is similar, since é corresponds to the restrictions of ¢ to
Cy,...,C,, and thus is an invariant of (R, ¢).

For Type I3, we show in the same manner that if (k1,71, 1) = (K2,Y2, t2),
then (Ry,¢1) = (Rg,2). Namely, we take a monomial isomorphism of G-graded
algebras ¢ : Ry — R associated to the permutation 7 in Definition 4.8. The effect
of ¢ on @ is just the permutation of blocks. The factor x?(g) in Definition 4.8
makes sure that the block with p; = p=1x?(g}) in ®3 matches up with the block
with fir) = ptx? (T (;)) in @1. Conversely, suppose there exists an isomorphism
¥ (R1,01) — (Ra2,p2). As in the proof of Corollary 2.15, we write ¢ = 1o where
o is a monomial isomorphism and « is in PGL,, (F) x Aut (D). The action of ¢y
on 9 permutes the blocks and replaces the second tensor factor I by X, for some
to € T. The action of o on 9 Loy cannot change to or the values of the scalars.
We conclude that tg = e and (K1, 71, 1) = (K2, Y2, t2)- O

Remark 4.10. Let F and G be as in Theorem 4.9. Let L = s(F). If L = P 5 Ly
is a G-grading, then the graded algebra L is isomorphic to AN (G, T, 3, k,v) where
|k[y/IT] = 2. This, of course, gives two possibilities: either T = {e} or T =
Z3. In the first case the G-grading is induced from a Cartan decomposition by
a homomorphism Z — G. The isomorphism classes of such gradings are in one-
to-one correspondence with unordered pairs of the form {g,¢g~'}, g € G. In the
second case the G-grading is given by Pauli matrices. The isomorphism classes of

such gradings are in one-to-one correspondence with subgroups 7" C G such that
T =72

Remark 4.11. The remaining case L = psl5(F) where char F = 3 can be handled
using octonions. Let @ be the algebra of octonions over an algebraically closed
field F. Then the subspace Q' of zero trace octonions is a Malcev algebra with
respect to the commutator [z,y] = xy — yx. If charF = 3, then Q' is a Lie algebra
isomorphic to L. Assuming charF # 2, we have zy = 3([z,y] — n(z,y)1) for all
z,y € O, where n is the norm of Q. We also have (adz)® = —4n(z)(ad z) for all
z € Q. Tt follows that if ¢ is an automorphism of Q’, then v preserves n and,
setting (1) = 1, we obtain an automorphism of @. Hence the restriction map
Aut (0) — Aut (0’) is an isomorphism of algebraic groups. Similarly, one shows
that the restriction map Der (0) — Der (0') is an isomorphism of Lie algebras.!
It follows that Aut (O') is smooth and can be identified with the algebraic group
Aut (0). In particular, this means that the isomorphism classes of G-gradings on
O are in one-to-one correspondence (via restriction) with the isomorphism classes
of G-gradings on O’ (cf. [12, Theorem 9]).

All gradings on O (in any characteristic) were described in [12]. For charF # 2,
they are of two types:

LThis argument was communicated to us by A. Elduque.
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e “elementary” gradings obtained by choosing g1, g2, g3 € G with g1g293 = €
and assigning degree e to e; and eg, degree g; to u; and degree g, L to v,
i =1,2,3, where {e1, e2,u1, us, us, v1,v2,v3} is a canonical basis for O
e “division” gradings by Z3 obtained by iterating the Cayley-Dickson dou-
bling process three times.
It is easy to see when two G-gradings on O are isomorphic. The isomorphism
classes of “elementary” gradings are in one-to-one correspondence with unordered
pairs of the form {S,S~'} where S is an unordered triple {gi,g2,93}, i € G
with ¢g19293 = e. The isomorphism classes of “division” gradings are in one-to-one
correspondence with subgroups T' C G such that T' = Z3. An “elementary” grading
is not isomorphic to a “division” grading.

If charF = 3, then the above is also the classification of G-gradings on L =
psl;(F). As shown in [16], up to isomorphism, any grading on L is induced from
the matrix algebra M3(F). Namely, any “elementary” grading on L can be obtained
as a Type I grading, and any “division” grading on L is isomorphic to a Type II
gradings. The only difference with the case of sl3(IF) where charF = 3 is that there
are fewer isomorphism classes of gradings in characteristic 3 (in particular, some
“Type II” gradings are isomorphic to “Type I” gradings).

5. GRADINGS ON LIE ALGEBRAS OF TYPEs B, C, D

The classification of gradings for Lie algebras so, (F) and sp,, (F) follows imme-
diately from Corollary 2.15. We state the results here for completeness. Recall
M*(G,T, B, k,~,T,0) from Definition 2.13. Let L = K(R,¢) ={X € R | p(X) =
—X}. Then L = @geG Ly where Ly = Ry N L.

Definition 5.1. Let n = ||\/|T].
e If 6 = 1 and n is odd, then necessarily T = {e}. We will denote the
G-graded algebra L by B(G, &, 7).
e If § = —1 (hence n is even), then we will denote the G-graded algebra L
by C(G, T, B, kv, T).
e If § = 1 and n is even, then we will denote the G-graded algebra L by
D(G,T, B, k,v,T).
Theorem 5.2. Let F be an algebraically closed field, charF # 2. Let G be an
abelian group.
o Let L = 50,(F), with odd n > 5. Let L = P,
the graded algebra L is isomorphic to B(G, k,7),
o Let L =sp,(F), with even n > 6. Let L = @geG Ly be a G-grading. Then
the graded algebra L is isomorphic to C(G,T, B, k,~y,T),
o Let L =s0,(F), with evenn > 10. Let L = @ Ly be a G-grading. Then
the graded algebra L is isomorphic to D(G, T, 3, k,v,T),

Ly be a G-grading. Then

as in Definition 5.1. Also, under the above restrictions on n, we have the following:
e B(G,k1,71) = B(G, k1,m) if and only if (k1,71) ~ (K1,71);
e C(G,Th, B1,k1,71,71) = C(G, Ty, B2, k2,72, 2) if and only if Ty =Ty, B =
B2 and (k1,71,71) = (K2,72, T2);
° D(G,Tl,ﬁl, l€1,71,T1) = D(G,Tg,ﬂg, Iig,’}/g,TQ) Zfand only ile = TQ, ﬁl =
B2 and (k1,71,71) &~ (K2, Y2, T2)-

O
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