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Abstract

Thermalization of isolated and open quantum systems has been studied extensively. How-
ever, being the subject of investigation by different scientific communities and being anal-
ysed using different mathematical tools, the connection between the isolated (IQS) and open
(0OQS) approaches to thermalization has remained opaque. Here we demonstrate that the
fundamental difference between the two paradigms is the order in which the long time and
the thermodynamic limits are taken. This difference implies that they describe physics on
widely different time and length scales. Our analysis is carried out numerically for the case
of a double quantum dot (DQD) coupled to a fermionic lead. We show how both OQS and
1QS thermalization can be explored in this model on equal footing, allowing a fair compari-
son between the two. We find that while the quadratically coupled (free) DQD experiences
no isolated thermalization, it of course does experience open thermalization. For the non-
linearly interacting DQD coupled to fermionic lead, we show by characterizing its spectral
form factor and level spacing distribution, that the system falls in the twilight zone between
integrable and non-integrable regimes, which we call partially non-integrable. We further
evidence that, despite being only partially non-integrable and thereby falling outside the
remit of the standard eigenstate thermalization hypothesis, it nevertheless experiences IQS
as well as OQS thermalization.

Contents

(1 _Introductionl

arXiv:2409.11932v1 [cond-mat.mes-hall] 18 Sep 2024

2 Setting and OQS vs. I1QS approaches to thermalization|
[2.1  Double quantum dot (DQD) coupled to fermionic lead|
2.2 OQS thermalization |
2.3 1QS thermalization|
[2.4  Distinguishing OQS and [QS thermalization|
[2.5  Obtaining the density matrix of the DQD)|

[B_Results|
[3.1  Treating OQS and IQS on same footing via dynamical typicality]|

3.2  Relevant time-scale in the OQS approach|

© 00 ~J U =

©

10
11



SciPost Physics

[3.3  Numerical results for the OQS approach| 12
[3.4 Partial non-integrability of the interacting DQD case] 14
(3.5  Numerical results in the IQS approachl 17
[4 Summary and outlook| 20
[6  Acknowledgements| 21
(A Appendix: Numerical limitations| 22
[Referencesl 22

1 Introduction

Common experience shows that a system kept in contact with surroundings at a given temper-
ature eventually thermalizes to that temperature. This forms the basis of much of standard
thermodynamics and statistical physics. Yet, how such a process can consistently arise from
the principles of quantum mechanics has been one of the fundamental questions, with a long
history across physics [1H13] and mathematics |14H22]. Two classes of approaches to this prob-
lem have now become well-established. The first is the open quantum system (OQS) approach.
In this approach, the surrounding environment (bath) of the system is usually modelled via a
continuum of bosonic or fermionic modes, initially in a Gibbs state with a given temperature,
uncorrelated with the system. Equations describing the dynamics of the system are then derived
by formally integrating out the bath degrees of freedom. This can be done in any of the standard
approaches to OQS, like quantum master equations [23}24], non-equilibrium Green’s functions,
Feynman-Vernon influence functional, Keldysh-Schwinger path integrals [25H27] and quantum
Langevin equations [12,/13,28432]. The OQS approach then aims to show that, irrespective
of the initial state of the system, in the long-time limit, the system approaches a steady state
consistent with the initial temperature of the bath. This state of the system is expected to be
the marginal of the global Gibbs state of the system and the bath [7-13]. This is the starting
point of many strong-coupling approaches to quantum thermodynamics, where such a state is
called the mean-force Gibbs state (MGS) [33135]. To the leading order for a small system-bath
coupling, the MGS is the Gibbs state of the system with the temperature of the bath, which is
completely consistent with the notion of thermalization in standard statistical physics. Consid-
erable efforts have historically been dedicated to derive physically consistent weak system-bath
coupling quantum master equations for the system degrees of freedom, satisfying convergence
to the Gibbs state of the system [23]. Only recently, the fundamental limitations of such an
approach have been appreciated [36,37], and an improved quantum master equation considering
convergence to MGS has been derived [38].

In a second well-established approach to describing the process of thermalization, no de-
marcation is made between the system and the surroundings. The whole set-up is taken to be
isolated and evolving according to a global, hermitian Hamiltonian [4,6,[39-60]. We call this
the Isolated Quantum System (IQS) approach. A particularly important view within the IQS
approach is the so-called Eigenstate Thermalization Hypothesis (ETH) [1-3,5,44,50], which
has become a cornerstone in the present understanding of chaos and integrability in quantum
many-body systems. In the ETH approach, the initial state of the global set-up is taken to
be a generic state which is sharply peaked at some given energy, and it is assumed that the
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Figure 1:  Schematic of DQD coupled to a fermionic lead. The system of interest is that of
two fermionic sites (blue discs) which form a double quantum dot (DQD). The DQD is linearly
coupled to a chain of Lp fermionic sites (yellow discs) that represent a fermionic lead (bath).
The hopping (blue lines) within the lead is gp. The hopping constant within the DQD is g,
while between the DQD and the lead it is 7. In addition, a nearest neighbour repulsive many-
body interaction with strength V' (grey arrow) may act between the two sites of the DQD. The
Hamiltonian for the full, closed, spinless fermion chain (orange box) is given by (). We refer to
V =0 as the free fermion model, and to V > 0 as the interacting DQD model.

global Hamiltonian is non-integrable [50]. It is then argued that for large times, the state of
any small subsystem of the entire set-up relaxes to the marginal of the global Gibbs state, up
to sub-extensive corrections. The temperature of the Gibbs state is consistent with the energy
of the global state.

The non-integrability condition is not fulfilled for free or non-interacting models, for which
the Hamiltonian is quadratic in bosonic or fermionic creation and annihilation operators. For
these models, the ETH approach is known to fail [50,/52]. Yet, the convergence to the MGS has
been proven analytically in the OQS approach precisely for this class of Hamiltonians [10-13].
This provides a clear example that the two ways of describing thermalization refer to different
physics, although, to our knowledge, a fair comparison between them has never been attempted.

Summary of results. To carry out this case study, we consider the physical model of a double
quantum dot (DQD) coupled to a fermionic lead. The model is graphically illustrated in Figure
We present here an outline of our results, also summarised in Table [I} and refer to a more
detailed discussion in the coming sections.

— For the DQD-lead model, we construct typical initial states [¢(0)) (details in Section [3.1)),
which allows exploring both, the open quantum system (OQS) and the isolated quantum system
(IQS) notions for thermalization.

— As a first result, we identify a time scale t,qs, proportional to the size of the bath Lg > 1,
before which thermalization can take place according to the OQS approach; see Section [3.2

— Secondly, we confirm numerically that thermalization according to the OQS approach does
take place on the time scale toqs, the free fermionic case (V' = 0) and the interacting case (V' # 0);
see Section

— Thirdly, we compute the spectral form factor (SFF) and the level-spacing distribution
P(s) for the whole system to establish the degree of non-integrability (Subsection . While
for V= 0 we confirm that the system is integrable, for the interacting DQD (V' = g > 0) the
level distribution changes to a Brody distribution and the SFF behaves to a good approximation
as it would be expected for a non-integrable system. We therefore conclude that the interacting
D@D is a partially non-integrable model, which we denote as non-integrable*.

— Finally, we obtain numerical results for the dynamics at times t > t,qs (Section ,
showing that thermalization in the IQS sense is indeed obeyed for the interacting case. As
expected, no such IQS thermalization occurs in the free fermionic case, contrasting with the
OQS thermalization found at earlier times. These results demonstrate that both the OQS and
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Table 1:  Summary of results.

1QS thermalization statements can be assessed for the DQD coupled to the fermionic lead,
putting the emphasis on the crucial role of the time-scale separation and the order of limits.
For times ¢t < toqs o< Lp the DQD follows the thermalization process described by the OQS
approach. For much longer times ¢ >> t,4s thermalization happens as characterized by the IQS
statements, provided the system is not integrable.

2 Setting and OQS vs. IQS approaches to thermalization

In this section, we introduce the specific physical model considered here as an illustrative exam-
ple, as well as the general open quantum system (OQS) and isolated quantum systems (IQS)
approaches to describe the dynamics of a quantum system.

2.1 Double quantum dot (DQD) coupled to fermionic lead

We consider the dynamics of a DQD coupled to a fermionic chain of length Lp, see Fig. [l The
global Hamiltonian is

where

H(Lg) = Hs+ Hsg + Hg(Lp),

Lp—1

Hp(Lp) = g8 ) ()

(=1

g (ley 4+ éber) + Vanng,

v (eby + bley),

6f+1 + I;erl(;f)‘
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The operator Hyg describes the Hamiltonian of the bare DQD, the ‘system’, which consists of two
fermionic sites representing two quantum dots. Here ¢, for p = 1,2 is the fermionic annihilation

operator of the p-th site, and n, = é;,ép are the fermionic occupation number operators. The
hopping amplitude between the two quantum dots is given by g, while V' > 0 gives the repulsive
many-body interaction between the two dots.

The second site of the DQD is coupled to a ‘bath’: a chain of nearest neighbour tight-binding
fermions with L g sites. The bath Hamiltonian is fIB(LB), with intra-bath hopping constant gp.
Here by denotes the fermionic annihilation operator of the ¢-th site of the bath. The coupling
between the system and the bath is given by the interaction operator fISB, which is just a
hopping term between the second site of the system and the first site of the bath, with hopping
strength ~.

Apart from the V-repulsion term in the DQD, all other terms in H (Lp) are quadratic in
fermion creation and annihilation operators. Therefore, V' = 0 corresponds to free fermions.
However, when V' # 0, then a fourth order many-body interaction term is present in the Hamil-
tonian, and we will refer to this case as the interacting DQD. In the following, we discuss the
notion of thermalization in both open quantum system (OQS) and isolated quantum system
(IQS) approaches, highlighting their differences, and pointing out how our setting can corre-
spond to both.

2.2 0QS thermalization
This section provides general background on the OQS approach applicable for any system-bath

Hamiltonian [23-26]. Consider an initial system-bath state of product form pg(0) e_;;IB,
which the system is in any state pg(0), and the bath is in a thermal equilibrium state with

respect to the bath’s bare Hamiltonian Hp(Lp) at inverse temperature (3, with bath partition

n

function Zp = Trp (6_51%3). Since our setting has conservation of number of particles, a more

general initial state would consider a chemical potential for the bath. In this paper, for simplicity,
we set the chemical potential to zero. The dynamics of the DQD is obtained by tracing out the
bath degrees of freedom of the full density matrix at time ¢,

. -BHE(Lp) .
R i - e i
PS(t, LB) — TrB e tH(LB) ,OS(O) ZB e tH(LB) , (5)

where we set i = 1. The DQD state in the thermodynamic limit, Lp — oo, is denoted by

ps(t) = A1) [ps(0)] = lim ps(t: L), (6)

LB—)OO

which defines A(t), a completely positive trace preserving (CPTP) map on system density ma-
trices. All standard techniques in OQS theory, like quantum master equations, non-equilibrium
Green’s functions, the Feynman Vernon influence functional, Keldysh-Schwinger path integrals,
quantum Langevin equations etc. |23][25/26,28], are formalisms to describe the dynamics of pg(t)
under this CPTP map. For all these OQS techniques, taking the limit Lp — oo is crucial, be-
cause it is in this limit that the bath becomes a continuum of fermionic modes and the dynamics
becomes dissipative (irreversible).

We now discuss the thermodynamic limit Lg — oo for the bath Hamiltonian H s(Lg), ().
It is useful to go to the single particle eigenbasis of the bath by diagonalizing the tight-binding
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chain. The bath Hamiltonian and the system-bath coupling Hamiltonian then become

Lp
r . U At
Tot 1) and Hgp = Zm (C;Br + BI@) ; (7)

r=1

Lp
. . ) 2 . wlr
where B, = E Qb with ®pp = 4/ Tt 1 sin (LB n 1) and K, = Py, (8)
/=1

In the above, B, is the annihilation operator for the r-th mode of the bath. It is a standard
fact from OQS theory [23,25,26,28|] that for such a linearly coupled system and in the Lp — oo
limit, the influence of the bath on the system dynamics (DQD) is entirely governed by the bath
spectral function, also called the hybridization function, defined as

Lp
I:[B = Z QTB:[BT with Q, = 2¢p cos <

r=1

Lp
~ . . 2 _
J(w) =2rm L;lgoo ; |kr|“0(w — Q). 9)

In other words, A(t) depends on the bath Hamiltonian parameters only through the quantity
J(w). Using Eq. and in Eq. @, and converting the summation to an integral taking
qg=(mr)/(Lp+1) and dq = n/(Lp + 1), the bath spectral function for is found to be

™ 2,},2 w 2
J(w) = 472/ dq Sin2(q) O0(w—2gpcosq) = —4/1— <) for |w| < 2¢p, (10)
0 9B 29B

and J(w) = 0 for |w| > 2¢g5.

Typically, due to the contact with the bath, the evolution of the system is driven to a
stationary state, or steady state, in the long time limit, provided that the system-bath interaction
is ‘effective’, allowing for energy exchange processes between the two components, and the bath
is in the thermodynamic limit. This is usually guaranteed to happen if the bath spectral function
does not vanish at the Bohr (transition) frequencies of the system, ensuring that bath quanta
can induce transitions in the system by absorption and emission processes. This is a general
feature of open systems, discussed for example in [12,1617,[20-24]. In such situations, the
long-time steady state is very often unique, i.e, independent of the initial state of the system.
We will only consider parameter regimes where there is a unique steady state.

Given this setting, the statement of thermalization in the OQS approach is:

lim ( lim ﬁg(t;LB)) = pMGS, (11)

t—o0 \ Lg—0o0

where we recall the definition of the reduced density matrix pg(t; Lp) in , and where the
mean force Gibbs state is defined by

(12)

pmas = lim Trp
Lp—oo

e—BH(LE)
Z(Lp) |’

with total partition function Z(Lp) = Tr [e‘ﬁﬁ(LB)}. In other words, the state of the system

should converge to the mean force Gibbs state in the long time and thermodynamic limits of the
set-up, irrespective of the initial state of the system. However, it is important to note the order
of limits. In the OQS approach, the system is expected to converge to its asymptotic, mean
force Gibbs state if first one takes the large bath limit, Lp — oo, and afterwards one takes the
long time limit, £ — oo.
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We note that although the above statement of OQS thermalization is expected to hold
generally, so far it has only been proven for special cases. These include free fermionic and
free bosonic models [7H13] and a range of results in the regime of ultraweak and weak coupling
between system and bath [7,|9}/18-23,|36,38,61-66] Hence it becomes important to numerically
check the notion of thermalization of OQS beyond weak system-bath coupling and with non-
linear interactions present, where analytical proofs that OQS occurs are lacking. The task will
thus be to check for the validity of Eq. for the DQD in the presence of the non-linear V'
interaction, see Fig. [I]

2.3 1QS thermalization

Now turning to the isolated quantum system (IQS) approach, here one does not make a dis-
tinction between the DQD and the fermionic lead. Rather, one considers the two together as
an isolated system. Now, an observable 121, that is, in our case, an operator acting on the whole
DQD plus fermionic lead, is called local if it acts non-trivially on a fixed set of sites, indepen-
dently of how large we take Lp, or is a sum of such observables. For example, observables acting
on the first two sites (on the DQD, see. Fig. |1]) are local.

To state the thermalization in the IQS approach, we look at the expectation value of the
operator A as a function of time

A~

(At)) = (0]t Ae= T |y). (13)

TheA initial state |¢) is supposed to have a small energy spread around the given value E =
(Y|H|v). This is usually quantified as

We denote by A(FE) the expectation value of A in the microcanonical ensemble at energy E [67].
From the equivalence of ensembles in standard statistical physics, one has

. AeiﬁEI:I
AE)= lim Tr|A Z

Lp—o0

, (15)

where the microcanonical entropy S at energy E is used to define the microcanonical inverse
temperature,

0S(FE)
BE = R
Additionally, since we have conservation of number of particles, we should have chemical po-
tential. In the microcanonical picture, setting the chemical potential to zero corresponds to a
half-filling of the entire chain. Convergence to the grand canonical ensemble with zero chemical
potential is guaranteed if the state |¢)) is sharply peaked around the half-filled sector.

In this setting, the statement of thermalization in the IQS approach now is [4l39-46,/49-56]

(16)

(A) := lim ! tdt’<£1(t’)> = A(E) + O(Lz"), (17)

- 1 [t 2
§(A)2:= lim =~ [ at < Ce ks, (18)

(A) —(4)

The first equalities in and are definitions. The second equality in and the inequality
in defines the meaning of thermalization in 1QS. In Eq. , the constants C' and « are
non-universal positive constants which are independent of Lp.
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Equation says that the infinite time average of the expectation value deviates from its
value obtained from the microcanonical ensemble by a small term, having size at most of the
order of Lgl. The second IQS thermalization statement says that time-averaged fluctuations
about the infinite time average are exponentially small in Lp, in the long time limit. These two
statements combined say that for large times, the time-averaged expectation value of the local
observable approaches its (infinite time) mean value modulo exponentially small fluctuations in
Lp.

For large enough values of Lp, and since, in our example, the DQD consists of only the first
two sites of chain (see. Fig. , the inverse temperature Sg in Eq. depends minimally on the
initial state of the DQD, and equals to a very good approximation the fermionic lead’s inverse
temperature 3, governed by the lead’s initial state. Then, for local operators Ag that only act
on the DQD Hilbert space, the IQS statement of thermalization given in Eq. becomes

(As) = Amcs + O(Lg"), (19)

where Aygs, defined as
Ancs = Tr [AS ﬁMGS} ; (20)

is the expectation value of Ag in the mean force Gibbs state (12). The inverse temperature
[ appearing in the state pyas is the inverse temperature obtained from initial state of the
fermionic lead. Due to the small contribution to the total energy stemming from the interaction
between the DQD and the fermionic lead, beyond a minimal lead size Lp, the value of Anas
will remain approximately constant under further increase of L.

Considering local observables on the DQD, and combining Eq. with Egs. and ,
we see that thermalization in the IQS approach also means convergence of the state of the
D@D to pnmas, in the long time and thermodynamic limit. At first sight this appears similar to
thermalization in the OQS approach. However, there are crucial differences, which we describe
below.

2.4 Distinguishing OQS and IQS thermalization

The main difference between the OQS and IQS notions of thermalization is the order in which
the long time and the thermodynamic limits are taken. The OQS thermalization refers to
convergence to pyvas when the thermodynamic limit (Lp — o0) is taken first, and then the long-
time limit (¢t — o0) is taken (see Eq. ) In the IQS approach, first an infinite time average
of any observable is taken for a fixed finite Lp. The statements of the IQS thermalization
tell us how this value approaches the corresponding value obtained from pygs, and how the
fluctuations about the latter decay, with increasing Lp (see Eqs.(17)),(18)).

This difference has important consequences. In most of the literature, thermalization in the
1QS approach is discussed for quantum many-body systems, i.e, in the presence of many-body
interactions [4,39-60]. In particular, the most well-accepted mechanism for IQS thermalization
is the so-called eigenstate thermalization hypothesis (ETH) [1-3,5,44,50], which is expected
to apply to non-integrable quantum systems. Thermalization in the IQS has been numerically
established in a range of quantum non-integrable many-body systems [4,/44}147,|48,|50, 52,53,
55,56}(58|60]. The requirement of non-integrability excludes cases such as free fermions and
free bosons, where many-body interaction terms are absent in the Hamiltonian. ETH does not
apply and IQS thermalization is not expected to occur in such systems. This is in stark contrast
with the fact that proofs for the OQS thermalization are known only for free fermionic and free
bosonic systems |7H13}/16-22]. Thus it may appear that the two notions of thermalization are
at odds with each other, predicting that the same system does or does not thermalize. In the
current work, we resolve this seeming inconsistency.
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Recalling the concepts of OQS and IQS thermalizations discussed in Secs. and 2.3 above,
there seems to be a second key difference: while OQS thermalization is discussed for initial
states of the whole set-up that are mixed, IQS thermalization is usually discussed for initial
pure states. As we will discuss in Sec. below, this difference can be completely bridged.
Before we get to that, we next outline how to obtain the state of the DQD as a function of time.

2.5 Obtaining the density matrix of the DQD

To present the equilibration results for the OQS and the IQS approach in section [3] we use four
local DQD operators which fully describe the DQD state, as we explain now.

For any initial state p(0) of the DQD plus the fermionic leads, see Eq. , the reduced DQD
density matrix at time ¢ is given by

ps(t; Lp) = Trp [e*@'“ff (L5) 5(0) itH <LB>] . (21)

The global Hamiltonian H(Lp) is number conserving, i.e., it commutes with the total number
operator Niot = c];cl + 0562 + ZgL bTbg When the 1n1t1al state p(0) also commutes with the

total number operator
[p(0), Niot] = 0, (22)

then the reduced density matrix pg(t; Lp) leaves the sectors of a fixed number (0 or 1 or 2) of
excitations of the DQD invariant. In this case the time-evolved DQD density matrix is of the
form

£00,00(%) 0 0 0
. 0 po1,01(t)  poi,10(t) 0
t;Lp) = ’ ’ ) 23
ps(t Lp) 0 p10,01(t)  p1o,10(t) 0 (23)
0 0 0 pi1,11(t)

written in the ordered orthonormal basis {|00), |01), |01), |11) } of the DQD Hilbert space, labeling
the excitations of the two DQD sites. Using the notation

(A(t)) := Tr [A e~ H(LE) 5(0) ¢itALB)| (24)

the matrix elements of are expressed entirely in terms of the expectations of the four DQD
operators

(A (1)), (Pa(t), (El(éa(t), (A ()na(1)), (25)

which of course depend on the bath size L. Explicity, we have

pov10(t) = ploo () = (€] (D)ea(t))

p11,11(t) = (1 (t)na(t))

por,01(t) = (1 (1)) — (R (t)n2(t)) (26)
p10,10(t) = (f2(t)) — (R (t)Ra(t))

P00,00(t) =1 = p10,10(t) — po1,01(t) — p11,11(2).

In this paper, we will consider states satisfying Eq. for all our analysis, without further
mention.

3 Results

In this Section we present our main results, which were summarised in Table [1] above.
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3.1 Treating OQS and IQS on same footing via dynamical typicality

We first explain the concept of dynamical typicality and then we show how we can use that to
treat both the OQS and the IQS formalisms on the same footing.

Let {|Xn>}D ‘ot be an arbitrary orthonormal basis of the entire system plus bath Hilbert space
of dimension Dtot = 2842 Let also a, and b, be independent, identically distributed random
numbers with Gaussian distribution of mean 0 and variance 1/2. A state of the form

Dot
=R Z(an + ibn ) [ Xn)> (27)
n=1

where R is an arbitrary linear operator in the Hilbert space, is called a typical state [68,169].
Denote by E the average (expectation) with respect to the Gaussian distribution of the a,, b,. It
can be verified that for any observable A we have E [<w|fl|z/)>] =Tr [RRTA] [68,69]. If R is chosen
such that RR' is a density matrix, then the last equality means that the expectation value of
operator A averaged over the ensemble of pure states |¢) is the same as taking the quantum-
mechanical average of A in the state p = RRT. Moreover, if Tr[p?] < 1, i.e, if the density
matrix p is sufficiently mixed, then the sample to sample fluctuations coming from the Gaussian
distribution of the ay, b,, decay as ~ Dt_oi [68,/69]. Since, in the current model, Dy = 2Lp+2
those fluctuations are exponentially suppressed with increase in the lattice size Lpg. Therefore,
for large Lp, operator expectation values obtained from a single realization of the typical state
|1} closely approximate those obtained from the ensemble averaged state p = RRT,

(W|Aly) ~ Tr[pA]. (28)

Here the ~ sign means that a single realization gives an operator expectation value very close
to that obtained for the Gaussian averaged state. This is the statement of dynamical typicality
[68,69].

Our main idea here is to use dynamical typicality to pass between pure initial states used in
the formulation of the IQS approach (Section and mixed (equilibrium) initial states used in
the OQS approach (Section . We will therefore use, for both the OQS and IQS approaches,
initial states of the form

e*BHini(LB)/Q Dyot

1(0)) = NGl > (an +ibn)|xn), (29)

n=1
where Z™(Lp) is a normalization constant. The operator in front of the sum in is the square
root of the thermal density matrix associated with the uncoupled system-bath Hamiltonian

H™(Lp) = HY™ + Hp(Lp), (30)

where the fermionic lead Hamiltonian Hp(Lp) is given in (). Furthermore, H i s a new
initial-state system-Hamiltonian, defined by

Hgnl _ gllnl fy + 52 n2 + glm ( ittt éJ{éQ +e —ipin 6261) + Vini n1fa, (31)

where the parameters sllm, g™, ¢™ and V™ are arbitrary real numbers.

According to , applied to the observable /l(t) — it (Lp) fo—itH (L5) | the dynamics of
expectation values starting in the pure initial state in Eq. (for any randomly chosen values
of an, b, and Lp large) is indistinguishable from the dynamics starting in the total mixed state

e—BH™(Lp) e—BHB(LE)

p(0) = Ly ps(0) “Zn(ln) (32)

10
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where Z™(Lg) = ZMZp(Lp) and the initial system state is expressed as pg(0) = fzﬁ% The
initial state p(0) is thus a product of the DQD and the fermionic lead, where the lead always
starts in a thermal state at inverse temperature 8. Varying over the parameters in H isni allows us
to describe arbitrary initial states of the DQD, which furthermore commute with the number of
particles in the DQD. Note that p(0) commutes with the operator of total number of excitations,
Niot (see also).

Finally we note that p(0) in Eq. is a thermal state of a short range Hamiltonian, which
differs from H (Lp) only in the first two sites. By virtue of equivalence of ensembles of statistical
physics, this guarantees that p(0) has a small spread in energy. The analog of Eq. is then
satisfied for the expectation values for the mixed state p(0) obtained from the Hamiltonian
H™(Lg). The same will hold when calculating the expectation values with respect to H(Lg)
instead. Since this is the same as obtaining the expectation values from [¢(0)) in Eq. , our
choice of initial state satisfies Eq. . We have also confirmed this numerically.

Thus, for exploring both OQS and IQS thermalization, we need to evolve the state |1(0))
in Eq. to a long time using the full Hamiltonian of DQD and the fermionic lead, for
finite but large enough Lp. We need to obtain the four DQD expectation values given in
Eq. as a function of time. Obtaining such data for various values of Ly allows us to check
both OQS thermalization [Eq. ] and IQS thermalization [Egs. , , ] We require
neither separate models nor separate initial states to consider thermalization in OQS and 1QS
approaches. Rather, as we establish later, we only need to consider separate time regimes of the
same data obtained from the same model starting with the same initial state. This allows a fair
comparison of the two approaches to thermalization and highlights the difference between the
two.

Numerical technique. Before we present our numerical results, we here briefly comment
on how the numerics were carried out. As mentioned in Sections and for both the OQS
and IQS approaches, one must consider large bath sizes Lp and simulate the dynamics up to long
enough times. For V # 0, free-fermion techniques do not apply and numerical implementations
are hard because the Hilbert space dimension D scales exponentially with Lp. Nevertheless, the
global Hamiltonian Eq. describes a nearest neighbour tight-binding chain of spinless fermions,
with nearest neighbour many-body interaction only between the first two sites. Written in the
Fock state basis, the Hamiltonian is block diagonal because number of particles is conserved.
Additionally, it is a sparse matrix. Within our computational resources, exact diagonalization is
possible up to Lp = 18 (total chain length is 20 sites). However, this size is not large enough to
clearly demonstrate all of the effects we wish to explore. We thus use the Chebyshev polynomial
method [70-73], in which the dynamics can be simulated without diagonalizing the Hamiltonian,
but rather repeatedly using sparse matrix vector multiplications. The initial state in Eq.
can also be prepared similarly, using imaginary time evolution. With this method, we can reach
up to Lp = 26 within our computational resources (total chain length is 28 sites, size of the
largest block of Hamiltonian in Fock space is 40,116,600). More importantly, it allows the
simulation up to extremely long times (up to ~ 2000gt). The chain sizes and times treatable
with this method are large enough to clearly explore both OQS and IQS regimes.

3.2 Relevant time-scale in the OQS approach

We now discuss the equilibration dynamics of the DQQ in contact with the fermionic lead,
within the open quantum systems approach.

The fermionic lead plays the role of the bath for the DQD. This bath is a nearest neighbour
tight-binding chain and only the first site of the bath is coupled to the DQD, see Fig. At
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the initial time, the system-bath coupling is switched on. Due to the bath being a short-ranged
lattice system, Lieb-Robinson bounds dictate that, at any finite time ¢, only a finite part of the
bath is affected by this switching-on. The ‘disturbance’ given by the switching-on of system-
bath coupling spreads with the Fermi velocity, vpr = 2¢gp and reaches the site Lp in time
t1 ~ Lp/(2gp). Then, it is reflected back. The DQD is influenced by the finite size of the bath
when this reflected ‘signal’ reaches it. The reflected ‘signal’ again travels with Fermi velocity,
so, the dynamics of the system is negligibly affected by the finiteness of the tight-binding chain
representing the bath till t ~ 2¢; ~ Lp/gp. In practice, therefore, to exactly obtain the dynamics
of the system in the presence of a macroscopic bath up to a time ¢, it suffices to consider a bath
of size

Lp = gpt+ Lo, (33)

where L is a chosen fixed offset, independent of ¢t and Lg. The fixed offset Lg is chosen such
that there is sufficiently small finite bath-size effect. We numerically find it sufficient to choose
Ly = 8. So, for our setting, the statement of thermalization in OQS approach,i.e, Eq. , can
be recast as

Lp— L
lim pg (B%O LB> =puas- (34)

Jim pstisgnt-+ o) = i
In particular, in the second equality above, the functional dependence of time on Lp ensures
that the time is not long enough to resolve the discreteness of the bath energy levels, and the
DQD perceives the bath as a continuum. Combining all the discussion in this section and in
Sec. we see that, for our choice of initial state Eq.7 for a given Lp and a chosen fixed
L, the dynamics of the DQD up to time

togs = Lp—1Lo (35)

9B

corresponds to the OQS regime. In other words, for a finite bath of size Lpg, the time t,qs is the
relevant timescale up to which the open system approach is suitable for describing equilibration.
This is the first result of the paper.

Thermalization of the DQD in the OQS approach then corresponds to convergence of the
state of the DQD to pymas within this regime, starting from a global initial pure state of the
form given in Eq. . We re-iterate that, in this choice of initial state, the arbitrariness of
the parameters in Hg" makes the initial state of the DQD arbitrary. The convergence should
happen irrespective of the DQD initial state, i.e, irrespective of the choice of parameters in H gni.
Such thermalization is expected to hold both for free fermion case (V' = 0), and the interacting
D@D case (V' # 0). This is indeed the case, as we show numerically below.

3.3 Numerical results for the OQS approach

Our main numerical results are given in Fig. 2l In particular, graphs (a) and (d) illustrate the
correctness of Eq. (34)), both for the free fermion case (V = 0, panels (a)—(c)) and the interacting
case (V # 0, panels (d)—(f)).

To simulate the dynamics starting from an arbitrary, but fixed, initial state of the DQD we
choose a set of random parameters in flfgni. Panels (a) and (d) of Fig. show the dynamics of a
representative observable (7 (t)na(t)), see Eq. , in the regime t < toqs With toqs(Lp) given
in (BF)), for various choices of L, and one choice of initial state [1(0)), see Eq. (29)). One clearly
sees that plots for smaller values of Lp overlap with those of larger values of Lp, demonstrating
that there is no finite bath size effect in this regime. With increase in Lp, which leads to
increase in t,qs, the observable expectation value converges to that obtained from pyags. Note,
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Figure 2:  Thermalization in the OQS regime: Panels (a), (b), (c) are for the free fermion case,
V = 0. Panels (d), (e), (f) are for the interacting DQD case with V' = g. In panels (a) and (d)
we plot the expectation value of a representative observable, (f172), as a function of time, for
different bath sizes Lp, starting from one randomly chosen initial state of the DQD. For each
Lp, the time regime ¢ < t,4s is considered, which corresponds to the OQS regime. Plots for
larger values of L overlap with those of smaller values of Lg but extend to longer times. In
panels (b) and (e), we plot the same, but for fixed Lp = 26 and two different randomly chosen
initial states (blue and yellow symbols) of the DQD. The horizontal dashed lines in panels (a),
(b), (d), (e) show the corresponding expectation value obtained with pygs. In panels (¢) and
(f), we plot the trace distance between pg(toqs; Lp) and pvas as a function of bath size Lp
for two different choices of initial states (blue and orange symbols) of the DQD. The straight
lines (dashed-dotted blue and dashed red) are exponential fits to the symbols, with numerical
fit parameters given. Other parameters: gp = 29, v =g, 89 = 0.1, Ly = 8.
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that pmas and hence the dashed lines depend on the value of V. In panels (b) and (e) of Fig.
we display the dynamics of (71 (¢)n2(¢)) in the regime t < t,4s for two different randomly chosen
initial states of the DQD, keeping Lp = 26. The plots clearly demonstrate that irrespective of
its initial value, the average of the observable converges to its value in pygs. This is the second
result of the paper.

In panels (c) and (f) of Fig. 2, we further plot the trace distance T' between pg(toqs; LB),
the density matrix of the DQD at time ?,qs defined in , and the mean force Gibbs state
OMGS, as a function of Lp for two different initial states of the DQDH We find that the
trace distance quickly decays with L g, directly evidencing the convergence of the state, without
relying on expectation values of observables.

As we will see next, for a given L g, the IQS regime is reached when the evolution is continued
beyond time s, where only the interacting DQD case (and not the free fermion case) will show
thermalization, in stark contrast with the OQS regime.

3.4 Partial non-integrability of the interacting DQD case

Before we proceed to analyse equilibration within the IQS approach, we must distinguish between
the integrable and the non-integrable case, since, as mentioned before, IQS thermalization is
mainly discussed for non-integrable systems [4,39-46,49-60]. It has been established that a
single impurity in an otherwise integrable model can make the system non-integrable [74-77].
But, to our knowledge, this has not been checked for the interacting DQD situation that we are
considering. We check the integrability of our model using the spectral form factor (SFF), as
well as the level-spacing distribution. In order to do so, we restrict ourselves to the half-filled
sector of the full Hamiltonian, whose dimension, we denote by D. The SFF is defined as
1 —ifity |2

SFF = — ‘Tr(e )) . (36)
It is known [78-87], that for non-integrable systems the SFF shows a characteristic dip, ramp
and plateau behaviour as a function of t. The ramp and plateau expression has the form
bo(Wt/(2m D)), where W = E,,40 — Emin is the difference between largest and smallest eigenvalue
of H and the function by is

ba(z) = % 1—[1—-2x+2xlog(2z+1)] O(1 — ) + [azlog <§i —_F 1) — 1] O(r — 1)} , (37
with O(z) being the Heaviside step function. At z = 1 the function switches from an approxi-
mately linear ramp, to an approximately constant plateau with the value 1/D. For integrable
systems, this universal ramp and plateau behaviour will be missing.

We numerically evaluate the SFF for both the non-interacting DQD case and the interacting
D@D case. The plots of the SFF are shown in blue in Fig. [3| It is clear that the non-interacting
DQD case does not show any resemblance to by (orange) even at long times. However, the
interacting DQD case with V' = g indeed shows a ramp and plateau which resembles the universal
function by. This provides numerical evidence that the interacting DQD case has non-integrable
features.

Integrable vs. chaotic behaviour can also be assessed by analysing the energetic spectra [50].
For example, the spectra for transmon qubit gates have been found to show chaotic fluctu-
ations [88]. Here we follow this approach and calculate the energetic level spacing distribu-
tion for the full Hamiltonian in the half-filled sector. Let us write the full Hamiltonian as
H= Zle E, |Ey) (E,|, where E, are the energy eigenvalues, arranged in ascending order of

'The trace distance between any two density matrices p1 and p is defined as T'(p1, p2) = 3 Zle |Ar|, where
Ar, 7 =1,2,3,...d are the eigenvalues of p1 — p2, and d is the Hilbert space dimension.
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Figure 3:  Checking integrability of the interacting DQD: The spectral form factor (SFF) (36)
of the full Hamiltonian H in is plotted (blue symbols) as a function of Wt, with W =
Eraz — Emin, for the non-interacting DQD case V' = 0 in panel (a), and for the interacting
DQD case with V/g = 1 in panel (b). The function be (orange line) is the universal expression
given in Eq. . The SFF in panel (a) does not approach the function be, while in panel
(b), after an initial dip, the SFF oscillates around bs, evidencing the SFF behaviour expected
of a non-integrable model. The vertical dashed line shows the transition point from ramp to
plateau, at Wt = 27D, with D = 2¥2%2, The results in (a) and (b) are for Lp = 16 (total
chain size Lp + 2 = 18). The horizontal dashed line is located at 1/D. Panel (c) shows the
system’s level-spacing distribution P(s) (blue dots) at V/g = 0.1 (almost free fermion case)
for Lp = 16. It is evident that it is close to the Poissonian distribution PY°i(s), (dashed
green), as expected for an integrable system. Panel (d) shows the level distribution P(s) for the
interacting DQD model at V/g = 1.0 for L = 16. The level-spacing distribution is still far from
the Wigner-Dyson (WD) distribution (dashed yellow) expected for fully non-integrable systems.
But, P(s) closely follows a Brody distribution (red line) which, unlike the Poisson distribution
(dashed green), goes to zero at zero spacing s.

energy, |E,) are the corresponding energy eigenvectors, and d is the dimension of the half-filled
Hilbert space. The level-spacing distribution is given by

D—-1
P(s):'/1/,2_:15(5—EO‘HA_EO‘)7 (38)

where A is the mean nearest neighbour level spacing, N is a normalization constant, and 6(x)
is the Dirac delta function. For integrable systems, a large number of degeneracies of energy
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Figure 4:  Partial non-integrability of the interacting DQD: The figure shows the values of a,
obtained by fitting the level-spacing distribution at half filling of the interaction DQD with the
Brody distribution, as a function of interaction strength V. The value a = 0 corresponds to
a Poisson distribution, which is expected for integrable systems, while a = 1 corresponds to
a Wigner-Dyson distribution, expected for fully non-integrable systems. We see that even on
increasing V', a does not approach 1. This evidences non-integrable* behaviour of the interacting
DQ@D. The results are for Lp = 16 (total chain length Lp + 2 = 18).

levels is expected. The corresponding level spacing distribution is Poissonian [47}48,50L/77]
PYol(s) o e7* (for integrable systems). (39)

For non-integrable systems, no degeneracy of energy levels within a symmetry sector is expected.
This is termed level-repulsion. In fact, if our system is fully non-integrable, the level-spacing
distribution is expected to correspond to that of a random matrix of the Gaussian orthogonal
ensemble (GOE), which is called the Wigner-Dyson (WD) distribution [47,48,50.(77],

PWVD(s) = %Se_”sz/ 4 (for fully non-integrable systems). (40)
There is another distribution called the Brody distribution that smoothly interpolates between
the Poisson distribution and the WD distribution [47,/48,77],

PB(s) = (a+1)bs e p<a<i (for partially non-integrable systems), (41)

a+1
while for a = 1, it becomes the WD distribution. Importantly, the Brody distribution for a > 0

also goes to zero at s = 0, signifying level repulsion.

Remarkably, we find that the interacting DQD Hamiltonian satisfies the Brody distribution
with 0 < a < 1. The spacing distribution for our system is shown in Figs. [3(c) and (d). In
Fig. (c)7 we show the spacing distribution for a small value of V/g. For such small values of
V/g, at accessible system sizes, the distribution is close to PF°!(s). However, on increasing V/g,
the level repulsion becomes clear, and the distribution fits very well to a Brody distribution
with 0 < a < 1. This is shown for V/g = 1 in Fig. (d) In Fig. 4l we show plot of the Brody-
distribution parameter a versus the interaction strength. We find that the WD distribution
is not recovered even for larger values of V/g. Clearly, this system is neither integrable nor
fully non-integrable. We call this system ‘partially non-integrable’, denoted in short as non-
integrable*. Identifying the non-integrable* nature of the interacting DQD is the third result of
the paper.

a+1
where b =T <@> . For a = 0, the Brody distribution becomes the Poisson distribution,
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Level spacing distributions corresponding to Brody distributions have been previously ex-
plored to characterize onset of quantum chaos [47,48./77]. In such cases, on sufficiently increasing
a integrability-breaking parameter, the WD distribution is recovered. The fact that, in our case,
the WD distribution is not recovered despite increasing the integrability breaking parameter
V/g, is remarkable. To our knowledge, this is the only known model to show such behavior, at
least within numerically accessible system sizes.

3.5 Numerical results in the IQS approach

One may look at the dynamics of the state of the DQD on a time scale much beyond #,qs ,
which is of the order of gt,qs = 5 ~ 8 for the sizes of Lp we consider (Lp = 20 ~ 26); see also
Fig. 2| for the value of gt,qs. We now do so and analyze the dynamics for times up to gt = 2000.
Our main result here is Fig. 5| in which we plot the dynamics of one representative observable
(n1(t)na(t)). Panel (a) gives the dynamics in the non-interacting, or integrable case V = 0. It
shows large oscillations which do not decrease in amplitude, even for large times and within
the values of Lp considered. In panel (b) we plot the dynamics of the same observable for
the interacting non-integrable® DQD model V' = g. Now the dynamics is drastically different.
While the oscillations are sizeable for small times (up to gt ~ 400) they are strongly suppressed
beyond that time scale, but persist as smaller fluctuations. Those fluctuations decrease with
increasing L. This long time behavior corresponds to small oscillations about a relaxed value.
These results suggest that for the non-integrable* model, the dynamical behaviour follows the
thermalization statement of the IQS approach, showing fluctuations about a mean value which
are exponentially suppressed with increase in lattice size, see Eq.. The situation is different
for the free (integrable) DQD case, where oscillations persist and thermalization occurs.

Let us now explore the relaxation in the interacting DQD case in more detail, in the light
of IQS thermalization, Egs. , . We note that in Eq. the time dependence of the
integral up to a finite time does not play a role. So, the fluctuations about a time averaged

value (A) defined in (17) may be written as

52 = tim 2 [V (A - A (A(t)) — (&)

2 1 t
+ lim / dt’ , (42)
t—oo t — 1 t
for any finite ¢;. The first term on the right hand side converges to zero in the ¢t — oo limit,
and the second term becomes identical to the infinite time average of the integrand. Therefore,
explicitly neglecting the finite time behaviour and defining

Ay - @ (43)

0 1 ty ,
S(AY2(ty, ty) = —— / dt
tf tl t1

the exponential decay of fluctuations, Eq. , can be re-written as

lim 6(A)2(ty,t;) < Ce LB Vi3 >t*(Lp). (44)

ty—00

Here C' and « take numerical values specific to the observable /Al, while being independent of
bath size Lp. So, the above expression says that there exists a time t*(Lpg), beyond which the
variance of values of (A(t)) is exponentially small in bath size Lg. Our plots in Fig. [5|show that
no such time exists for the non-interacting DQD. In contrast, the plots of the interacting DQD
show that after some large fluctuations for a short initial time, the variance quickly reduces and
remaining oscillations diminish with increasing bath sizes.

We now establish this more clearly for the interacting DQD with V = ¢g. For numerical

~ ~

simplicity, we approximate 0(A)2(t1,ts) by the variance of data points when calculating (A(t))
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Figure 5:  Thermalization in the 1QS regime: Plots of the dynamics of the representative

DQD observable (n;(t)na(t)), starting from a randomly chosen initial state of the DQD.
In contrast to Fig. [2 where we considered maximal times up to gtoqs ~ 5 — 8, we now consider
times gt up to 2000, including the regime ¢ > t,qs. Panel (a) shows the free, integrable, DQD
case V = 0. Oscillations are found to persist for all times and for all the chosen values of
Lp. Panel (b) shows the dynamics in the interacting, non-integrable* case V' = g. The large
oscillations disappear after some time gt ~ 400 and only small fluctuations about a relaxed
value persist. Those small fluctuations diminish rapidly with increasing bath size Lp. Other
parameters: Sg =0.1, vy =g, gp = 2g.

over the time range from ¢ to ty. For the interacting DQD, we now plot in Fig. @(a) the numerical

value of the variance §(R1n2)2(t1,ts) for fixed ¢ty = 200091, as a function of initial time t1, and

for various values of Lp (varying colours). The variance initially decays exponentially with

~

t1. For late times ¢t; > t*(Lp), some time t*(Lp), the value of §(A)2(t1,ts) settles to an
approximately constant value, which we denote by v(Lp). The value of t*(Lp) increases with
Lp. This, once again, highlights the importance of taking ¢ — oo first in Eq. .

We also see that the value v(Lp) decreases exponentially with Lp, i.e. it obeys the bound
v(Lg) < Ce B, This is evident from the log-plot shown in Fig. @(a). To establish this more
clearly, we plot the long-time constant values v(Lpg) for all four operators of the DQD (see
Eq. ) as a function of Lp in Fig. @(b) We see that all these quantities decay exponentially
with Lp. These observations numerically evidence the exponential decay of the variance with
Lp required for IQS thermalization, see Eqgs. and .

In order to check numerically the validity of Eq. , we define for any operator A,

(A) — Amas .

45
Amas (45)

2 (1) -

This measures the deviation of the expectation from its value in the mean force Gibs state,

~

see (20). From we expect £ <<A>) = d/Lp + f with d specific to the observable A while

independent of Lp, and an offset f which should be negligible. In Fig. H(a), we now plot £ (@) ,
as a function of 1/Lp, for all four system operators . Here the time average is taken over the
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Figure 6: 1QS thermalization of interacting DQD with variable bath size Lp: (a) Log-plot of
the variance 6(n1m2)2(t1,t5) of data points shown in Fig. (b), as a function of initial interval
time ?1, while keeping the final interval time fixed, gt; = 2000. Here t; is varied between
0 < t; < 19009~ '. Different colours indicate results for various bath sizes L. After a time
t*(Lp), the dynamics reaches an approximately constant value which we call v(Lpg) (horizontal
dashed lines). The spacing between these saturation values is equal as Lp varies over the
values Lp = 20,22, 24,26, which indicates exponential decay of v(Lp) with Lg. (b) Log-plot
of the long-time variance 5(/1>2(t1,tf) for each of the four observables A of the interacting
DQD, as a function of Lp. The times t1, t; are taken large, so that the variance has reached

the approximately constant value (c.f. panel (a)). The quantities §(A)2(t1,ts) are numerically
evaluated via Eq. with ¢; = 1800¢g~" and ty = 2000g~!. The plots show that the variance
of each observable A decays exponentially with L, in line with Eq. . Other parameters:
V=9,6g=01,7v=g 98 =29

same range as in Fig. @(b) (Note that we have also verified that this plot is almost unaffected
by choosing a much smaller value of ¢, as long as t1 > t,qs.) We clearly see that £ <<A>> decays

linearly as 1/Lp for all choices of A, with a small offset f (y-intercept).

To see this more generally, we plot in Fig. (b) the trace distance between the time averaged
density matrix p := tf%tq, tif dt’'p(t") of the DQD, and the state pyvgs, as a function of 1/Lg.
This is done for three different randomly chosen initial conditions of the DQD. We again clearly
see a 1/Lp decay with a small offset in all cases. Neglecting the small offset, this is completely
consistent with Eq. (19). We attribute this small spurious offset to numerical limitations [see

Appendix. [A].

Combining all of the above, we see that the interacting DQD, satisfies Egs. and , and
therefore shows thermalization in the IQS sense for ¢ > t,qs. In contrast, the non-interacting
D@D does not thermalize in the IQS sense, at least within the range of time and Lp considered.
This is consistent with the fact that the interacting DQD shows some non-integrable features
in the SFF and the level-spacing distributions, while the non-interacting DQD shows none, as
evidenced by Fig. |3l Our numerical results clearly highlight that for thermalization in the 1QS
sense to hold, we need to first take the long time limit in Egs. and for a fixed bath size
Lp, before afterwards considering increased bath sizes. This is the fourth result of the paper.
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Figure 7:  Decaying deviations from full thermalization in the 1QS regime: (a) Relative deviation
& ( <A>> , see Eq. (45]), of operator expectation values from their mean force Gibbs state (thermal)

values as function of 1/Lp, for all four DQD operators. Linear fits (dashed, dotted, dash-dotted,
solid) show excellent consistency with (19), for all four operators (25). (b) Trace distance T'
between the time averaged density matrix p and the mean force Gibbs state pygs as a function
of 1/Lp, for three randomly chosen initial states of the DQD (gray, light green, dark green
squares). Linear fits (dotted, dashed, solid) show excellent consistency with , for all three
initial states drawn from . Other parameters: g = 0.1, v = g, gp = 2g. Time averages are
taken between ¢; and ¢y as chosen in Fig. [6](b).

4 Summary and outlook

In this work we have carried out a systematic comparison between the notions and conditions
of thermalization in OQS and IQS, on the basis of a model consisting of a DQD coupled to
a fermionic lead. The notion of thermalization involves taking both the long time and the
thermodynamic limits. We show that both the OQS and the IQS approach investigate the
convergence to the same state. However, they apply the two limits in a different order: while
in the OQS one first performs the thermodynamic limit and then the long-time limit, it is
the other way around in the IQS approach. As a consequence, the two approaches give the
convergence to the final state at markedly different timescales. This timescale separation in the
two thermalization notions, to our knowledge, is a new insight. We believe it stems from the
fact that in the IQS approach, the system and the environment are considered a single complex,
and relaxation to equilibrium is required at all locations within this complex. In contrast, in
the OQS approach, only local variables of the system alone, and not those of the environment,
are required to show thermalization, resulting in a faster process.

Here we showed that the OQS regime corresponds to the time scale t,qs within which the
system hardly feels the finite size of the bath. We invoked Lieb-Robinson bounds to show that
togs is roughly proportional to bath size Lp for large Lp. Using the concept of typicality we
have constructed the class of initial states usually considered in the OQS approach, as a special
type of a randomly chosen pure state. Starting with such an initial state our numerics show
that regardless of the initial state of the DQD, the state of the DQD at time ¢,qs converges to

20



SciPost Physics

the mean-force Gibbs state pyags as Lp is increased. This corresponds to thermalization in the
0OQS sense and it holds irrespective of the presence of many-body interactions within the DQD.

We then showed that thermalization in the IQS sense takes place at times ¢ > t,qs. In this
regime, the DQD is affected by the finiteness of the bath. In this sense, the dynamics of the
DQD may no longer be considered as that of an open system and one is lead to view the DQD
plus the environment as a single, isolated system. It is known that integrable Hamiltonians do
not thermalize in this regime, but according to ETH considerations, non-integrable ones are
expected to. The free DQD case corresponds to free fermions, thereby is integrable and is not
expected to thermalize in this regime, which we confirm via numerical investigation. However,
surprisingly, we found that our interacting DQD model is partially non-integrable, i.e, neither
integrable nor fully non-integrable, as evidenced by level spacing statistics following a Brody
distribution for all interaction strengths. We further found that, despite being partially non-
integrable 1QS thermalization does occur for the interacting DQD case. We thus exhibit a
first systematic study of thermalization in a partially non-integrable system, where ETH is not
expected to hold. These results evidence that thermalization in the interacting DQD occurs
according to both, the OQS and IQS notions, while hinting at the possibility that different
aspects of non-integrability may have different influences on thermalization.

Our results open several directions for further research. While here we focused on the be-
havior of observables defined locally on the reduced system, it will be extremely interesting to
extend the analysis to observables defined locally on the bath. Our approach could be applied to
other fermionic models than the one investigated here. In this connection, free fermionic models
would be specifically of interest. Only a handful of works have insofar considered I1QS thermal-
ization in free fermionic systems. In Refs. [89,90], a three-dimensional disordered free fermionic
system was considered. It was shown that the fluctuations about the long-time average decay
as a power-law with number of sites, unlike the exponential decay expected for non-integrable
systems. Other works on free fermions [91,92] have defined thermalization as relaxation to an
equilibrium state for a finite duration of time that increases with the system size. This definition
is more akin to OQS thermalization and differs from the IQS thermalization usually considered
in presence of many-body interactions. Clearly, further investigations are required to clarify
these aspects in the light of our results. Finally, we introduce the notion of a partially integrable
quantum system, and establish thermalization in such a system. It will be of interest to explore
the fate of ETH in such a system. Overall, we believe our results call for a more in-depth study
of the necessary assumptions for IQS thermalization, as well as, a systematic comparison of
0QS/1IQS thermalization in a broader class of models.
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A Appendix: Numerical limitations

Although the numerical technique we have used is quite powerful and has allowed us to simulate
quite large chain lengths up to considerably long times, there are certain limitations, which can
lead to small errors that are hard to reduce. We believe the small spurious offset seen in linear
fits of Fig. [7] stem from these errors. Here, we describe the main possible sources of such errors.

First, we used a single typical state to approximate a thermal state. This is done both for
the initial condition, and in calculating the expectation values corresponding to pygs. While
this is a good approximation at large enough system sizes, this is not exact and small sample to
sample fluctuations are expected at any finite system size. Deviations between expectation values
obtained from a single typical state and those from a thermal state may be reduced by ensemble
averaging. But, although they reduce exponentially with system size, for a given system size,
they are not expected to decrease as fast with ensemble averaging. Therefore, reducing the
deviations at a given system size require averaging over a large number of samples. Since we
are performing a long time simulation (up to t = 2000g~!), with quite large many-body systems
(up to total chain length is 28 sites, size of the largest block of Hamiltonian in Fock space is
of size 40116600), using a single typical state is already computationally quite expensive. This
makes taking average over a large number of typical states impractical. So, at present, we are
unable to make a systematic check of whether the offset can be reduced via ensemble averaging.

Second, in Figs. (b)7 it is apparent that, although there is relaxation, the simulation might
not have reached the asymptotic value within the time range considered. It may be that taking
time averages over much larger time regimes reduces the offset. This is again hard to check,
because going to longer times is also expensive. However, within our time regime, we have seen
that taking time average over any time regime with ¢1 > #,4s yields plots similar to Figs. [7| with
quantitatively similar offsets.

Third, our numerical data is taken in steps of time gt = 1. Taking such large time steps is
one of the advantages of the Chebyshev polynomial method that we utilize to make such long
time simulations tractable within our computational resources. This, however, also means that
the average of data points deviates from the actual time average defined in terms of an integral.
So, it may be that the spurious offset can be reduced on taking a finer time-grid. But, this
again, would increase simulation time greatly, making the simulation impractical.
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