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Quantum systems that interact non-locally with an environment are paradigms for exploring
collective phenomena. They naturally emerge in various physical contexts involving long-range,
many-body interactions. We consider a general class of such open systems characterized by a
coupling to the environment which is inversely proportional to the square root of the environment
size. We show that the induced system dynamics has a universal bosonic nature: the same evolution
arises from coupling the system to a collection of noninteracting bosonic modes, independently of the
microscopic structure of the original environment. This emergent ‘bosonization’ of the environment’s
influence results from the scaling of the coupling in the thermodynamic limit and is a manifestation
of the quantum central limit theorem. While the effect has been observed in specific models before,
we show that it is, in fact, a universal feature.

Collective phenomena in quantum many-body systems
arise when many microscopic degrees of freedom interact.
The dynamics cannot be reduced to the properties of in-
dividual particles, but instead it reflects long-range cor-
relations, entanglement, and quantum coherence spread
over many constituents. A classic example is superradi-
ance in quantum optics, where a group of atoms interacts
with light of wavelength much larger then the atom sepa-
ration, causing the group to collectively emit a light pulse
of much higher intensity than would be expected from in-
dependently emitting atoms [1–8]. The loss of quantum
coherence, called decoherence, between individual sys-
tems (qubits) through their interaction with a common
noise source (environment, bath), is another collective
phenomenon with wide-reaching consequences [9–12].

Collective phenomena induced by long-range interac-
tions are often described with mean field theories [13–21],
which are also used to derive effective non-linear evolu-
tion equations of complex quantum systems in the math-
ematical literature [22–28]. A system interacting with
M components (particles, modes...) of a reservoir typ-
ically has an interaction energy of the order of M . In
order to balance the interaction energy and the system
energy as M → ∞, mean field models consider a scaling
of the coupling strength g ∝ 1/M . This scaling sup-
presses all but the lowest (zero) order correlation effects
of the reservoir on the effective system dynamics — even
though the latter depends on reservoir correlation func-
tions of all orders. As a consequence, dynamical effects
arising from fluctuations (bath correlations) can not be
captured by the mean-field approximation. For instance,
mean field theory predicts the relaxation to a stationary
state in models of a quantum gas in an optical cavity —
however, in reality non-stationarity is observed for long
times, due to higher order correlation effects [29]. Sys-
tems coupled indirectly via a common reservoir become
entangled [30] — however, entanglement in a multipar-
tite system remains unaffected by a mean field type cou-

pling to an environment [29, 31]. In order to include
effects caused by fluctuations, one can consider the scal-
ing g ∝ 1/

√
M which unveils the result of first-order bath

correlations on the system dynamics. This scaling is said
to be of fluctuation, ormesoscopic type. The terminology
stems from the notion of fluctuation observables, which
are extensive observables divided by the square root of
the volume [16, 17, 32–37]. A rigorous treatement of the
flucutation regime is more demanding than the mean field
one, because correlation effects within the reservoir have
to be taken into account. On a heuristic and numerical
level, higher order cumulant expansions have also been
considered for a class of central spin systems [38].

In those systems a single ‘central’ spin interacts non-
locally (‘one-to-all’) with a large number of ‘bath’ or en-
vironmental spins, making up the reservoir R [39–49].
The mean field and fluctuation regimes of a central spin
1/2 coupled to bath spins 1/2 is analyzed in [50]. It is
shown that in the fluctuation regime (g ∝ 1/

√
M) and

M → ∞, the effect of the reservoir can be encoded in
a single bosonic mode communicating with the central
spin, which results in an equivalent Jaynes-Cummings
model. The setup in [50] is specific in several respects.
Other than being two-level systems, S and R are coupled
linearly via the collective bath ladder operators, conserv-
ing the total number of excitations. The reservoir dy-
namics is taken to be purely dissipative, without Hamil-
tonian component, purely driven by a pump and decay
term between the two levels, and the reservoir is taken
to be in the resulting equilibrium.

In this letter we explain that arbitrary quantum sys-
tems S mesoscopically coupled to reservoirs R of arbitrary
M → ∞ constituents, evolve as if they were linearly cou-
pled to a set F of oscillators in their ground state. The
equivalent bosonic fluctuation reservoir F is constructed
in a simple, explicit, and physically transparent manner.
We show that for generic SR models where components
of R have Q ≥ 2 energy levels, Q − 1 independent os-
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cillators will arise in the equivalent fluctuation reservoir
F. We show that entanglement is created within bipar-
tite systems S by the indirect mesoscopically scaled con-
tact with reservoirs. Our results hold for arbitrary initial
states of R which are stationary under the uncoupled,
Hamiltonian reservoir dynamics. The fluctuation reser-
voir F depends explicitly on the initial state of R. We
also identify the quantum central limit theorem as the
universal mechanism underlying the equivalence R ↔ F.
Our key observation is that the SR coupling operators be-
have as non-commutative, normally distributed random
variables (M → ∞) [51–55]. Bosonic systems, such as
collections of oscillators in quasi-free (Gaussian) states,
are likewise characterized by normally distributed cor-
relation functions. By matching these correlations, we
show that we can replace the original reservoir R by an
equivalent set of harmonic oscillators F. Our results are
mathematically exact.
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FIG. 1. Illustration of the main result. A system S with
Hamiltonian HS interacting with two different reservoirs. Left
sketch: S interacts equally with the M elements of a reservoir,
each a dR-level system with Hamiltonian hR. The interac-
tion operator is ∝ 1/

√
M , called a mesoscopic scaling. Right

sketch: S interacts with a reservoir of (maximally) d2R inde-
pendent bosonic modes indexed by (k, l), all in their ground
state. Each oscillator corresponds to a transition Ek → El

between energy levels of hR allowed by the interaction SR op-
erator v. The interaction operator X of S with the bosonic
modes is linear in the creation and annihilation operators.
The left-right arrow↔ indicates ourmain result: The reduced
dynamics of S obtained from the left model (as M → ∞) and
the right model is the same. The result holds for arbitrary S
and regardless of the fine details of the components of R.

Model. — A quantum system S is coupled to a quan-
tum reservoir R consisting of M independent, identical
components, see Figure 1 (left part). The total complex
is described by the Hilbert space

HSR,M = HS ⊗HR,M , HR,M = HR ⊗ · · · ⊗ HR (1)

(M -fold product). We assume that dimHS < ∞ and
dimHR < ∞. The dynamics is generated by the inter-

acting hermitian Hamiltonian on HSR,M ,

H = HS +HR,M + VM , (2)

where HS is the (any) Hamiltonian of S and

HR,M =

M∑
m=1

h
[m]
R (3)

is the sum of single-component Hamiltonians h
[m]
R . Here,

hR is a fixed, arbitrary, hermitian operator and we use
the notation

X
[m]
R = 1⊗ · · · ⊗ 1⊗XR ⊗ 1⊗ · · · ⊗ 1, (4)

where the operator XR sits on the mth factor in the M -
fold product. The system-reservoir interaction operator
in (2) is given by

VM =

Q∑
q=1

Gq ⊗
1√
M

M∑
m=1

v[m]
q + h.c., (5)

for some Q ≥ 1, where Gq and vq are (not necessarily
hermitian) operators on HS and HR, respectively.
We consider initial system-reservoir states (density ma-

trices) of the form

ρSR,M = ρS ⊗ ρR,M , ρR,M = ρR ⊗ · · · ⊗ ρR, (6)

with an arbitrary system state ρS and where each com-
ponent of R is in the same state ρR, which is assumed to
be stationary (for example a thermal equilibrium state),

e−ithRρRe
ithR = ρR. (7)

The interaction operators vq are normalized (shifted, cen-
tralized) to have vanishing expectation,

trR(ρRvq) = 0. (8)

The object of interest is the reduced system density ma-
trix in the thermodynamic limit,

ρS(t) = lim
M→∞

trR,M

(
e−itHSR,M ρSR,M eitHSR,M

)
, (9)

where trR,M stands for the partial trace over the reservoir
degrees of freedom.

Consequences of symmetry and scaling. — We now
discuss the mechanism and ideas which lead to our main
result (19). For ease of presentation we do this here for
an interaction (5) with Q = 1 and G = G†, v = v†. A
mathematical proof of the general case is given in [56].
The model has two important features:
(i) Symmetry. The full Hamiltonian (2) and the reser-

voir initial state (6) are symmetric under the exchange
of reservoir components.
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(ii) 1/
√
M scaling. The interaction (5) is scaled with

this prefactor (termed mesoscopic).
The contribution of the reservoir to the dynamics is

encoded in the multi-time correlation functions

CM (t1, . . . , tn) := trR,M

(
ρR,M

1√
M
S(t1) · · ·

1√
M
S(tn)

)
,

(10)

where S(t) =
∑M

m=1 v
[m](t) (see (5)), with v(t) =

eithRve−ithR . The product S(t1) · · ·S(tn) in (10) is a
multiple sum over indices m1, . . . ,mn. Each index m in-
dicates the reservoir element on which the operator v[m]

acts (see (4)). At first sight one might think that (10)
would diverge as M → ∞, because the multiple sum has
Mn terms and the scaling only provides a factor M−n/2.
However, as tr(ρRv(t)) = 0 (see (7) and (8)) and by the
symmetry and product form of ρR,M , (6), terms in the
multiple sum vanish whenever at least one m differs from
the others. So indices need to be paired up or appear in
larger clusters for a nonzero contribution. A combina-
torial argument shows that for M → ∞ all terms with
larger clusters disappear as their number grows less than
O(Mn/2). The scalingM−n/2, withM → ∞, selects pre-
cisely the terms where the indices m1, . . . ,mn are paired,
with each pair corresponding to the product of two op-
erators v(t)v(t′) acting on the same reservoir “site” or
component. This implies that the multi-correlation func-
tions CM (t1, . . . , tn) are expressed for M → ∞, via the
two-point function

c(t, t′) := trR
(
ρRv(t)v(t

′)
)

(11)

by Wick’s theorem (see [56] for a simple proof), just as
in quantum field theory. Letting Pn denote the set of all
pairings π, we have

lim
M→∞

CM (t1, . . . , tn) =
∑
π∈Pn

n/2∏
j=1

c(tπ(2j−1), tπ(2j)) n even

0 n odd.

(12)

The formula (12) expresses the quantum central limit
theorem. We prove it in Proposition 2 in [56].

Equivalent bosonic (fluctuation) modes F. — We ex-
plain now how to build a collection of harmonic oscilla-
tors which reproduces the two-point function (11). In the
common eigenbasis {χj} of ρR and hR we have

ρR =

dR∑
j=1

pj |χj⟩⟨χj |, hR =

dR∑
j=1

Ej |χj⟩⟨χj | (13)

where the 0 ≤ pj ≤ 1 are the populations of ρR and the
Ej ∈ R are the energies of hR (possibly with Ej = Ej′

for different indices). Denoting the matrix elements of v
as vkl = ⟨χk|v|χl⟩ the two-point function (11) reads,

c(t, t′) =

dR∑
k,l=1

pk|vkl|2e−i(El−Ek)(t−t′). (14)

We associate one harmonic oscillator a†kl, akl to each pair
(k, l) ∈ M′ :=

{
(k, l) s.t. pk ̸= 0, vkl ̸= 0

}
, that

is to each allowed (vkl ̸= 0) transition Ek → El pro-
vided Ek populated in ρR. We take the frequency of
the oscillators to be just the Bohr transition frequency,
ωkl = El − Ek. This means physically that when the
oscillators are coupled by an energy exchange interac-
tion with S, they can induce the same transitions in
S as the original reservoir. The oscillator Hamiltonian
is HF =

∑
(k,l)∈M′ ωkla

†
klakl. We introduce the field

operator ϕ(t) =
∑

(k,l)∈M′
√
pkvkle

iωklta†kl + h.c. It is
easily seen that its two-point function in the oscillator
ground state ρF = |0⟩⟨0| ⊗ · · · ⊗ |0⟩⟨0| is precisely (14),
tr
(
ρFϕ(t)ϕ(t

′)
)

= c(t, t′). This implies that the new
bath F consisting of all the oscillators, coupled to S lin-
early via the interaction operator G ⊗ ϕ(0), induces the
same dynamics (9) in S as the original reservoir. One
shows this by realizing that the Dyson series expansions
of the dynamics of S resulting from the SF interaction
and from the SR interaction are exactly the same. In-
deed, these expansions express the system dynamics in
terms of multi-correlation functions of the correspond-
ing reservoirs (R or F) and for both reservoirs, those
multi-correlation functions are expressed in terms of the
two-point functions via Wick’s theorem (as in (12)). By
design the two-point functions of R and F are the same,
hence so are the multi-correlation functions and thus so
are the Dyson series expansions. We present the techni-
cal details of the arguments above in Sections S and T
of [56]. Above is the outline of the result and the main
ideas for Q = 1, G† = G and v† = v in (5). Now we
present the general case.

Main result. — Consider the model (1)-(9). We in-
troduce the ‘fluctuation reservoir’ F, which is made of
independent harmonic oscillators a†kl, akl in their ground
state

ρF = |0⟩⟨0| ⊗ · · · ⊗ |0⟩⟨0|. (15)

The oscillators a†kl, akl are indexed by (k, l) such that
Ek is an energy level occupied in ρR (pk ̸= 0) and at
least one of the interaction operators vq in (5) allows the
transition Ek → El or El → Ek. In other words, the
oscillators are indexed by (k, l) in the set of modes,

M :=
{
(k, l) s.t. pk ̸= 0 and (16)

[vq]kl or [vq]lk ̸= 0 for some q = 1, . . . , Q
}
.

The oscillator (k, l) has the frequency ωkl = El −Ek and
we define the Hamiltonian

HF =
∑

(k,l)∈M

ωkla
†
klakl.

We couple the system S to F via the interacting Hamil-
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tonian

HSF = HS +HF +

Q∑
q=1

Gq ⊗Xq +G†
q ⊗X†

q , (17)

with Xq defined as

Xq =
∑

(k,l)∈M

√
pk
(
[vq]lk a

†
kl + [vq]kl akl

)
. (18)

The [vq]kl = ⟨χk|vq|χl⟩ are the matrix elements of the
interaction operator vq [57]. Our main result is:

Theorem. The system dynamics ρS(t) defined in (9), is
equivalently given, for all t ∈ R, by

ρS(t) = trF
(
e−itHSF(ρS ⊗ ρF)e

itHSF
)

(19)

where HSF is the interacting SF Hamiltonian (17) and
ρF is the ground state (15).

Discussion and examples. — The theorem shows that
one can use a bath of oscillators in their ground state
to model the dynamics of any system S within the class
of SR models (1)-(9) presented above. The form of the
equivalent fluctuation reservoir F is not unique. F should
be Gaussian (quasi-free) and have the same two-point
function as R. Intuitively, the reservoir F should provide
the system S with the same set of transition energies
El −Ek and the same transition probabilities as R does,
in order to drive the same system dynamics. A realiza-
tion of F is the ground state oscillator bath (15)-(18),

where the mode a†kl enables the transition Ek → El. We
call this the standard representation of F, as it is suitable
for all models. In special situations (for parameter rela-
tions compatible with thermal transition probabilities),
one may realize F as a collection of thermal modes at ap-
propriate inverse temperatures βkl, each availing S with
transition energies Ek −El and El −Ek simultaneously.
We explain this with more precision in Section T of [56].
The non-uniqueness of F is not surprising, as in general,
different coupled system-reservoir dynamics can gener-
ate the same reduced system dynamics. This is akin to
different multivariate probability distributions having a
fixed marginal.

The number of oscillators in F is the cardinality of M,
(16). It satisfies |M| ≤ dR×rank ρR, where dR = dimHR

and the rank of ρR is the number of nonzero populations
pk. If all transitions are allowed by the vq then |M| =
dR × rank ρR. For ‘off-diagonal’ interactions, [vq]kk =
0 for all q and k (and all other transitions allowed), F
has |M| = (dR − 1) × rank ρR oscillators. A pure state
ρR = |ψR⟩⟨ψR| has rank one and the reservoir F has at
most dR oscillators. For a reservoir R made of spins,
dR = 2 we need 2 oscillators in F. If the interaction
is off-diagonal, [vq]kk = 0, then F consists of a single
oscillator. The corresponding SF model is then of the

Jaynes-Cummings type as in [50]. On the other hand,
thermal states ρR ∝ e−βhR (β < ∞) have full rank dR
leading to a maximal number d2R of oscillators (or d2R−dR
for off-diagonal vq).
Qubit (spin) system. Consider both S and each com-

ponent of R to be spins 1/2 and let HS and ρS be any
spin 1/2 Hamiltonian and density matrix. Take hR =
ωR|↑⟩⟨↑ | with ωR > 0 and ρR = w|↓⟩⟨↓ |+ (1− w)|↑⟩⟨↑ |
with 0 ≤ w ≤ 1. For the interaction (5) take Q = 1
and G = |↓⟩⟨↑ |, v = |↑⟩⟨↓ | so that excitations are ex-
changed between S and R. The reservoir populations
and energy levels (13) in this example are, p1 = 1 − w,
p2 = w, E1 = 0, E2 = ωR. If w ̸= 0, 1 (mixed state)
then the set of modes (16) is M = {(1, 2), (2, 1)} and
F consists of two oscillators a†, a and b†, b at frequen-
cies ωa = ωR and ωb = −ωR. The interaction oper-
ator (18) is X = w1/2 a† + (1 − w)1/2 b. In the case
w = 0, 1 (pure state) M reduces to a single point and F
consists of only one oscillator. We introduce the new, ef-
fective modes A = (1−2w)−1/2(w1/2a†+(1−w)1/2b) and
B = (1−2w)−1/2((1−w)1/2a+w1/2b†) (for 0 < w < 1/2)
such that [A,A†] = [B,B†] = 1, [A,B] = [A,B†] = 0. In
terms of these independent oscillators, the SF Hamilto-
nian becomes

HSF = HS − ωR(A
†A−B†B) +G⊗A+G† ⊗A†.

Therefore, S is coupled to a single effective mode A [58].
Emergence of multiple fluctuation modes. Let S be ar-

bitrary with any Hamiltonian HS and any initial state
ρS. Take reservoir components to be Q-level systems
(Q ≥ 2), hR =

∑Q
q=1Eq|q⟩⟨q| and ρR = |1⟩⟨1|. Take

a SR coupling which induces transitions between |1⟩ and
|q⟩, q ≥ 2, namely (5) with arbitrary Gq and vq = |q⟩⟨1|.
The mode set (16) is M = {(1, q) : q = 2, . . . , Q} and
we denote by aq ≡ a1,q the corresponding bosonic oper-
ators of F. The SF Hamiltonian (17) couples S to Q− 1
independent modes of F with frequencies ωq = Eq − E1,

HSF = HS +

Q∑
q=2

ωqa
†
qaq +

Q∑
q=2

Gq ⊗ a†q + h.c.

Creation of intra-system entanglement. The interac-
tion of two systems S1 and S2 to a common environ-
ment R generally produces entanglement between S1 and
S2, even if they are not coupled directly [30]. This ef-
fect is not captured in mean-field models. It is shown
in [31] that the effective propagator of multipartite sys-
tems S = S1 + · · · + SN coupled in the mean field way
to a common reservoir, is the product of local unitaries
(with time-dependent generators). The intra-system en-
tanglement is thus constant in time and initially dis-
entangled states of S stay so when interacting with R.
The following simple example shows that the creation of
intra-system entanglement is restored by the interaction
with a common bath in the fluctuation scaling. Take
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an arbitrary bipartite S = S1 + S2 with any uncoupled
HS = HS1 + HS2 and a reservoir with two-level com-
ponents, hR = E1|1⟩⟨1| + E2|2⟩⟨2|, say in the ground
state ρR = |1⟩⟨1|. Take the coupling (5) with Q = 1,
G = Γ1 + Γ2 (any coupling operators of S1 and S2) and
v = |1⟩⟨2|. The fluctuation reservoir F has a single mode
a and the SF Hamiltonian (17) is (ωF = E2 − E1),

HSF = HS1 +HS2 + ωFa
†a+ (Γ1 +Γ2)⊗ (a† + a). (20)

This Hamiltonian generates entanglement between S1

and S2 [59].

Non-demolition models. Consider Q = 1 and com-
muting HS and G ((2), (5)), HS =

∑N
j=1 ej |ψj⟩⟨ψj |,

G =
∑N

j=1 gj |ψj⟩⟨ψj |, where {ψj}Nj=1 is an orthonor-

mal basis of HS = CN and ej ∈ R, gj ∈ C (G is not
necessarily hermitian). Let hR, ρR and v be arbitrary,
fixed. As HS commutes with HSF the populations of
S (diagonal density matrix elements) in the dynamics
ρS(t), (19), are independent of time. The coherences
(off-diagonals) evolve independently, ⟨ψm|ρS(t)|ψn⟩ =
e−it(em−en)Dm,n(t)⟨ψm|ρS(0)|ψn⟩, where the decoher-
ence functions is,

Dm,n(t) =
∏

(k,l) : k ̸=l

Dm,n(k, l, t). (21)

Consider the case gn ∈ R and v = v†. Then the modulus
of (21) is (see End Matter below)

|Dm,n(t)|

= exp
[
− 8(gm − gn)

2
∑

(k,l) : k ̸=l

pk|vkl|2 sin2(tωkl/2)
ω2

kl

]
.

The system undergoes a quasi-periodic evolution in time,
in contrast to what happens for open systems coupled to
reservoirs having a continuum of modes, such as the spin
boson model. Those systems show decoherence, that is
Dm,n(t) → 0 as t → ∞. Nevertheless, for times t <<
mink ̸=l

1
|ωkl| we have the onset of decoherence,

∣∣Dm,n(t)
∣∣ ∼ exp

[
− 2(gm − gn)

2t2
dR∑

k,l=1

|vkl|2pk
]

= e−t2(2dR−1)u2

,

(22)

where in the equality we took a homogeneous coupling,

|vkl| =
{
u k ̸= l
0 k = l

. The decoherence rate (22) is largely

model-independent. It does not depend on the initial
state ρR nor on the eigenvalues Ej of hR. (22) stays
valid for longer times if the energy gap narrows, which is
typically the case for increasing dR.
Summary. — We study quantum systems S coupled

to reservoirs R of size M through non-local interactions,
scaled mesoscopically, proportional to 1/

√
M , in the limit

M → ∞. We show that the reduced density matrix
of the system S evolves exactly as if it were interacting
with a different reservoir F, consisting of independent
bosonic modes initially in their ground states, and cou-
pled through a simple, explicit, linear interaction. Our
findings reveal that free bosonic reservoirs universally
emerge from mesoscopically scaled, non-local couplings.
We plan to use this framework to analyze the interplay
of mean field and fluctuation effects in systems far from
equilibrium (transport) and describe thermodynamic ef-
fects at arbitrary coupling strengths.
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[24] L. Erdős, B. Schlein, and H. Yau, Ann. Math. , 291

(2010).
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S. PROOF OF THEOREM

In the sequel, by “the theorem”, we shall mean the main result of the letter — stated as a theorem involving (19).
To show the theorem we first write the dynamics ρS(t), (9), in Dyson series form (Proposition 1). The limit M → ∞
brings about the bosonic nature of the coupling operators, which are of fluctuation type 1√

M

∑M
m=1 v

[m]
q . This results

in reservoir partial trace terms having a structure as dictated by the Wick theorem (Proposition 2). We then devise a
fluctuation reservoir in a Gaussian state of independent bosonic modes, resulting in the same Wick structure. In what
follows it is sometimes practical to use the following equivalent notion for a state, given either by a density matrix ρ
or a linear functional ω (acting on observables):

ρ ↔ ω(·) = tr(ρ · ).

S.1. Dynamics as M → ∞ by the Dyson series

We decompose the Hamiltonian (2) as

HM = H0
M + VM , with H0

M = HS +HR,M , (S.1)

see also (5). The Dyson series expansion gives

trR,M

(
eitH

0
M e−itHSR,MρSR,M eitHSR,M e−itH0

M
)

=
∑
n≥0

(−i)n
∫
0≤tn≤···≤t1≤t

dt1 · · · dtn trR,M

([
VM (t1), [· · · [VM (tn), ρS ⊗ ρR,M ] . . .]

])
, (S.2)

where

VM (t) =

Q∑
q=1

Gq(t)⊗ VR,M,q(t) + h.c., VR,M,q(t) =
1√
M

M∑
m=1

vq(t)
[m], (S.3)

with

Gq(t) = eitHSGqe
−itHS , vq(t) = eithRvqe

−ithR . (S.4)

The series (S.2) converges in any norm on the bounded operators on HS, for all values of t ∈ R and M ∈ N.

Proposition 1 Recall the definition (9) of ρS(t). We have

eitHSρS(t)e
−itHS

=
∑
n≥0

(−i)n
∫
0≤tn≤···≤t1≤t

dt1 · · · dtn lim
M→∞

trR,M

([
VM (t1), [· · · [VM (tn), ρS ⊗ ρR,M ] . . .]

])
. (S.5)
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Proof of Proposition 1. The task is to show that the series in (S.2) converges (absolutely) uniformly in M , so that
the limit and the summation can be interchanged. To show uniform convergence we proceed as follows. Using the
relation (S.3) in (S.2) results in

trR,M

(
eitH

0
M e−itHSR,MρSR,M eitHSR,M e−itH0

M
)
=

∑
n≥0

(−i)n
∑

q1,...,qn

∑
σ1,...,σn

∫
0≤tn≤···≤t1≤t

dt1 · · · dtn

× trR,M

([
Gσ1

q1 (t1)⊗ V σ1

R,M,q1
(t1), [· · · [Gσn

qn (tn)V
σn

R,M,qn
(tn), ρS ⊗ ρR,M ] . . .]

])
. (S.6)

Here, we have introduced the variables σ ∈ {±1} and we set for an operator O

Oσ =

{
O for σ = 1
O† for σ = −1.

Consider fixed values of q1, . . . , qn and σ1, . . . , σn. Expanding the multiple commutator in (S.6) inside the trace yields
2n terms, each of the form

G
σℓ1
qℓ1

(tℓ1) · · ·G
σℓL
qℓL

(tℓL) ρS G
σℓL+1
qℓL+1

(tℓL+1) · · ·G
σℓn
qℓn (tℓn)

⊗ V
σℓ1

R,M,qℓ1
(tℓ1) · · ·V

σℓL

R,M,qℓL
(tℓL) ρR,M V

σℓL+1

R,M,qℓL+1
(tℓL+1) · · ·V

σℓn

R,M,qℓn
(tℓn) (S.7)

for some L and some permutation j 7→ ℓj of the n indices. We now analyze the trace over the reservoir factor of (S.7),

trR,M

(
V

σℓ1

R,M,qℓ1
(tℓ1) · · ·V

σℓL

R,M,qℓL
(tℓL) ρR,M V

σℓL+1

R,M,qℓL+1
(tℓL+1) · · ·V

σℓn

R,M,qℓn
(tℓn)

)
= trR,M

(
ρR,MV τ1

r1 (s1) . . . V
τn
rn (sn)

)
=

1

Mn/2

M∑
m1,...,mn=1

trR,M

(
ρR,M vτ1r1 (s1)

[m1] · · · vτnrn (sn)
[mn]

)
, (S.8)

where in the first step we used the cyclicity of the trace, the s are a permutation of the t, the τ are a permutation of
the σ and the r are a permutation of the q. Below we show the bound

B(M) ≡ 1

Mn/2

∣∣∣ M∑
m1,...,mn=1

trR,M

(
ρR,M vτ1r1 (s1)

[m1] · · · vτnrn (sn)
[mn]

)∣∣∣ ≤ (
emax

r
∥vr∥

)n
nn/2, (S.9)

for any n ≥ 1 and any M ≥ 1. Given the bound (S.9) we estimate the Dyson series (S.2) in operator norm (on
bounded operators acting on HS) from above by the series∑

n≥0

2nQn
(
2emax

q
∥Gq∥ max

q
∥vq∥ t

)n nn/2

n!
, (S.10)

where the factor 2nQn accounts for the multiplicity of the sums over σ and q in (S.6). The series (S.10) converges for
all values of maxq ∥Gq∥, maxq ∥vq∥ and t (use for example the quotient test). Consequently, the Dyson series (S.2)
converges uniformly in M and we can interchange the limit and summation, so that (9), (S.1), (S.2) yield (S.5).

This concludes the proof of Proposition 1 modulo a proof of (S.9), which we give now. We distinguish two cases,
M ≤ n and M > n. For M ≤ n we have B(M) ≤ M−n/2(maxq ∥vq∥)nMn ≤ (maxq ∥vq∥)nnn/2, so that (S.9) holds.
Let us now treat the case M > n. It is convenient to make a change of variables in the sum in (S.9). For a given
configuration (m1, . . . ,mn) ∈ {1, . . . ,M}n, there is a unique number p1 ∈ {0, . . . , n} of indices in the configuration
equal to 1, and a unique number p2 ∈ {0, . . . , n} of indices equal to 2, and so on, and there is a unique number
pM ∈ {0, . . . , n} of indices in the configuration which are equal to M . We have p1 + · · ·+ pM = n. Conversely, given
(p1, . . . , pM ) ∈ {0, . . . , n}M such that p1 + · · ·+ pM = n there are(

n

p1, . . . , pM

)
=

n!

(p1)! · · · (pM )!
(S.11)

different associated configurations (m1, . . . ,mn) ∈ {1, . . . ,M}n with such multiplicities pj (number of terms). The
following identities guarantee that the multiplicities (number of terms) are accounted for correctly,

M∑
m1,...,mn=1

1 = Mn =
∑

p1,...,pM≥0
p1+···+pM=n

(
n

p1, . . . , pM

)
. (S.12)
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Not all the terms in the sum over the pj contribute to the sum (S.9). Indeed, if any of the pj equals one, then the
summand vanishes due to trR(ρRv

σ
q (s)) = 0 (see (7) and (8)). Hence all the pj which contribute to the sum are either

zero or at least equal to two. As p1+ · · ·+pM = n this means that at most ⌊n/2⌋ of the pj can be nonzero. Therefore,

B(M) ≤ maxq ∥vq∥n

Mn/2

∑
p1,...,pM≥0

p1+···+pM=n

(
n

p1, . . . , pM

)
χ(p1, . . . , pM ), (S.13)

where the function χ selects the configurations (p1, . . . , pM ) with at most ⌊n/2⌋ nonzero pj (which are all ≥ 2). Due
to the symmetry of the sum in the pj , we have

∑
p1,...,pM≥0

p1+···+pM=n

(
n

p1, . . . , pM

)
χ(p1, . . . , pM ) =

⌊n/2⌋∑
ν=1

(
M

ν

) ∑
r1,...,rν≥2

r1+···+rν=n

(
n

r1, . . . , rν

)
(S.14)

where ν counts the number of nonzero pj — which are denoted rk — and
(
M
ν

)
counts the ways we can choose which

of the pj are nonzero. Since M > n, Pascal’s triangle tells us that the binomial coefficient is maximal for ν = ⌊n/2⌋,
so (

M

ν

)
≤

(
M

⌊n/2⌋

)
=

M !

(M − ⌊n/2⌋)!⌊n/2⌋!
≤ M⌊n/2⌋

⌊n/2⌋!
. (S.15)

We combine (S.13)-(S.15) to obtain,

B(M) ≤ (maxq ∥vq∥)n

⌊n/2⌋!

⌊n/2⌋∑
ν=1

νn ≤ (max
q

∥vq∥)n
(
⌊n/2⌋

)n+1

⌊n/2⌋!
≤ (emax

q
∥vq∥)n

(
⌊n/2⌋

)n−⌊n/2⌋+1/2
. (S.16)

In the first inequality, we estimated the sum over the rj in (S.14) above by νn using (S.12) and in the last step we used

Stirling’s bound, ⌊n/2⌋! ≥
√
2π⌊n/2⌋( ⌊n/2⌋e )⌊n/2⌋. Finally, using the bound

(
⌊n/2⌋

)n−⌊n/2⌋+1/2 ≤ (n/2)
n
2 +1 ≤ nn/2

in (S.16) shows (S.9) for M > n. This concludes the proof of Proposition 1. □

Next we analyze the limit M → ∞.

Proposition 2 Let wj, j = 1, . . . , n, be operators on HR such that ωR(wj) ≡ trR(ρRwj) = 0 and set

Wj =
1√
M

M∑
m=1

w
[m]
j .

Then we have

lim
M→∞

trR,M

(
ρR,M W1 · · ·Wn

)
=


∑
π∈Pn

n/2∏
j=1

ωR

(
wπ(2j−1)wπ(2j)

)
for n even

0 for n odd

(S.17)

where Pn is the set of all permutations π of {1, . . . , n} such that

1 = π(1) < π(3) < · · · < π(n− 1), and π(2j − 1) < π(2j), for all j. (S.18)

In particular, (S.17) holds for wj = v
τj
rj (sj), where τj ∈ {±1}, rj ∈ {1, . . . , Q} and sj ∈ R are arbitrary.

Proof of Proposition 2. Not all configurations of the (m1, . . . ,mn) contribute to the sum on the left side of (S.17).
If any of the indices mj is distinct from all the others, then the trace vanishes, due to the fact that ρR,M = ρR⊗· · ·⊗ρR
and trR(ρRwj) = 0, c.f. (6), (4). Therefore, in the multiple sum over the mj , only the configurations count in which
for some 2 ≤ J ≤ n, there are k2 pairs of indices taking the same value (1, . . . ,M) within each pair but different values
for different pairs, and there are k3 triplets taking the same value within each triplet (but different values between
triplets, and none equal to the values taken by the pairs), and so on, and there is a number kJ of J-tuples which take
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the same value within each J-tuple but different values for different J-tuples (none of which are taken by any other
of the previous j-tuples). Those numbers must add up to the total amount of indices,

J∑
j=2

jkj = n. (S.19)

Given J and k1, . . . , kJ , each of the k2 pairs takes a different value for the index m = 1, . . . ,M , leading to M(M −
1) · · · (M−k2+1) ≤ Mk2 possibilities. Each of the k3 triples have to take a different value for m among the remaining
M − 2k2 values. Hence (M − 2k2) · · · (M − 2k2 − k3 + 1) ≤ Mk3 possibilities. A similar bound holds for each of the
groups of j-tuples. We thus obtain the bound

∣∣∣ 1

Mn/2

M∑
m1,...,mn=1

trR,M

(
ρR,M w

[m1]
1 · · ·w[mn]

n

)∣∣∣ ≤ (max
j

∥wj∥)n
n∑

J=2

∑
k2,...,kJ≥0∑J
j=2

jkj=n

Mk2+···+kJ

Mn/2
. (S.20)

Next, (S.19) gives n = 2(k2 + k3 + · · ·+ kJ) + n0 with n0 = k3 + 2k4 + 3k5 · · ·+ (J − 2)kJ ≥ 0 and so

Mk2+···+kJ = M
n
2 −n0

2 .

We have n0 ≥ 1 if J > 2 and n0 = 0 for J = 2. Using this in (S.20) we see that the limit M → ∞ vanishes unless
J = 2. Therefore the only terms surviving the M → ∞ limit in the term on the left side of (S.17) are those for which
the indices m1, . . . ,mn take pairwise equal values and different values among pairs.

To list all these terms we proceed as follows. For each such term, m1 = mπ(1) equals some other index mπ(2) with

π(1) < π(2). The next ‘free’ m-index in the product w
[m1]
1 · · ·w[mn]

n (not equal to mπ(1) nor mπ(2)) is mπ(3) for some
π(1) < π(3). That one is paired up with an mπ(4) with π(3) < π(4). Continuing this way we obtain the pairing(

wπ(1), wπ(2)

)
,
(
wπ(3), wπ(4)

)
, . . . ,

(
wπ(n−1), wπ(n)

)
. (S.21)

Each pair is ‘sitting’ on a different factor (value of m) and so the average in the state ρR,M of the pair (S.21) is the
product of the single-site averages,

ωR

(
wπ(1)wπ(2)

)
· · ·ωR

(
wπ(n−1)wπ(n)

)
. (S.22)

As discussed above, each term (S.22) has a multiplicity M(M−1) · · · (M−k2+1) with k2 = n/2, which is compensated
by the prefactor M−n/2,

lim
M→∞

M(M − 1) · · · (M − n/2 + 1)

Mn/2
= 1. (S.23)

The formula (S.17) follows. This completes the proof of Proposition 2. □

S.2. Equivalent Gaussian reservoir: Proof of the theorem

Let ρF be a Gaussian state of a number N (to be determined) of independent quantum harmonic oscillators with

creation and annihilation operators a†j , aj , j = 1, . . . , N . For z = (z1, . . . , zN ) ∈ CN we set

ΦF(z) =
1√
2

(
a†(z) + a(z)

)
, a†(z) =

N∑
j=1

zja
†
j , a(z) =

N∑
j=1

zjaj .

Here, z̄ is the complex conjugate of z ∈ C. Wick’s theorem gives

trF

(
ρF ΦF(z1) · · ·ΦF(zn)

)
=


∑
π∈Pn

n/2∏
j=1

trF

(
ρF ΦF(zπ(2j−1))ΦF(zπ(2j))

)
for n even

0 for n odd

(S.24)
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where Pn is defined after (S.17). Consider a (‘Bogoliubov’) dynamics generated by a Hamiltonian HF such that

eitHFΦF(z)e
−itHF = ΦF(z(t)), (S.25)

where z(t) ∈ CN for all t. We let the system S interact with the bosonic reservoir according to the total Hamiltonian,

HSF = HS +HF +

Q∑
q=1

Gq ⊗Xq +G†
q ⊗X†

q (S.26)

where we take Xq to be

Xq = a(zq) + a†(wq) =

N∑
j=1

zq,jaj + wq,ja
†
j , (S.27)

for some zq = (zq,1, . . . , zq,N ) and wq = (wq,1, . . . , wq,N ) ∈ CN to be determined.

Our strategy to prove the theorem is this: We show that the Dyson series obtained for trF(e
itHSe−itHSF(ρS ⊗

ρF)e
itHSFe−itHS) (see (S.30) below) is the same as the Dyson series (S.5) in the limit M → ∞. For the latter Dyson

series, we use Proposition 2. Namely, as explained in the proof of Proposition 1, expanding the multiple commutator
in the series in (S.5) gives an operator shown on the right hand side of (S.7), and using (S.17) we obtain for this term,

lim
M→∞

trR

(
V

σℓ1

R,M,rℓ1
(tℓ1) · · ·V

σℓL

R,M,rℓL
(tℓL) ρR,M V

σℓL+1

R,M,rℓL+1
(tℓL+1) · · ·V

σℓn

R,M,rℓn
(tℓn)

)
= lim

M→∞
trR

(
ρR,M WℓL+1

· · ·WℓnWℓ1 · · ·WℓL

)

=


∑
π∈Pn

n/2∏
j=1

ωR

(
wπ(2j−1)wπ(2j)

)
for n even

0 for n odd

(S.28)

where the notation is as in Proposition 2 and the wj are operators vσr (t).
We now consider the Dyson series resulting from the coupling of S to the fluctuation reservoir F with total Hamil-

tonian HSF, (S.26). We write for the free evolution of Xq,

Xq(t) = eitHFXqe
−itHF =

N∑
j=1

zq,je
−itωjaj + wq,je

iωjta†j . (S.29)

Analogously to (S.6), we obtain the Dyson series expansion,

trF

(
eitHSe−itHSF(ρS ⊗ ρF)e

itHSFe−itHS

)
=

∑
n≥0

(−i)n
∑

q1,...,qn

∑
σ1,...,σn

∫
0≤tn≤···≤t1≤t

dt1 · · · dtn

× trF

([
Gσ1

q1 (t1)⊗Xσ1
q1 (t1), [· · · [G

σn
qn (tn)⊗Xσn

qn (tn), ρS ⊗ ρF] . . .]
])

. (S.30)

Consider fixed values of q1, . . . , qn and σ1, . . . , σn. Expanding the multiple commutator in (S.30) yields 2n terms, each
of the form

G
σℓ1
qℓ1

(tℓ1) · · ·G
σℓL
qℓL

(tℓL) ρS G
σℓL+1
qℓL+1

(tℓL+1) · · ·G
σℓn
qℓL

(tℓn)

⊗X
σℓ1
qℓ1

(tℓ1) · · ·X
σℓL
qℓL

(tℓL) ρF X
σℓL+1
qℓL+1

(tℓL+1) · · ·X
σℓn
qℓL

(tℓn), (S.31)

just as in (S.7). The trace over the reservoir operators in (S.31) is

trF

(
X

σℓ1
qℓ1

(tℓ1) · · ·X
σℓL
qℓL

(tℓL) ρF X
σℓL+1
qℓL+1

(tℓL+1) · · ·X
σℓn
qℓL

(tℓn)
)

= trF

(
ρF X

σℓL+1
qℓL+1

(tℓL+1) · · ·X
σℓn
qℓL

(tℓn)X
σℓ1
qℓ1

(tℓ1) · · ·X
σℓL
qℓL

(tℓL)
)

=


∑
π∈Pn

n/2∏
j=1

ωF

(
xπ(2j−1)xπ(2j)

)
for n even

0 for n odd

(S.32)
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Here we set xj to stand for the Xσ
q (t), analogously to the wj in (S.28). In the last equality in (S.32) we used Wick’s

theorem which holds for any linear combination of field operators (hence for the Xσ
q (t)), see the Appendix U.

Comparing (S.28) and (S.32) we conclude that

trF

(
eitHSe−itHSF(ρS ⊗ ρF)e

itHSFe−itHS

)
= lim

M→∞
trR,M

(
eitH

0
M e−itHSR,MρSR,M eitHSR,M e−itH0

M

)
provided that the following two-point functions coincide for each q, σ, t, q′, σ′, t′,

ωR

(
vσq (t)v

σ′

q′ (t
′)
)
= ωF

(
Xσ

q (t)X
σ′

q′ (t
′)
)
. (S.33)

Therefore, the theorem is proven provided we can show (S.33), which is what we do now.

For a general state ω and operator A we have ω(A) = ω(A†). Using this and that v†q(t) = (vq(t))
† and X†

q (t) =

(Xq(t))
† shows that (S.33) is equivalent to

ωR

(
vq(t)vq′(t

′)
)
= ωF

(
Xq(t)Xq′(t

′)
)

(S.34)

ωR

(
v†q(t)vq′(t

′)
)
= ωF

(
X†

q (t)Xq′(t
′)
)

(S.35)

ωR

(
vq(t)v

†
q′(t

′)
)
= ωF

(
Xq(t)X

†
q′(t

′)
)
. (S.36)

We now identify zq,wq in (S.27) such that (S.34)-(S.36) hold. Denote the Bohr energies of hR by Ekl = Ek −El and
write [vq]kl = ⟨χk|vq|χl⟩ for the matrix elements of vq in the eigenbasis {χj} of hR (see (13)). Using (13) we obtain

ωR

(
vq(t)vq′(t

′)
)
=

∑
k,l

pke
i(t−t′)Ekl [vq]kl[vq′ ]lk (S.37)

ωR

(
v†q(t)vq′(t

′)
)
=

∑
k,l

pke
i(t−t′)Ekl [vq]lk[vq′ ]lk (S.38)

ωR

(
vq(t)v

†
q′(t

′)
)
=

∑
k,l

pke
i(t−t′)Ekl [vq]kl[vq′ ]kl. (S.39)

We can restrict the sums to indices (k, l) ∈ M for which the summands are nonzero, see (16). Next we calculate the
right hand sides of (S.34)-(S.36), with Xq(t) given in (S.29), and where ωF is the product state of the vacua of each
mode. We have ωF(aja

†
m) = δj,m (Kronecker) and so

ωF

(
Xq(t)Xq′(t

′)
)
=

∑
j,m

zq,jwq′,me−itωj+it′ωmωF

(
aja

†
m

)
=

∑
j

zq,jwq′,je
i(t−t′)(−ωj). (S.40)

We thus take one fluctuation mode for each value of the pair (k, l). The total number of fluctuation modes is
(maximally) N = (dimHR)

2 — if pk = 0 for some k or some of the matrix elements vanish, then the corresponding
terms in the sums (S.37)-(S.39) are absent and the number of oscillators is reduced accordingly. Relabeling the
fluctuation modes in (S.40) we write

ωF

(
Xq(t)Xq′(t

′)
)
=

∑
k,l

zq,klwq′,kl e
i(t−t′)(−ωkl). (S.41)

In order to have the equality (S.34) we compare (S.37) and (S.41) and identify,

zq,kl =
√
pk [vq]kl, wq,kl =

√
pk[vq]lk, ωkl = −Ekl = Elk. (S.42)

One then easily checks that the choice (S.42) also guarantees that (S.35) and (S.36) are satisfied.
This shows that (S.33) holds, and thus the proof of the theorem is complete. □

T. EMERGENCE OF THE GROUND STATE FOR F

The purpose of this section is to illustrate how the ground state emerges as the standard representation of F,
regardless of the details of the SR interaction or the properties of R. We also explain that in certain special cases (of
SR interactions and properties of R), other representations than the ground state can be used for F.

To explain the emergence of the ground state of F, we first consider the case (5) with Q = 1 and G = G†, v = v†. As
explained in the main text, we need to find a Gaussian state ρF of N oscillators to match the two-point function (14).
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Denote the ‘field operator’ of N bosonic modes by Φ(z) = 1√
2
(a†(z) + a(z)), z ∈ CN (compare also with (S.27)). A

Gaussian state is determined uniquely by its covariance matrix C via the expression trF(ρF eiΦ(z)) = e−
1
4 ⟨z,Cz⟩, where

⟨z,w⟩ =
∑N

j=1 zjwj is the Euclidean inner product of CN and C is an N ×N complex matrix satisfying C ≥ 1. The
two-point function is,

tr
(
ρFΦ(z)Φ(w)

)
=

1

4
⟨z, (C + 1)w⟩+ 1

4
⟨w, (C − 1)z⟩. (T.43)

As (14) depends on the time difference τ = t − t′ only, which encodes the stationarity of ρR, the same must be true
for (T.43) when z and w are replaced by z(t) and w(t′) (the j-th component of z(t) is eitωjzj). This means that
the covariance matrix is diagonal, C = diag(c1, · · · , cN ), cj ≥ 1, and the time-dependent two-point function (T.43)
becomes,

tr
(
ρFΦ(z(t))Φ(w(t′))

)
=

N∑
j=1

(
αj

cj + 1

4
e−iωjτ + αj

cj − 1

4
eiωjτ

)
, αj = wjzj , τ = t− t′. (T.44)

Setting xj = Reαj , yj = Imαj and comparing the real and imaginary parts of (T.44) and (14) gives,

N∑
j=1

cj
2

[
xj cos(ωjτ) + yj sin(ωjτ)

]
=

dR∑
k,l=1

pk|vkl|2 cos
(
(El − Ek)τ

)
, (T.45)

N∑
j=1

1

2

[
− xj sin(ωjτ) + yj cos(ωjτ)

]
=

dR∑
k,l=1

−pk|vkl|2 sin
(
(El − Ek)τ

)
. (T.46)

In order to satisfy (T.45) and (T.46) we can take one oscillator j for each ordered pair (k, l), so that xj → xkl and so
on. Then ωkl = El − Ek, ykl = 0, ckl

2 xkl = pk|vkl|2 = 1
2xkl and therefore ckl = 1, which means that C = 1 and ρF is

the vacuum state. The same analysis shows that cj = 1 in the general case (Q > 1, Gq and vq not hermitian).

Other representations for special cases. Assume that Q = 1 in the interaction (5) and G = G†, v = v†, with vkk = 0.
Assume also that all the populations pj are distinct. By a possible relabeling of the energies E1, . . . , EdR

we achieve
that

p1 < p2 < · · · < pdR .

We now show that we can satisfy (T.45) and (T.46) by associating to each pair (k, l) with k < l a mode akl in a
thermal state, accounting for transitions Ek → El and El → Ek jointly. Namely, the right hand sides of (T.45) and
(T.46) can be written respectively as (use vkk = 0 and |vkl| = |vlk|)∑

k<l

(pk + pl)|vkl|2 cos
(
(Ek − El)τ

)
and

∑
k<l

(pk − pl)|vkl|2 sin
(
(Ek − El)τ

)
. (T.47)

We identify (choose modes j with) j ↔ {(k, l) with k < l} and we have

ykl = 0, ωkl = El − Ek, cklxkl = 2(pl + pk) |vkl|2, xkl = 2(pl − pk) |vkl|2.

The resulting covariance is ckl = (pl + pk)/(pl − pk) (which is ≥ 1 as it has to be). This covariance defines the state

ρkl = Z−1
kl e−βklωkla

†
klakl , with βklωkl = ln

( pl
pk

)
.

With this identification of the fluctuation modes, the reservoir state is ρF = ⊗k<l ρkl, the product of single mode
equilibrium states at different temperatures. However, contrary to the standard representation of F by the ground
state, this ‘thermal representation’ cannot be done in general, as shows the following simple example.

Let S be arbitrary and let the components of R be two-level systems with basis states {|1⟩, |2⟩} and hR = E1|1⟩⟨1|+
E2|2⟩⟨2|, some E1, E2 ∈ R. The the reservoir initial state ρR = p|1⟩⟨1|+ (1− p)|2⟩⟨2| for some p ∈ [0, 1] and take the
interaction (5) with Q = 1, G arbitrary and v = v12|1⟩⟨2|+ v21|2⟩⟨1| off-diagonal, some v12, v21 ∈ C (v not necessarily
hermitian). The reservoir R two-point function (with τ = t− t′, E12 = E1 − E2),

tr
(
ρRv(t)v(t

′)
)
= pv12v21e

iτE12 + (1− p)v12v21e
−iτE12 (T.48)
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has to be matched by the reservoir F two-point correlation function of a Gaussian ρF with covariance C (see before
(T.43)), which for X(z,w) = 1√

2
(a†(z) + a(w)), z,w ∈ CN , is given by (similarly to (T.44), with z(t) having

components eiωjtzj)

tr
(
ρFX

(
z(t),w(t)

)
X
(
z(t′),w(t′)

))
=

N∑
j=1

(cj + 1

4
w̄jzje

−iτωj +
cj − 1

4
z̄jwje

iτωj

)
. (T.49)

Suppose we could represent F by a single oscillator (in a thermal state, as outlined above), then N = 1 in (T.49).
Equating (T.48) and (T.49) implies that ω is either E12 or −E12. If ω = −E12 then (c + 1)w̄z = 4pv12v21 and
(c− 1)z̄w = 4(1− p)v12v21. Take p ̸= 0, 1. The last two equalities imply that v12v21 = 1

4p (c+1)w̄z = 1
4(1−p) (c− 1)z̄w.

Therefore, as c ≥ 1 and p are real, we must have z̄w ∈ R. This forces v12v21 ∈ R. The analysis for ω = E12 yields
the same result. Consequently, a simple case where we cannot realize F by a thermal mode is when the phases of v12
and v21 are not opposite.

U. WICK’S THEOREM

Let H be a Hilbert space and let W (f) be Weyl operators on H, for f ∈ h and where h is another Hilbert space,
the so-called single-particle Hilbert space. (For N bosonic modes we have h = CN , for a ‘usual’ scalar field in three
space dimensions, h = L2(R3, d3x).) The operators W (f) are unitary and satisfy

W (−f) = W (f)∗ and W (f)W (g) = e−
i
2 Im⟨f,g⟩W (f + g), (U.1)

where ⟨·, ·⟩ is the inner product of h. We assume that

W (f) = eiΦ(f)

for some self-adjoint operator Φ(f) on H, which is called the field operator (the field operators exist for so-called
‘regular representation’ of the canonical commutation relations [61]). Φ is real linear, that is, Φ(tf) = tΦ(f), t ∈ R.
Let ρ be a density matrix on H satisfying

tr
(
ρW (f)

)
= e−

1
4 ⟨f,Cf⟩, (U.2)

where C ≥ 1 is an operator called the covariance operator. The state ρ is called centered and Gaussian (or, quasi-free).
We want to find an expression for the correlation function tr

(
ρΦ(f1) · · ·Φ(fn)

)
, where n ≥ 1 and fj ∈ h are given. As

Φ(f) = (−i)∂t|0W (tf) and due to (U.1), (U.2) we have

tr
(
ρΦ(f1) · · ·Φ(fn)

)
= (−i)n∂n

t1,...,tn

∣∣
0
e−

i
2

∑
k<l tktlIm⟨fk,fl⟩e−

1
4

∑
k,l tktl⟨fk,Cfl⟩.

The term in the second exponent when k = l yields squares t2k which do not contribute as we take the derivatives and
set all tk equal to zero in the end. Therefore,

tr
(
ρΦ(f1) · · ·Φ(fn)

)
= (−i)n∂n

t1,...,tn

∣∣
0
e
∑

k<l tktlqkl , qkl = − 1
2

(
Re⟨fk, Cfl⟩+ iIm⟨fk, fl⟩

)
.

Next,

∂n
t1,...,tn

∣∣
0
e
∑

k<l tktlqkl = ∂n
t1,...,tn

∣∣
0

∑
r≥0

1

r!

(∑
k<l

tktlqkl

)r

is nonzero only if n is even and r = n/2, because the t appear in pairs. Hence

tr
(
ρΦ(f1) · · ·Φ(fn)

)
= (−1)n/2∂n

t1,...,tn

∣∣
0

1

(n/2)!

(∑
k<l

tktlqkl

)n/2

. (U.3)

The product of the sums leads to polynomials in the t and only those terms in which the polynomial is t1 · · · tn are
nonzero after taking the derivative. We must thus choose in each sum (factor) one pair k < l in such a way that all
pairs make up the indices {1, . . . , n}. The associated value to each choice is

qk1,l1 · · · qkn/2ln/2
. (U.4)
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As the order in which we choose the pairs does not matter for the resulting (‘commutative’) value (U.4), we get a
multiplicity (n/2)! for each such value. This removes the prefactor 1/(n/2)! in (U.3). We may list the factors such
that k1 < k2 < · · · and the order kj < lj is imposed by (U.3). Summing over all such arrangements thus yields the
value of (U.3). Finally, we note that −qkl = tr

(
ρΦ(fk)Φf (l)

)
. We have derived Wick’s theorem, stating that

tr
(
ρΦ(f1) · · ·Φ(fn)

)
=


0 for n odd∑

π∈Pn

n/2∏
j=1

tr
(
ρΦ(fπ(2j−1))Φ(fπ(2j))

)
for n even

(U.5)

where Pn is the set of permutations π satisfying (S.18).
We note that if in (U.1) the commutation relation is replaced by W (f)W (g) = W (f +g), then the above derivation

and the result (U.5) hold in the exact same way. This corresponds to a commutative, or classical representation of
the canonical commutation relations.

It is sometimes useful to state Wick’s theorem for operators more general than field operators (and indeed, this
is what we do in the proof of the theorem in the letter). Since both sides in (U.5) are linear in each Φ(fj) we may
replace each of those field operators by any linear combination,

Φ(fj) 7→ Xj ≡
R∑

r=1

ξr,jΦ(gr,j),

for any ξr,j ∈ C, and the relation (U.5) stays preserved,

tr
(
ρX1 · · ·Xn

)
=


0 for n odd∑

π∈Pn

n/2∏
j=1

tr
(
ρXπ(2j−1)Xπ(2j)

)
for n even

(U.6)

A particular example are creation and annihilation operators,

a†(f) =
1√
2

(
Φ(f)− iΦ(if)

)
, a(f) =

1√
2

(
Φ(f) + iΦ(if)

)
,

for which we have

tr
(
ρaσ1(f1) · · · aσn(fn)

)
=


0 for n odd∑

π∈Pn

n/2∏
j=1

tr
(
ρ aσπ(2j−1)(fπ(2j−1))a

σπ(2j)(fπ(2j))
)

for n even
(U.7)

where σj ∈ {1,−1} and

aσ =

{
a, σ = 1
a†, σ = −1

.
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