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We present the technical details of our work. Starting from the Liouville equation, ip = [7—2, p|, we derive the
dynamics of the average density matrix. We find the conditions of validity of the approximations that allow us to
replace the exact dynamics (a set of coupled integro-differential equations) by rate-type differential equations. We
use the interaction representation, viewing the off-diagonal elements as perturbations. The noise, {(t), we consider
is stationary, given by the random telegraph process (RTP). It is centered, (£(¢)) = 0, with correlation function,

x(t —=1t') = (€()E().

I. A SINGLE DONOR LEVEL AND A FINITE ACCEPTOR BANDWIDTH

We start with the simplified model consisting of a single electron energy level of the donor and an acceptor consisting
of continuous band. Writing the Hamiltonian of the system as, H = Hg + W, where

Ho = Ho(t) =(EY + Ag(t))|d)(d] + /(E + X\a(1)|EVE|o(E)dE
% :/V|d><E|g(E)dE+h.c., (1)

o(F) being the density of electron states of the acceptor, we define the interaction picture density matrix g and
operator W by,

ﬁ = ei j(f HO(T)d"'pefi Jot HO(T)dT’ (2)
W(t) = ¢! Il %O(T)dTWefifOt Ho(r)dr 5
A computation yields,
V(E,t) :=Wip(t) = VelrOeil B =Bt (4)
PLE :plEeiSO(t)ei(Eé,d)—E)t, )
prp =pppe’FTE, (6)

*Electronic address: nesterov@cencar.udg.mx
TElectronic address: gpb@lanl.gov
fElectronic address: merkli@mun.ca
$§Electronic address: avadh@lanl.gov



where p(t) = D fo t")dt' and D = g4 — gq. The subscript 1 denotes the donor level, while the subscript E refers to
the contlnuous energy 1evels Note, that p11(t) = p11(t) and prr(t) = pre(t) (dlagonal density matrix elements).
In the interaction representation, we obtain the following equations of motion:

S =i [ ABGB) eV (B) = V(B D), M
jtPEE' =ipp1V(E' ) —ip1p V* (E, t), (8)
e =iV (B.0pn — i [ BBV (E Opm . (9)
G ==V (B0 + i [ dEo( BV (B e (10)

We take the initial condition p1£(0) = pg1(0) = 0 for all E. Then, using Eqgs. (7) - (10), we obtain,
P =i / at (VB ) - [ 4B (BN E V) s)). (11)
pEL = —i / dt'(f/*(E,t’)ﬁu(t') - / dE’g(E’)f/*(E’,t’)ﬁEE/(t’)>. (12)
0
Now, inserting (11) and (12) into Egs. (7) - (10), we obtain the following system of integro-differential equations,
Lt / at [ dBo(E) (V" (BOV(E.¢) + V" (B (E.) ) pu ()
+ / ar / ABAE o(B)o(EYV* (B, )V (B, #)pm p(t') + V(E, OV (B, \pwm (), (13)
< ot / dt / AEo(E) (V* (B, 0V (B, ') + 7 (B, 1)V (E,) ) (¢)
/ dt’ / / dEdE' o(E)o(EV*(E,t)V(E , t)pp ')+ V(E,)V*(E ) pps ('), (14)
d ~ / ¥ * (7 /gl ~ /
Lipet) = [ dt (VB0 E .0 + VB0V E.) ) ()
0
t
_ / at / AE" o(E"Y T (B, )V (B ) pr e () + T (B, )7 (B ) pn (). (15)
0

In this supplementary material, it is convenient to denote the average of the total acceptor probability by (pe2(t)) =
J{pEE(t))o(E)dE. In the main text, we used the symbol p,(¢) for this quantity. Averaging over the noise gives

,o11 / dt’ /dEQ V* E t)V(E,t’)+V*(E,t’)V(E,t))ﬁ11(t’)>
T / [ [ dEAE o(B)o(B) (7 (B.OVE s (t) + V(BT (B )pew(t)), (10
& / at [ aBoE) (V" (BT (EY) + V(B (EH) pu(e)
- / a | / dEdE'g(E)e(EW*(E,t)WEct’)ﬁEfE(t')+V(E,t)v*<E’,t’>ﬁEE'<t'>>, (17)
e ®) = [ (7 (BT E )+ T B0V (E ) (¢)
/ dt’ / dE" o(E" )V (E,.O)0V(E" ) ppre (') + V(E )V (E" ) pper (t)). (18)

The terms in (16) - (18), containing products of the form V*(E,t)V(E,t'), give rise to correlators of the form,
(e We=i) 5,1 (') (see (4)). To proceed further, we must split these correlators. Consider (e™#(e=#(t) 5, 5(¢')),



where the indices «, 8 take values in {1,2, E, E’'}. For the random telegraph process (RTP) we have (for details see
Corollary 1 in Appendix A),

(iD= 5 (#)) = Dt — ') pas(t)) — 5 dci@(t—t)@ia(t’)% (19)

where <ﬁiﬁ(t’)> = (1/o){E(t)pas(t)), ®(t —t') = (e#Me=#()) and we set 02 = x(0).
Using the differential formula (A8), we obtain,

d d
~£ N a
(5 +2) (855 0) = (60 5 has(®)). (20)
The r.h.s. of this equation can be obtained for Egs. (13) — (15) by multiplying both sides of these equations with £(t)
and then averaging over the random process. The result can be written as,
d _ - ~
(60 Pas®) = V2 ({5 (D), (550 (D)) ) (21)

where we denote by, \V|2\Ilaﬁ(<ﬁm,(t)>, <ﬁfw(t)>), the result of the procedure described above. Then, Eq. (20) can

be recast as,

d ,_ - ~
2t 50) = =29(7 5 (0) + V2 ¥as (B (1), (75 ) ) (22)
As one can see, the solution for <ﬁ§6(t)> can be written as,
(op () = [VIPe™" Fag (1), (23)
where F,,5(t) obyes the following eqution:
d . ~
Fas(t) = ¢ Was (B (0): (55 (1)) ). (24)

Thus, we conclude that Eq. (19) can be recast as,

(W= ) 5 s(t')) = ®(t —t')){pap(t)) + O(V]). (25)

In what follows, we neglect by higher terms, O(|V'|?), and write

(0 fos () ~ B(t 1) (Pas(t). (26)

After splitting of correlations and neglecting the terms O(|V|*) in Eqgs. (16) — (18), we obtain for the average
components of the density matrix the system of integro-differential equations:

S =— [ av [ amaE) (7 E0TE0) + (T EOTE0)) )
+ / d / / dEAE o E)o(E') ((V*(E.)V (B, ) (pern(t')) + (V(EOV* (B, 1)) (pre () ), (27)
Sonttn = [t [ aoe) (7 B0V ED) + (7 (EOTED)) ()
- / at [ [ dEdE o(B)o(E) (V" (B.OVE ) pr () + (VBT (B ) pee(t)). (25)
d

e ) = [ (7 EOVE.0) + (T EOTVE0) (o 0)
/dt/ dE" o E” V*(E OV (E" )W ppre (') + (V(E, )V*(E“,t')><p~EEu(t')>). (29)



Then, using Eqs. (27) - (29) and the definition V (E,t) = Vei(Ef()d)’E)te“"(t), we obtain

d, . t -
P ®) = *2IV|2R6/ dt’<1>(t*t’)/dE@(E)6’(E° B (1 (1))
+2|V|2Re/ dt'd(t //dEdE’ o(E")ei B =Bt =il B BN (50, (), (30)
d, . 2 GBS =B (t=t) 5yt
T (B2(t)) = 2V[°Re dt(I) dEo(E (p11(t"))
—2|V|2Re/ dt' d(t //dEdE’ o(B)ei (B =Bt =i B N (50, (1)), (31)

t
e @) = VP [ e [o(t = ) E D0 B0 gy — e B D100 1)
0

t
~|V[2 / ar|@(t v / dE" g(E")e! P Bt =B (5 (1))
0

_i(E® (B "
+ (I)(t/ —1) /dE//Q(E//) i(By" —E)t ,i(Ey" —E )t <PE”E’ (t )>}’ (32)

where ®(t —t') = <exp{iD of §(T)d7'}>.

In what follows, we consider a Gaussian density of states in the acceptor band, centered at some point, Eéa),

o(E) = Qoe‘o‘(E—Eé“))2. -

Then we compute
(p2a(t")) = [(pEE(t'))o(E)dE ~ <ﬁE§“>E(§a>(tl)>Qo JE, "
[dEo(E )l B =B =) — 4 ge“(t*t')ef%’ .

and

(d) (d)
//dEdE’Q(E)Q( el o= Bte BT (G (1))

~ E»« / i/"/ii % //Tzs(tt)f#
~ (90\/;<PEga>E5a>(t)>+2at<X(t )) = X ( )>)90\/> e” 1

~ () + ot (W) — o=t K@) o \/ZH (36)

where € = E(()d) — E(()a) is the difference between the donor energy and the center of the acceptor energy band and,

(K) = o) T P 0], (37)

Using these results and Eq. (30), we obtain the following integro-differential equations:

%(ﬁn(t» = —2Re/0 dt/f?l(t,t/)@u(t’))+2Re/0 dt' Ko (t, ') (paa(t'))
~ 2t [ Rt ) (R () — (X)) (38)

t

7 Pa(t) = 2Re/0 dt’f(l(t,t')@n(t’))—2Re/0 dt' Ko (t, ') (paz(t))

—|—$Im /t dt' K (t,1) (£ (X (1)) — t{X* (1)), (39)



where
Ki(t,t') =0®(t — ') exp (is(t ) - %) (40)
Ka(t,t') =02®(t — ') exp (is(t b Iata ) (41)
Here we denote v = |[V|2gg/7/a. Next, we expand,
(pua(t')) ={p11 (1)) — (t - t’)%@n(t» (42)

Using this expansion and neglecting the higher order terms, we find that (39) can be approximated by the ordinary
differential equations,

Do) = = 310 (p12) — Do R (1) + R (1) () + Do Fa(1){ ), (13)
@0 = = Balt) (o) — Do R (1)) + (1) () + Do P (1)(51), (14)
D5 =~ 290052) ~ R0 (51) — Do (0o + Ra(t){pa) + Do (6){p22), (45)
@5 =~ 29005) ~ Ra(t){pka) — Do - Ra(0){pa2) + Ra(0)(751) + Do -9 (6)prr), (16)

.~
where 93, 5(t) = 2Re [ K1 a(t, '), (py)) + (pyy) = 1 and (p, (0)) = (p5,(0)) = 0.

Our numerical simulations show that if the conditions of validity, (58) given below, are satisfied, then one can
simplify this system as follows:

%(PM == R (t){p11) + Ra(t)(p22), (48)

%<P22> =R1(t)(p11) — Ra(t)(pa2)- (49)
The solution of these equations with the initial condition (p11(0)) =1 is

(o 0) =701+ [ Rl Vas) (50

(P2 (1)) =1 = (p11(t)), (51)

where f(t) fo (R1(7) + Ra(7))dr.
To proceed further, one needs to know the explicit expression for the characteristic functional ®(¢ —¢'). Using (26),
we find that ®(t) obeys the following integro-differential equation [1, 2]:

d t
L) = _02/ (= YD)t (52)
One can show that in the time interval, 0 < t < oo, the Gaussian approximation is valid yielding,
d 2 ! / !
Lot~ —0()D? | (t—t)dr, (53)
dt 0
if [D? [° tx(t)dt| < 1. This condition can be recast as follows: Dy/x(0) < 1/7., where 7 is the correlation time [3],
1 / e
Te = —— x(t)dt. (54)
x(0) Jo

The solution of Eq. (53) can be written as,

B(t) = exp ( _p? /Ot dt’ /Ot/ "y (¢ — t“)). (55)



To obtain the analytic expressions for the dynamical rates, %1 2(t) = 2Re fot Ky o(t,t')dt’, we write
DA(0) o DP(0)
2 3!

If [todInx(0/dt)| < 3, where tq = i2¢/p?, in computation of the dynamical rate one can neglect the higher orders in
®(t) and use

@(t):exp(— t3+...). (56)

D(t) = exp ( - %L@). (57)

Finally, gathering all results together, we find that the Gaussian approximation in its simplified form, (57), can be
used for computation of the dynamical rates, if the following conditions hold:

D/ x(0)] < —lnx )‘

where p = /1/a + 2D?x(0). The parameter p includes contributions of the acceptor bandwidth and the intensity of
noise. Next, employing Eqgs. (40), (41) and (57), we obtain

32
<

2’ (58)

iﬁl(t):\/ivg exp(—j)( rf( )+ rf(—— ;)) (59)
Ro(t) = \/EUQ { exp < - % + (t/2ap2— ia)z) (erf(p; — (t/2ap— ig)) + erf((t/2ap_ i) )) + c.c.}7 (60)

where erf(z) = (2//7) [y e~ dt is the error function [5).

A. Conditions for validity of the approximation

In this Section, we estimate the validity of the approximation leading to the Eqgs. (48) and (49):
d

o —(p11) = — Ra(t){p11) + Ra(t)(pa2), (61)
%<P22> =R1(t)(p11) — Ra(t)(p22)- (62)
We start with Egs. (38) and (39) written as,
%(ﬁll(t» i Ki(t, t"){(pri(t'))dt’ + i Ko (t, ") paz(t'))dt’ + ¢ (1), (63)
%(ﬁm(t»:/o Kl(t7t’)<ﬁ11(t')>dt’—/0 Ko (t, ') paz(t'))dt’ — ¢ (1), (64)
where ¢(t) = {(t) + C*(t), and
() =i /0 Kg(lf,f’)(%(f(*(t’)) - %(f((t’)))dt’. (65)

The solution of the Eqgs. (63) and (64) can be written as, (p;,(t)) = (p11(t)) + Ap(t) and (e (t)) = (pes(t)) — Ap(t),
where

t
0= [ cwar. (66)
0
and (p;,(t)) and (py5(t)) obey the system of the non-perturbative integro-differential equations:
d
s (P11 (2 / Ki(t,t"){p11(t'))dt' +/ K (t, 1) {paz(t'))dt’, (67)

dt p22 / Kl t t p11 dt —/ K2 t t p22 )>d (68)



From here it follows that if

1Ap®)]
(Pa(1))

then Eqs. (63) and (64) can be replaced by Egs. (67) and (68).
Employing Eqgs. (32) and (61) and (62), we find that (X (¢)) obeys the equation:

<1, 0<t<oo, (69)

%(X(t)} = —z‘/ot (tK1(t, V) + K7 (t,¢) {pr1 (') )dt +it/0t Ko (t, t'){paa(t'))dt'. (70)

Next, expanding (p11(¢)) and {paa(t)) as,
(P11 () =(pnr(t)) — %@11(15))@ —t), (71)
{p22(t')) =(p2a(t)) — %@m(t))(t —t), (72)

we find that equations (67) and (68) can be recast as,

Cclit<P11> =—-NR ()1 +Y1(t))<p11> + R () (1 + Yo (t <f722> (73)
@ (o) =1+ () () — Ralt)(1+ V(1)) {p22), (74)

where Y7 o( fo (t —t')Ky 2(t,t')dt’. The latter can be rewritten as, Y7 o(t) = i(aijﬁg (t)/0e — OR12(t)/De). Tf

’/t(t ) Ky o(t,t) t € (0,00), (75)
0

one can neglect the contribution of the terms, Y7 2(¢), and the system of integro-differential equations (73) and (74)
can be approximated by the following pair of ordinary differential equations,

d

%@11) = — R (t)(p11) + Ra(t)(paz), (76)
%@22) =R () (p11) — Ra(t)(paz)- (77)

In the same order of expansion as above, we have

L% (0) = - it () () — 25 (0130 + 85800 (pa(0), (78)
L apte) = — 5= 2220 () - 2,0 ((R(0) — () + e (79)
where
R, (1) :ﬁpvz exp <_ ;z) <erf(p2t + if) _ erf(z';)), (80)
R (t) = 7;”2 exp ( % + (t/mp; ie)” ) (erf(Z;t - W) + erf(W)). (81)

Combining all results, one can see that in the time interval, 0 < ¢ < oo, the original system of integro-differential
equations (38) and (39) can be approximated by the system of ordinary differential equations, (76) and (77), provided

18p01
<p22 (t)>

‘(85‘%1,2(15) 89?}‘?2 (t) (82)

— 1 d
Oe Oe )‘<<’ an



To proceed further, it is convenient to define a scaled time, 7 = pt, and the dimensionless, complex dynamical rates,
t12(7) = (1/p)Ri12(7):

t1(1) =v/ma? exp(—n?) (erf(% + in) —erf (in)), (83)
£2(r) =/7a® exp ( - “2272 + (% - in)2> (erf(; - % + m) Jrerf(% - m)) (84)

where a = v/p, n =¢/p and p = 1/\/ap.
Then, one can rewrite the conditions of Eq. (82) as,

a® LK Wia(rin,p) and Z(ria,n,p) <1, 0<7 <00, (85)
where
W1,2(T§naﬂ): 6%172(T)a 8?{72(7_) ) (86)
on B on
‘a :|Ap(7')‘ _ N2 e f 7_/ 8E2(T/) o 7_/ Z'T/~ 7_/ v 7_/ e 7_/
Zirsaon =22 - e [ar(Z2 ) 4wty () - ) )| s

Now Egs. (76) — (78) can be rewritten as,
d

E(PH(T» = —t1(7)(p11(7)) + v2(7){p22(7)), (88)
%@22(7» =t (7){p11(7)) — ra(7){p22(7)), (89)
TR = = i) (pa(0) = TE s (1) + a1 (1), (90)
2 8p() = = 5 P2 ) - o) () = (X)) + e (91)

where we set v1 2 = 2Ret; o. )
Let us denote the real and imaginary parts of (X (7)) as, U(7) = Re(X (7)) and V(1) = Im(X (7)). Then, employing
Eq. (91), one can show that the functions U(7) and V(7) obey the following differential equations:

dilTU(T) =— Rea%?(;-) <p11(7')> —7Im7y (T)<p22 (T)>, (92)
%V(T) :(Imatéf;) - m(T)) {p11 (7)) + TReTa(7){paa(7)). (93)
In addition we obtain
antrsaonol =2 [ ar'(re P2 ) 4 P2y () - v (94)
0

A straightforward computation shows that |W7 o(7; u,n)| > W (n), where (See Fig. 1)

1
= TRe(1 — /e Pertem)] (95)

Thus, the first condition from Eq. (85) can be replaced by the stronger inequality

W(n)

v
- <1, 96
, (96)

Gathering all results, we conclude that in the time interval, 0 < t < oo, the original system of integro-differential
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FIG. 1: (Color online) Dependence of W on 1.

equations (38 and (39) can be approximated by the system of the rate-type ordinary differential equations:

d -
%@11) = =R (t){p11) + Ra(t)(paz), (97)
d
%@22) =R1(t){(p11) — Ra(t)(p22), (98)
if the following conditions hold:
3p?
1D\/x(0)] < —lnxt ‘ < (99)
t=0 2e
|Ap(t)]
Y« 1, and —5H < 1. 100)
» (02a(0) (

II. FINITE ELECTRON BANDS

The Hamiltonian describing finite electron bands for both donor and acceptor, in the continuous limit, has the form
H(t) = Ho(t) + W, where

Ho(t) = [ (Ea+ NaO)|Ea) (Ealo(EddEa+ [ (Eat Ma()IEo) (Elo(E.)dE
W= / / dEddEag(Ed)g(Ea)(V(Ed,Ea)\Ed><Ea| +h.c.), (101)

0o(E4) and o(E,) are the densities of electron states of the donor and acceptor, respectively. We assume that the
amplitude of transition is a smoothly varying function of energy, so that one can approximate, V(E,4, E,) = V = const.
In the interaction representation, p = e’ 15 HO(T)dTpe_ifot Ho(T)d7 the equations of motion are given by

Gipa, =1 [ AEu0(En) Py, V* (Bar By ) =V (Ea, Eus O, ). (102)
e, =i [ AEGo(ED (pr.y V' (B, ELut) — V(Eus B Oy, (103)
%ﬁEdEa :z’/dEé{g(Eg)ﬁEdng/(Eg,Ea,t) —i/dEgQ(EZ)V(EmE(/L/»t)ﬁEgEa, (104)
by =i [ BBy V(B Bat) —i [ B4 0BV (B B 0y (105)

where V(Ey, E,,t) = Vel(Pa=Ea)tgivaa(t) and @4, (t) = — Ya fo t')dt’.



10
We assume that initially, pg, g, (0) = pg,r,(0) = 0, and employ the same procedure as in the previous section.
After splitting of correlations, we obtain

d
@@Ed,E; (t)> =

- / dt’ / dEa@(Ea>dEgg<Eg>(<,5EdEg<t’>><V(Eg,Ea,t’W*(Ea,Eg,t»+<V<Ed,Ea,t>V*(Ea7Eé;,t’>><ﬁEgE;l(t’>>)
/dt //dEag dE! (E;’)((ﬁE;«Ea(t’)XV(Ed,Eg,t’)V*(Ea7Eg,t)>+<V(Ed,Ea,t)f/*(El’l’,E&,t’)><ﬁEaE«a/(t’)>)7

(106)

i, (1) =

/ ' [ [ dBsoEaBLoED (5o, OONV (B BtV (B Egut) + (7 (B BV (Eas Ef8)) (e, (1))

—/ dt’//dE;g(E&)dEl’l’g(E(’l’)(<ﬁE&EQ(t’)><‘~/*(E¢’i’,E(’Nt)f/(Ea,E N+ (V(E] E;’,t')f/*(Ea,Eg,t)><ﬁEgE;(t’)>>.
0

(107)
These equations can be recast as,

%<'6Ed,Eé (t>> =

t
_ \V\2/ dt/q)(t,t’)// dEaQ(Ea)dEgQ(Eg)(<ﬁEdEZi,(t/)>e—Z(Ea—Ed)tel(Ed —Ea)t' 4 i(Ba—Ea)t ,—i(Ea—E{)t <ﬁEé’E;(t/)>)
0

t
VP [ttty [ [ dBo(BAEL oD (g, () o B E By BBt ED (g, (1)),
0
(108)

(P, (1)) =

t
vr /o A e(tt) // dEgo(Eg)dEq o(Eg) (</7E;E;’ (t'))e I Fi =Bt (Bam Bt 4 i(Ba= Bt =i EamBDY (5, ) (t/)>)

t
- \V\Q/ dt’(I»(t,t’)/ dE&Q(E&)dEQQ(EQ')((ﬁEgE:;(t'»eﬂ(Ed7E“')t€Z(E“7Ed)t + e (BamBa)tei (B —Ba)t <ﬁEgE,;(t')>>,
0
(109)

where ®(¢,t') = <ei‘Pda(t)e—icpda(t/)>.
Further, we consider a Gaussian density of states in the donor and acceptor bands centered at some energies, Eéa),

for the acceptor, and, E(()d)7 for the donor,
0(Fa) = gae™ 1 E=E") (110)
Q(Ea) = Qae—az(Ea—E(()a))z. (111)

We denote by (5,,(t)) = [(pE.p.)(t)0(Eq)dEq and (py5(t)) = [(pE.8,)(t)o(Es)dE, the probabilities to populate
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the donor and the acceptor, respectively. A computation yields

(P11 (1)) = /(ﬁEdEd>( Jo(Ea)dEa = {p o o (ﬁ/)>00\/z7 (112)
(s = [ P} (00BN = B oy [ a13)

[ Euo() [ [ dBadBio(EDo(Eye BBt E B (o 1)
N2 42 2
z<ﬁn<t>>exp( RN Gl M ) (114)

4042 40&1

/ dEq0(Eq) / AELdE, o(E,)o( EL)e Ba=Balt i Bu=BaY (5 o (1))

~ Gl exp (- )= S D, (115)

4041 40&2

where € = E(()d) - E(()a). Next, employing Eqgs. (112) — (115), we obtain from Egs. (108) — (109) the following system
of integro-differential equations for the diagonal components of the density matrix,

5@11( / K1 (t,t"){pri(t'))dt! +/ K (t, ") ({paz(t'))dt’, (116)
p22 / Kl t t p11 dt —/ K2 t t ,022 )>dt (117)
where
/ / / (t — t,)2 t2 + t/2
Ki(t,t') =202®(t, ') cos(e(t — t ))exp(— o ) (118)
Ky(t,t') =20%®(t,t') cos(e(t —t')) exp ( - (t; v _ t24+ t/2>. (119)
Q1 165

For | fot (t —t)K72(t,t')dt'| < 1, the system of integro-differential equations (116) and (117) can be approximated
by the system of ordinary differential equations,

L (o) == B0 on) + Ra(t) pos). (120)
%<922> =R (t){p11) — Ra(t){pa2), (121)

where Ry o(t) = fg K 5(t,t)dt’. A computation yields

%(ﬂ:\/%pvz{exp(_;;Jr (t/2a12— ia)Q)(erf(Zt— (t/2a1—i6)) +erf<(t/2oz1—i5)>> +C'C}, 122)

p p p
Ry (1) :\/7;112 { exp ( - i + 7“/2&22_ ia)2> (erf(p; — 7@/2&2 — ZE)) + erf(i(t/za2 — lE))) + c.c.}, (123)

209 p D D

where p = \/1/a; + 1/as + 2(Do)2.
Following the same procedure as in the Section I, one can show that the condition for validity of approximating the
integro-differential equations by the ordinary differential equations is modified as follows:

IDVXD) < %0 x(0)

‘(5’9?{1,2(15) _ 85%?2(75)
Oe Oe

2
< (124)

‘t:O 2e
18p(O1
<P22(t)>

)‘<<1, and  Z(t) = (125)
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where
R (t) =ﬁp“2 exp (- ;jl (2o Ze)” 2a;2_ i5)2) (erf(Z;t _ (200 —ie) 20‘; - Z'6)) n erf(i(t/ 20‘; — ie) )) (126)
Ro(t) :\/quﬂ exp (- ;; 4 (200 2 ie] 20‘;; ig)Q) <erf(gt _ (/202 — i) 20‘; - ie)) + erf(i(t/ 20‘; —ie) )) (127)
2001 =Jre [ar (P i) 4o ) () - (K100
0
#Re [ (P20 300 + i3 (50 - (3e))| (12)
0

Here we denote,

Gt = o[ 3 5 GO e ) = oo Gy 0)

To proceed further, it is convenient to define a scaled time, 7 = pt, and the dimensionless complex dynamical rates,

t12(7) = (1/10)5%1,2(7')1

(129)
B,=E,=B{"

bi(r) =vre e (- M2 4 (BT _)?) <erf(; T ) (T i), (130
() =vra? exp ( u§2¢2 + (&7 - in)2) (erfG — B win) + et (B2 —in)), (131)

where, a = v/p, n =¢/p and py1 2 = 1/,/61 2p. We obtain

A0l =June [ar (TN + i () - (K50))
0
waie [ ar'( PN ) 4 inl) (o) - (K500) )| (132)
0

The functions, (p,, (7)), {py, (7)) and (X (7)), obey the the following differential equations

Lo () == 110)pu(r)) + wa(r)p2a(r)), (133)
() =ua(r){pu () - tz(T)<P22(T)> (134)
%0?1(7)) = — it (7)(pu(T >— &1 ) (o (7)) + irea(r)(pas(r), (135)
%(X}(T)) = —irtg(T <p22 < 22(7)> + i7f1(7)<p11(7)>. (136)

Putting all results together, we conclude that in the time interval, 0 < ¢ < oo, the original system of integro-
differential equations (112) and (115) can be approximated by the system of ordinary differential equations (120) and
(121), if the following conditions hold:

2
|Dv/x(0)] <« —lnx ‘ » < 32%, (137)
_ 0ty 2(7) aET,Q(T)

_ |Ap(7)|
Z(T,a,u,m) = oa(7)) < 1. (139)
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FIG. 2: (Color online) Plot of the function W. Dependence of W on the scaled time, 7, and parameter, n = ¢/p. Left: u = 0.5,
v/p = 0.2. Right: 4 =0.25, v/p = 0.2.

1.54

L D B T
20 15 10 s g 04
T n

FIG. 3: (Color online) Plot of the function W. Dependence W on the scaled time 7 and parameter p (n = 0). Left: v/p = 0.2.
Right: v/p = 0.5.

In Figs. 2 and 3, the function, W, is presented. As one can see, for the chosen values of parameters, the condition
(138) is satisfied. As it follows from analysis of Fig. 3, and taking into account that in our perturbative theory the
“small” parameter is, v/p, the condition (138) should be replaced by a more strong inequality: v/p < 1. Thus, the
conditions of validity of approximation leading to the rate-type equations (120) and (121) can be written in its final
form as,

d 3p?
DV x(0)| < P In x(t) o o (140)
v |Ap(t)]
- <1, and < 1. 141
p (paa(t)) (141)
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Appendix A: Correlation splitting

In this section, we consider the correlation splitting for the random telegraph process (RTP) £(t) having the property
(€(t)) = 0 and the correlation function

Mt~ 1) = (E(0E) = 220 1> 1 (A1)

Thus x(0) = 0%. We also have £(¢)? = 2. Let M, (t1,ta,...,tn) = (£(t1)...&(t,)) for ordered times ty > to > -+ > t,,.
Then we have (see [1, 2])

My (ti,ta, . tn) = (€(t1)E(E2)) Mp—2(ts, . . ., tn). (A2)

The RTP is conveniently described by its characteristic functional, defined by [2]

t

o[t (1)) = <exp {z / dTg(T)y(T)}>7 (A3)

0

where, v(7) is arbitrary (sufficiently smooth) function. Applying Eq. (A2) and using the Taylor expansion of Eq.
(A3), we obtain an exact integral equation for the characteristic functional, ®[t; v(7)],

t

B[t v(r)] = 1 — / dtr [ dtax(ts — to)v(t)v(ta)®lts: (7). (A4)
0

0
One can transform this integral equation into the integro-differential equation,

t

Blt; ()] = — (1) / dtyx(t — t1)(t)®[t1; (7). (A5)
0

4
dt

Let R[t;£(7)] be an arbitrary functional. Then, for correlators, (£(¢)R[t;£(7)]) and (£(t1)&(t2) R[t; €(7)]), one can
show that the following correlation splitting formulas hold [2]:

CORIGE) = [ dunxe - t1><5§fmé[t,t1;s<r>l>, (A6)
E(E)EE) RIE: E(T)]) = x(t — ) (RIE ED]), 11 > 62 > 7. (A7)

where R[t,t1;€(7)] = R[t; £(7)]0(t1 — 7 +0), and () is the Heaviside step function. The differentiation of (A6) yields
the differential formula [1, 2],

(% +20) € RIEED) = (€() LRI €Y. (A8)



15

Theorem 1.1 Let R[t;&(T)] be an arbitrary functional. Then, if £(t) is the RTP the following correlation splitting
holds:

t

(e {i [ dretrv(n} RIS ) = Slsvnl (RIS + Wit U RGO, e20, (49

where <Rf[t’;€(7')}> = <f(t/)R[t/§§(7)]> and

x(t—1t) d o
iy(t)xz(O)@(I)[t’ (7)]- (A10)

Ut t'sv(r)) =

t
Proof. Expanding the functional, exp {z [ dr¢ (T)I/(T)}, in the Taylor series, we obtain
0

t

(exp i [ arérivn)}Riese]) = <(i Lzt + i ez O) RIESED)). (A1)
2 n—= n—=
where Z,(t) 1 tHk ﬁfO(AQ) (te)dty, (t1 %(tzlzl) -+ > t,). Using the property of the RTP, £2(t') = x(0), and the
recurrence relationship one can recas as
(e i [arewin}aieier) = (3 o (Zanto)) ) (Rt
2 n=0
+ 5 (3 o (Zanes06@)) ) (R 0] (A12)
Next, expanding ®[¢; v(7)] in the Taylor series and taking into account that (Zs,41(t)) = 0, we obtain
W) = 30 (2 = 3 (2. (A19)
A similar consideration yields
(e {i [ aretrmin}e(e)) = STz wew)) -3 @ffl)!<zzn+1<t>s<t’>>. (A14)
A n=0 n=0
Using Egs. (A13) and (A14), one can rewrite (A12) as
(exp{i [ arermtn) }RIEs€(r)) = altsv(n] (Rl (0) (exp / dre(r DRI )
’ (A15)
Once again using the relationship £2(¢) = x(0) and Eq. (A2), we obtain
> S {zmwat) = i; 0RO = 5> o (€0 OG0, (319

n=0 n:O

The last term can be rewritten as,

o0 .y

o X(E—=1) " d Xt =t)d_ .
(6022010 60EN) = T ;M<zn<t>> = o ol A1

1 0 Z'2n+1

x(0) 7= (2n + 1)!
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From here it follows,

T WX ] Xt
<eXp {zO/de(T)V(T)}g(t )> = iu(t)x(0)<eXp {zo/de(T)V(T)}g(t )> = X0 £<I>[t,1/(r)]. (A18)
Inserting this result into the r.h.s. of Eq. (A12), we obtain
(e {i [ dretr(n)}RICSE) = sl RIESED) + VeI R €, 200 (A19)
0

where

x(t—t) d

Wt t'5v(r)] = W20 di

®[t;v(7))]. (A20)

O

Theorem 1.2 Let R[t;&(T)] be an arbitrary functional. Then, if £(t) is the RTP, the following correlation splitting
holds:

(e {i [ areuo}Rse]) = of = Cso@URIED]) - o gl — o OURT D, ¢,
’ (A21)

where (RE[t';€(7)]) = (E()R[t;€(7)]) and @[t — t';v(7)] = <exp {z toft de(T)l/(T)}>.
Proof. Since for the stationary random process &(t) = £(t—t'), one can recast the functional ®[t—t'; v(7)] as follows:

B[t —t';v(r)] = (e~} where o(t fo dré(T)v(r). Next, expanding e#(®) and e~ ()} in the Taylor series,
one can write

(e {i [ arem}ri:eon) = (X mzw) (3 C0 ) misen),  (a
0 n=0 m=0
where Z,(t) = [];_, fo &(t)dty and Z, (t) = [T1-, fo E(rp)dry, (b1 >ta > >t > T > T > > Ty
Using the results of Theorem 1.1, after some algebra we obtaln
(exp{i / dr(r)(r) [ R E(T)]) = @lt =3 u(n)|(RIE: €(7)))
0
v <(m§ e O 2o (1) + mi_ e e Zan s (O Zan ) R, (A2)

Further, employing the relationship £2(#') = x(0), one can recast the r.h.s. of Eq. (A23) as

2n i 2m+1 oo ,L’2n+1 —i 2m
<(m§njo ,Em) 5y Zan(t )sz+1(t/)+mzn;0(2n+1)!(2n)ﬂZ2n+1(t)Z2m(t/))R[t/;5(7’)]>
— L(< - ﬂl(_i)2m+1z (t)Z (t/) (t/)—F = i2n+1 ﬂz (t)Z (t/) (t/))><RE t/. ( )>
~ x(0) mzn;O ol (2m ¢ 1) 22D Z2m (1) mznio @y 1)l 2t 22 (D Z2n () [#58(m)])-
’ 7 (A24)
From Eq. (A22) it follows,
d . o " d ~— (=)™,
0t —tiu(r)] = <( mZn(t))<@ > Znlt ))> (A25)
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A short computation yields,

Lot v =) (L 5 20) (2 CO 2,006

n=0 m=0
oo i2n (_q)2m+l e j2n+1 —i)2m
——irt)(( ¥ smpmg 1y 2O )+ Y G G e 02 @ )EW))) (A26)
m,n= ’ : m,n=0 ’ ’

Using this result in Egs. (A21) and (A22), we obtain

t—t’

(exofi [ areomn)} Rirse(r)) = Bl = Cso (RIS EO) = o0l — U], > 1.
0

Corollary 1 Let p(t Dfo T)dr. Then, for an arbitrary functional, R[t;&(T)], the following correlation splitting
holds:

1 d

(O ORI E(r)]) = Bt — 1) (RIEEW)]) — 55 7,2t = )BT, (A28)

where ®(t —t') = <eis@(t)6*iw(t')> and o = x(0).

Appendix B: Population distribution inside acceptor band

The population distribution, {pgg(t)), inside acceptor band can be found as solution of the following differential
equation, obtained from Egs. (3 ) (32) in the same approximation as Eqs. (48) - (49). The population density
inside of the band is given by p(F) = (ppr)o(F). For p(E) we obtain the following differential equation:

d _
ZPE D) = ()(pr1 (1)) = 12(1)(Ppa (1)) (B1)
where
t
71 (t) —p2e (B~ Ep)? / dtle,ﬁ2(ﬁt')2/4 (ei(Ele)(tft’) 4 efi(Ele)(t—t’)>' (B2)
0
t
o (t) =v2eE= Eo)? / dtle—ﬁz(t—t')2/4e—t/z/4a(eie(t—t')ei(Eg—E)t_’_e—ie(t—t/)e—i(Eo—E)t), (B3)
0

and we set p = v/2Do. Performing the integration, we obtain

fv , A2 Pt A Ay
7 (t) = exp —aAO—ﬁ—z f(2 +z?> —erf(z?> + c.c.
2

Ao (t) :\/;v exp ( —aA} — iAot — i—a) ((exp W)erf(l;t — W) — exp ( — ;)erf<i;>) + c.c.,

where AQ :EO — FE and Al =E1 - F.

a2 (t) = Af exp ( — iAot — ﬁ) ((exp W)erf(pt - m) — exp ( - ;)erf(i;)), (B5)

4o 2 P

The solution of Eq. (B1) can be written as,

<ﬁEE(f)>=/O(71(T)+72() pra(T >dT—/O Y2(T)dT. (B6)
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Using the asymptotic formula, (p11(t)) ~ e~ '1*, where
2 .
Fl _ 2ﬁ’u 6762/;027 (B7)
p
and expanding the limits of integration in the last integral as, 7 — 0o, we obtain
pE) = B0, = [ n(0) +ralneat— [ (o (55)
0 0
The computation yields
’/T/21)2 1) _ 2 /52
E) = ( U, (E) + Us(E) — W E) Am(Bo—E) /8% B9
pE) = Y2 (G (B) + W () — V() e (B9)
where
E—Eo—E 2ﬁ(E—E0)
Uy (FE) =2R B10
0o =) (BB -
E—FEy— i
U, (E) :2Re(w( o et 1)) (B11)
V2Do
E— Ey— AN 2 E—FE )
Uy (E) :2Re<w( o et 1)w( vl 0t! 1))>. (B12)
V2Do 1)
Here, w(z) = e~ erfe(—iz) is a complex complementary error function [5].
To proceed further, we use the approximated formula [5]:
1, |zl
w(z) ~ i (B13)
—_— 1
N |z| >
In the limit, p < I'; (weak noise) and § < & (narrow zone), we obtain the leading term as,
202
D ~N————. B14
For \/T? + (¢ + Ey — E)? < p (strong noise), we find
20° 2r,?
ppm) ~ o (1 e ). B15
Details of computation
Here we present the details of calculations for (py ). We start with some auxiliary integrals [6, 7]
1 b
/6_(ax2+bm+c)d$ _ 2\/je(b2_4ac)/(4a)erf(\/ax + 27\/6)7 (Blﬁ)
e 1 1 2 + 4pb
/0 e PPerf(cx 4+ b)dx = };erf(b) + ;exp (%)erfe(b + %), (B17)
. 1 2+ 4pb
/ e Prerf(cx + b)dx = —Ee_pf’“erf(cx +b) + 5 exP (%)erf (cx +b+ %) (B18)

Performing integration in (B2) with help of (B16), we obtain

¢
1 (1) :|V|290/ /4 (ei(E1fE)‘r+efi(E17E)-r>dT
0

—Aexp (— ?5) (erf(l_;t n i%) . erf(i%) + c.c.>, (B19)
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where A; = E; — E and A = 202 /(pf).
Next step is to find I (t) = [; 71 (m)e " "17%7. Using (B18), we obtain

Li(t)=— %e*nt(erfc(%t + %) — erfc(m?l))

A (Fl +iA1)2 pt Iy +iA; I +iA;
+ F—l (exp (])2 erfc(; + f) - erfc(f> +c.c. |. (B20)

b b

To calculate ~2(t), it is convenient to define a new function,

A i t . , , , "y
’?Q(t) :& %/ dElQ(E/)/O dt/€7p2(t7t )2/4672(E17E)t61(E17E )t , (B21)

so that yo = 42 + 5. Performing integration over band, we obtain
t
o (t) :A/ dt/e—t’z/4ae—f>2(t—t/)2/4ei(E—E1)te¢st’
0

t
:Ae*t2/4a*iﬁot/ dt/e—p272/4e(t/2a7i5)‘r
0

2 2

= Af exp ( AN A 4%) <(exp W)erf(gt — t/Qozp—ze) — exp ( — ;)eﬁ'(if)), (B22)

where Ag = Fy — E.
Using (B16), we obtain,

/Ot alr)dr =2 / dresp (—itgr = T (oxp P20 g (7 T2 0N

4o 2 p
A 2 ' t
+ f exp ( — %)erf(%) (erf(% + i\/aA()) — erf(z‘\/aAo)). (B23)
Introducing a new variable 7 = ¢ — ¢/, we can rewrite (B21) as,
~ (t) 21)2 /OO dE/ (El) —i(E' —E)t /t *1727‘2/4 7i(E17E/)Td (B24)
S — o e € € T,
" V7TPo0d J_ 0
Then, integrating over 7, we obtain
21}2 > A A/2 f)t All All
5o (B, 1) = dE' o(E')e™™" ex ( 1)<erf(+i )ferf(i )) B25
BaBt) =2 [ aB o) exp (- i ; (B25)

where A’ = F — FE' and A’y = FE, — E'.
Next step is to calculate the contributions: I 5(I'y) := fooo Y1,2(E,t)e~1tdt and Iy := fooo v2(E,t)dt. As can be
seen, Iy = I3(0). We start with I;(T';). Using (B18), we obtain

202 r iA1)? r AN
L) = ]%15 exp <(1J;;1)) (erfc(ﬂ;ll) + c.c.). (B26)

This can be recast as follows: I;(I'y) = I, (T'1) + I} ('),

(B27)

- 22 (Al +iF1)
p b

Il(Fl) = ﬁl"léw

where w(z) = e*ZQerfc(fz'z) [5]. ) .
To calculate I5(I'1), we rewrite it as, I5(I'1) = Iy(T'1) + I5(T'),

() = / (B e T = / A (B (T, (B2s)



where

21}2 A2 /52 i A ﬁt A/ A/
__fv =AY —(T1—iA")t SR el B N il §
f(T1) NG T 1 /0 dte (erf(2 +i 5 ) erf(z 5 ))

Performing the integration, we obtain
21)2 1 (Fl + 1A1)2> Fl + ’LAl Fljl (Fl)
') = — — ex — erfc( — ) = - .
) VTpood Ty — i’ P ( P> D Vmoo(l'y —iA")
Inserting f(I';) into Eq. (B28), we obtain

L(Iy) = L(Ty)

T, /°° o(E")dE'
ﬁgo —o0 Fl 7ZA/ ’

For the Gaussian density of electron states in the acceptor band, o(E) = gge

/oo o(EdE' B /oo Qoe—a(E’on)QdE/
o I —iA Iy —i(E—-FE

—a(E—Ep)?
( 0)” we have

— 00

This integral can be calculated using the following relation [5]:

. %) —¢2
w(z):l/ ¢ ‘f (S2 > 0).

B

A computation yields

/°° oo™ P —Flqpr (2\/7?(2'1“1 - Ao))
o 1 —i(E-E) 5 '

Using this result, we obtain

1:2(1“1) = ﬁflfl(Fl)w(

5 PO p g

Since Iy = I2(0), we obtain

= 2ymu? A+l 27 (il — A

o = 2T (Bt (VIO B0)
po p o

Performing the integration with ®(¢ — ¢’) taken from Eq. (57), after some calculations, we obtain

(D) ~ b(w‘;rl\m(m + Wa(E) - Wo(E)),

where b = /7v200/D, p = V2Do and

() =2k (w(E_ L) (AEZ B,

D 1)
v, (E) :2Re<w(E_E;3+iFl)>a
s (E) :2Re(w(E — E;-i—il"l)w(Q\/%(E —5E0 —H’l"l)))

Appendix C: Estimation of the approximations in the main text

2/ (il — A0)> _ 2ﬁv2w<A1 + irl)w(zﬁ(irl - Ao)).
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(B29)

(B30)

(B31)

(B32)

(B33)

(B34)

(B35)

(B36)

(B37)

(B38)
(B39)

(B40)

While the function, W (), is defined explicitly in terms of the special functions, the analytical expression for Z(7) is
unknown. Thus, we restrict ourselves to numerical simulations in order to estimate the validity of the approximation
for the results obtained in the main text of the paper. In Figs. 6 and 5, we present the plots of the function, Z(7),
for the parameters used in Figs. 9 — 16, 19 and 21 — 26 in the paper. In the title to each figure below, the number
of the corresponding figure in the main text is shown. Only main parameters for identification of the corresponding
figures in the main text are presented below in figure captions for functions, Z (7). These results allow us to obtain

estimates for the accuracy of our approximation.
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Fig. 3 in the main text Fig. 4 in the main text
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Fig. 8 in the main text
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FIG. 4: (Color online) Dependence of Z on time ¢t. Estimates are made for the results presented in Figs. 3 — 6 and 8 in the
main text.



Fig. 11 in the main text
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Fig. 13 in the main text
0.157
0.107
Z(1)
0.051 / /
VAV
0 2 4 6 8 10
t
[—38,=8,25 — 5,=8,= 10 — §,=5,=50
Fig. 15 in the main text
0.061
0.04+
Z(1)
0.02-
0~ ] i ?
0 1 2 3
t
[ Do =5 Do =20 Do = 50]

22

Fig. 12 in the main text
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Fig. 14 in the main text
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FIG. 5: (Color online) Dependence of Z on time ¢t. Estimates are made for the results presented in Figs. 11 — 16 in the main

text.
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FIG. 6: (Color online) Dependence of Z on time t. Estimates are made for the results presented in Figs. A6 — A10 in the main

text (Appendix A).



