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Analyzing the dynamics of open quantum systems has a long history in mathematics
and physics. Depending on the system at hand, basic physical phenomena that one
would like to explain are, for example, convergence to equilibrium, the dynamics
of quantum coherences (decoherence) and quantum correlations (entanglement), or
the emergence of heat and particle fluxes in non-equilibrium situations. From the
mathematical physics perspective, one of the main challenges is to derive the irre-
versible dynamics of the open system, starting from a unitary dynamics of the system
and its environment. The repeated interactions systems considered in these notes are
models of non-equilibrium quantum statistical mechanics. They are relevant in quan-
tum optics, and more generally, serve as a relatively well treatable approximation
of a more difficult quantum dynamics. In particular, the repeated interaction models
allow to determine the large time (stationary) asymptotics of quantum systems out of
equilibrium. © 20714 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4879240]

I. INTRODUCTION
A. Motivations

The study of the dynamics of open quantum systems is a venerable topic due to its relevance
in the description of several basic physical mechanisms of interest, such as convergence towards a
thermodynamical equilibrium state of onset of heat or particle fluxes between reservoirs at different
temperatures or chemical potentials, for example. At the same time, it is a very active field of present
research in mathematical physics. One of the reasons for this is to be found in the fact that the
description of return to equilibrium or onset of stationary states in open quantum systems appeals
explicitly to the description in the large time regime of the unitary dynamics of quantum systems
and the effective dispersive effects induced by the intrinsic properties of the reservoirs. Besides non-
trivial modeling aspects, the mathematical analysis still represents a challenge for many physically
relevant models.

The repeated interaction systems considered in these notes are models of non-equilibrium
quantum statistical mechanics whose specificities to be explained below make it possible to determine
large times asymptotic properties which are characteristic of stationary systems out of equilibrium.
Repeated interaction models are quite relevant in quantum optics, and also appear as approximate
quantum dynamics, as will be detailed below.

In order to put repeated interaction systems in perspective within the wider framework of open
quantum systems, we briefly recall the description and characteristics of what we call open quantum
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systems in these notes and the main features of two popular and fruitful approaches of their dynamical
properties.

Open quantum systems often consist of a reference quantum system also called “small system,”
S characterized by its Hilbert space hs and Hamiltonian ss put in contact with an infinitely
extended quantum environment or reservoir R. The state of the latter is characterized by macroscopic
thermodynamical properties such as temperature or chemical potential and can be formally described
as a density matrix in a Hilbert space hz which is invariant under the dynamics driven by a
Hamiltonian h. The coupling between these two systems is provided by an interaction operator
v acting on the Hilbert space of the total system given by the tensor product hs ® bhz. In order to
describe genuine non-equilibrium effects, the environment may have more structure and consist,
for example, of the union of several reservoirs R = V=i __,R;, the state of each reservoir R;
characterized by its own thermodynamical properties, on a formal Hilbert space, and being driven
by its Hamiltonian.

The general approach of open systems consists in focusing on the dynamics of the refer-
ence system S under the influence of the environment, giving up the idea to describe precisely
the dynamics of the environment. This is in keeping with the a priori difference in nature of the
reference system S and of the environment R: the latter plays the role of an infinite reservoir
of energy and/or particles, so that the small system of interest has very little influence on R.
Hence the macroscopic characteristics of the environment will remain constant in time, whereas
the dynamics of the reference system will be significantly influenced by the presence of the
environment.

One approach of this question, dubbed the Hamiltonian approach, consists in the following
procedure. One adopts a microscopic description of both the small system and the environment on
their Hilbert space as above, and one considers a decoupled initial state of the form ps ® pr, where
p# is a (formal) density matrix on by, # = S, R. One then lets this state evolve up to time 7 > 0
under the dynamics generated by the coupled microscopic Hamiltonian #s + hx + v on the space
of the full system hs ® hg, to get a state of the full system. Then, tracing out the degrees of freedom
of the environment, one gets from this procedure the state pgs(f) of the small system S at time ¢,
from the initial state pg, in which the influence of the environment is encoded exactly. The price
to pay is that the dynamical process which maps ps to ps(t) is, in general, not a semigroup and is
not the solution of a differential equation, but that of a complicated integro-differential equation. In
certain asymptotic regimes like the van Hove limit, approximations of pgs(¢) are provided in terms
of solutions of an effective evolution equation of Lindblad type.

Another popular approach of quantum open systems, called the Markovian approach, is based on
the general assumption that the perturbations of the state of the reservoir generated by the interaction
with the small system propagate to infinity fast enough so that, for all practical purposes, the memory
effects can be neglected. In other words, without attempting to provide a description of the reservoir,
it is assumed that its effect on the reduced dynamics of states on the space hs of the small system
amounts to a modification of the free generator by a dissipative part which yields a Markovian
effective dynamics. The actual determination of the effective dissipative generator usually takes
into account the physical peculiarities of the small system, of the reservoir, and of the interaction
operator. Moreover, the generator of the effective dynamics is often chosen to take the form of a
Lindbladian in order to produce a CP map. One of the main features of the Markovian framework is
that the main dynamical properties of the evolution of states of the small system can be read off the
spectral properties of the effective generator. The drawback lies in the deliberate approximation of
the effective evolution by a one parameter semigroup.

Letus come to repeated interaction systems now. The situation addressed in these notes shares the
same general characteristics with the setup loosely described above: a small system S interacting with
alarge environment. However, the environment in repeated interaction quantum systems is structured
in a quite different way: it consists of an infinite chain of quantum subsystems &}, &, &;, .. ., each
of which is defined on its Hilbert space h¢; by its Hamiltonian k¢, j € N*. The formal Hilbert
space of this structured environment & Vv & Vv & Vv ... is denoted by heny = @ =1 he, with formal
free Hamiltonian ) j=1 he;. The dynamics of the compound system S plus chain taking place on
hs ® beyy 18 characterized by a time dependent interaction with the following property: the small
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system interacts with the elements of the chain &£;, in sequence and one by one, for a single interaction
duration that may depend on the considered element. In the simplest case which we call ideal, all
elements of the chain are identical, i.e., £; = &, be, = be, he, = he, and interact with S by means
of the same coupling operator v on S ® &£ for the same duration 7.

The defining features of repeated interaction systems provide their dynamics with the unique
property of being at the same time Hamiltonian (though time-dependent) and Markovian. Indeed,
in the ideal case, the dynamics restricted to the small system is shown to be determined by the map
L which assigns ps(t) to ps, as the result of the interaction of S with one subsystem &£ for the
duration 7. Heuristically, from the point of view of the small system, all subsystems interacting in
sequence with § are equivalent, so that the result of n € N repeated interactions amounts to iterating
n times the map £ on the initial condition pg. This expresses the Markovian character of repeated
interactions in discrete time. As a consequence, spectral methods will be available to perform the
analysis of the exact dynamics restricted to states on the Hilbert space hs of the small system,
which allows to determine efficiently several thermodynamical properties of repeated interaction
systems. Let us note here that when the dimension of s is finite the spectral analysis of the map £
is, in principle, straightforward. However, in case hs is infinite dimensional, as is necessary in some
of the physical applications described below, it becomes much more delicate and requires rather
sophisticated tools.

It will be shown in these notes that this picture is correct, together with generalizations to
non-ideal cases, both in deterministic and random setups.

After this rather abstract description of repeated interaction systems, let us provide some insight
into the physical relevance of this kind of model. The physical situation which is perhaps the most
tightly linked to the repeated interaction models is that of the one atom maser,*’-%%-%:3%-87 and some
of its subsequent elaborations.>”>**:77-7% Tn rough terms the setup is the following. The system of
reference S consists of the monochromatic electromagnetic field in a cavity, or a finite number of its
modes. This field interacts with a beam of atoms coming out of an oven which are sent through the
cavity. With a good approximation, one can consider that the atoms enter the cavity one by one and
interact with the field for a duration 7 corresponding to their time of flight through the cavity, before
leaving it and never returning. Therefore, the infinite sequence of atoms leaving the oven form the
chain of subsystems &;, j > 1, which interact one by one in sequence with the reference system S for
a duration 7. Assuming ideal experimental conditions, the atoms, their incoming states, and times
of flight can be considered as identical which amounts to adopting the model we dubbed ideal. Note
that even in the ideal case considering a full mode of the electromagnetic field as the small system
amounts to describing S as a harmonic oscillator, which leads to an infinite dimensional Hilbert
space hs. Also, in order to take into account more realistic experimental conditions in which the
times of flight through the cavity, incoming state of the atoms, etc., vary slightly around some fixed
quantities, we consider below random versions of the model allowing some of these parameters to
fluctuate.

An important aspect of the physics of one atom masers is the control of effects due to losses
within the cavity, measured in terms of the quality factor of the cavity. Such effects are often taken
into account in an effective way, by the inclusion of ad hoc dissipative terms in the generator of the
dynamics. In order to have a Hamiltonian description of the losses the reference system experiences
with the environment, we generalize the model in the following way. We add to the small system
S and chain & Vv & Vv & V... considered so far a reservoir R with which S keeps interacting
continuously, whereas there is no interaction between the chain and R. This extra reservoir models
in an effective but Hamiltonian way the effect of the environment which is responsible for losses of
the cavity. Moreover, it does not spoil the repeated interaction dynamical structure, since it can be
considered jointly with the small system so that S v R becomes formally the new reference system
in repeated interaction with the chain. This generalized model allows us to study the effect of losses
by means of more sophisticated spectral methods including resonance theory.

From a mathematical point of view, the systematic study of repeated interaction systems has
been initiated in the papers’-'® (they can however be traced back at least to Refs. 59 and 60 who
introduced them as dilations of Markov chains). These works are devoted to the analysis of models
of open quantum systems in which the reservoir R is modeled by fields of quantum noises living in a
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Fock space based on an L? space in a continuous time variable. Taking into account the interactions
with the small system S,'° describes the continuous limit of the system S and the environment R,
in a way which is consistent with the quantum stochastic calculus, see, e.g., Ref. 45. Brought back
to the Hilbert space hs of the small system, these models provide an exact Markovian description
of the dynamics of states. Based on Ref. 7, the paper'’ proposes a version of the model in which
the continuous variable of the reservoir space is discretized so that the reservoir becomes effectively
a chain of independent quantum subsystems, with which the small system interacts in sequence
according to the repeated interaction scheme described above. The point of Ref. 10 is to show
that within a subtle continuous limit procedure where the discretization step tends to zero in some
definite regime of other interaction parameters, a natural model of open quantum system with a
continuous reservoir of quantum noises emerges, providing the reservoir with intrinsic quantum
features. See also the review™ for other aspects on this mechanism. Moreover, the corresponding
effective Markovian dynamics on hs is generated by an explicit Lindblad generator obtained in terms
of the chosen interactions between S and R. A version of this construction providing the reservoir
with thermal properties can be found in Ref. 9.

While we shall not address models of quantum stochastic differential equations below, we will
consider various regimes of repeated interaction systems in which the strength of the coupling, the
duration of each interaction and number of interactions can be coupled in ways that are reminiscent
of the weak coupling or Van Hove limit in continuous Hamiltonian systems. Although simpler
technically, they bear some resemblance with the limiting procedure of Refs. 7 and 10 alluded to
above, and give rise to continuous models generated by various Lindblad operators depending on
the chosen scaling.

The theory of continuous time models for the evolution of open quantum systems as semi-groups
of completely positive maps, also known as quantum Markov semigroups, has a long history which
we shall not attempt to retrace here. Let us simply mention the determination of the generators of
quantum Markov semigroup by Refs. 44 and 63, and their dilations as unitary operators by means
of stochastic quantum calculus by Refs. 35, 45, and 41, as two milestones of the theory directly
related to the discussion above. We refer the reader to the reviews’®3® and references therein for a
complete overview. In our framework, once the effective dynamics of the small system is shown to
be given by a quantum Markov semigroup in some regime, the analysis of this dynamics remains to
be done. In particular, questions about the long time behavior of the system and its potential return
to equilibrium are certainly quite relevant. These important aspects are not addressed in these notes
about RI systems, and the interested reader should consult the review® and references therein for
information about this rich topic.

Il. MATHEMATICAL DESCRIPTION OF RI SYSTEMS

We now describe more precisely the mathematical setup of repeated interaction systems and
explain how their particular structure allows one to derive a Markovian, discrete-time, dynamics for
S from the Hamiltonian dynamics of the entire system.

The various elements needed to describe a RI system are:

the Hilbert space hs and Hamiltonian /s describing the small system S “alone,”

Hilbert spaces bg, and Hamiltonians /¢, describing the various subsytems &,,

3. asequence of duration times (7,), where 7,, > t > 0 for any n and some given t. The time 7,
is the amount of time the system S spends interacting with the subsytem &,,

4. operators v, describing the interactions between S and the subsystems &,.

N =

The Hilbert space describing the RI system is then

h =hs ® henv, Benv := ® h&z'

n>1

We also denote #, := t; + --- + 7,. During the time interval [z, _ 1, #,), the system S interacts
with the nth subsystem, i.e., £,, and with none of the others. The full evolution of the system is thus
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described by the Hamiltonian

h(t) =hs+ Y he, + Y xa()vn, .1
n>1 n>1
where x, is the characteristic function of the interval [z, _ |, 7,,). We will use the following notation:
hyi=hs+he, + v, and hy:=h,+ Y he,.
k#n

Note that A(t) = &, when t € [, _ 1, t,). We have also omitted trivial factors 1, e.g., hs should be
hS ® ]lenv-

Given any initial state p for the system S at time # = 0 (i.e., p is a positive trace class operator
on hs with trace one), and a sequence (pg, ), of initial states for the subsystems &,, the state of the
total repeated interaction system after n interactions is thus given by

tot(n) —it,h, . ﬂrlh] (pS ® ® P&) it iy . u'nh,,'

k>1

We are mainly interested in the system S (see however Sec. IIT A for more general observables), i.e.,
in expectation values of observables of the form

0 = 05®®ﬂgk.

k>1

Therefore, we are rather interested in p(n) := Try,, (0"°'(n)), the reduced density matrix on S. It is
defined as the unique state on hs such that, for any observable Og on S,

Trys (p(n)Os) = Try (p“"(n) x (05 ®Q ﬂgk)) .

k>1

To obtain the state p(n) of the system S after these n interactions we thus take the following partial
trace:

p(n) := Try,, [e“’" ~eemml <ﬂ®®p&> mh h} 22)

k>1

Of course, the above calculation is a little bit formal. Indeed, in order to define a countable
tensor product of Hilbert spaces one should specify a stabilizing sequence, i.e., a sequence of vectors
(¥n)n where ¥, € hg,. The Hilbert space hepy is then obtained by taking the completion of the vector
space of finite linear combinations of the form ®,>¢,, where ¢, € bg,, ¢, = ¥, except for finitely
many indices, in the norm induced by the inner product

(®n(Pn» ®n¢n> = 1_[ (QDn, ¢n)b£,, .

n

In general, the infinite tensor product ), | pg, then does not make sense. It is however easy to make
sense of the formal expression (2.2). Indeed, at time 7, only the n first elements of the environment
have played a role so that we can replace &), g, by ot = Q)\_, pe, and the partial trace over

the environment by the partial trace over the finite tensor product bg’}])v = Qi b, L€,

o(n) = Trh(c’,"{, |:e it —mh1 <p ® ®)0£,() inh 1r,,h,,i| ) (2.3)

Remark. Another possibility would be to define the infinite tensor product “with respect to the
sequence of states (pg,),.” For that purpose one should first represent the states pg, as vector states
with vector WV, (using the GNS representation), and then consider the stabilizing sequence (W ,),,.
This then leads to the “Liouvillian” description of the RI system which will be presented in details
in Sec. VII A.
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The very particular structure of the repeated interaction systems allows us to rewrite p(n) in a
much more convenient way. The two main characteristics of these systems are:

1. The various subsystems of the environment do not interact directly (only via S), i.e.,
[he,, he, ] = 0 for any k # n,

2. The system S interacts only once with each subsystem &,, and with only one at a time, i.e.,
[he,, hy] = 0 for any k # n.

We therefore have the following decomposition which serves to isolate the dynamics of the subsys-
tems which do not interact at a given time
—inﬁ]

—it,h, —it,h,

= —itih +
e e =u, xe IR I T 2.4)

where

n—1 n
u; = exp (—i D - l‘k)hgk) and 1" = exp <—i tthe, — ity Y hgk>

k=1 k=2 k>n

are respectively the propagator at time 7, of the subsystems & after their interaction with S, and the
one before their interaction. Inserting (2.4) into (2.3), we get

n
,o(n) — Trh‘é’l’]l, |:eir,,h,, . efiz'lh] </0 ® ® P, (tk—l)) ei‘nhl . eirnhnj| ,

k=1

where pg (tr—1) = e e pgkei’k”h“k is the state of the kth subsytem when it begins to interact
with S.

It is now easy to see that the evolution of S is Markovian: the state p(n) only depends on the
state p(n — 1) and the nth interaction. More precisely, one can write

pn) = La(p(n — 1)), (2.5)

where

Lu(p) = Try,, [e7™" p ® pe, (ty-1) "] . (2.6)

This explains why we take as an initial state for S a density matrix and not necessarily a pure state.
Since § interacts with another system, and because of the reduction procedure, after already a single
interaction we are led to a density matrix. Of course, this formula simplifies if pg, is invariant under
the free dynamics of &, e.g., a thermal state, and from now on we will always assume that this is
the case.

Definition 2.1. The map L,, acting on B'(hs), is called the reduced dynamics map (RDM) at
time n.

Note: B'(hs) denotes the space of trace class operators on hs.
The following properties of a reduced dynamics map follow directly from its definition.
Proposition 2.2. A RDM L is a contracting, completely positive and trace preserving map.

As a corollary of the trace preserving property, 1 is always an eigenvalue of the dual map L£*
(for the B'(hs)/B(hs) duality) with eigenstate the identity operator.

The map £, describes the effective evolution of S under the influence of the nth subsystem.
Using (2.5), we therefore have for any initial state p of the small system S,

p(n) = £n o En—l O+ 0 ['](:0) (27)

In the particular case of ideal interactions, i.e., hg, = be, hg, = hg.... and if the pg, are invariant
for the dynamics of &,, we then have £, = L for all n and (2.7) becomes simply

p(n) = L"(p). (2.8)
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The map L is the discrete-time generator of a semi-group of completely positive, trace preserving
maps on the state space of S. In other words, the particular structure of RI systems leads to an
effective description of S as in the Markovian approach, starting from a Hamiltonian description
and without any further scaling limit.

The study of the large time behaviour of S reduces to the analysis of the RDM L defined in
(2.6). Since L is a contraction, to understand the limit n — oo of p(n) = L"(p) we therefore have to
understand what the invariant states are, i.e., the eigenspace for the eigenvalue 1, and also if there are
other eigenvalues of modulus 1. Note that, in the case where hs has finite dimension, the fact that £
is trace preserving implies that 1 is also an eigenvalue of £ so that there is always an invariant state
when £, = L (moreover, because of the contraction property, the remaining part of the spectrum is
inside the open unit disk and thus leads to exponential decay). However, if s has infinite dimension,
L may have an invariant state or not (see Secs. V A and V B).

Example 2.3. As a first example, let us consider the simplest non-trivial example of RI system,
where all the subsystems (S and the &;’s) are 2-level systems (or spin %). The Hilbert spaces for S
and the &, are copies of C?. Let E, Ey > 0 be the “excited” energy level of S and of £, respectively.
Accordingly, the Hamiltonians are given by

0 0 0 0
h5=<0 E) and hg=<0 Eo)l

We will denote by |0), resp. |1), the ground state, resp. excited state, of S or . If we denote by ala*,
resp. blIb*, the annihilation/creation operators for S, resp. £, i.e.,

0 1 « _ (00
a:b:(o 0), a*=b —<1 O)’ 2.9)

/’ls = FEa*a and hg = Eob*b.

we can then write

The interaction operator is

A
v(L) = E(a ®b* +a* R b).

It induces an exchange process between S and the subsystem & it is coupled to: S flips from its
ground state to its excited state, while & flips the other way around, or vice versa (the parameter
A is just a coupling constant). Note that v has the particular feature that it commutes with the total
number operator N**' = a*a ® 1 + 1 ® b*b.

It remains to specify the reference states of the subsystems E;. They will be thermal states at
some inverse temperature By,

—Prhe
¢ —1g—Bihe _

= ——— = Z
Tr (e~ Fihe) B
The calculation of the RDM L associated with a subsystem & at inverse temperature B and

interacting with S for an amount of time t is a straightforward calculation since h = hs + hg + v())
can be easily diagonalized.

P& L P& B

Exercise 2.4. Prove that

Lp)= Y VoupVi,

0,0'=0,1
where the operators V., are given by
1 : 1 .

Voo = ——e TN O, Vig= ——e T 2V S(1 = N)a,

VZg VZg

—BEo/2 —BEo/2

€ . E+E [ . E+E

Vor = TN SN a*, Vi = TN e - W),

N N
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with N = a*a the number operator for S,

VT A T A . (VT
C(x) = cos (—x) + 11— sin (—x) , S(kx)= —sin (—x) ,
2 v 2 v 2

and where A = E — Eyand v = v A? + A2,

Hint: Diagonalize h using [h, N©Y] = 0, calculate ™" and insert it in (2.6).

lll. ASYMPTOTIC STATE OF RIS

In the first sections, and in order to keep the exposition as simple as possible, we shall stick to
the case where the RI system is described using the Hamiltonian formalism. Only when we will add
an extra reservoir we will have to turn to the Liouvillian description. Throughout this section, we
will assume that the small system is finite dimensional, i.e., dim(hs) < +o0.

A. Ideal case

We start our analysis of RI systems with the simplest “ideal” case of identical interactions, i.e.,
& =E&, t, =1, etc. In this case, the reduced dynamics maps £,, do not depend on n and we are
essentially led to the study of powers of L. Since L is a contraction for the trace norm, its spectrum
lies in the complex unit disk. Moreover, since 1 is an eigenvalue for £* and S has finite dimension,
it is also an eigenvalue for £. This means that the system possesses at least one invariant state which
is therefore a natural candidate for the limiting state of the system. The results of this section are the
direct translation into the Hamiltonian formalism of the ones of Ref. 20.

We first consider observables on the small system S, i.e., A = As ® lepy. As we argued in
Sec. II, the asymptotic behaviour of expectation values for such observables can be reduced to the
analysis of £" as n goes to infinity. In all this section, we will assume the following ergodicity
hypothesis which is a kind of Fermi Golden Rule Condition.

(E) The spectrum of £ on the complex unit circle consists of the single eigenvalue {1} and this
eigenvalue is simple.

Remark 3.1. If Assumption (E) holds, then the eigenspace corresponding to the eigenvalue 1
has dimension 1. It then follows from the fact that L is a (completely) positive and trace preserving
map that L possesses a unique invariant positive and trace one element pg 4, i.e., a unique invariant
state.

Theorem 3.2. Suppose Assumption (E) is satisfied. Then there exist C, y > 0 such that for any
initial state p € B'(hs),

I1£"(p) — ps+ll1 < Ce™"", Vn e N,
where ps. 4 is the unique invariant state of L. In other words, for any observable Os € B(hs),

Try (0" (1) Os ® lew) = Trys (0(1)Os) = ps.+(0s) + O€™™). 3.1
Note that the asymptotic state does not depend on the initial state of S.

Remark 3.3. If the ergodic assumption (E) is not satisfied, then the limit lim L"(p) still exists,
n— 00
in a weaker sense. Namely, if there are eigenvalues different from I on the circle, then the limit exists
N-1
1 1
in the ergodic mean sense, N Z L'(p) = ps.++ O (N) Further, if 1 is a degenerate eigenvalue

n=0
of L, then L possesses several invariant states. Hence one can still prove that L"(p) has a limit but

the latter will depend on the initial state p.
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Exercise 3.4. Consider the RI system of Example 2.3.

. A T
(1) Prove that the eigenvalues of L are 1, ey = e*'* = <cos (%) +i—sin (%)) and
v

Ao, vt
ep=1-— ") sin’ (7> . 3.2)

(2) At what condition does the map L satisfy (E)? In that case, show that the unique invariant
state is ps + = ps,p- where pgs g is the Gibbs state of S at inverse temperature f* = %,3, and
that one can take y = — log (4 /eo).

B. Random case

In this section, we turn to a more general situation where the various interactions are not identical.
Of course, if one considers arbitrary interactions it is hopeless to expect any convergence (even in
the ergodic mean) to some invariant state. As we mentioned in Sec. I, see (2.7), the asymptotic
behaviour of the system is essentially described by the product of reduced dynamics operators:
L,o0---0/L;. If the £,’s are more or less arbitrary, anything can happen. We shall consider here
the case where the interactions are random (but still independent identically distributed). Closely
related results can be found in Ref. 68. This randomness may have various origins: the interaction
time, the reference state of the &,’s (via, e.g., the temperature), the subsystems &, themselves (and
hence the interaction operators),.... All these parameters are eventually encoded in the RDM and our
assumption will be that the sequence (L), will be independent and identically distributed (i.i.d.).

To motivate this analysis, consider the “One-Atom Maser” experiment where a beam of atoms
interacts with modes of the quantized electromagnetic field. It is clear that in actual experiments,
neither the interaction time t, nor the reference states of the subsystems &, can be exactly the same
for all n! Typically, the interaction time will be random (because of the random velocities of the
atoms in the beam, see Refs. 18 and 40), given, e.g., by a Gaussian distribution around some mean
value, and the state of the incoming atoms will be random as well, for instance, determined by a
temperature that fluctuates slightly around a mean temperature (in experiments, the atoms are ejected
from an atom oven, then they are cooled down to a wanted temperature before entering the cavity).
One could also imagine that the subsystems &, themselves are not all the same (e.g., different kind
of atoms, or maybe some impurities).

Another motivation is to consider a non-equilibrium situation. In the general setup of open
quantum systems, one gets a non-equilibrium situation when the environment is made of several
reservoirs, each of them being in an equilibrium state but with different intensive thermodynamic
parameters (different temperatures, for instance). Then one expects the joint system S + Ry + - - -
to relax towards a non-equilibrium steady state (NESS). Such states have been constructed in
Refs. 80, 3, 53, 6, 64, and 29. Among other things, they carry currents and have non-vanishing
entropy production rate. These transport properties were investigated in Refs. 42, 28, 5, and 69. The
linear response theory (Green-Kubo formula, Onsager reciprocity relations, central limit theorem)
was developed in Refs. 42 and 46-50.

In the framework of RI systems, we can create a non-equilibrium situation by imposing the initial
state of the subsystems &, to be, for example, thermal equilibrium states at different temperatures.
In other words, we assume that the system S interacts with K “reservoirs” at a priori different
temperatures, i.e., for any m € N, pg ..\ = 0g, 1> P&,x12 = PE.py»> €LC..., Where pg g is the KMS-
state of £ at inverse temperature S, see Sec. VIC. (One could imagine a “One-Atom Maser” where
the field in the cavity is coupled to K beams at different temperatures.) However, the particular
structure imposed here leads to a lack of symmetry and in particular the system is not at all time
reversal invariant (reservoir 2 always interacts right after reservoir 1, while the converse is not true).
A direct consequence is that Onsager reciprocity relations do not hold. One way to restore symmetry
is then to chose the temperature of the nth subsystem in a random way from the set {B, ..., Bk},
each temperature having probability % to occur. The results of this section come from Ref. 22.
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Let (29, F, p) be a probability space. To describe the stochastic dynamical process at hand, we
introduce the standard probability measure dP on Q2 := Q(I)\I Y

dP =T11;>dp;, where dp; =dp, Vje N
We denote by @ = (w,), the elements of Q2. As we already mentioned, we will assume that the

various interactions are i.i.d. This is precisely the meaning of the following randomness assumption.

(R1) The reduced dynamics maps £, are i.i.d. random operators (on B'(hs)). We write £, =
L(wy), where L : Q@ — B (B'(hs)) is an operator valued random variable.

Throughout this section, we will assume, without further mentioning it, that Assumption (R1)
is satisfied. Finally, let M) be the set of RDMs which satisfy the ergodic assumption (E).
To indicate the randomness we shall denote the state “at time n” (i.e., after n interactions) by

p(n, w) = (L(wy) o -+ o L)) (p).

The following theorem shows that the RI system relaxes almost surely in the ergodic mean towards
a deterministic asymptotic state.

Theorem 3.5. Suppose that p(L(wo) € Mg)) > 0. Then,

1. E(L) satisfies (E),
2.  there exists a set Q2 C 2, s.t. P(2) = 1, and s.t. for any o € 2, any initial state p,

N
o
Jim Z} p(n, ®) = ps.+
n=

where ps. y is the unique invariant state of E(L).

The convergence in the ergodic mean is rather generic for systems out of equilibrium. Actually,
in an equilibrium-like situation one could expect a stronger convergence result. In our setting of
random RI systems this appears in the following.

Theorem 3.6. Suppose that p(L(wo) € Mg)) > 0 and that there exists ps .y such that
L(wo)(ps.+) = ps.+ for a.e. wo, i.e., there is a deterministic invariant state. Then there exists a
set Q@ C Q, 5.t. P(Q) =1and a > 0 s.t. for any w € Q, there exists C(w) > 0 such that for any
p € B'(hs),

lo(n, @) — ps +lli < Clw)e ™™, VneN.
Exercise 3.7. Consider the RI system of Example 2.3.

(1)  Suppose that B, = B, and that T(wy) is a random variable satisfying p (vt ¢ 2nN) # 0. Prove
that there exists a > 0 such that for any initial state p and P-a.s,

o, w) — psp:ll < Clw)e™™", Vn e N,

for some C(w) > 0 and where * = %,B.

(2) Suppose that B(wy) is a random variable, and that t, = v > 0 satisfies vt ¢ 2nN. Prove
that, for any initial state p, p(n, ) converges P-a.s. in the ergodic mean towards the Gibbs
state of S at inverse temperature = —E~!log (]E[Z‘;lﬂ(wo)Eo/E]_1 — 1). In other words,

ps.+ = E (ps,p+@0)) where B*(wo) = B(wo)Eo/E.

IV. RIS IN VARIOUS LIMITING REGIMES

This section is devoted to the study of the weak coupling limit, or Van Hove limit, and variations
thereof, of RIS of the sort described above. The weak coupling limit is a widely used tool to produce
effective dynamics in a regime in which the total duration of the evolution scales like the square of the
inverse power of the coupling intensity between the small system and the environment. In the weak
coupling limit, the focus is again put on the small system so that the environment only appears in the
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effective dynamics provided in the limit. When dealing with a discrete time dynamics, this procedure
of perturbative nature allows one in general to define a continuous dynamics on the small system
that captures some essential features of the original dynamics. The existence of effective dynamics
obtained by a weak limit procedure is known for a large class of time-independent Hamiltonian
systems, as well as in certain time-dependent situations, see, e.g., Refs. 31-33, 62, 36, and 72. The
results provided in Ref. 8 which we describe here, show that RIS can be added to this list. See also
Ref. 83 for generalizations.

As mentioned above, the primary motivation to study weak coupling regimes comes from
Ref. 10. Although the setup considered here is much simpler, some conclusions of Ref. 10 can be
reached without going to a continuous limit of Quantum Noises. We refer the reader to volume two
of Ref. 72 for a detailed presentation of the latter. A particular consequence of models in which the
environment is described in terms of Quantum Noises, is that if one traces over the environment
degrees of freedoms, a Lindbladian description of the reduced dynamics of states on hs naturally
emerges from the analysis, see Ref. 10. See also Ref. 9 for positive temperature results. Similar
conclusions are drawn below in the simpler setup of RIS.

The framework is that of the ideal case in which the small quantum system is defined on
a finite dimensional Hilbert space hs coupled to an environment made of an infinite chain of
identical independent n + 1-level sub-systems, with n finite, on heny := ),,~ | be, . The coupling
between the system S and the environment is provided by identical interactions with each individual
sub-system of the chain, for the same duration t > 0. Hence, over a macroscopic time interval
10, k7], k € N*, the small system is coupled with elements 1, 2, ..., k of the chain, in sequence
with the same interaction of strength A. The interaction is given by A times an operator acting on
h ® bg, of the form v, = Z;;O Vi®a;+ V;®aj. Here the a}’s and ;s are similar to creation
and annihilation operators relative to the levels of the kth sub-system & and the V;’s are arbi-
trary operators on hs. Instead of the evolution of states, we consider equivalently the Heisenberg
evolution of observables on the small system when the chain is initially at equilibrium at positive
temperature.

The large time results presented in Sec. III allow one to expect that an effective continuous
dissipative dynamics on the small system arises when the number & of discrete interactions goes to
infinity and the coupling A with the chain elements is weak.

We start with the familiar weak coupling regime by choosing ¢ > 0 fixed and considering
N > k = t/A2, so that the macroscopic time scale equals T = t#/A>. We show the existence of an
effective dynamics driven by a v dependent generator which we determine. The supplementary
parameter given by the microscopic interaction time t allows us to explore different asymptotic
regimes, as T goes to zero: We extend the analysis to the whole range © — 0, A>r — 0 over
macroscopic time scales T = #/(tA?) — oo. The analysis of these first two regimes is strongly
related to regular perturbation theory in the parameter A>t. The divergence of the macroscopic time
scale imposes, as usual, some renormalization of the dynamics by the restriction of the uncoupled
dynamics. Note however that in the second regime, the interaction strength X is not required to go
to zero and can even diverge. The common feature of the generators of the dynamics of observables
obtained in these first two regimes is that they commute with the generator i[/s, -] of the uncoupled
unitary evolution restricted to hs. In other words, the corresponding effective dynamics admits the
commutant of s as a non-trivial invariant sub-algebra of observables. This is a well-known feature
of the weak coupling regime for time-independent Hamiltonians.?!-6%-36

The third regime, tightly linked to the scaling used in Ref. 10, is characterized by 7 — 0,
while the product A2t is kept constant. This leads us beyond the perturbative regime and yields a
macroscopic time scale T = #/(A>t), which is finite. The analysis of this critical case makes use of
Chernoff’s theorem, rather than perturbative methods. Within this scaling one shows that an effective
Heisenberg dynamics for observables on hgs arises at any temperature. It is generated by a general
Lindblad operator whose dissipative part is explicitly constructed in terms of the V;’s defining the
coupling in the Hamiltonian, whereas its conservative part is simply i[5, -]. The Lindblad generator
coincides with the one driving the effective Heisenberg dynamics of observables on hs obtained by
means of quantum noises'’+? at zero and positive temperature. A particular trait of these generators is
that they do not commute with i[hs, -] anymore, the generator of the uncoupled evolution restricted
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to hs. Hence, there is no obvious sub-algebra of observables left invariant by the effective dynamics
of observables.

We remark at his point that the modeling of the dynamics of observables (or states) of a small
system in contact with a reservoir at a certain temperature often starts with a choice of a certain
Lindblad generator suited to the physical phenomena to be discussed. The analysis presented allows
to assign to any given Lindblad generator a simple model of repeated quantum interactions, with
explicit couplings constructed from the Lindblad generator, whose effective dynamics in the limit
T — 0, A = 1/4/7, is generated by the chosen Lindblad operator.

The links between the generators obtained in the three regimes considered are discussed below.

A. Setup

The small system, described by the Hilbert space hs of dimensiond + 1 > 1, is characterized
by a Hamiltonian /. The Hilbert space of the chain elements is C"*!, that of the infinite chain is
Benv = ®j>1C" 1, n > 1 so that the total Hilbert space is hs ® heny. We introduce some notations
that will prove useful below.

The vacuum vector 2 € b,y is defined as the infinite tensor product of the vacuum vector

w=(0 - 0 l)T in C"*+!, the stabilizing sequence,
Q=0Qww® - € C"'eC"C"'g. .. 4.1)

We define the ith excited vectorby x;, =0 --- 0 1 0 --- 0)7, where the 1 sits at the ith
line, starting from the bottom, i = 1, 2, - - -, n. Hence the corresponding excited state at site j > 1 is
given by

X(jH=0o® - QuAXi Qw® - -, 4.2)
where x; sits at site j > 1. More generally, given a finite set
S ={(ki, i1), ko, in), -+, (ks i)} C (N* x {1,2,---,d})" withall k;’s distinct, 4.3)

we denote by X the vector given by an infinite tensor product as above, with i;th excited vectors
X, (kj)atall sitesk; > 1,j =1, -- -, m, and ground state vectors w everywhere else. Then, by is the
completion under the norm arising from the inner product of linear combinations of such vectors.
This construction together with the vacuum 2 = Xj yield an orthonormal basis of e,y, when S runs
over all finite sets of the type above.

Correspondingly, we introduce “creation” and “annihilation” operators associated with the
vectors x;(j) as follows. Let a; and a’, i = 1, 2, - - -, n, denote the operators corresponding to {w, x1,
-, X, } in €1 e, such that

aixi =, agw=a;x; =0, if j#i,
afw=x;, afx; =0 forany j=1,2,---,n. (4.4)

Then, for j > 1, the operators ¢;(j) and a;(j)* on be,y are defined as acting as a; and a; on the jth
copy of C"*! at site j, and as the identity everywhere else. The Hamiltonian of one sub-system at
site j > 1 can thus be written as

he, =Y 8iai(j)ai(j). with & € R. (4.5)

i=1

Exercise 4.1. Compare the operators (4.4) with the familiar creation and annihilation operators.
Show that for i fixed, they satisfy the canonical anti-commutation rules when restricted to the two-
dimensional subspace spanned by {w, x;} and are zero on the orthogonal complement of this
n, for each j € N*,

.....

In keeping with this notation, we can introduce a basis of eigenvectors of /s in hs of the form

{w, x1,x2, -+, x4}, where d =dim(hs) — 1. (4.6)
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While d # n in general, we shall nevertheless write sometimes w(0) and {x;(0)};=1.2..... 4 to denote
these vectors, slightly abusing the notation. No confusion should arise with vectors of by, above,
since we labelled the sites of the sub-systems, or spins, by positive integers.

The corresponding time dependent Hamiltonian A(z, 1), acting on hs & hepy, (2.1) is now
completely defined with the interaction given for t € [t(k — 1), Tk[ by

ve= YV ®@ai(k)+ Vi @ ai(k), (4.7)

i=1

where the V;’s are bounded operators on hs. Notations are made more compact by introduc-

ing vectors with operator valued entries. Let a(j)t = (al(j)Iﬂ a(jF - an(j)n)T, Vi=
(Vln V2t V,,n) where * denotes either nothing or *. Then, with the rules of matrix com-
position, we write V¥ @ a(j)» =Y I, Viu' ® a}:z(j), so that the interaction for ¢ € [t(k — 1),
Tk[ reads v, = V* ® a(k) + V ® a(k)*. Similarly, with § = (8, & -+ 8,), and a(j)*a(j) =
(a1()far(j) ax(j)*ax(j) -+ an(j)*an(j))" wehave he, = sa(j)*a(j).
Let us denote the corresponding evolution operator between the time t(k — 1) and tk by Uy,
Uk — e_if(h5+h5k+)‘vk+zj¢k hg/) = e_if(hk+zi#k hgj) (48)
so that the evolution from time O to Tn is given by
Un,0)=U,Up,—1---Up---U. 4.9)

Finally, let P be the projection from hs ® heyy to the subspace hs @ C<2 defined by
P =1® |Q2)(L], (4.10)

such that P hs ® heny can be identified with s, the Hilbert space of the small system. This projector
is directly linked to the partial trace to be performed on bepy.

B. Preliminary estimates

The limit A — 0 of the unitary evolution operators (4.9) in a controlled way as T — 0 rests on
general perturbative estimates we describe here.
Dropping the index k in (4.8) the generator takes the form

H()=H©O)+ AW, with H©O)=hs+hg +» he and W=V'a+Va*, (411
J#k
and the projector P restricted to hs ® bg, writes P = 1 — a*a.
Assume the following general framework:

(H1) Let P be a projector on a Banach space B and H()) be an operator of the form
H() = HQO)+ AW, (4.12)
where H(0) and W are bounded and 0 < A < A, for some A > 0. Further assume that

[P,H(0)] =0 and W=PWQ+ QWP where Q=1-P. 4.13)

We consider
Ur(h) = e TH®, (4.14)

For later purposes, we also take care of the dependence in t of the error terms, as both A and 7 tend
to zero, independently of each other. The first perturbative result reads the following.
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Lemma 4.2. Let H1 be true. Then, as ) and t go to zero,

e THOBW) = o 7ITHO L3 F (1) + 126G (1) + OV TY), (4.15)
P THOBWI p — pmitHO p 4 32PG(T)P + PO TP, (4.16)
where
F(1) = Z (—it)" Z H(OY™ W H(0)™
N n!
n>1 mjeN
my+my=n—1
— _ie—irH(O) [T dS[eiSlH(O)We_iS]H(O), (4'17)
0

G(‘L’) _ Z (_it)n Z H(O)ml WH(O)mz WH(O)””

n!

"22 mjeN
my+my+my=n—2
_ _e—er(O)[ dS[ f dszeZSIH(O)We_l(S]_SZ)H(O)WE_ZSZH(O). (418)
0 0

Remark. Formula (4.15) is true without assuming that W is off-diagonal with respect to P
and Q.

Specialized to the Hilbert space context, we have some more properties of the expansion of
U.(}) for . > 0 small, T > 0.

Corollary 4.3. Assume B is a Hilbert space, H(0), W, and P are self-adjoint and X, T are real.
As & — 0, the operator U, (L) = e ~™1®) satisfies

U,(0) = e 7THO LA F(n) + 22G(1) + 03 TP), (4.19)

UM =U)" =U_.(2)
=0 L AF(—1) + A2G(—=1) + 003D (4.20)

Exercise 4.4. Prove Lemma 4.2 by making use of an expansion of the exponential and by
the Dyson series in the interaction picture O(A, 1) = e/ TH Q=T HOBW) oiyon by the convergent
expansion

o T 1 Sn—1 )
O, 1) = Z(—ik)"/ dslf dsz.../ ds, e TOW x 421
=0 0 0 0

e i 61=DHO) p7 ,=i(2=5)HO) | ,=isu1 =) HO) yy7 , s H(O)
Then prove Corollary 4.3, making use of the fact that H(}) is self-adjoint.

The technical basis underlying all weak limit results to follow is contained in Proposition 4.5,
essentially due to Davies.?! In words, this proposition relates high powers of an approximate isometry
to high powers of an exponential, to leading order.

Proposition 4.5. Let V(x), x € [0, xo) and R be bounded operators on a Banach space BB such
that, in the operator norm, V(x) = V(0) + xR + O(x?), where V(0) is an isometry admitting the

r

spectral decomposition V(0) = ijo e 'Ei P; and let h = Z;:O E;P;. Then, for any 0 < t < 1y, if
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x — 0 in such a way that t/x € N,
VO V) ="K 4 0(x),  in norm, (4.22)
where K* = 3", P;K P;, for any K € L(B).

Exercise 4.6.

(i)  Show that the projectors Pj are of norm one, using Von Neumann'’s ergodic theorem.

. . . . T s i

ii rove the alternative expression =limr_ o = [, €*"Ke " ds for any bounded operator

(ii) Prove the alternat P K* =1 + o € Ke " d y bounded operat
K, and deduce the estimate |[K*|| < || K.

(iii) Check that the operator in the exponent can be rewritten as

¢"R* = R*e™ = (¢ R)* = (Re'™)*. (4.23)
Remark 4.7. All hypotheses are made on the isometry V(0), not on the operator h.

Let us now further assume the following.

(H2) The restriction Hp(0) of H(0) to PB is diagonalizable and reads

Hp(0)= Y E;P;, with dim(P;) < oo, r finite. (4.24)
j=0

Moreover, the operator Pe~'"H® = pe=itHr© j5 an isometry on PB.

Note that this implies Pe~""#r© is invertible and

P=Y P, E;eR Vj=0,---,r, and Pe "0 =% "¢"ip, (4.25)
j=0 j=0

where the projectors P; are eigenprojectors of Pe ™0 if the ¢~*£i’s are distinct. In case B is a
finite dimensional Hilbert space and H(0) is self-adjoint, H2 is automatically true.

The perturbation formulas above together with Proposition 4.5 yield a general statement in a
Banach space framework under assumptions H1 and H2, taking into account both parameters A
and 7.

Theorem 4.8. Suppose Hypotheses H1 and H2 hold true and further assume the spectral
projectors Pj,j=0,---,r, ofe_”H”(O) coincide with those of Hp(0) on PB. Set K* = Z;:o P;K P;j,
for K € L(B) and Gp(t) = PG(T)P.

(A) Then, for any 0 < ty < 00, there exists 0 < ¢ < 0o such that for any 0 < t < ty, the following
estimate holds in the limit \*t — 0, 1212 — 0, and t/()ﬂ:)2 e N:

HONG) [ pp=ie(HOAW) p] /0T _ 0G| < 0202 4 327 (4.26)

(B) Then, for any 0 < ty < 00, there exists 0 < ¢ < 00 such that for any 0 < t < ty, the following
estimate holds in the limit \>t — 0,7 — 0, and t /(A1)* € N:

‘ SHOI/02D) [pe—ir<fl<o)+AW)p]f/@f)2 _ e—t<W2>“/2H < c(r + 227). (4.27)

Remark 4.9. If T is small enough, the spectral projectors of e~ *1*© and Hp(0) on P B coincide.

C. Heisenberg representation for non-zero temperature

We now come back to our model and consider the evolution of observables, instead of density
matrices. The two points of view are of course equivalent. The Markovian nature of the model
allows us to express the evolution of observables B of the small system at positive temperature
after k repeated interactions as the action of the kth power of an operator Ug(A, ) on bs, see
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Proposition 4.15. Then, we apply Proposition 4.5 to Ug(X, 7) to get weak limit type results stated as
Theorem 4.19 and Chernoff’s Theorem to go beyond the perturbative regime (4.25).

We consider the equilibrium state ®,1(V:1 pe,p of a chain of N spins at inverse temperature f
where

e—ﬂt‘iu*a
ZB)
If p is any state on C?*+!, the initial state of the small system plus spin chain is p ® ®,](V:1 PE.B-

The Heisenberg evolution of observables of the form B ® 1y, , where B € M;,(C), can be con-
veniently described as follows, for k < N,

pep = (4.28)

N

Bg(k, A, 7) = Try,, (1® ®pg,,g) Uk,0)""(B® 1y, Uk, 0)) € L(bs), (4.29)
k=1

where, for any A € L(hs ® Heny) and xp = o,

Tl'hcm(A) = (Z(xi ® )Cs| Ax_,~ X )Cs)) € E(f)g) (4.30)
i,j€{0,--,d}

N

denotes the partial trace taken on the spin variables only.

Remark 4.10. The operator (4.29) is actually the dual expression of the reduced dynamics map
defined in Eq. (2.6).

Hence, the expectation in the state p of the observable B after k interactions over a time interval
of length k7 with the chain at inverse temperature f is given by
(B(k, B)), = Trcasi(pBg(k, 1, T)). 4.31)
Recall that
Uk,0)"'(B® 1y, Uk, 0) =UU} --- UX(B ® Ly, YU Uy - - Uy, (4.32)

where U is non-trivial on C4*! @ C*' only.
The partial trace operator Try, (1 ® ®,]<V:l pe.p) A), where A is an operator on CHl' g

l'I_’l-Vzl(C;-’+1 can be made more explicit.
Lemma 4.11. Let us denote the matrix elements of A as follows:
Ay = (x ® X514 x; ® Xg), (4.33)

where i, j belong to {0, - - -, d}, and S, S’ run over subsets of {{1, ---, N} x {1,---,n}}", form
=0,---,Nasin (4.3). Then

N e B 8ISk iy
Try((1® (§1) pe.p) Aij = ; TS ey Ass (4.34)
where, for
S = {(ki, 1), (ka, i2), -+, (ks Em)} C (N X {1, 2, -+, m})" (4.35)
with all 1 < kj < N distinctandm =0, ---, N,
IS|; = #{k, st. i, =1). (4.36)

Exercise 4.12. Prove the formula (4.34), making use of the identity

é n" e #o B i 1S
pepXs = =
k=1

TR SR R (S S L (437
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We now further compute the action of U(k, 0) given by the product of U_;s. Let us denote the
vectors @ @ Xs and x; @ Xg by ng @ |ny, na, -+ -, ny) = ng @ |n), where ng € {0, 1, - - d}, and n;
€{0,1,---n},foranyj=1,---N, with @ >~ 0 and x; =~ k and X1 n,)... V.0 = |7).

Recall (4.8),

UJ — e_it(hj"'Zk#j /’lgk) — e*ithje—itzk#jhgk’ (438)

where ¢ 2 hei s diagonal. More precisely, with the convention §o = 0,

N
—iT Y gy Oy
k)

e ing @ |y ny, o ny) = e 5 g ® |y, ng, e ). (4.39)

Let us denote the k-independent matrix elements of e~/ lcangey+t by

UM = m@mle ™ n @m'). (4.40)

m,m
Exercise 4.13. Iterating the formula

D ST S
Uyno®lny. - .ny) = e TENUN mi @ my ng.ny, ) (441)

1_
my=0.1,+.d
my=0,1,.n

show that for any N > k,

UUg—1 - UsUy no ® [ny, - ny) = Y e ™90 x (4.42)

nigel0,-- dik

mel0, njk

k k—1 2 1 1
mg,mg mg,mg  My,no k
Unin’ Uy Uiy my & |my, mo, -, My, Ngyr, -+, NN),
where
k
(p(mv l’l) - E E 811, + E (Sml . (443)
j=1 \j<I<N I<j

As already noted, the tensor product structure of the initial state allows us to consider k spins of
the chain only: For any N > k,

N
Try, (1 ® Q) pe.p UiUs -+ U (B ® Ly, YUiUp—y -+ Uy) = (4.44)
k=1
k
Try, (1 ® @) pe.p UTUs -+ U (B ® Ly, YUrUpy - - Uy).
k=1

We now adopt the following block matrix notation on hs ® C; *1 a5 a block matrix with respect
to the ordered basis of hs ® C},

fo@w,x1Q@w, - ,xQw,
0 Q x1, X1 ® X1, - Xg Q Xy,
(4.45)
O® Xy, X1 ® Xy, -+ Xg ® Xy}
to proceed with iy = h. We get
Uoo Uor -+ Upa
Uo Ui -0 Uy,

U=¢ ™= , (4.46)

Un,O Un,l e Un,n
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where, see (4.40),

0,0 0.1 0.d
Um,m’ Um,m/ e Um,m’
1.0 1.1 1.d
m,m' Um,m’ e m,m'’
Unm = . 4.47)
Uniw U+ Unis
Also, in terms of the notations of Sec. IV B,
PUP PUQ
U = , (4.48)
QUP QUQ
we have the identifications
Ug - Ua
PUP >~ Uy, QUQ ~ s
Un,l e Un,n
PUQ =~ (Ups - Upn), QUP=(Ug --- Uuw) . (4.49)
Let us finally denote the inverse of U = (U, ,%1) by
V=) =U"=U"") € Miraam(©), (4.50)
so that we have for any m and n,
Ul = Vin € Miya(C). @.51)

Exercise 4.14. Show with these notations by means of (4.42) and (4.43) that the matrix elements
of U(k,0)~! (B ® Iyy) U(k, 0) in the orthonormal basis {ny ® |n1, --- , ng)} = {ny ® |1n)} read

(1l @ A|(Uy -+ U)*B ® Ty (Uy - - Uy) mo @ i) = (4.52)
e*ir(go(Oﬁ)ﬂp(Oﬁ)) Z (Vﬁ] my Vﬁk kaUmk et Um] n.)ﬁo'no-
,;,E{()‘m’n}k
We are thus lead with (4.29) to study the matrix in M, ,(C),

Z e B0 diliil:
Bﬁ(k, A, T): n—_Skan.ml ."Vﬂk’kaUmkv"k"'Uml,nl (453)
=1y, ) I+ Zj:] e fﬁ)

ii=(n )

in various limiting cases as A and/or T go to zero, with the notation
Inl; = g{n, st. n, =1} =18 (4.54)

Consider the Hilbert space M,(C) equipped with the scalar product (A|B) = Tr(A*B), for any
A, B € M;41(C), and the following linear operators on this Hilbert space

um,m/(A) = Vm’,m A Um,m’a (m5 m/) S {0’ 17 Tt 7’1}2. (455)
One has with respect to the above scalar product,

u,;m'(') = (Vm’ﬁm : Um,m’)* = Um,m’ : Vm/,my (456)
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and the composition of such operators will be denoted as follows:
um’,n’ um,n(A) = Vn’,m’ Vn,m A Um,n Um’,n’~ (457)

The Markovian nature of the evolution of observables reads as follows:

Proposition 4.15. In terms of the operators defined above, we can write

Bylk, 1, 1) = s (Uoo + 7" Uoa + -+ el

HUho+e P U+ + e PU,

+ U+ e P Uyy + o+ U, ) (B)

= Ug(r, T)*(B). (4.58)
Exercise 4.16. Prove this proposition.

D. Weak limit in the Heisenberg picture
The A-dependence in Bg(k, A, ) comes from the definition
U = Ur()») — e—ir(H(O)—o—)LW)7 (459)

which implies that the U4, ,,’s depend on A as well, in an analytic fashion, and will be denoted
Uy m(1). Expliciting the A dependence in Bg(k, A, 7), the weak limit corresponds to taking k = #/A>
and computing the behavior of Bg(#/A%, A, ), as A — 0 (keeping 7 fixed). We shall use the same
strategy as in Sec. [V C and Corollary 4.3 to identify the weak limit by means of perturbation theory.
We shall also eventually consider the possibility of letting ¢ — 0, therefore we explicit the behavior
in 7 of the expansions below.

Consequently, with (4.49) and Corollary 4.3, we get the following.

Lemma 4.17. Let U be given by (4.59), with H(0), W self-adjoint and satisfying H1, and further
assume H(0) is diagonal with respect to the basis (4.45). If Uy, v (1) is defined by (4.55). As A — 0,
we get the expansions

Up,o(M) = Up 0(0) + 12Uy + 03T, (4.60)
U V) = U e (0) + 22U+ O T, mym' > 1, (4.61)

Upm() = MUy, + O* T, m > 1, (4.62)
Uno(X) = KZU,(,,{)O + 00 Y, m=>1, (4.63)

where, for all0 < m,m' < n,
um’m,(o)(B) — (Sm,m'eirH’”'"’(O) B e*iTHm.m(O)’ (4.64)
U (B) = 8y (Gy(—T)Be T @ o THin O G, (7)), (4.65)

and, forall 1 < m,

Us)) (B) = Fyno(—7)B Fo (1), (4.66)
UL (B) = Fou(—T)B Fyo(7). (4.67)

This Lemma allows us to perform the analysis, as A — 0, of the operator defined in
Proposition 4.15,

Up(h, 1) = Z(B)" D Upm()e™”, (4.68)

0<m<n
0<l<n
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with the convention 8o = 0 and Z(8) = Y__ e~*”. Recall that

Bg(k, &, 1) = Ug(A, 7)*(B). (4.69)

Moreover, using the fact,
H,, 1n(0) = Hy0(0) + 6, = hs + 6, (4.70)

we get forall0 <m <n,
U m(0)(B) = Uy o(0)(B) = e'™'s Be~i™hs = ¢itlho-1( ), 4.71)

We have thus shown the following.

Lemma 4.18. Assume the hypotheses of Lemma 4.17. Then

Z(B)
= Uy o(0) + A2 Z(B) ' Tp + O(A*1?), 4.72)
with Tg = Tg(t) = o(7?).

22 -
Up(h T) = Uoo(0) + - {Z {em (Uil + U, ) +Ullh} + ué?&} + 00t

m=1

The weak limit can thus be obtained from Proposition 4.5 to get the following.

Theorem 4.19. Let Ug (A, T) be given by (4.68), and Uy ¢(0), Tg by (4.72). Let (™A1, be
the set of distinct eigenvalues of Uy (0) and denote by P, the corresponding orthogonal projectors.
Then

lim Uo,o(0) "% By(t /3%, 1, 7) = (4.73)

1/32eN

lim Uo,o(0) " U, /¥ (B) = ' (B),

z/xzeN
where
1 #
TY(B) = —— (Uoo(0)"" T5)" (B), 4.74
5 (B) Z(ﬁ)( 0.0(0)"" T)" (B) 4.74)
with # corresponding to the set of projectors {P;};=1.... .
Remark 4.20.

()  To make the generator I'y completely explicit, one needs to investigate the properties of Tg,
i.e., of the operators V; defining the coupling, within the eigenspaces of Uy 0(0).

(i1) The degeneracy of the eigenvalue 1 of Uy 0(0) is responsible for the existence of a non-trivial
invariant sub-algebra of observables which is the commutant of hy.

The result is then generalized to the regime A?t — 0, T — 0, by switching to the macroscopic
time scale T = #/(A>t) — oo. First compute

Upo(0)~' T, 1
M(B) = ———(W%0B+ BW?) + 4.75)

oB) = 2 B2 22(8)

n

1
Z(p) =

Then, the formulas for m > 1,

1
{8—5,,,/9 <Wm,OBWO,m - 7(W2m,mB + BWZm,m)) + WO,mBWm,O} .

2

m

n
Wom = Ve Wio =V, Wp o= VaViro Wio=> ViV, (4.76)
j=1
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allow one to express the operators W, in terms of V,,,, which yields
1 n

m=1

1
o~ Pon (vav; — E(Vm VB + BV, V,j;))
* 1 * *
+V BV = (Vi ViB + BV, V). 4.77)

Remark 4.21. The operator (4.77) has the form of the dissipative part of a Lindblad generator.
Corollary 4.22. Assume the hypotheses of Theorem 4.19. Then with t /(tA)* =k € N,

im  Uoo(0) "/ By(1/(z1)?, A, 1)) = 4.78)

10,2270
1/(t)2eN

lim Uy o(0) P Up(r, 1) (B) = T (B),
70,1710
t/(x)2eN

were I'g(B) is defined in (4.77).

Remark 4.23. The proof is obtained essentially along the line of the proof Theorem 4.8 taking
into account the following facts: The operator Uy o(0) = €' o1 js ynitary on My, (C) with spectral
projectors that are independent of T as T — 0 and eigenvalues of the form '™ . Introducing the
perturbation parameter x = (\T)?, (4.72) states that uniformly in T,

Us(r, T) = Up0(0) + xTp(t) /(T Z(B)) + O(x?), (4.79)

where Tﬁ(‘L’)/‘L’z —Tgast— 0.
For generalizations to infinite dimensional Hilbert spaces hs and ey, see Ref. 83.
Explicit formulas for 'y and T g are provided in Ref. 8 for the case d =n = 1.

E. Beyond the perturbative regime: 1?7 =1

We consider here the regime A2t = 1 and T — 0. It can be viewed as a regime where the weak
limit scaling holds at the microscopic level, while, at the macroscopic level, T = (A% is kept finite.
The determination of the dynamics in this regime amounts to computing the limit

lim Us(1//T, T)"(B). (4.80)

t/teN

The technical tool used in this case will be Chernoft’s theorem, see, e.g., Ref. 17.

Theorem 4.24. Let S(t) defined on a Banach space B be such that S(0) = 1, and ||S(7)| <
1, for all T = 0. If lim,_,ot~'(S(t) — 1) = T in the strong sense exists in L(B) and generates a
contraction semi-group, then

s —1limS@/n)" = e'T. (4.81)

Theorem 4.25. Let Ug (A, T) be as in Proposition 4.15. Then

s — lim Ug(1/4/T, 1)/ (B) = Mo+ (B) (4.82)

t/teN

with a Lindblad generator ilhy, -1 + I'g(-), where I'g is given by

2m 1
Tp(B)= > L;BL}— 3 (L,L%B+ BL,LY) (4.83)
j=1
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with

e P2 1
l<j<m and L;= Vi,m+1<j<2m. (4.84)

Li=———V;, < ,
j Z8) J j m /
Remark 4.26.

(i) In Ref. 10, Sec. IV B, the scaling is the same with a supplementary structure allowing one to
make the suitably renormalized spins forming the chain merge in the limit T — 0 to yield a
heat bath represented by a Fock space of quantum noises. When restricted to hs, the effective
dynamics of observables at zero temperature corresponds to a contraction semigroup generated
by

Feo() = ilho, ]+Z<V* (V*v VIV, )) (4.85)

m=1

which coincides with Theorem 4.25 at B = 0o. A similar comparison holds with® which deals
with the finite temperature case.

(ii) The generator T'? coincides with the generator (4.77) obtained in Corollary 4.22 in the scaling
22t = 0, T — 0, modulo the # operation, which appears as a trade mark of the perturbative
regime.

Proof. The proof of Theorem 4.25 consists in checking the hypotheses of Chernoff’s theorem.
First recall the formula (see (4.34)),

Us (., T)(B) = Try,,, (1 ® pe.p)U (1, 00(B ® HU(1,0)) (4.86)

n _55

Z 2

where B(t),, = (U~!(1,0)(B ® HU(1,0)),, = P,U(1,0)(B ® 1)U(1,0)P, according to the
block notation (4.46), with the corresponding orthogonal projectors P,. Identifying P,C"+D@+D
with hs = C?*!, we deduce from the above formula that Ug(X, T) is a contraction for any value of
the parameters

—ps,

I2ds G, B s < Z Z6

IB(T)gq s (4.87)

n B
< ; ;(ﬂ) 1P,U~(1,0)(B ® DU(L, 0)P, || coni-

B3,

" e
< |
; Z(B)

Moreover, Ug(1/ VT, T)|e=0 = 1, so we are left with the computation of the derivative with respect
to 7 at the origin. This involves the control of the operator U,(A), see (4.14), as T — 0 and
» = 1/4/T — o0. The expansion of U, (1) in powers of A is convergent, with T dependent coefficients
we control sufficiently well. Indeed, (4.21) yields

U:(0) = e ™O00, 1) = ) 00,0, 1), (4.88)

n>0

where ®, contains n operators W and satisfies |®,(X, 7)|| = O((tA)"/n!). Using the fact that (A7)"
= 12 — 0 and that W is off-diagonal with respect to P and Q, we get that the replacement of A by

1/4/7 does not spoil the estimates as T — 0 given in Proposition 4.15 and Lemma 4.17. Together



075204-23 Bruneau, Joye, and Merkli J. Math. Phys. 55, 075204 (2014)

with the computation (4.77), one gets
Us(1/V/T, T)(B) = ™ Be™ '™ + (Z(p)1) "' Ty(x)(B) + O(z?)
=™ Be ™ 4 TTy(B) + O(x?). (4.89)
Hence, the derivative at the origin exists and is given by
Up(1//T, T) (B)lr=o = ilho, B] + T'4(B), (4.90)

where I'g(B) is the dissipative part of a Lindblad operator which has the form given in the statement.
Hence,

ilho, Bl +T'g(B) (4.91)

generates a completely positive semigroup of contractions. Therefore Chernoff’s theorem eventually
yields the result. m|

Remark 4.27. We finally recall some consequences of these results about the evolution of states,
within the duality provided by the scalar product (A|B) = Tr(A*B). If T is the generator of the
dynamics of observables, B is an observable and p is a state, then for any t € R,

Tr(pe' (B)) = T (p)B), 4.92)
where the generator of the dynamics of the states is I+ such that for all states p and observables B,
Tr((T«(p))*B) = (p|I'(B)) = (I"*p| B). (4.93)

The link between asymptotic states in time described by Theorem 3.2 and asymptotic states of weak
limit effective dynamics as t — oo is further explored in Ref. 83. Under certain genericity hypotheses,
it is proven there that the former type of asymptotic states converges to the latter, as A — 0.

V. APPLICATION TO CONCRETE MODELS

In this section, we present two concrete models of the repeated interaction type. These models
show how repeated interaction systems can be used to address some physically relevant situations.

A. One atom maser

We first consider a specific model describing the “One-Atom Maser” experiment where S is
the quantized electromagnetic field in a cavity through which a beam of atoms, the subsystems &,,
is shot. Such systems play a fundamental role in the experimental and theoretical investigations
of basic matter-radiation processes. They are also of practical importance in quantum optics and
quantum state engineering.®®-86-87.77.85 We consider here only the ideal case, i.e., the question of
thermal relaxation: is it possible to thermalize a mode of a QED cavity by means of 2-level atoms if
the latter are initially at thermal equilibrium? One particular feature here is that the Hilbert space of
the small system S is not finite dimensional. There are very few models of open quantum systems
in the literature with an infinite small system and for which return to equilibrium is proven. The
RI structure of the model allows us to provide such a model. Moreover, one usually makes use of
perturbation theory in the coupling constant to obtain information on the spectrum of the relevant
operator. Here, we do not make use of any perturbation theory, i.e., our results are not restricted to
small coupling constants. The results described here come from Ref. 24.

1. Description of the model and the RDM

We consider the situation where the atoms of the beam are prepared in a stationary mixture of
two states with energies £ < Ep, and without loss of generality we set £ = 0. We assume the cavity
to be nearly resonant with the transition between these two states. Neglecting the non-resonant modes
of the cavity, we can describe its quantized electromagnetic field by a single harmonic oscillator of
frequency E >~ Ej.
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The Hilbert space for a single atom is g = C> ~ I'_(C), the Fermionic Fock space over C.
The Hamiltonian of a single atom is thus

hg = Eob™b,

where b*, b denote the creation/annihilation operators on hg, see (2.9). The Hilbert space of the
cavity field is hs := £*(N) = I, (C), the Bosonic Fock space over C. Its Hamiltonian is

hs = Ea*a = EN,

where a*, a are the creation/annihilation operators on s satisfying the commutation relation
[a,a*] =1 and N is the number operator on I' (C).

In the dipole approximation, an atom interacts with the cavity field through its electric dipole
moment. The full dipole coupling is given by %(a +a*) ® (b + b*),actingon hs ® hg, where A € R
is a coupling constant. Neglecting the counter rotating terma ® b + a* ® b* in this coupling (this is
the so-called rotating wave approximation) leads to the well-known Jaynes-Cummings Hamiltonian

1
h=hsQ®leg+1s® heg + Av, UZE(Q*®b+a®b*), (5.1

for the coupled system S + & (see, e.g., Refs. 15,26, and 37). (Example 2.3 in Sec. II is very
similar. One simply replaces the bosonic Fock space hs = I';(C) by the fermionic one I'_(C)
= C?.) The rotating wave approximation, and thus the dynamics generated by the Jaynes-Cummings
Hamiltonian, is known to be in good agreement with experimental data as long as the detuning
parameter A = E — Ej satisfies |[A| < min (Ey, E) and the coupling is small |A| < Ey. To our
knowledge, there is however no mathematically precise statement about this approximation.

Finally, the initial state of the atoms will be the equilibrium state at inverse temperature f, i.e.,
Pep = e Phe JTr e Phe

As for the toy model of Example 2.3, using the fact that 2~ commutes with the total number
operator N*' = a*a ® l¢ + 1s ® b*b, we can calculate explicitly e =™ and hence the RDM Lg
associated with this RI system. One gets

Lpp)= > VerepVSy (5.2)
0,0'=0,1

where the operators V,, are given by

1 : 1 )
VOO = e*l'[EN C(N), Vl() — €7IIEN S(N + 1)0’
vV Zf,ﬂ w/Z(‘:.ﬂ
e—ﬂEu/Z ) e—ﬂEo/Z . (53)
Vor = ———=e "ENS(N)a*, Vi = ———=e TEN C(N + 1),
vV Zr‘,‘.ﬂ ,/Zgyﬁ
with
C(N)Ecos(n\/W)—Hn'/ZSin(n— VEN +m) S(N)Egl/ZSin(”— VEN +m)
VEN +1 VEN T

and where

AT\’ At\?
=(—), =(—) , 54
0=(52) . e=(5) (5.4
are the dimensionless detuning parameter and coupling constant.

2. Spectral analysis of the RDM

We know from the general results on RI systems that £ is a contraction on B'(hs), and that the
state p(n) of S evolves according to the discrete semigroup E’g, ie., p(n) = E;(p). To understand
the asymptotic behavior of p(n), we shall thus study the spectral properties of Lg. In particular, we
will be interested in its peripheral eigenvalues €', for 6 € R, and especially in the eigenvalue 1 (the
corresponding eigenstate(s) will give the candidates for the asymptotic state(s)).
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To understand the difficulty in the spectral analysis, assume that the atom-field coupling is turned
off. The reduced dynamics is then nothing but the free evolution of S, i.e., Lg(p) = eiths peiThs Tt
is easy to see that the spectrum of L is then pure point:

SP(Ly) = pyp(Lp) = (€75 [d € Z).

This spectrum is finite if T E € 27 Q and fills the unit circle with a dense set of eigenvalues in the
opposite case. In any case, all the eigenvalues (and in particular 1) are infinitely degenerate. This
explains why perturbation theory in A fails for this model. Note also that, since hs has infinite
dimension, it is not automatic that £z has 1 as an eigenvalue (we only know that it is in the spectrum
since it is in the one of L;).

To describe the spectral results we need to introduce a notion of resonance. An essential feature
of the dynamics generated by the Jaynes-Cummings Hamiltonian 4 are Rabi oscillations. In the
presence of n photons, the probability for the atom to make a transition from its ground state to its
excited state is a periodic function of time:

. A2 t
PO = o= 1 o = (1= 5 )i (1),

where the circular frequency is v, = +/A%n + AZ2. (In our units, A is thus the one photon Rabi-
frequency of the atom in a perfectly tuned cavity.) If the interaction time t is a multiple of the
Rabi-oscillation period for n photons, then no transition will be possible from the n-photon state to
the previous one. Such a resonance occurs when, for some integer &,
2w 5
T=hk—= <<= &n+n=k",

VAZn 4+ A2

where 1 and & are defined in (5.4). We therefore introduce the following set.

Definition 5.1. R(n, &) :=={n € N |&n + n = k? for some k € N}. An element n € R(&, n) is
called a Rabi resonance.

The Hilbert space b thus has a decomposition b5 = ;_, hfsk), where r — 1 is the number of
Rabi resonances, hfsk) = ¢%(I}) and {Is |k=1,...,r}isthe partition of N induced by the resonances.
Following Ref. 24, we call hg() the kth Rabi sector and denote by P the corresponding orthogonal
projection.

It is easy to show that, according to the arithmetic properties of & and n (rational or not), the
set R(n, &) possesses either no, one or infinitely many elements ( Lemma 3.2 of Ref. 24). We shall
say accordingly that the system is non-resonant, simply resonant, or fully resonant. A fully resonant
system will be called degenerate if there exist n € {0} U R(n, &) and m € R(1, &) such that n <
mandn + 1,m + 1 € R(n, &), i.e., there are two pairs of consecutive Rabi resonances. (Such
degenerate systems exist, if, e.g., £ = 840 and n = 1, then (1, 2) and (52, 53) are pairs of consecutive
resonances. We refer to Ref. 24 for more details on degenerate systems.)

The main ingredients for the spectral analysis of Lz are:

(1)  The gauge symmetry.
For any 0 € R, Lge N peN)=e"NLy(p)e?N, which follows from [h, N'']=
[he, pe.g]l = 0. As a consequence, Lg leaves invariant the subspaces

B"D(hs) = {X € B'(hs) | eV XN =X forall 6 € R},
and hence admits a decomposition
o=@y
deZ

so that one can analyze separately the E%d).
(2) How Lg acts on diagonal states, i.e., on BLO(h).
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3)

Because of the gauge symmetry, if p is an invariant state so is its “diagonal part” py =
> . (nlpn)n)(n| € B 1O Tt is thus important to understand the diagonal invariant states.

If we denote by x, the diagonal elements of X € B"©(h5), we can identify B (hs) with
£Y(N). Introducing the number operator (Nx),, = nx, and the finite difference operators

(Vx), = {io e gz ; (1) (V) = Xp — Xny1 forn >0,
a simple algebra from (5.2) and (5.3) leads to
Ly =1—V*D(N)e PENyeltoN, (5.5)
where
D(N) := o sin’(m/EN + 1) 5N (5.6)
14 e Pk EN+n

In particular, the diagonal invariant states p are solutions of D(N)e #£0¥N vefEoN 5 — 0. Hence
they satisfy (e PEONVePEN gy, =0 & p, =ePFop, | unless D(n) = 0, i.e., n is a Rabi
resonance. We therefore have three situations:

e If the system is non-resonant, it follows from (5.6) that D(n) = 0 if and only if » = 0 and
e—BEN

hence there is a unique diagonal invariant state = ps,p- where * = /3% if B >

Tr e PEN
0 (this is the same renormalization as for the toy model of Sec. II) and none if 8 < 0.

o If the system is simply resonant there exists n; € N* such that D(n) = 0 if and only if n =
0 or n = n;. The eigenvalue equation then splits into two decoupled systems

Pn :e_ﬂEOpn—la ne Il = {1,...,711 - 1}5

Pn = e_’gE"pn,l, nel,= {I’ll +1,.. }

e BEON Py m
Tr @ PEN py P8
e PN Py @
Tr (e PEN Py~ PS8
o If the system is fully resonant, D(n) has an infinite sequence np =0 < n; <ny < - - - of zeros.
The eigenvalue equation now splits into an infinite number of finite dimensional systems

— e PEo

The first one yields the invariant state for any B € R. The second

system gives another invariant state provided g > 0.

P Puts NE€ L ={m+1,...,np— 1},

where k = 1, 2, ... For any 8 € R, we thus have an infinite number of invariant states
—ﬁEONP
€ L)
Tr (e PEN p) — 7SAT

The following Perron-Frobenius type theorem due to Schrader.

one for each Rabi sector.

Theorem 5.2 (Theorem 4.1 of Ref. 82). Let ¢ be a 2-positive map on B' (H) such that its spectral

radius r(¢p) = ||@||. If A is a peripheral eigenvalue of ¢ with eigenvector X, i.e., p(X) = AX, X # 0,
|| = (@), then | X| = ' X*X is an eigenvector of ¢ to the eigenvalue r(¢p): ¢(|1X|) = r(¢)|X].

Since the RDM L is a completely positive trace preserving map we can apply Theorem 5.2.

Hence, if €'’ is a peripheral eigenvalue of E;;d) for some d, with eigenvector X, then | X| € B"©(hs)

is an invariant state of £§;0), which we already know by 2.

Lp.

1.
2.

Putting all these ingredients together we have a full description of the peripheral eigenvalues of

Lemma 5.3 Ref. 24.

The only peripheral eigenvalue of E;?) is 1.

If the system is not degenerate, then the only peripheral eigenvalue of Lg is 1 and the corre-
sponding eigenvectors are diagonal.
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3. If the system is degenerate we note N(n, §) := {n € {0}UR(n, §)|n + 1 € R(n, &)} and
D, &):={d=n—m|n,me N, &),n % m}. In this case, the set of peripheral eigenval-
ues of Lg is given by {1} U {elT* ™4 | d € D(n, &))}.

3. Convergence results

Thermal relaxation is an ergodic property of the map Lg and of its invariant states. For any
density matrix p, we denote the orthogonal projection on the closure of Ran p by s(p), the support
of p. We also write u < p whenever s(u) < s(p).

A state p is ergodic, respectively, mixing, for the semigroup generated by £z whenever

N

. \
Jim ;( 4(0) (A) = p(A), (5.7)

respectively,
Tim (L5(1)) (4) = p(A), (5.8)

holds for all states © < p and all A € B(hs). p is exponentially mixing if the convergence in (5.8)
is exponential, i.e., if

[(LEG0) (A) = p(A)| < Ca e,

for some constant Cy, ,, which may depend on A and 1 and some « > 0 independent of A and u. A
mixing state is ergodic and an ergodic state is clearly invariant.

A state p is faithful if p > 0, that is s(p) = Id. Thus, if p is a faithful ergodic (resp. mixing)
state the convergence (5.7) (resp. (5.8)) holds for every state « and one has global relaxation. In this
case, p is easily seen to be the only ergodic state of Lgz. Conversely, one can show that if Lg has a
unique faithful invariant state, this state is ergodic:

Theorem 5.4. Ref. 24. Let ¢ be a completely positive trace preserving map on B'(H). If ¢ has
a faithful invariant state piny, and 1 is a simple eigenvalue of ¢ then piny is ergodic.

Using Lemma 5.3, we have the following theorem which is the main result of this section.

Theorem 5.5. Ref. 24.

1. If the system is non-resonant then Lg has no invariant state for B < 0 and has the unique
ergodic state
e Bhs
~ TreFhs
for B > 0. In the latter case, any initial state relaxes in the mean to the thermal equilibrium
state at inverse temperature * = %
2. Ifthe system is simply resonant, then Lg has the unique ergodic state p‘(gl}; if B <0 and two

ergodic states p‘(sl)ﬂ*, p‘(gz)ﬂ* if B > 0. In the latter case, for any initial state p, one has

LS. p*

1 N
— 3 (LhP)) (A) = p(P1) p . (A) + p(P2) S . (A).

lim
N—oo N
n=1

forall A € B(hs) (recall Py is the projection onto the k-th Rabi sector).
3. Ifthe system is fully resonant, then for any B € R, Lg has infinitely many ergodic states ,ofsk;;*,

k=1,2,... Moreover, if the system is non-degenerate,
1 N 0
Jim 3 (Lh0) (A) =D p(P) 5 . (A), (5.9)
n=1 k=1

holds for any initial state p and all A € B(hs).
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4. If the system is non-degenerate, any invariant state is diagonal and can be represented as a
convex linear combination of ergodic states.
5.  Whenever the state pfgk)ﬁ* is ergodic, it is also exponentially mixing if the corresponding Rabi

sector bg{) is finite dimensional.
Remarks.

(i) In the non-degenerate cases, this result implies some weak form of decoherence in the energy
eigenbasis of the cavity field: the time averaged off-diagonal part of the state Ly(p) decays
with time.

(i) If the system is degenerate, (5.9) and the conclusions of Assertion 4 still hold provided a further
non-resonance condition is satisfied. Namely, if e"£+57 £ | for all d € D (see Lemma 5.3),
then all eigenvectors of Lg to the eigenvalue 1 are diagonal.

(iii) Numerical experiments support the conjecture that all the ergodic states are mixing. However,
our analysis does not provide a proof of this conjecture if hg() is infinite dimensional.

Open problem 1. Prove that all ergodic states are mixing.

Actually, due to the presence of an infinite number of metastable states in the non-resonant and
simply resonant cases, see Ref. 24, Sec. 4.5.4., one expects slow, i.e., non-exponential, relaxation.

Open problem 2. How slow is the relaxation in infinite dimensional sectors?

Open problem 3. For this model, only the ideal situation has been considered in Ref. 24. One can
also consider the situation where some randomness is included, in particular when the interaction
time is random. Besides the mathematical interest of an infinite dimensional example of a random
repeated interaction system, this also has some physical relevance. Experimentally, one observes
exponential convergence to the stationary state. Is the slow convergence mentioned above, and due
to metastable states, only an artefact of the assumption that all the interaction times are identical?
In other words, do random times enhance mixing? The non-exponential mixing has its origin in
quasi-resonances, the location of which is very sensitive to the various parameters and in particular
the interaction time.

B. Electron in tight binding band

In the second model we consider, the system S describes a spinless electron in the single band
tight-binding approximation and subject to an homogeneous static electric field. For the electron
alone, Bloch oscillations prevent a current from being set up in the system (see (5.11)). It is
furthermore expected that if the electron is in contact with a thermal environment, the resulting
scattering mechanisms will suppress the Bloch oscillations and lead to a steady current. In the model
considered here, the environment is described by a chain of two-level atoms with which the electron
interacts in the RI scheme. We show that a dc current is indeed created due to the interaction of the
particle with its environment. In addition to drifting in the direction of the applied field, the electron
diffuses around its mean position. The results concerning this model come from Ref. 19.

1. Description of the model

The small system.
The system S is a spinless particle on the one-dimensional lattice Z and submitted to a constant
external force F > (. The quantum Hilbert space and Hamiltonian of the particle are

hs = 03(2), hs =—A— FX,
where A is the discrete nearest neighbor Laplacian and X is the lattice position operator

—A =) @] = Dl = ) X =) xlx)xl.

xeZ x€eZ
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We shall also identify hs with L2(T !, d&) via the discrete Fourier transform, so that
—A =2(1 —cosé&), X =i0.

Here T' ~ [0, 27 [ is the first Brillouin zone and £ is the crystal momentum. If 7 = Z [x+1) (x| =
xeZ
e denotes the translation operator, one easily shows that:

1. When F = 0, hs has a single band of absolutely continuous spectrum, sp(hs) = [0, 4], and the
motion of the particle is described by

T(r)=e"sTe s =T, X(r)=e"sXe s = X +1(T — T")x,

showing its ballistic nature.

2. When F # 0, hg has discrete spectrum, sp(hs) = 2 — FZ. This is the well-known Wannier-
Stark ladder. In the position representation, the normalized eigenvector 1, to the eigenvalue
Ey =2 — Fkis given by

2
Yi(x) = Ji—x (F) , (5.10)

where the J, are Bessel functions. From their asymptotic behavior for large v (see, e.g.,
Formula (10.19.1) in Ref. 71) we infer that

1 e |k—x|
~ for |k — ,
V)~ = <F|k—x|> or [k = x| = o0

which shows that ¥ (x) is sharply localized around x = k. The motion of the particle, described

by
T(l) — eithg Te*ifhs — e—itFT’
L 4 Ft Ft .11
X(t)=¢e"sXe™ "M =X + = sin (7) sin (E + 7) ,

is now confined by Bloch oscillations.

The environment.
Asin Sec. V A, it consists of 2-level atoms, each of which has a quantum Hilbert space hg = C?>
which we identify with I'_(C), the fermionic Fock space over C, and a Hamiltonian given by

hg = EbD,

where E > 0 is the Bohr frequency of the atoms and b*, b are the usual Fermi creation and annihilation
operators.

The initial state of the two-level atoms will be their equilibrium state at inverse temperature
described by the density matrix

pp=2Z5'e P Zy=Tie ) =1+e"".

The interaction.

The interaction between the particle and a two-level atom is chosen so that its effect is to give a
right or left kick to the particle, depending on whether the atom is in its ground state or in its excited
state. More precisely, we set

v="> (x+1){x|®@b" +|x)(x+1|®b) =T @b* + T* ®b.
xeZ

To understand this interaction, note that when F > 0 the translation operator 7 can also be thought
of as a lowering operator for the particle. Indeed, from (5.10) one finds

TV = Yiq1. (5.12)
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Similarly, 7* acts as a raising operator. As a result, v describes an exchange of energy between the
two-level system and the particle. The model considered here is thus very similar to the one studied in
Sec. V A except that the spectrum of /s, contrary to the spectrum of the mode of the electromagnetic
field, is not bounded from below. As a result, the system we treat here has no invariant state (see the
end of Sec. VB 2).

2. Interaction with a single atom. The RDM Lg

As for the Jaynes-Cummings Hamiltonian, 7 = hs 4+ hg + Av can easily be diagonalized by
exploiting the fact that it commutes with the “number operator”

hs —2 hg
N = —. 5.13
7 Tz (5.13)
Introducing the unitary operator
U = (Tb*b + bb*)cos® — (Tb* — b)sinb,
where 6 is chosen such that
E—-F . 2\
cos(20) = , sin20) = —, and @y =+(E — F)?+4)2,
@o o
one gets the following explicit formula for the propagator,
eith — 1] oi(E=F)/24iton(b"b—1/2) Siths % (5.14)

It follows then that
eithX e—ifh — eiths Xe—iths

4)? 2ME — F t
+ (—z(bb* —pny 4 2E D ey T*b)) sin” (‘”—0>
on wj 2

A
—1i—(Tb* — T*b) sin(wpt).
wo

We conclude that the coupling to a single atom does not substantially alter the long term behavior
of the particle: it turns the periodic Bloch oscillations (5.11) of frequency wgjoch = F into quasi-
periodic motion with the two frequencies wgjoch and wg. In particular, when F # 0, the motion
remains bounded. As we will see, the situation is very different for repeated interactions with a
sequence of atoms.

The following result describes the RDM Ly of this system. It follows directly from (5.14).

Lemma 5.6. For any p € B'(hs), one has Lg(p)=Uo Zﬁ(p) = Zﬂ oU(p) with

Up)=e™spel™s  Ly(p) = p_T"pT + pop + pTpT*. (5.15)
where
e PE | 1
pP-= | + o PE P, DPo= P, P+= 1 +c PE P>

. 2.
with p = % sin? (“"T”)
0

If p describes the state of the particle, then 7" pT (respectively, TpT*) represents the same state
translated by one lattice spacing to the left (respectively, right). Note moreover that

p-+potpr=1,

so that the reduced dynamics consists of a free evolution with the Hamiltonian %s, followed by a
random translation by =+ 1 or 0, and with probabilities p + or py. Note that the dynamics is trivial if p =
0,i.e.,if gt =27mwithm € Z.Inthat case there is no translation and the particle evolves according



075204-31 Bruneau, Joye, and Merkli J. Math. Phys. 55, 075204 (2014)

to hs. This can be seen directly on (5.14) by noticing that in such a case UhsU* = hs + Fb*b. It
follows that the propagator factorizes

eirh — (_1)mei7:(E7F)/2 eirhs ® ei‘er*b’

and, up to an inessential phase factor and a renormalization of the atomic Bohr frequency, the particle
and the two-level system evolve as if they were not coupled. This resembles the “Rabi oscillation”
phenomenon which appears in the Jaynes-Cummings model (see Sec. V A 2). In the following, we
will avoid this resonance and assume p # 0.

We can now see that the system has no stationary state as we already mentioned, i.e., there
exists no density matrix p on hs such that Lg(p) = p. Indeed, it follows from the gauge invariance
Lp(e7ths p eithsy = e~iths £ g(p) el's that the subspaces B (hs), d € Z, defined by

B9 (hs) = {p € B'(hs) | e s peiths = ¢y forall 1 € R}

={peB's)|p = pelv) Weral},
keZ
are globally invariant under L£gz. Hence, if a state p is stationary so is its diagonal part py =
Dokl (Wil, where py = (Y| ptg). From (5.15) one gets
Pre1 — Zgpr +e PEpy =0,

which implies that p, = a 4+ beP** for some constants a, b € R. But this contradicts the fact that
1=Trp =) wpr

3. Asymptotic behaviour of the particle

Since the system has no invariant state, our concern here is not the large time behaviour of the
state of the particle but of expectation values of some functions of the position observable X. Given
an observable B on hs, we write (B), = Tr(BEZ(,o)), for its expectation value at time t = nt. As
already announced, the following theorem shows that the repeated interactions make the motion of
the particle diffusive. The motion is characterized by a drift velocity

E
va = va(E, F) = £ tanh (%) ,

T

D = D(E, F) = % (1 — ptanh? (ﬂTE» .

More precisely, the following holds.

and a diffusion constant

Theorem 5.7 Ref. 19. Assume that F > 0, X # 0 and wot ¢ 277 so that p €10, 1]. Let the
density matrix p € B'(hs) describe the initial state of the particle and denote by i, the spectral
measure of the position observable X on the state p(n),

b f) = / FE () = ().

1. The Central Limit Theorem (CLT) holds: For any bounded continuous function f on R,
. X — vgnt e dx

lim — dun(x):/ (x)e ™/ —.
n—00 f ( v2Dnt ) f V2

2. IfTr(X*p) < + oo, then

X n X — 2 n
fim X0y g X TR
n—-oo nT n— 00 nt
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3. IfTr(e*™p) < + oo for all a > 0, then a Large Deviation Principle (LDP) holds in the sense
that, for any interval J C R,

1
lim —log u,(nJ) = —inf I(x),
n—oo n xelJ

where I(x) is the Legendre-Fenchel transform of

cosh(l,BE + o)
el)=1log|(1—p)+p—2——""1], 5.16)
(@) g(( p)+p cosh 1BE (
that is, I(x) = sup ax — e(w).
aeR
. . vy PBsin’(Ar) o
Note that when E = F, the mobility © = 1lv1mo 7 = 0 and the diffusion constant
- T

D= —1 ) 2 /3F . . . .
= up 1 — sin“(A7) tanh 5 )) satisfy the Einstein relation

lim D =uB~"' = T.
Flglo up ukp

Open problem 4. When E # F the Einstein relation holds only in the limit E — 0 and not
F — 0 (also in the definition of the mobility), meaning that it is actually the interaction with the
atoms which drive the electron and not the applied electric field. The chosen coupling is in a sense too
strong. Consider a similar model but with a different interaction, e.g., with scattering in the electron
momentum instead of the electron position so that there is a sort of momentum conservation.

The rate function in Part 3 is explicitly given by

FE R(x) — x (1= )R + 1)
1) = —X (7 + log (m)) —log (T) forx € [—1, 1],

400 otherwise,

where

- 4 - \/ﬁ
a= (1= p)cosh(BE/2)’ R(x) = /x? +a*(1 — x?).
It is strictly convex on [ — 1, 1] and satisfies /(vq7) = 0 and I(x) > O for x # vgt.

Note that the drift velocity and diffusion constant do not depend on the initial state of the
particle. The CLT gives us the probability to find the particle at time nt in a region of size O(/n)
around the mean value vgnt, whereas the LDP gives information on this probability for a region of
size O(n). To put it differently, it yields information on the probability that the particle’s mean speed
falls asymptotically in an interval of size O(1). Loosely speaking, it says that

n({n(vg + 8v)T}) o= e ((atovim),

The peculiar symmetry e(— BE — «) = e(«) immediately leads to the relation /(x) = — BEx
+ I( — x) which tells us that
1 —v — v, — )
lim lim — log pn(n[ v v, —v+ dvlr) = —BEv,
svl0n—o0 T wp(nfv — v, v+ dv]r)

that is, that negative mean velocities are exponentially less likely than positive ones. One can
recognize here a form of fluctuation theorem. We refer to Ref. 19 for more details on the origin of
this peculiar symmetry.

Open problem 5. Consider a similar model but when the electron moves in the continuum. The
idea is that now the interactions would slow down the motion instead of creating a current. Can we
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have similar results as in the discrete case, i.e., drift+diffusion, not instead of a bounded motion but
of a uniformly accelerated one?

Open problem 6. Look at the various limiting regime a la Attal et al. of this model, in particular
the continuous limit, see Sec. IV E, and analyze the properties of the corresponding process on R.

C. Link with quantum walks

The previous model allows us to make a link between RIS and another popular kind of discrete
quantum dynamical systems, namely, Quantum Walks, or QW for short. There are many different
versions of QW, suited to the many applications they have in computer science, quantum physics,
or even probability theory. For a description of the many aspects of QW, the reader is referred to
reviews.?* 81,3857 We start by describing what is understood here under the name QW and we later
make the connection with the previous model of RIS.

In one of their simplest forms, QW describes the dynamics of a particle or walker on a lattice,
say 74, d > 1, which carries an internal degree of freedom, a spin, that lives on C? . The total Hilbert
space of this system is thus h = C?? ® I*(Z¢) and the discrete dynamics of the walker is defined
by the repeated action of a sequence of unitary operators on h. The peculiarity of the model is that
these unitary operators are not generated by a physical Hamiltonian, but are instead constructed on
the basis of an analogy with classical random walks on Z?. A typical example of dynamics taken
from Ref. 55, see also Ref. 1, is the following. Denote the canonical basis of C>¢ by {|7)}, ¢, with
I={ 1, £2,---, £d} and define a jump function as a map

ril — 74 (5.17)

A symmetric choice of jump function often considered is r(z) = sign(t)e|;|, where ¢;, j € {1, 2,
..., d} denotes the canonical basis of Z%. We will assume that 7(t) # 0 for any 7. Let C € U(2d)
by a unitary matrix on the spin Hilbert space and let P;, T € I be the orthogonal projectors of the
canonical basis vectors of C*?. We are now ready to construct the dynamics of the walker. We first
define a shift operator on h by

S=)" P®lx+r@)xl. (5.18)
xezd
el
This shift is unitary, as the direct sum over r of shifts on />(Z¢) and makes the walker’s spin
component along |t) jump on the lattice by a step of length r(7) . Second, we define the unitary
operator C ® 1 on b, which updates the spin variable of the walker, without making it move on the
lattice. The one step unitary evolution operator of the walker is then defined as

uiC)=SCx1= Z P.C® |x +r(1))(x], (5.19)

xezd
el

where C can be considered as a parameter. Correspondingly, the one step evolution of a state in

B'(b),

p=Y px,»)®x)(yl, with p(x,y) € My(C) (5.20)
=7
is defined by
Uc(p) = UC)pUCY = Y PCpx —r(z),y = r(@)C* Py ® 1) (. (5.21)
(x,y)ezd x 74

(r.o)elxI

By iteration, we get a state on b at time n given by U/ (p). Thus, tracing over the spin states, we get a
time dependent density matrix on [*(Z“) = hs which describes the expectation values of observables
on the lattice.
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The link with the previous model is best made in case we consider a symmetric jump function.
Under this assumption, at each time step, the spin of the walker is kicked by the action of the
unitary matrix C, which induces a jump of the walker to its nearest neighbors, according to the spin
components. This is in keeping with the effect of the interaction with the two-level atoms chosen in
the model above. Also, the quantum mechanical interpretation of the one step dynamics of a QW
viewed as a random walk on the lattice is similar to that provided in Lemma 5.6 for the dynamics of
the electron in a tight binding after one interaction with the environment. Hence, although there is
no proper environment in the construction of QW, there exists a proximity between QW with RIS,
at least with the RI model of Sec. V B, in the following sense: In both models, the motion of the
particle on the lattice is a consequence of the repeated interaction of an exterior agent on the internal
degree of freedom of the particle. Note, however, that the spin state which indirectly makes the
walker move on the lattice undergoes a dynamics in which all interferences are taken into account,
by contrast with RIS in which the environment induces a loss of coherence. This is transparent if one
looks at the spectral properties of U(C)": Because the definition (5.19) of U(C) is invariant under the
translations on the lattice, the Fourier image of U(C) acts as a multiplication operator on L*(T%).
It is not difficult to check that for generic jump functions r and unitary matrices C, the spectrum
of U(C) is absolutely continuous, which implies ballistic transport on the lattice. In order to mimic
the effect of an environment, as in the RI model of Sec. V B, one can consider different matrices
C € U(2d) at each time step. In particular, one can pick them at random, according to a certain law
on U(2d), a well-known procedure to induce loss of coherence.

Exercise 5.8. Given a sequence Cy, Cy, ---, C, of unitary matrices on CX | show that the
evolution p, = Uc, o --- oUc, o Uc,(po) at time n of a compactly supported state pq of the form
(5.20) takes the form

o, )= Y Lmpolx —k,y —K)Ii), (5.22)
(k,k"eZdxZ4
where
Jm)y= Y Py CyPy Cpy- Py Ci € Myy(C) (5.23)
Eaaae

and Ji(n) =0, if Y i _, r(zy) # k.

The following theorem on the random case taken from Ref. 55 gives a flavor of the type of
results we can get in the framework of unitary random quantum walks. It is to be compared with
Theorem 5.7.

We deal with a quantum walk with random update of the internal degrees of freedom at each
time step. Let C(w) be a random unitary matrix on C2? with probability space (2, o, du), where
dp is a probability measure. We consider the random evolution operator obtained from sequences
of i.i.d. coin matrices on (QN', F, dP), where F is the o-algebra generated by cylinders and
dP = ®ien-du, by

Ugz(n, 0) = Upy(@)U,—1 (@) - - - Uj(w), where Up(@) = S (C(wp) ® 1), (5.24)

and w = (w1, Wy, w3,...) € QN". The evolution operator at time n is now given by a product
of i.i.d. unitary operators on b, and similarly for the evolution of density matrices Ugz(n)(-) =
Uciw,) © -+ 0 Ucwy) © Ucw))-

Consider for simplicity the initial condition pg = |V o) (¥ o| ® |0)(0] and define for p =1, 2,

(X7} (n) = Eg(Try Uz(n)(po)l @ X7)), (5.25)

where X is the position operator on hg = I*(Z?). Similarly, one defines the corresponding charac-
teristic function CID,‘,b ’ by

®V(y) = Eg(Tryy Un(n)(po)l @ X)), forall y e [0,27)" = T, (5.26)
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We need a spectral assumption on a certain matrix defined as follows: Let d(y) = > . < Y07 (1]
€ UQ2d) for y € T and define

My, ) = (d(y) @ d(YNE(C(0) ® C(w)) € Myg2(C). (5.27)

Theorem 5.9. Let 7 = 52>,
o(M(v, —v)) N {|z| = 1} = {1} and the eigenvalue 1 is simple. (5.28)

r(t) € R? and assume that for all v € T,

Then, there exists an analytic map T¢ 5 v — D(v) € M} (R), the set of non-negative matrices, such
that uniformly in 'y in compact sets of C? and in t in compact sets of R*.,

Tim ol (v/m) = €, (5.29)
. —i[tn]% Yo _ —L{yID)y) dil)
lim ol i = [ oo S, (5:30)

where the right-hand side admits an analytic continuation in (¢, y) € C x C2.
In particular, for any (i, j) € {1,2, ..., d}z,
X; _
lim X _ 2 (5.31)

n—00 n

(X=X = 1))y, () =/ D: ;) dv (5.32)

nlioo n (27T)d '
Remark 5.10. The matrix D(v) is determined explicitly by the spectral data of M(v, V').
In case D(v) = D is independent of v € T, a central limit theorem holds in the limit n — oo
for the centered rescaled random variable associated with the characteristic function (5.26).
Moderate deviations results can also be proven under further hypotheses on the map T% 3 v —
D(v) € M (R), see Ref. 55.

Another way to randomize a QW is to associate a different matrix C to each site of Z¢ in (5.19)
so that

UC)=5C®1)= Y P.C,®x+r@m)xl, (5.33)

xezZd
el

where C = {C, }ccz¢, Cr € U(2d). If the C,’s are given by i.i.d. random matrices, we get a random
unitary operator, which bears similarities with the self-adjoint Anderson model of solid state physics.
Under certain hypotheses, the dynamics is radically different and it can be shown that there exists
regimes in which dynamical localization takes place, which forbids the walker to propagate on the
lattice. For more details, see, e.g., the review.”¢

VI. THERMODYNAMIC PROPERTIES

Contrary to the usual context of open systems, as already mentioned, in RI systems the total
Hamiltonian is (piecewise constant) time-dependent as we can see from (2.1). Hence the energy of
the full system is not necessarily constant. It is constant during each interaction (where the total
Hamiltonian is constant) but we may have energy changes when one switches from an interaction
to the next one. In other words, the switch from one interaction to the other may require some
external work. In this section, we show how to define an “external work™ observable and study the
expectation value of the mean external work in the large time limit. Then, in the case where “several
reservoirs” are present, e.g., RI systems with several beams at different temperature, we also study
the energy fluxes. Finally, we consider entropy production in RI systems and relate it to the external
work and the fluxes.
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A. External work in Rl systems
1. General setup

As already mentioned, since the total Hamiltonian of a repeated interaction system is time-
dependent, the total energy is not necessarily constant: to switch from an interaction to the other may
require some external work. Since the total system is infinite (there are infinitely many subsystems
&), the total energy makes no sense. However, energy variation does. Formally, the total energy at
time ¢ is simply

u(t, 0)*h(t)u(t, 0),
where u(t, 0) is the propagator between time 0 and ¢, i.e., if t € [t,, t, + 1), then
u(t,0) = e—i(z—t,,)ﬁn+1e—irnﬁ,, . e—ir.ﬁl'
The change of energy between time ¢ and time ¢ is therefore
AE@{, 1) = u', 00 h(tu(t’, 0) — u(t, 0)*h(t)u(t, 0).
Now, fort, - | <t<t, <t <t, 4 ,itis easy to see that
AE(t, 1) = u(ty, 0)*(vupr1 — vo)ult,, 0) =: w(n).

The observable w(n) is the work observable at time #,. If S is initially in the state p, one therefore
has

SE(n):=Try, (,o ® ® pe. X w(n)) = Try (0 (1) X (Vyg1 — V1)) 6.1)
k>1

:Trb5®hgn+l [,O(n) ® /Oc‘:,,ﬂ Un+l] _ Trhg@hgu [,O(n _ 1) ® 105,, eil’nhu vne*i‘[nhn] .
The mean work per unit time in the large time limit, i.e., the power delivered to the system, finally
is (if it exists)

1
AW := lim —AE(n),

n—00 tn

n

where AE(n) = Z S E(k) is the total work between time O and time #,,.
k=1
A simple algebraic computation shows that the total work can also be written as

AE(n) =) Trysen, [pk — 1) ® pg, (€™ hee™ ™" — he,)] (6.2)
k=1

+Trys [(p(n) — p(0)) hs]
+Trysons,., [P(1) ® Pg,., Var1] — Trysan,, [00) ® pe, vi].

The first term in the right-hand side is then the amount of energy transferred to the chain, and the
second term is the amount of energy gained by S. Of course, except when the elements & are finite
systems, the free Hamiltonians A, are typically unbounded operators. One may however write the
energy difference observable appearing in (6.2) as

T
el‘rkhkhgkefltkhk _ h“,'k — / elshk @keflshk dS,
0

where &, = %e”hkhgke‘”hk [1=0= l[ivk, he,] is the energy flux observable corresponding to the kth
subsystem.
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2. The ideal situation

In the ideal case, the expectation value § E(n) of the work observable at time n simplifies as
SE(n) = Tryzep, [p(n) @ pe X v] — Try,ep, [,o(n — 1) ® pe x ey e_”h] . (6.3)
Combining this with Theorem 3.2 we immediately get the following.
Proposition 6.1. Suppose Assumption (E) is satisfied. Then for any initial state p € B'(hs),
SE(n) = Try,en, [,05,+ ® ps X (v — ety efifh)] + 0 (ef”") .

As a consequence, the mean work per unit time exists and equals

1 . .
AW = —Try,zp, [,05,+ ® ps X (v —e™y eﬂ”’)] . (6.4)
T
Remark 6.2. Of course in the invariant state pg 4 the external work is constant as one can see
from (6.3).

Exercise 6.3. Prove that
1 T .
AW = ~Try,en, [p&+ ® ps X / e”hcbe”hds] , (6.5)
T 0

where ® = [iv, he]. Hint : use (6.2).
Exercise 6.4. Consider the RI system of Exercise 3.4. Prove that AW = 0.

Remark 6.5. The fact that the mean work vanishes is specific to this particular example. If one
changes the interaction, e.g., taking the full dipole interaction (a + a*) @ (b + b*), this is not true
anymore. Namely, one can then calculate

AW — 2T2E canh (@) y sinc? (%) sinc:(%z

2 sinc? (%) + sinc? (&)

where 1 = /(E + Eg)?* + A2 and sinc(x) = %(z) To switch from one element of the environment
to the other therefore requires some non-trivial external work.

3. The random situation

The total work at time 7 is given by
AE(n) = Tryen, [ptk— 1D ® pe, (v — ™M vpe™™M)]
k=1
+Trh5®b5n+1 [p(n) ® P, U”‘H] - TrhS®h£1 [’0 ® pe, vl] .

The last two terms are typically bounded and will therefore give no contribution to the mean work
in the large time limit. Thus we need to understand the large time limit, in the ergodic mean sense,
of expectation values of the form

TrhS@hE(wn) [,O(l’l - 1’ w) ® PE(wy) A(wn)] s

where A(w,) € B(hs ® hg(w,))- The following proposition is an extension of Theorem 3.5 to the
expectation values of such observables.



075204-38 Bruneau, Joye, and Merkli J. Math. Phys. 55, 075204 (2014)

Proposition 6.6. Suppose that p(L(w) € Mg)) > 0 and A(wo) € B(hs ® bew,)) is a random
observable. Then,

1 N

Aim Zl Tty sohe() [P0 — 1, ©) @ Pe(w,) Alwy)]

= E (Trosebe) [25.+ ® Pe(wy Alwo)]) = Tryg [ps.+ x E (As(wo))],
where Ag(wy) = Trhg(wm []l ® Pe(wy) A(a)o)].

Idea of the proof. We write

Trysbhe() [P — 1, ©) ® pew,) Alwn)] = Trys [p(n — 1, ©)As(w,)]
= Tryg [L(wy—1) 0 -+ - 0 L(w1)(p)As(w,)] .

Introducing the map As(wp) : B'(hs) > p — pAs(wy), we have to understand the ergodic average
limit of the product As(w,) o L(w,—1) o - - - o L(wy). In the same way as in Theorem 3.5, one proves
that for any initial state p,

1 N
NILIHOO N Z (As(wy) o L(@y—1) 0 -+ - 0 L(w1)) (p) = E(As)(ps,+),
n=1

from which the result follows.
As a corollary of the previous Proposition we immediately get

Proposition 6.7. Suppose that p(L(w) € Mgy) > 0. Then, the mean work per unit time exists
P-almost surely and equals

AW = LTrhs [05.+ X E(Trbs [1® pe x (v—e™ve™™)] )]

E(7)
= %E (Trosone [s.+ ® pe x (v—e™ve ™)]). (6.6)
Exercise 6.8. Prove that
1 T .
AW=—FE(T : ishp g=ishds | ) . 6.7
EG) ( Ths@b; [ﬁs,+®,0£ Xfo e e S]) (6.7)

Exercise 6.9. In the two cases of Exercise 3.7 prove that AW = 0.

B. Entropy production

For a thermodynamic interpretation of the entropy and its relation to the total work, when we
will deal with entropy we will always assume that all the initial states pg, are Gibbs states at some
inverse temperature f.

1. General setup

We fix a reference state ps of the small system. Given an initial state p of S we are interested in
the variation of relative entropy of the state p'°'(n) of the system with respect to the reference state
e Brhe
The relative entropy of two states (density matrices) p and p’ is the (possibly infinite) non-
positive quantity

00 = ps ® Q=1 P&,.p, between time 0 and time n and where pg, p, =

Ent(p’|p) = Tr(p' log p — p'log p’).
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We are interested in the mean entropy production per time unit, i.e.,

1
AS = lim —— [Ent(p'*'(n)| po) — Ent(p'*'(0)|p0)] ,

n—o00o n

and its relation to the external work. (Note that since the relative entropy is negative, the entropy
production is indeed a positive quantity.)

As we mentioned in Sec. II, the infinite tensor product )., pg, does not make sense, and
neither does p™°'(n). However at time #, only the n first elements of the chain have interacted with S
and the other ones are “at equilibrium.” Therefore, the elements with index k > n give no contribution
to the entropy production at time #, and we may write

Ent(p'*'(n)| po) := Tr [0 (n) log po — p'*'(n)log(p'*(n))]

= Tryg [600) log(A) — () og(A(m)] (638)
where
5(n) = e—ir,lﬁ,, . e—inﬁ] <,0 ® ®pgkvﬁk> eirlﬁl . .eir,lﬁn and  fp = ps ® ® P& fr-
k=1 k=1

Using the cyclicity of the trace and the fact that gy is a product state, we thus have

AS(n) = Ent(p"(n)| po) — Ent(p'*(0)|po)
= Ty [5(n)log(Fo) — A(n) log(5(n)] — Try, [plog(ps) — plog(p)]
= Try [0 10g(70) — 5(0) log(5(0))] — Try, [ log(ps) — p log(p)]
= Try, [p(n) log(ps) — plog(p)] = D BTrye [(A(n) = H(O)) he ]

k=1
~Try, [ log(ps) — plog(p)]
= Try, [(p(n) — p)log(ps)] — Y BiTryw [(5GK) — plk — 1) e, ]
k=1

= Try, [(p(n) — p)log(ps)] (6.9)

n T]‘ . .
— Z 5kTrbs®h£k |:,0(k — 1) ® pg.p % / eishi cbke—lshk ds:| ,
k=1 0

which can also be rewritten as

AS(n) = Ty, [(p(n) — p)log(ps)] + Z BiTrys [(p(k — 1) — p(k)) hs]
k=1

+ ) BiTrggang [pk — 1) ® pg, g, (€™ vee™™M — uy)]. (6.10)
k=1

2. Ideal situation
In the case of identical interactions, Eq. (6.9) simplifies as

AS() = Try, [(pn) — ) 10g(05)] — B Trysens [p(k —1)® peg x /0 S e_”hds] .
k=1

6.11)

As a consequence, using also (6.5), we immediately get
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Proposition 6.10. Suppose Assumption (E) is satisfied. Then for any initial state p € B'(bs),

A
AS = lim — 250

n—0o0 nt

= BAW. 6.12)

3. Random situation

T
A direct application of Proposition 6.6 with A = 8 / e e ds gives
0

Proposition 6.11. Suppose that p(L(w) € Mgy) > 0. Then, for any initial state p, the mean
entropy production per unit time exists P-almost surely and equals

1

AS = —
E(r)

E <5Trh5®hg [p3,+ ® ps X f e””q>e””ds]> ) (6.13)
0

As for the external work, the entropy production is also deterministic. Comparing (6.13) with
(6.7), one can recognize a sort of 2nd law of thermodynamics. If in particular the inverse temperature
B of the various subsystems is not random (i.e., we are at equilibrium), then AS = BAW as expected.
Of course, if g is not constant, we are in a non-equilibrium situation and the fact that there is no
clear relation between AS and AW should not come as a surprise.

Exercise 6.12. Consider the two situations of Exercise 3.7. Prove that in case (1) AS = 0 and
in case (2) AS = MCOV (,3, lﬂ%ﬁo), where e is defined in (3.2). When does then entropy

production vanish?

C. Energy fluxes

When several reservoirs are present one is also interested in the energy transfer between the
various reservoirs. We shall consider here the following situation: RI systems with K “beams.” This
can be achieved in two ways: either assuming that foreachj =1, ..., Kthe (mK + j)-th subsystems,
m € N, are identical, or considering a random situation where the underlying probability space is
the set {1, ..., K} with the uniform probability measure. A third situation will be considered in
Sec. VII B where, besides the chain, the system S is also coupled to an extra reservoir.

1. Several beams I: Deterministic

The first non-equilibrium situation we consider is that of K ideal “beams,” or subchains. More
precisely, e, .., = be; he, i, = he;,...We denote by Ly, L,,... the corresponding RDM’s. The state
of S at time n is therefore

pn)=(LjoLi g0 LioLgo--oLi) (LjooLip), n=mK+j.  (6.14)

Obviously, the jth beam can exchange energy only when it interacts with S, that is in the time
intervals [#,x 4 1, tmk +j)- During such an interval, and if the system & is in a state p at the beginning
of the interaction, the amount of energy lost by that beam is

T .
SE;(n) = —Trysan, [p ® pe; X / e et ds] . (6.15)
0
The total amount of energy lost by the jth beam between time O and time ¢, is therefore
(n/K) y ‘
AEj(n) == ) Ty, [p(mK +j—1D®pe x / e e ih ds], (6.16)
m=0 0

and the energy flux in the jth beam is therefore (if it exists)

¢; = lim 2510

n—o00 tn
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Generically, in non-equilibrium situation, the usual limit n — oo of p(n) does not exist and
one has to resort to limits in the ergodic mean. However here, in view of (6.16), we are not only
interested in the limit of p(n) but also in the large m limit of the K subsequences p(mK + j). The
latter will depend on the spectral properties of the maps

,CNJ-:ﬁjO£j710"'£10£Ko"'O£f+1'

Proposition 6.13. Assume the map L ; satisfies Assumption (E), and let ,oé 4 denote its unique
invariant state. Then

. LT .
= Tr T ® pe X / e N ds |
¢J T4+ hs®be; |:IOS,+ Pe; ) J

In this situation, using (6.2) and (6.16), the total work between time 0 and time 7, becomes

K
AE(n) ==Y AE;(n)+ Try, [(p(n) — p(0)) hs]
=1

+Trhs®bgn+] [p(}’l) & PE, 1 Un+l] - Trhs@hel [p(o) ® P&, Ul] .

Similarly, if furthermore the initial states pg; are Gibbs states, the variation of entropy production
between time 0 and time 7, is

K
AS(n) = Tro,[(p(n) — p)log(ps)] — ) B;AE;(n).
j=1

As a consequence we get

Proposition 6.14. Assume the maps L ; satisfy Assumption (E). Then the mean work AW and
mean entropy production AS exist. Moreover, one has

K
AW==-Y"¢; and AS=-) B;¢,.

j=1 j=1
Remark 6.15. The non-equilibrium steady state of the system is ps + = % Zf:l ,o;;+.
Exercise 6.16. Consider again Example 2.3. Prove that L ; satisfies (E) iff vt ¢ 2xN. In that
case, prove that
j 1—ep

K—1
Ps+=71_ oK (Ps,m teopsp, Tt e ,OS“E;'TH) .

2 i —f—
Prove that ¢; = ]‘?’T((];eeog) Zf:](ZEkl — Z;jl)e([)j k 1], where [n] denotes the residue class mod K.

Calculate AW and AS. When does AS vanish?

2. Several beams Il: Random

As we mentioned, another way to have a non-equilibrium situation with K beams is to consider
a random situation where the underlying probability space is the set {1, ..., K} with the uniform
probablity measure. The calculation of the mean external work AW and of the mean entropy
production AS are thus particular cases of (6.7) and (6.13). It remains to define the various energy
fluxes and relate them to AW and AS.

According to (6.15), the energy lost by the jth beam during the time interval [, _ 1, 1,,), i.e.,
during the nth interaction, is

~Tryson,, [p(n —1,0) @ ps; x [/ M d; et ds], if E(w,) = E;

6.17
0, otherwise. ( )

SEj(n,w) = {
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The total amount of energy lost by the jth beam between time 0 and time ¢, is therefore
n
AE;(n,w) =Y SE;k, w). (6.18)
k=1

Introducing the random observable

) el @ e ds if E(wo) = &)
(o) =

0, otherwise,
we have
n
AEj(n, ) = =Y Tigsone,, [pk = 1.0) ® pey (@]
k=1
Using Proposition 6.6 we therefore have the following.

Proposition 6.17. Suppose that p(L(w) € Mg)) > 0. Then, for any initial state p, the energy
flux in the jth beam exists P-a.s. and is given by

1

¢; = —mE (Trosen, [Ps.+ ® pe x D)) (6.19)
= ;Trh@hg [ps +® pg, ¥ / it jeish ds:| : (6.20)
T4ty 5T ’ i 0
Moreover, one has
K K
AW ==>"¢;, and AS=-) Pp;.
j=1 j=1

Remark 6.18. Note the difference between the energy flux in this random situation compared
to the previous deterministic situation. In both case one calculates the expectation value of the

T N
observable / e j e M ds but not in the same state.
0

Exercise 6.19. Consider the random version of Exercise 6.16. Prove that

Eo(1 — ep) w
;= % Yz, -z, 6.21)
k=1

Calculate AW and AS. When does AS vanish?

One interest in considering the random situation rather than the deterministic non-equilibrium
situation is when one turns to linear response theory (and beyond). For example, do the Green-
Kubo formula and the Onsager reciprocity relations hold for repeated interaction systems? In
the deterministic setting, one should not expect neither the Green-Kubo formula nor the Onsager
reciprocity relations to hold because the system is not at all time reversal invariant. Indeed, the
various beams interact with the system S in a precise order: 1, 2, ..., K, 1, 2, .... It is therefore
reasonable to expect that a change (of temperature say) in beam 1 will have a greater influence on
the energy flux in beam 2 than on the one in beam K. In the same spirit, one expects that a change
in beam 1 will have a greater influence on the flux in beam 2 than a change in beam 2 on the flux
in beam 1. More precisely if, forj =1, ..., K, X; = B — p; denote the thermodynamical forces
and Lj; = % [ x=o are the kinetic coefficients, one would expect, e.g., |Lp;| > |Li2|, and the larger
K the greater should be the difference (beam 2 arrives right after beam 1, while we need to wait an
amount of time (K — 2)t before beam 1 comes back after beam 2). More generically, the further
beam j arrives after beam k the smaller |Lj| should be.



075204-43 Bruneau, Joye, and Merkli J. Math. Phys. 55, 075204 (2014)

Exercise 6.20. Calculate the kinetic coefficients in the deterministic non-equilibrium situation
of the toy model of Example 2.3 (the fluxes ¢; are given in Exercise 6.16). What do we observe?

This is why random situation is relevant: to restore symmetry and have a hope to prove Green-
Kubo formula and Onsager relations.

Exercise 6.21. Calculate the kinetic coefficients in the random non-equilibrium situation of the
toy model of Example 2.3 (the fluxes ¢; are given in (6.21)). What do we observe?

Open problem 7. Study the linear response theory of repeated interaction systems. Do the
Green-Kubo formula and the Onsager reciprocity relations hold? In which form? What is the
Sfluctuation theory for such systems (large deviations for entropy production, Evans-Searles and/or
Gallavotti-Cohen symmetry)?

Open problem 8. Analyse the non-equilibrium situation (several beams) of concrete models like
the One-atom maser model of Sec. VA: existence of a NESS, linear response theory, fluctuation
relations, etc.

VIl. THE LIOUVILLIAN DESCRIPTION AND APPLICATION TO LEAKY RI SYSTEMS
A. C*-dynamical systems and the Liouvillian approach

In this section, we give an alternative description of RI systems using the language of algebraic
quantum statistical mechanics, and starting from the C*-dynamical system formalism. The main
reason is to include an extra-reservoir R with which S will interact (leaky RIS) and get a unified
description of the full model. Besides adding an extra reservoir, this also allows for more general
systems, e.g., take the subsystems &, to be thermal reservoirs described by infinitely extended Fermi
gas, and even if it is not our main concern, show how to construct the full system, including the
infinite tensor product.

We first briefly recall some basic concepts of algebraic quantum statistical mechanics that we
need here. We refer to, e.g., Ref. 17 and 75 for a more complete introduction to the subject. A
C*-dynamical system is a pair (2, «') where 2( is a C*-algebra (describing the observables of the
physical system under consideration) and > «' is a strongly continuous group of *-automorphisms
of 2 (describing the evolution of the observables). A state of the system is described by a positive
linear functional o on 2 satisfying o(1) = 1. Following Ref. 53, a triple (2, o', 0), where g is an
invariant state (i.e., ooa’ = @), is called a quantum dynamical system.

Example 7.1 (Finite systems). Consider a quantum system described by the Hilbert space
b = C", the Hamiltonian h and the invariant state p =y p;|y;) (¥ ;| where {;} is an orthonormal
basis of eigenvectors of h. The corresponding quantum dynamical system is described by the algebra
of observables A = M, (C), the dynamics o'(A) = ™A e =™ and state o(A) = Tr(pA).

Example 7.2 (Free Fermi gas). Let Yy be a Hilbert space, later referred to as the one-particle
space, and h a self-adjoint operator on Y. The pair (b, h) describes one fermion. The Hilbert space
describing a gas of non-interacting fermions is the Fermionic Fock space T_(h) = @,-o A" . The
algebra of observables is the C*-algebra of operators U generated by {a*(f)| f € b} where ala*
denote the usual annihilation/creation operators on T _ (). The dynamics is the Bogoliubov dynamics
generated by the one-particle Hamiltonian h, i.e., given by o' (a*(f)) = a*(&"" f). It is well known
(see, e.g., Ref. 17) that for any B > 0 there is a unique (', B) — KMS state pg on 2, determined
by the two point function pg(a*(fa(f)) = (f, (1 + ePRIR)=1 £Y The triple (U, o', pg) is a quantum
dynamical system describing a free Fermi gas in thermal equilibrium at inverse temperature 3.

n>

Each component # = S, &, of the RI system will be described by a quantum dynamical system
(s, oz@, o#). The “reference” states oy determine the macroscopic properties of the systems, e.g.,
they are KMS states at some inverse temperature By4. We also assume that they are faithful states,
i.e., forany A € 2y, 04(A*A) = 0 = A = 0 (this would correspond to p > 0).
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To analyze the large time behaviour of the system, we will use a spectral approach. For that
purpose, it is convenient to have a “Hilbert space description” of the system. Such a description
is easy to obtain via the GNS-representations (we recall that the GNS (Gelfand-Naimark-Segal)
representation of a C*-algebra 2l associated to a state o is a triple (H, 7, V) where H is a Hilbert
space, 7 a *-algebra morphism from 2( to B(?), and ¥ a unit vector in H such that {7 (A)¥, A € A}
isdense in H and p(A) = (¥, 7 (A)¥) forany A € A) (Hy, s, Wy) of the algebras 24 associated with
the states px. Since the oy are faithful, the w4 are injections and we can identify 20y and mu(21y) (we
will therefore simply write A for 77 (A)). We set My = 74(As)” C B(Hz), where ” denotes the double
commutant. The 91 form the von Neumann algebras of observables. Finally, by construction, the
representative vectors Wy are cyclic for 9, and we assume that they are also separating vectors for
My, i.e., AUy =0 = A =0 forany A € M (note that since gy is faithful, this is automatic when
A € my(Uy)). Typically, the Wy describe the equilibrium states at some fixed temperature 7y > 0.

The free dynamics o}, of each constituent is implemented in the GNS-representation by a self-
adjoint operator Ly called Liouvillian, i.e., the Heisenberg evolution of an observable A € 914 at
time # is given by e’“* Ae~L#. In other words we have mu(ah(A)) = e’L#mry(A)e L+, Since the o4
were invariant states, one can also chose the Liouville operators Ly so that Ly Wy = 0 (actually such
an Ly is unique).

Example 7.3 (Finite systems, continuation of Example 7.1). In the GNS representation, the
Hilbert space, the observable algebra, and the Liouville operator are given by

H=h®H, M =B @1, L=h®l-1®h, 7.1

and the representative vector W by W = %" /p; ¥; ® V. (The morphism 7 is defined as w(A) =
A®L)

Example 7.4 (Free Fermi gas, continuation of Example 7.2). The GNS representation of a Free
Fermi gas is given by the so-called Araki-Wyss representation.” Namely, if Q denotes the Fock
vacuum and N the number operator on I'_(Y), the Hilbert space, the observable algebra and the
Liouville operator are given by

H=T_()®T_(H), M=n@)’, L=dl(h)®1—1@dl(h).

where
() =a (i f) @1+ (DY @ a* (7 f) = ap(f),

(7.2)
eBh/2

() =a* (o f) @1+ (DY @ a (s F) = a3,

and the representative vector is W = Q ® Q.

Each component of the RI system is thus now described by a von Neumann algebra (of observ-
ables) My acting on the Hilbert space Hy, a self-adjoint operator Ly on Hy which implements the
dynamics and a unit vector Wy € Hy which represents some reference invariant state. The Hilbert
space Heyy for the environment is then the infinite tensor product of factors H, , taken with respect
to the stabilizing sequence (Wg,),. The vector We,y = ®,,=1 V¢, is the reference vector for the en-
vironment, and the algebra of observables 1., of the environment is the von Neumann algebra
Meny = ®n=19Mg, acting on Heyy, which is obtained by taking the weak closure of finite linear com-
binations of operators ® , > 14,, where A, € Mg, and A, = 1y, except for finitely many indices.

To summarize, the non-interacting system is described by a von Neumann algebra 9t = Ms ®
Meny, acting on the Hilbert space H = Hs ® Heny, and its dynamics is generated by the (free)
Liouvillian

Lo=Ls+ Y Le,.
n>1

The operators governing the couplings between S and &, are given by operators

V, € Ms @ Mg,
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(If the system is initially given in the Hamiltonian formalism then V,, = ws ® mg, (v,).) The evolution
of the interacting system is thus generated by the Liouvillian

L) =Lo+ Y xu(t)Va.
n>1
In the same way as for the Hamiltonian description we will denote
Ly:=Ls+Le,+V, and L,=L,+Y Lg. (7.3)
k#n

so that L(t) = Z,, whent € [t, — 1, t,). We will also denote by U(z, 0) the associated propagator, i.e.,
fort € [t,, t, + 1), one has

U(t,0) = e t-mbrieminl . emink, (7.4)
Finally, we denote by
ah(A) = U(t, 00" AU(z, 0)

the evolution of an observable A € 9J1 at time ¢.

As in the Hamiltonian description, we now explain how to reduce the analysis of expectation
values of observables on S to the product of “Reduced Dynamics Operators” acting on Hs only.
In order not to muddle the essence of the argument, let us assume that the initial state of the entire
system is given by the vector ¥y = Ws ® W,y (see Refs. 20 and 22 for more details). If As € Mg
we thus want to calculate

(As)(n) := (Wo, afy(As ® Leny)Wo) (7.5)
— (‘I/(), eirnzn . ele AS ® ]lenv e—inZ, . e—ir,,z,l\po).

The first step consists in the following decomposition which serves to isolate the dynamics of
the elements £ which do not interact at a given time, and which is the equivalent of (2.4),

efir,,z,, B .e—inz] _ Un’e’i’L” .. emiTL Un+’
where
n—1 n
U =exp (—i D - tk)Lgk) . Ur=exp (—i D teale —ity Y Lgk> .
k=1 k=2 k>n

One easily sees that U," ¥, = W, and that U, commutes with As ® L¢yy, so that (7.5) can be written
as

(As)(n) = (o, &1 @™ Ag @ Tepy 7™ e ETg), (7.6)

The second step is to replace, for all n, the Liouvillean L, by another (non-self-adjoint) generator
K, of the interacting dynamics, called a C-Liouville operator, which satisfies the following additional

property:
K, Vs ® V¢, =0, (7.7)
that is, it “kills” the reference vector. The C-Liouville operator has been introduced in Ref. 53 to

study non-equilibrium steady states (NESS).

Remark. For the existence of such a generator, we refer to, e.g., Ref. 53. One can also get
an explicit expression for it in terms of the Liouvillean and the modular data of the pair (Mls ®
Me,, Ws @ W ).!7:5372

Since the operators K, are also generators of the dynamics, and using (7.7), (7.6) becomes

(As)(n) = (Wo, ™K1 .. el Ki(Ag @ Teny)Wy). (7.8)
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The last step is to use the independence of the various elements of the environment and to
rewrite (7.8) in terms of a product of “reduced dynamics operators” M,,. Let

P = ﬂHS & |"Ijenv><"penv| (79)

~

denote the orthogonal projection onto Hs ® CW,,, = Hg. If B is an operator acting on H, then we
identify PBP as an operator acting on Hs. Note that P¥( = W, hence

(As)(n) = (Wy, Pk ... el"Ki P(Ag @ leny)Wo).
The structure of RI systems gives
pelki . emKip = (PemKI Py x (P2 P) x - x (Pe™EP),

(this is nothing but the Markov property). Hence, introducing M; := Pe'"/Xi P (considered as an
operator acting on Hs), we finally get

(As)(n) = (Ws, My --- M, AsWs). (7.10)

We have thus reduced the analysis to the one of the product of the operators M, - - - M,,.

At first sight, and despite the fact that the operators M, give the desired reduction procedure,
their definition may look quite obscure. Actually they are nothing but the GNS version of the dual £;;
of the RDM’s £, as we shall now explain, see (7.11). We suppose that the RI system is given in the
Hamiltonian formalism. Let A, B € s = B(hs). We consider the quantity (rs(B)WVs, Mrs(A)Ws)
(we drop the index n to simplify notation). One can then write

(s(B)Ws, Ms(A)Ws) = (Ts(B) ® 1 Ws @ Weny, &K 75(A) © 1 Ws ® Weny)

= (T(B® DWs ® Wen, e 1(A @ De™ W5 @ Weny)
= (Vs ® Weny, 7(B* @ D (€™ A @ Te™™)Ws © Weny)
=Tr (,05 ® pey X BE@ L xe™A®1 e_irh)
=Tr(psB* ® peny x €™ A@1e™)
= Tr (psB*L*(A))
= (Vs, 7s(B*L*(A)Vs)
= (ns(B)Vs, 1s(L*(A)Vs).

Since W is a cyclic vector this proves that, for any A € s,
M : s(A)Ws > ms(L*(A)Ws. (7.11)

Of course, the properties of a RDM £ immediately translate into properties of M.

Proposition 7.5. The operator M is a contraction on the Banach space C = {AVs | A €
s} endowed with the norm |||9p||| = |||AWs]|| := |All. Moreover, 1 is an eigenvalue for M with
corresponding eigenvector Wg.

These two properties correspond, respectively, to the contracting and trace preserving properties
of L. Note also that when the small system has finite dimension the Banach space C is simply Hs.

B. Leaky RI systems

In this section, we consider the situation where, besides the repeated interactions with the
subsystems &, the system S also interacts with another reservoir R in a continuous way. Since the
reservoir will consist in an infinitely extended free Fermi gas, it is more appropriate in this section
to use the Liouvillian description of RI systems.
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The Liouvillian of the full system is thus now of the form

L=Ls+) L&+ ) xa)Vse, + Lz + Vor, (7.12)

n>1 n>1

where Ly is the generator of the free dynamics of the reservoir and Vsi describes the interaction
between the system S and the reservoir R. Note that R is not directly coupled to the subsystems &,,.
We will also stick to the situation where the repeated interactions are identical.

The motivation to study such systems is twofold. First, it describes for example a “One-Atom
Maser” in which one also takes into account some losses in the cavity, the latter being not completely
isolated from the exterior world, e.g., from the laboratory.*’ The assumption “R is not directly
coupled to the subsystems &,” is physically reasonable. Indeed, again for the “one-atom maser”
experiment, the idea is that the atoms are ejected from an oven one by one just before they interact
with the cavity and moreover the atom-field interaction time t is typically much smaller than the
damping time due to the presence of the heat reservoir. Therefore, the atoms do not have enough
time to feel the effects of the reservoir before and during their interaction with the field.

A second motivation is the study of non-equilibrium quantum systems. Suppose S is brought
into contact with several reservoirs R;, each of them being in a thermal equilibrium state but with
different intensive thermodynamic parameters. The interaction between S and the various reservoirs
is most often “continuous,” i.e., S and the R, interact for all time (said differently the generator of
the interacting dynamics is time-independent). We have also considered in Sec. VIC the case where
the various reservoirs are all of the repeated interaction type (chosing, e.g., reference states which are
randomly distributed with uniform distribution over a fixed set py, . . ., px). In the system considered
in this section, we have a situation with two reservoirs of different nature: one is described by a
RI system and the other one interacts with S in a continuous way, and we want to understand the
relative effects of these two reservoirs.

In a sense, one can consider this entire system as a RI system but where S has been replaced
by S + R, i.e., the “small” system becomes large as well. The general approach to RI systems, as
described in Sec. VII A, can therefore be used. However, the reduced dynamics operator M now
acts on the space Hs ® Hg and, as we shall see, its spectral properties are of course much more
complicated. The results presented in this section come from Ref. 23.

1. The additional reservoir

The reservoir R is a thermal reservoir of free Fermi particles at temperature Tx > 0, in the
thermodynamic limit. Its description was originally given in the work by Araki and Wyss* (see also
Refs. 23 and 52).

The Hilbert space is the anti-symmetric Fock space B(Hz) = I'_(h) where & is an “auxiliary
space” (typically an angular part like L*(S?)). In this representation, the one-particle Hamiltonian %
is the operator of multiplication by the radial variable (extended to negative values ) s € R of hj. The
Liouville operator is the second quantization of &,

Lg = dI'(h) := anhm,

n>0 j=1

where 1% is understood to act as h on the jth factor of A" b and trivially on the other ones. The
von Neumann algebra 915 is the subalgebra of B(Hzr) generated by the thermal fermionic field
operators (at inverse temperature ), represented on Hy by

1
(gpr) = ﬁ[a*(gﬁn) + a(gpy)]-

Here, for g € L>(R ., ®), we define gp € hby

1 g(s) ifs>0
8B (S)Z\/f
" e frs 41 g(—s)ifs < 0.
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Finally, we choose the reference state to be the thermal equilibrium state, represented by the vacuum
vector of Hp,

Ve = Q.

Example 7.6. Consider a bath of non-interacting and non-relativistic fermions at inverse tem-
perature Br. The one particle space is hr = L*(R3, d3k) and the one-particle energy operator hp
is the multiplication operator by |k|*. The Araki-Wyss representation of this free Fermi gas is then,
see Example 7.4, Hg = T_(L}(R?, &°k)) ® I_(LX(R?, &k)), Mp = 7p, (A)" where 1 is defined
in (7.2), Vg = Q ® Q and the Liouvillean is Lz = dT'(hg) ® 1 — 1 ® dI'(h).

We now show how to get a description of the Fermi gas of the above form using the Jaksic-Pillet
gluing method.”’ We consider the isomorphism between L*(R?, d3k) and L*(R* x S2, ﬁdrdcr) ~
L*(R, ﬁdr; ®), where & = L*(S%, do), so that the operator hr becomes multiplication by r €
R*. The Hilbert space Hy, is thus isomorphic to

< (R, fdr 6)) ( (R, fdr 6)) (7.13)

Next, we make use of the maps a*(f) ® 1 — a*(f ® 0) and (—1)N @ a*(f) — a*(0 & f) to define
an isometric isomorphism between (7.13) and

- <L2(JR<+ “/_dr ®) @ L*R", £dr 05))
A last isometric isomorphism between the above Hilbert space and Hg :=T'_ (LZ(]R’ ds; @))
is induced by the following isomorphism between the one-particle spaces L*(R*, *Ldr; ®) @
L2(R*, ¥Ldr; ®) and LA(R, ds; &) =: b,

s[4 f@s) ifs >0,
f @ g+ h, where h(s) =

/2

Using these isomorphisms, one indeed gets the desired description of the Fermi gas.

g(—s) ifs < 0.

2. Translation analyticity

As already mentioned, the reduced dynamics operator M is now defined as an operator on the
larger space Hs ® Hr and will have more complicated spectral properties. To understand why, let
us switch off the interactions. Then clearly M = eirls @ el’Lr which, besides some eigenvalues, has
continuous spectrum equal to the whole circle S'. When turning on the interaction this continuous
spectrum survives. In order to separate it from the eigenvalues, we use analytic spectral deformation
methods, see, e.g., Refs. 11,53,64, and 79, and will resort to perturbation theory. For that purpose,
we therefore add coupling constants in the interaction, i.e., (7.12) becomes

L=Ls+Lr+ Z Le, + AsrVsr + Ase Z Xn(D)Vse,

n>1 n>1

and the perturbation will be in term of the coupling constant A := (Asr, Ase) € R2. We will also
write V(A) = Asr Vsr + Ase Vse and denote by M(A) the corresponding reduced dynamics operator.

The reduction process described in Sec. VII A makes use of another generator of the interacting
dynamics than the Liouvillian, the so-called C-Liouville operator. Its explicit form involves the
modular data (J, A) of the pair (Ms @ Mr @ Me, Vs ® Y ® W¢), see, e.g., Refs. 17 and 72.
More precisely, it can be written as

K=Ls+Lg+Le+VQ) —JA2v()A~I2T. (7.14)
In order to make it simple, we shall assume that

H) AZV)ATY? e Ms @ Mr @ Me.
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This ensures that K generates a strongly continuous group e'X
Hs ® Hr ® He (this assumption can certainly be relaxed, see Ref. 53).
Moreover, since we will be using analytic spectral deformation methods on the factor Hz of
‘H, we need to make a regularity assumption on the interaction. Let R 2 6 + T'(0) € B(Hr) be the
unitary group defined by

of bounded operators on

T®) =T ) on T_(L*R, &)),
where for any f € L*(R, &),
(e f)is) = f(s —0),

that is, we use the generator of translation. In the following, we will abuse notation and (for
simplicity) also write 7(0) for 1s ® T(0) ® 1¢ and Is ® T(6) ® Lepy. Note that 7(6) commutes with
all observables acting trivially on Hy, in particular with Psg = 1s ® Ig ® |Wepy) (Wenv|. Also, we
have T (0)Wr = Wy for all 6. The spectral deformation technique relies on making the parameter 0
complex.

(A) The coupling operator Wsr := Vsgr — JAY?Vsr A™1/2J is translation analytic in a strip
kg, = {z : 0 <Imz < 6y} and strongly continuous on the real axis. More precisely, there is a
0o > 0 such that the map

R360 T HOWspT () = Wsr(0) € Ms @ Mz,

admits an analytic continuation into 6 € ky, which is strongly continuous as Imf | 0, and
which satisfies

sup  [|[Wsr(0)] < oo.
0<Imb <6y

The reduced dynamics operator will also be deformed as
My()) = TO) ' MO)T®).

The ergodicity assumption (E) will now be written for this deformed operator My (A). More precisely,
we will assume that the following Fermi Golden Rule condition holds.

(FGR) There is a 8; € kg, and a A9 > 0 (depending on 6, in general) such that, for all A with 0
< |A] < Ao, My, (1) satisfies (E).

Of course, an important issue in the analysis of concrete models is the verification of this Fermi
Golden Rule assumption (FGR). Let us denote the eigenvalues of hs by Ey, - - -, E;. When 0 € «y,
and )\.SR = )nsg = 0. Then

My(0) = elTLs+Lr+0N) _ ¢itLs @ oitlrgitON
where N denotes the number operator on I'_(hz), and hence
sp(My(0)) = {5175} cn gy U e ™™™ 1 € R} jene.

The effect of the analytic translation is to push the continuous spectrum of My (0) onto circles with
radii e~ ¥™? j = 1,2, ..., centered at the origin. Hence the discrete spectrum of My(0), lying
on the unit circle, is separated from the continuous spectrum by a distance 1 — e~ "™ Analytic
perturbation theory in the parameters Asg, Ase guarantees that the discrete and continuous spectra
stay separated for small coupling. As a consequence a verification of (FGR) for concrete models,
like the one of Example 7.9, is done via (perturbative) analysis only of the discrete eigenvalues of
My(2).

3. Asymptotic state

Definition 7.7. An observable O is called analytic if the map 6 — T(8) ™0, where ¥, =
Vs @ W @ Weny, has an analytic extension to 6 € kg, which is continuous on the real axis.
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Note that for an obervable O = Os ® Or ® Oeny, since T acts on Hy only, this is equivalent to
T(9)~' O ¥, having such an extension. In particular, any observable on the small system is analytic.

Theorem 7.8. Assume that assumptions (H’), (A), and (FGR) are satisfied. Then there is a L
> 0s.2. if 0 < |A| < Ao, the following holds. There exists a state p . ; on Ms @ Mg such that for
any normal initial state o on I, and any analytic observable Osr € Ms @ My,

lim Q(aﬁf(OSR)) = 0+ (0sr) = (Y WITO) " Asp Vs ® W),

n—00

where Y (1) is the unique invariant vector of the adjoint operator [Mg,(M)]*, normalized as
(Y5, MVs @ Ur) = 1.

Example 7.9. We consider the leaky version of the system described in Example 2.3, i.e., the
subsystems S and &’s are 2-level systems and the reservoir is chosen as in Example 7.6. The
interaction Vsr between the system S and the reservoir is given by

Ver = (o ® Ic2) ® o(fp;) € Ms @ Mg,
where o, is the first Pauli matrix, f e L?(R3,d%) is a form factor, and fer €=
L*(R, ds; L*(8?, do)) is related to f € L*(R3, d*k) as follows:
1 |S|1/4 f(ﬁU) if s >0,
V21 +ePrs f(J/=so)ifs <0.

We will denote by A, instead of A the coupling constant in the interaction term between S and &, see
Example 2.3.
In order to satisfy the analyticity assumption (A) we need some assumption on the form

factor f.

(A?) Let fy be defined by (7.15), with pr = 0. There is a § > 0 s.t. e P*5/2 fy(s) € H?(8), the
Hardy class of analytic functions h : {z € C, |Im(z)| < 8§} — & which satisfy

(f8:(9) (0) = (7.15)

7]l 25y := sup f lh(s +i0)]|5ds < oo.
6]<s JR

If [ satisfies (A’), ||f(«/E)||2 = fsz |f(\/E 0)|?’do #0 and t(Ey— E) ¢ 2nZ*, then

Theorem 7.8 holds and the asymptotic state p . ;. is given by
prs. = (vpprs + (1 — J/),Oﬁ;,s) ® ppr, R + O(A),

where pgy is the Gibbs state of #, # = S, R, at inverse temperature B, Bg = %,Bg, and where y is
given by

A1V T /E T T(Eo — E)
= = VE|fWE), i = —sinc? [ ———— ). 7.16
Yy }\%Vth n A%)’ri Vth > llf( N Vr 3 ) ( )

Open problem 9. Consider the leaky version of the One-atom maser model of Sec. V A. Besides
the atomic beam, the cavity is coupled to an extra reservoir which traduces the fact that the cavity is
not perfectly isolated. This is particularly important if the atoms have a higher probability to be in
their excited state that in their ground state. Can one prove convergence to some stationary state?
One particularly relevant question is what is the statistics of the photon number in that stationary
state.

Open problem 10. A similar model of a cavity interacting with an atomic beam with or without
leaks has recently been investigated in Ref. 67 but with an atom-field interaction of the form
Ma + a*) ® b*b. This interaction has the advantage that it leaves the atom state invariant and
makes the mathematical analysis more tractable. Moreover, the leak is described in the Kossakowski-
Lindblad extension of the Hamiltonian dynamics, i.e., by adding a dissipative part to the field
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Hamiltonian, see, e.g., Ref. 72. Can one analyze a purely Hamiltonian version of this model adding
an extra reservoir to describe the leak.

Open problem 11. In the physics literature on the one-atom maser; it is argued that once the
leaks are taken into account the qualitative aspects of the photon number statistics is the same if one
considers that the interaction times of the various atoms with the cavity is constant or random.*
Study the leaky version of the One-atom maser + random interaction time and compare the photon
statistics to the one obtained with fixed interaction time.

Open problem 12. As a first step towards the understanding of the leaky cavity with random
interaction times, analyze RI systems with leaks and randomness for finite dimensional small systems
(under appropriate general assumptions).

4. Thermodynamics

External work
When we consider leaky RI systems, we need to turn to the Liouvillian description. It is then
natural to define the work observable as

W(n) = w(wn) = Uy, 0)" (Vi1 = Vi) U(ty, 0) = agy (Vg1 — Vo). (71.17)

If o is the initial state of the (entire) system, the power delivered to the system is therefore (if it
exists)

1 n
AW = lim — W(n)). 7.18
Jim = ;g( (n) (7.18)

Entropy production

We first need to generalize (6.9) to the case where the system is not described via the Hamiltonian
formalism.

If o and g are two normal states (a state o on a von Neumann algebra 9 is normal if it is
o -weakly continuous) on 2, the relative entropy of Araki of the state o with respect to o is denoted
by Ent(p|oo) (for finite systems, and if ¢ and o are given by density matrices p and pg, respectively,
then Ent(p|oo) = — Tr(plog p — plog pp).) We here adopt the same convention as in Refs. 17 and
53, so that Ent(p|oo) < 0. The reference state g will naturally be the vector state on 9t determined
by the vector Wy = Ws ® Wep,.

The analysis of the entropy production relies on the so-called entropy production formula™ (see
(7.19)) which we recall here for the sake of completeness. Consider a quantum dynamical system
(2, o', ). We moreover assume that  is a (—1, o/ )-KMS state for some C*- dynamics o/ with
generator §,,. Let V € Dom(§,,) and consider the perturbed dynamics &}, defined in the natural way

ol (A) = a’(A)+Zi"/ dﬁ/ldfz--'/n_l dr, e (V). [---[a"(V), A] -],
0 0 0

n>1

(if 8, is the generator of &', the one of o}, is 8, + i[V, -1). Then for any state 7,

t
Ent(n o a§,|a)) — Ent(n|w) = —/ n o ay (8,(V))ds. (7.19)
0

In the particular case of a composite system (A = ®; A and o' = ®; ;) where the reference state
o is of the form w = ® ; wy and where the wy are (B, o )-KMS states, one can take o' = ®y a,:ﬁ"'.
In the GNS-representation, if the o} are implemented by Liouvillians L, then o’ is generated by

L= BiLy. sothat (V) becomes —i Y~ Bi[Ly, V1.
k k
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In the RI setting (7.19) translates into the following formula which is the exact generalization

e Bshs
f (6.10) with = —:
Of (6.10) with ps = s

In

Ent(o o ag;loo) — Ent(e|0o)

= [Bao (e (Vo) — o (V) + (B, — Bs)e (ay(Ls) — o (L)) ] -
k=1

The latter can also be written as

Ent(o o ag;l00) — Ent(o|0o) (7.20)

== Beo W)+ Y Be.o (e (Vieyr) — oy (Vi)

k=1 k=1

+> (Be, — Bs)e (ap(Ls) — o' (L)) -

k=1

Note that Lg is a priori not an observable (Ls ¢ 9) and neither is af,(Ls). However, the
differences oc]g‘l(Lg) — af{l’ '(Lg) are observables. This follows from the fact that el™l« [ g e 1%L«
— Ls € Ms @ Mg, , which in turn is proven by noting that

Tk

T
et Lge ™ — Lg = / e iLy, Lsle™"dr = / M iV, Lsle " dr,
0 0

where [iVi, Ls] = —sels Vie 15|,y € Ms @ Me,.

Fluxes

Besides the external work and the entropy production, the presence of two environ-
ments/reservoirs induces other quantities of interest, namely, the heat fluxes. If the system were
described in the Hamiltonian formalism, one would define the variation of energy in the environ-
mentenv = & 4+ & + - - - and the reservoir R between time nt and (n + 1)7 as

8eR(n) = u((n + Dz, 0)*hgu((n + 1z, 0) — u(nt, 0)*hgu(nt),
8™ (n) :== u((n + Dz, 0)*he,,,u((n + 1)1, 0) — u(nt, 0)*he,u(nt).

For the energy variation in the environment, recall that between time nt and (n 4+ 1)t only the
(n + 1)-th subsystem interacts with S and can thus exchange energy. In the Liouvillian description,
one thus defines § E*(n) = m(8¢*(n)) for # = R, env. As a consequence of Theorem 7.8, we have
the following.

Proposition 7.10. If (H”), (A) and (FGR) are satisfied and if the commutators [Vsr, Ls] and
[Vsr, Lr] define analytic observables, then for any normal initial state o,

n

) 1 1 .
AE*:= lim — > " o(AE*(n)) = —py 1 (Pspj*Psg).  #=TR.env,
n—-oo ntT — T

where
T T
jenv = 1/ Olltu([)nggv‘gg, L¢])dr, jR = 1/ altu([)MSRVSRv Lz])dr.
0 0
The external work is
1
AW = ;p+,,\(Ps7zV()u)PSR - PSRWEI(V()»))PSR),

and we have

AW = AE® + AE™.
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If moreover, the reference states are KMS-states at inverse temperatures Bs, Br, and Be, the entropy
production AS exists and satisfies

AS = Be AE™ + BrAER.

As expected, the energy gain in the system (due to the external work) is shared between the
reservoir R and the environment. However, contrary to the ideal case, the external work may be
positive or negative (one can pump energy from the reservoir R).

Example 7.11. Consider the system described in Example 7.9. Under the same assumptions, i.e.,
if f satisfies (A*), | f(WE)% = [ | f(VE 0)*do # 0 and ©(Eq — E) ¢ 2rZ*, then Proposition
7.10 holds. Moreover,

AE™ = kEq (e —ePE) 4 oY),
AER = kE (e FE — e PrE) 4 oY),
AW = k(Eg — E) (e7P*F — e %E) 4 0(33),

AS = k(BLE — BRE) (e P*F —ePE) + 007,

where k = ! X ! A%Vth x k%yri
L4+eRE " 14ePE  Adyy + Adys
Remark 7.12.

1. The constant k is positive and of order \*. Moreover, it is zero if at least one of the two coupling
constants vanishes (we are then in an equilibrium situation and there is no energy flux neither
entropy production).

2. The energy flux AE®™ is positive (energy flows into the environment) if and only if the reservoir
temperature T = ,3751 is greater than the renormalized temperature T; = (;3;)’1 of the
environment, i.e., if the reservoir is “hotter.” A similar statement holds for the energy flux
AE™. Note that, as for the ideal case, it is not the temperature of the environment which plays
a role but its renormalized value.

3. When both the reservoir and the environment are coupled to the system S, i.e., AiAy # 0, the
entropy production vanishes (at the leading order) if and only if the two temperatures Ty and
T are equal, i.e., if and only if we are in an equilibrium situation. Once again, it is not the
initial temperature of the chain which plays a role but the renormalized one.

4. As mentioned above, the external work can be either positive or negative depending on the
parameters of the model.

VIIl. RI SYSTEMS AND THE QUANTUM MEASUREMENT PROCESS
A. Introduction and main results

Many experiments in physics are based on scattering mechanisms. A system of interest (the
scatterer) is subject to a beam of scattering probes, interacting one by one with the scatterer. Before
the interaction, the probes are prepared in a desired state and after the interaction they carry some
information of the scatterer. A concrete physical setup is given by atoms (probes) shot through a
cavity containing an electromagnetic field, the modes which interact with the atoms forming the
scatterer, see also Sec. V A. We can describe this situation with a repeated interaction model: the
interaction of each probe with the system is governed by a fixed interaction time T > 0 and a fixed
interaction operator V. To obtain a “readout” of the probes, we perform a quantum measurement on
the outcoming probes. The result of the measurement of the nth probe is a random variable, denoted
X,,, and the stochastic process {X, }, > 1 is the measurement history. We consider the incident probes
to be independent (unentangled) and in a stationary state with respect to their own dynamics.
However, due to the entanglement of the probes with the scatterer during their interaction, the X,, are
not independent random variables. We study systems with only finitely many degrees of freedom
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involved in the scattering process. This means that the Hilbert spaces of pure states both of the
system and each probe are finite-dimensional. The measurement of a probe is a von Neumann, or
projective, measurement associated with a self-adjoint probe observable M. The eigenvalues m of
M are the possible measurement outcomes. The random variables X, have finite range (spec(M)).
Similar repeated measurement processes can be addressed in the continuous limit as well. They
give rise to quantum systems undergoing continuous measurement processes described by certain
stochastic quantum evolution equations. See for example the review,'” and Refs. 73 and 74 for more
recent results.

In this section, we analyze the asymptotic properties of the measurement process. We show that
it is generically not convergent and we analyze the fluctuations of the measurement history, provoked
by the scattering process, by analyzing the measurement frequencies. The results presented in this
section are found in Ref. 65.

It is assumed that the interaction allows for energy exchanges between the probes and the
scatterer. More precisely, we suppose that condition (E) of Sec. III A is satisfied.

Note that, according to Theorem 3.2, the approach to the final state is exponentially quick. An
important consequence of assumption (E) is that the scatterer loses its memory. Suppose that we
make a measurement at time / and a second one at time m > [. During the time span between the
two measurements the scatterer follows the process of relaxation to its asymptotic state. It therefore
erases correlations between the two measurements, and this more and more as m — [ increases.
It is thus plausible that the outcomes X; and X, are becoming “more and more independent” with
growing time-distance m — [. Let P be the probability measure associated with the process { X, },>1.
A measure for the independence of X; and X, is

|P(X; € A, X,, € B)— P(X, € A)P(X,, € B)|,

for subsets A, B C spec(M). The smaller this number is, the “more independent” the random
variables X, X,, are.

We make these ideas precise in the next result. Let 0 (X,, . . . , X;) be the sigma-algebra generated
by the random variables X, ..., X, 1 <r <s < o0.

Theorem 8.1 (Decay of correlations). Suppose that Condition (E) holds. Then there are
constants ¢,y > 0, such that for | <k<l<m<n<oo,A€eo(Xy,...X))andB e o(X,,, ..., Xp),
we have

|[P(AN B) — P(A)P(B)| < cP(A)e 7D, 8.1

As expected from the above discussion, the rate y in (8.1) is linked to the convergence rate of
the dynamics without measurement (Theorem 3.2).

The tail sigma-algebra is defined by 7 = N,>10(X,,, X,+1, .. .). Decaying correlations imply
the Kolmogorov zero-one law: Assume the decay of correlations (8.1). Then any tail event A € T
satisfies P(A) = 0 or P(A) = 1. In textbooks, the Kolmogorov zero-one law is usually presented for
independent random variables.'® However, an adaptation of the proof yields the result for random
variables with decaying correlations. It is not necessary that the correlations decay exponentially
quickly for this result to hold, all that is needed is that the left side of (8.1) tends to zero as m — [
tends to infinity, see Ref. 2. The tail sigma-algebra captures convergence properties. For instance,
given any possible outcome m € spec(M), the set {lim,X,, = m} is a tail event. According to the
zero-one law, it has probability either zero or one. Generically, the probability of convergence is
zero. This is due to the transmission of statistical uncertainty of the incoming probes to the outgoing
ones. One can explain this mechanism as follows.

Let wi, be the state of the incoming probes. Denote by Eg the spectral projection of the
measurement operator M associated with S C spec(M) and write E,, = E{,,) for m € spec(M). In
absence of interaction (when V = 0 or t = 0), the X; are independent random variables. We show
in Proposition 8.5 that the dependence generated by the interaction with the scatterer is small for
small interactions, uniformly in time n > 0, which means that

P(Xy =m) = on(Ey) + O(IVID)
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and that
P(Xpp1 =m, Xy =m) = P(X,p1 =m)P(X, =m)+ O(|V]D).
It follows that we have

P(Xn—H = Xn) = Z P(XrH—l =m, X, = m)
mespec(M)

= Y QUEN+ OV

mespec(M)

The numbers wiy(E,,) are probabilities. Therefore, >, a)izn(Em) = 1 if and only if w;,(E,,,) = 1 for
a single my, while for all other m, w;,(E,,) = 0. This means that P(X,, + | = X,,) < | for small V,
whenever there are several m with w;,(E,,) > 0. Together with the zero-one law, this implies that
P(X,, converges) = 0 whenever the incoming state is not localized in a single subspace of M (and V
is small enough). Note that if m is a simple eigenvalue of M with associated eigenvector ,,, then
win(E,y) = 1 is equivalent to wi,(+) = (Y, - V). Statistical fluctuations in the incoming probes
(mixture of states localized with respect to measurement values) thus get transferred to outcoming
probes, even in the limit of large times. The following is a more general statement of this fact.

Theorem 8.2. Assume Condition (E) holds. There is a constant C s.t., for any S C spec(M)
with win(Eg) # 1 if |Vl = C(1 — win(Ey)), then

P(X, € S eventually) = 0.

The result on non-convergence of X, explained before Theorem 8.2 is a special case of Theorem
8.2 when S = {m}, m € spec(M). We mention that our analysis also gives a condition under which
P(X, € S eventually) = 1, see Ref. 65.

The process X, carries information about the scattering process, encoded in the relative occur-
rence of a particular measurement outcome. We define the frequency of m € spec(M) by

1
fw = lim —{numberof k € {1,...,n}s.t. Xx =m}.

n—-oo n

[ 1s arandom variable and the limit is in the almost everywhere sense. The following result analyzes
the influence of the scattering process on the frequencies.

Theorem 8.3 (Frequencies). Assume that condition (E) holds and denote the resulting asymp-
totic state of the scatterer without measurements by w . . Then f,, exists as an almost everywhere
limit and is deterministic (not random), given by

fm =wy ® win(enHEme_le)'

Here, H is the Hamiltonian of the interacting scatterer-probe system.

Remark. One can show the following more general result: For any m > 1, S;,..., S, C
spec(M),
.1 .
lim —{numberof j <n+ms.t.X; €Si,..., Xj4m € Su}
n—-oo n '
= w4 ® Wiy * -+ ® a)in(eiTHl N eitH"lESl e EsmefiTH'" e efiTHl),

where H; is the free Hamiltonian of S and m probes £ plus the interaction of S with the jth probe.
The next result examines the average of the measurement process. Let

— 1
X, = ;(Xl +o+ X)) (8.2)

be the empirical average of the process {X,}.
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Theorem 8.4 (Mean). Assume that Condition (E) holds and denote the resulting asymptotic
state of the scatterer without measurements by w ... Then we have a law of large numbers,

lim X, = foo 1= 0y @ wip(e™ Me™TH),

n—o0

where the limit is in the almost everywhere sense. Note that fheo = Y miMf.

Relation to other work. Our approach is based on the repeated interaction setup developed in
Refs. 20-23. While we show mixing of the measurement process, ergodicity has been analyzed in
Ref. 61. In Refs. 13 and 14, a measurement process is considered as well. The analysis in the latter
references is based on the theory of classical stochastic processes (law of large numbers, martingale
convergence, large deviation principle). The two mathematical approaches are completely different.
The main difference in the models is that we consider energy exchange scattering processes (our
assumption (E)), in contrast to the non-demolition models treated in Refs. 13 and 14. The non-
demolition assumption assumes that there is a preferred basis of system states, called pointer states,
which is preserved by the interacting system-probe dynamics. The pointer states remain unchanged
under the successive measurements and evolution. As a consequence of this assumption, the system-
probe interaction operator commutes with the system Hamiltonian, so there is no energy transfer
between the system and the probes. Assuming this manifold of invariant states, it is shown in Ref. 13
that any initial state of the system converges, under the repeated measurement evolution, to one of
the pointer states. The measurement outcome determines which pointer state is chosen. The results
are derived for a homogeneous model (same setting for each interaction cycle) and under a “non-
degeneracy condition.” They are generalized in Ref. 14 to non-homogeneous settings and without
the non-degeneracy condition. Our assumption (E) is in some sense exactly the “opposite” of a
non-demolition assumption. Namely, it forces the dynamics (without measurement) to have a single
stationary state (as opposed to an entire basis of stationary states). Both assumptions are reasonable,
but they describe different physical situations. As pointed out in Refs. 13 and 14, the non-demolition
setting is realized in some experiments in quantum optics. Our setting describes scattering processes
where energy is exchanged. A typical example is that of a “one atom maser,” where atoms (probes)
interact with modes of the electromagnetic field in a cavity (system) by exciting the field modes,
leading to subsequent photon emission.®® These processes necessitate energy exchange. A famous
model describing this situation is the Jaynes-Cummings model, in which energy is not conserved.
We discuss in some detail a truncated Jaynes-Cummings, or “spin-spin” model, in Sec. VIIIC. We
mention that in Ref. 13 the incoming states are taken to be pure (they may be selected randomly
from a set of pure states in Ref. 14), while in our work, incoming states may be mixed. As we
have explained in the Introduction above, the statistical uncertainty in the mixed incoming states
contributes to the fluctuation of the measurement process.

B. Rl system setup
1. Multitime measurement process

We use the Liouvillian formalism introduced in Sec. VIL. In the present setup, both the Hilbert
space of the system, Hs = hs ® hs, and that of a single probe, Hs = he ® he (called “element” in
the above-mentioned section), is a finite-dimensional GNS Hilbert space. The doubling of the space
is explained in Sec. VII A, see (7.1). We consider an initial system-probes state of the form

Yy = Vs ®,=1 BV, (8.3)
where Ws and W; are reference states which are cyclic and separating for
Ms =Bhs) ®1s  and Mg = Bhe) @ L,

respectively. In (8.3), B belongs to the commutant algebra 9. It is not necessary to consider an
infinite tensor product as in (8.3), as at any finite time, only finitely many probes have to be described,
see also the remarks before and after (2.3). The Hilbert space containing the vector W is built using
the stabilizing sequence ®,>1 BW¢, and it is not the same as the one obtained from ®,,>; W¢. However,
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none of our results depend on this distinction. The repeated interaction Schrodinger dynamics is
given by

\pn =U,--- U2U1‘~I—’0, (84)

with unitaries Uy = e 71%, see also (7.3) and (7.4). So far, the measurements have not been in-
troduced. For general information about quantum measurements, we refer to Refs. 25 and 70. Let
M € B(he) be a self-adjoint “measurement” operator with spectrum

spec(M) = {my, ..., m,},

where 1 < u < dim b (distinct eigenvalues). Let S be any subset of spec(M) and denote by E the
spectral projection of M associated with S. We will simply write Eg for Eg ® 1¢, i.e., Es € Mg.

The entire system is in the state W initially and the following experiment is performed: the
system evolves according to U; and then a measurement of the observable M is made on the
outcoming probe, yielding a value in S; C spec(M). Then the system evolves according to U,
and after this evolution a measurement of M is made on the outcoming probe and yields a result
lying in S, C spec(M). This procedure is repeated n times. According to the principles of quantum
mechanics, the probability for obtaining the multitime measurement result lying in Sy, ..., S, is
given by

P(Si,...,S) = | Es, Uy Es,Us Es, Uy %o . (8.5)

Furthermore, if this probability is nonzero (so that the outcome of the specific experiment is actually
realizable), then the state of the system immediately after the nth measurement is given by the
normalized vector

v — Es Uy Es,Us E5 U1 Wy
! PSS, S0
We have Egpecmy = 1, which corresponds to the situation where at the given time step no mea-

surement is performed. The stochastic process associated with the measurements is constructed as
follows. Let

(8.6)

Q=3 ={o=(0,w,...) : wj € spec(M)}
and let F be the o -algebra of subsets of Q2 generated by all cylinder sets of the form
{weQ :wef,...,0, €8, neN, S§; Cspec(M)}.

On (2, F) we define the random variables X, : Q — spec(M) by X,,(w) = w,,forn=1,2,... The
random variable X, represents the outcome of the measurement at time-step n. The finite-dimensional
distribution of the process {X, }, > 1 is given by

P(X,e€81,....X,€8,)=P(S1,..., S, 8.7
forany n € N, any subsets Sy, . .., S, of spec(M), and where the right-hand side is defined in (8.5).
P extends uniquely to a probability measure on (€2, F) by the Kolmogorov extension theorem.
2. Representation of joint probabilities
Let
U, = E5 U, - - E5,U; W,

Taking into account that the initial probe state is invariant under the dynamics generated by L¢, and
proceeding as in (7.5)—(7.10), one shows that

18, |1 = (Weer, [PyB*BE™  Eg, Py]-- - [P, B*Be'™  Eg, P, W), (8.8)
where P; is the projection acting trivially on all factors of

H=HsQHcQHes®---
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except on the jth Hg, on which it acts as the rank-one orthogonal projection onto W¢. The reference
vector is given by

Yiep = Vs ®_; e

The operator K is given as in (7.7) and (7.14). We leave the details of the derivation of (8.8) as an
exercise. This yields the following representation for the measurement probabilities (8.5):

P(St,....8) = (Ws, Mg, -+ Mg, Ws), (8.9)
where
Mg = PB*Be"™  EgP (8.10)

for S C spec(M). Compare also with (7.10). Here, we view Mg as an operator acting on Hs only
and we write P = |W¢) (W] (see also (7.9)). We will write simply

M = PB*Be"fp

for Mpec(ar). Formulas (8.9) and (8.10) are the basis for the further analysis of the measurement
probabilities.
The following is an easy perturbative result.

Proposition 8.5. Let A; € 0(X;),j > 1. For any k > 1, there is a constant Cy such that

sup |[P(Ap, ..., Apsi) = P(Ap) - P(Ap)| = CelIV -

n>1

Exercise 8.6. Prove the above proposition.

3. Analysis of joint probabilities

In analogy with Proposition 7.5, we have the following result.

Lemma 8.7. The spectrum of Mg, (8.10), lies in the closed unit disk centered at the origin of the
complex plane. For S = spec(M), i.e., Es = 1, we have in addition MVs = Vs.

We consider the probability P(X,, € Seventually), for S C spec(M). This quantity can be
expressed using the Riesz spectral projections IT and ITg of the operators M and My associated with
the eigenvalue 1. They are defined by

1
o= f (c= Mg 'dz, T = Myeeiun, ®.11)
JT1

where the integral is over a simple closed contour in the complex plane encircling no spectrum of Mg
except the point 1. If 1 is not an eigenvalue, then I1g = 0. For the next result, we recall the following
definition:

{X, € Seventually } = {w : there exists a k s.t. X,,(w) € S forall n > k}.

Lemma 8.8. We have P(X, € S eventually) = (Vs, IT1I1g Ws).
Outline of proof. {X,, € Seventually} is the increasing union (in k) of {X,, € SVn > k}, so
P(X, € S eventually) = klim P(X, € SVn = k).
—00

Next, {X,, € SVn > k} is the intersection of the decreasing sequence (inl) {X,, € S,n =k, ..., k +
1}, so

P(X, € Seventually) = lim lim P(X, € S, n=k, ..., k+1).
k—00l—00

By using the representation (8.9) and the fact that M*, M¥ converge to their Riesz projections
associated with the eigenvalue one, as k — oo, one reaches the expression given in Lemma 8.8.
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Given a measurement path X, = m, ..., X, = m,, the system state is

(Ws, M, --- M, AVs)
wy(A) = , (8.12)
(Ws, My --- M, W)
where A is any system observable and M; = M{,,,). The randomness of the measurement paths
makes the system state w,, a random variable.

Lemma 8.9 (Evolution of averaged system state). The expectation of the system state, E[w,],
equals the state obtained by evolving the initial condition according to the dynamics without
measurement.

Proof of Lemma 8.9. Since P(X| =my, ..., X, =m,) = (Vs, M, --- M, Vs) we have
(Ws, My --- M, AVs)
(Ws, My --- M, Ws)

Elo (Al = Y PXy=my, ..., X, =m,)

= Y (Vs My M,AWg)

my,...,ny,
= (Ws, M"AVs). (8.13)
In the last step, we have used that

> My =) PB*BeXE, P =PB*B™ P =M.

The right-hand side of (8.13) is the single-step dynamics operator of the system without probe
measurements. a
4. Outline of proof of Theorem 8.1
We shall only prove
|P(ANB) — P(A)P(B)| <ce V"™ (8.14)

and refer to Ref. 65 to explain the extra factor P(A) on the right-hand side of (8.1).
We consider the simplified situation where A = {w: X; € §;} € 0(X;) and B = {w: X,,, € S} €
o (X, for S;, S, C spec(M). Then

P(ANB) = (Ws, M'""' Mg M"™ =" Mg Ws). (8.15)

We now approximate M"~!~! by its value for large m — I. Using Assumption (E) and since
MWgs = Wg, one can write, see also Theorem 3.2,

IM* — |Ws) (W] || < Ce™7 . (8.16)

for some y > 0 and where W% is the unique vector such that M*W3 = W3 and <\If§, \IJS> =1
(IWs) (WZ| is the Riesz spectral projection associated with the eigenvalue 1 of M). Inserting (8.16)
in (8.15), we obtain

P(AN B) = (W, M'™" Mg, Ws) (W5, Ms, Ws)+ O 7" ). (8.17)
From (8.9) we get
(Ws, M'™" Mg Ws) = P(A), (8.18)
and, since W is normalized, we have
(W5, Mg, Ws) = (Ws, (1Ws) (W5 Ms, Ws) = (Vs, M" ™' M, Ws) + Oe™7™)
= P(B)+ 0@E™"),

where we have used again (8.16) in the second step. Combining this with (8.18) and (8.17) shows
that (8.1) holds for this simplified case.
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5. Outline of proof of Theorems 8.3 and 8.4
We have

1 n
Elful = lim = D0 D x(mpPXy=mi,... Xy =m),

M,y my, j=1

where x(m;) is the characteristic function, taking the value one if m; = m and zero other-
wise. The double sum equals Z';:l ka’k# P(Xy=my,....,X;=m,...X, =m,), which is
i (Ws, MITI M, Ws). As %Z';:O M/ — T1 = |Ws) (V5| as n — oo, where W} is the invari-
ant vector of M*, (see also (8.16)) we obtain E[ f;,] = (¥%, M,, Ws). Using that M,, = PB*Be'"¥E,,.P,
see (8.10), we arrive at

E[fu] = (V5 ® Ve, B*Be"™ E,, Us ® W)
= (V ® Vg, B*Be'™E,.e T s ® W)
= wy ® W™ E,e ).
(Here, L = Ls + Lg + Vs is the Liouvillian, see also (8.3)). This shows convergence of f,, in
the mean. To upgrade this to almost-everywhere convergence, one can use a probabilistic “fourth

moment method” (see Ref. 65).
To prove Theorem 8.4, we note that

— 1
E[X, == Y (mi+-+m)PX;=m...,X,=m,)
n

1 n ) )
— Z(\ys, M7 PB*Be"™f M PWs).
nig
Proceeding as above in this proof, one sees that the limit n— oo of the right side is w; ®
win(eerMeﬂtH).

C. The spin-spin model

In this model both the scatterer and the probes have only two degrees of freedom participating
in the scattering process. The pure state space of S and £ is C2, and the Hamiltonians are given by
the Pauli o, operator,

HS:H5:<(1) _01>. (8.19)

These Hamiltonians are the same as those introduced before (2.9) (modulo an additive constant, and
where Ey = E = 2). The interaction between S and £ is determined by the operator

AV =4 (ag Qasc+as® aé) , (8.20)

with coupling constant A € R, and where

00 N 0 1
as,5=<1 O)’ ag,g=<0 0) (8.21)

are the annihilation and creation operators. The interaction is the same as the one taken after (2.9).
In the true Jaynes-Cummings model, the system S has infinitely many levels (harmonic oscillator),
see Sec. V A and also, e.g., Ref. 70. The total Hamiltonian H = Hs + Hg + AV describes exchange
of energy between S and &, while the total number of excitations, N = agas + agag, is conserved
(commutes with H). This allows for a treatment of the system separately in the invariant sectors N
=0,1,2.
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For an arbitrary probe observable X € B(C?), we write X;; = (¢;, X¢;), where ¢}, ¢, are the
orthonormal eigenvectors of Hg (with Hgg; = ¢;). Incoming states are invariant, determined by p
€ [0, 1] via

oin(X) = pX11 + (1 — p)Xn, (3.22)

where X € B(C?) is an arbitrary probe observable.

We will use the notation and definitions of Sec. VIII B in what follows. In particular, the single
time step operator My is defined in (8.10). For the following explicit formula, we take the reference
state W to be the trace state:

1
s = —(01 @91 + 9 @ p).
s ﬁ(¢l P+ 92 ® ¢)

Theorem 8.10 (Explicit reduced dynamics operator). Set ¢; = ¢; ® @; and let X € B(he) so
that X ® 1¢ € Me. In the ordered basis {¢11, 912, 921, P22} we have

PB*Be™® X @ 1z P = win(X)e'™hs + (8.23)
(I = p)Xxna (1= p)Xa1b

—pXpe?tisin(At) eZT(cos(AT) — Dwin(X)

pXoie 2Tisin(AT) 0
—pXna —pXab
—(1I = p)Xnb —(1 = p)Xiia
0 (1 — p)X1,e*isin(LT)

)

e 2T (cos(At) — Daim(X) —(1 — p)Xare ATisin(At)
lezb lela

where a = — sin?(At), b = —isin (AT)cos (AT). (On the right-hand side, we have a matrix with
four columns.)

The proof of Theorem 8.10 is a direct calculation. The quantity (8.23) is the single-step dynamics
operator as a function of the incoming probe state (determined by B, or, p), and a general operator X
on the outgoing probe. If X is the spectral projection associated with a measurement operator, then
one obtains the single-step dynamics for the measurement process.

For X = 1, one obtains the single-step dynamics operator without measurements. In this case,
X;; =0for i # j, and the matrix reduces to a simpler form. One easily verifies that the Riesz projection
of M = PB*Be'™8 P associated with the eigenvalue one is [T = |Wgs) (W3|, where W is the trace state
given before Theorem 8.10 and

VE=V2(per1 @ g1+ (1= p)gr ® ).

(Note that W§ is an eigenvector of the adjoint of (8.23) with eigenvalue wi,(X), for general X.) The
asymptotic state of S, in absence of measurements, is given by

wi(A) = (V5 (A® 1s)Vs).

This follows easily by taking the limit n — o0 in (8.12) with M; = M. By using the explicit form of
W§ above, this gives oy = wj, (see (8.22)). Therefore,the incoming probe state is copied onto the
scatterer after many interactions. This result is non-perturbative and holds for all A € R. Intuitively,
the result is explained as follows. Consider for instance the incoming state of probes to be spin up.
The effect of the interaction (8.20) is to de-excite them into the ground (or spin down) state, while
the scatterer does the opposite, passing from the ground to the excited state. After some scattering
interactions, the scatterer thus tends to be in the state up.
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In view of Theorems 8.3 and 8.4, the frequencies and asymptotic mean are determined by w
® win = win @ wiy. In the present model, it turns out that this state is invariant under the coupled
dynamics, namely,

oin ® win(e" AeT) = win ® win(A), (3.24)

for all r € R and all system-probe observables A. To see (8.24), we note that the density matrix
representing the state wi, ® wi, has the expression

Pin ® pin = 2(p — 1/2°N?> = (p —1/2)3 = 4p)N + (1 — p)’,
where N is the total number operator (see before (8.22)).

Exercise 8.11. Show that the density matrix of wi, Q@ Wiy IS Pin ® Pin-
Since the Hamiltonian H commutes with N, the propagator e/ commutes with pj, ® pi, and
(8.24) follows. Therefore, by Theorems 8.3 and 8.4, we obtain, for any measurement,

fm = win(Em)y Moo = win(M)'
In a sense, the scatterer becomes “transparent” after many interactions with the probes.

Resonant and non-resonant system. If At is a multiple of 7, then (8.23) reduces to PB*Bel™KXP
= wip(X)diag(1, £ 1, £ 1, 1) with plus and minus signs if the multiple is even and odd, respectively.
Then, by using the expression for P(X; € Sy, ..., X, € S,) given in (8.9), it is readily seen that
the random variables X; are independent, and P(X; € S) = win(Es). When At € 7 Z, the system is
called the resonant, otherwise it is called non-resonant. This is the same terminology as used in
Sec. VA, Definition 5.1, and also Ref. 24. One can understand the resonant regime as fol-
lows: consider the dynamics on S and a single probe &, generated by the Hamiltonian H =
Hs + Hg + 1V. The probability of transition from the initial state g5 ® ¢f, where the S is in
the ground state and £ in the excited state, to the opposite state gof ® (pf , at time 7, is given by
P = |<<p‘lS ® (ng, e’i’H(p‘zS ® (plg)|2 = sin®(At). For At € wZ this probability vanishes. If the inter-
action time 7 in the repeated interaction system is a multiple of /A, then interaction effects are
suppressed. It is not hard to see that in this case, the system does not feel the interaction with the
probes in the sense that w,(A) = wo(af (A)) forall n > 1, where af (A) is the reduced dynamics of
S alone. We focus now on the non-resonant situation.

Asymptotics of the measurement process. Suppose the probe’s incoming state is spin up, wi, =
|(plg ) ((,ojg | (which means p = 1). Let M be a measurement operator, S C spec(M) and let Eg be the
projection onto the corresponding spectral subspace. The operator (8.23), with X = E, has spectrum

spec(My) = (Es)i1 {1, €% cos(A1), e 47 cos(AT), cos*(AT)). (8.25)
We have 0 < (Es); = (¢f, Esef) < 1.

e The equality (Es);; = 1 holds if and only if E Sq)lg = gof, which is equivalent to: either Eg = 1
or Eg = |<pf )((pf|. We discard the case Eg = 1 since this corresponds to not making any
measurement. Thus if (Eg);; = 1 and we make a measurement, then Eg = |(pf)(¢)f|. This
forces the measurement operator M to be diagonal in the basis {gof, (pf }, M = diag(my, m>).
Conversely, if M is diagonal and Es = |¢¢)(¢¢|, then (Es)1; = 1. This shows that M; has an
eigenvalue 1 if and only if M = m|pf) (S| + ma|ef) (¢f | is diagonal and Es = |¢{)(¢f]. In
this case, the associated Riesz spectral projection is IT = V2 [Ws) ((pf ® <pf| and we have P(X,,
= m, eventually) = 1.

e If the measurement operator M is not diagonal in the basis {w‘f , gozg }, then (Eg);; < 1 for any
S with [S] =1 (if |S] = 2, then Eg = 1, which corresponds to not making any measurement).
Then 1 is not an eigenvalue of My and so P(X,, € Seventually) = 0.



075204-63 Bruneau, Joye, and Merkli J. Math. Phys. 55, 075204 (2014)

Therefore, the measurement process converges if and only if the incoming state is pure and
localized with respect to measurement operator (i.e., if and only if it is given by an eigenvector of
M and we measure the corresponding eigenvalue).

Large deviations for the mean. The logarithmic moment generating function® is defined by
1 —
A(@) = lim —log E[e"**], (8.26)
n—oo n

for all « € R s.t. the limit exists as an extended real number. The existence of the logarithmic
generating functional can be analyzed for general repeated measurement systems.®> We give here
only a discussion for the spin-spin example at hand.

Using Theorem 8.10 (with p = 1) we find that

Ae) = log win(e*™),
for @ € R. The Legendre transformation of A(«),

A*(x) = sup ax — Aw), (8.27)
aeR

for x € R, is called the rate function. Its usefulness in the present context is due to the Gartner-Ellis
theorem,* which asserts that for any closed set F C R and any open set G C R, we have

1 —
limsup — log P (X, € F) < - mIfr A*(x)

n—oo N xe

1 —_
liminf —log P (X, € G) > — inf A*(x). (8.28)
n—oo n xeGNF

Here, F denotes the set of “exposed points of A*” (see Ref. 34 for the definition). We now evaluate
the Legendre transform locally. Note that A is twice differentiable, and the second derivative with
respect to o of the argument of the supremum in (8.27) is less than or equal to zero. Therefore, for
fixed x, the supremum is taken at « € R satisfying

win(Me M)
win(eaM) .
For a = 0 we have x = w;i,(M). If A”(0) = Var(M) := win(M?) — win(M)? # 0, then Eq. (8.29)

has an implicit solution « = a(x), locally around x = w;,(M). Since A’(«) is holomorphic at « =
0, the implicit solution is holomorphic at x = w;,(M). The Taylor expansion of (8.29) is

x=A(a)= (8.29)

x = win(M) + aVar(M) + ca® + 0(a), (8.30)
where
¢ = Hon(M?) = 3wn(M)win(M) + 20(M)*}.

We solve Eq. (8.30) implicitly for & = «(x), which is the point where the supremum in (8.27) is
taken, 1.e.,

(x — ww(M))*
2Var(M)

As an application we consider a measurement of the outgoing spin angle. Since wj, is the

state “spin up,” we have wj,(M) = M, and Var(M) = |M,|%. Imagine an experiment where

we measure the angle of the spins as they exit the scattering process. Let 8 € [0, ) be the angle
measuring the altitude (0 = 0 is spin up). The measurement operator “spin in direction 6” is given

by
cos 6 sin 6
M=\ ,
sinf —cosf

A(x) = + O((x — @in(M))*). (8.31)
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see, e.g., Ref. 27 Chapitre IV, (A-19). The eigenvectors of M associated with the eigenvalues =+ 1
of M are

X+ = c0s(6/2)¢1 + sin(6/2)p,

x- = —sin(0/2)¢; + cos(6/2)¢s.

The eigenprojection £y measures the spin in the positive direction 6. By using Lemma 8.8 is easy
to see that

1if6 =0

P (X, is in direction 6 eventually) = .
0ife # 0.

This is another manifestation of the asymptotic transparency of the cavity.
We obtain from Theorem 8.4 (with o, = cos0) that for any € > 0,

lim P(|X, —cosf| > €) = 0.
n—o0

The speed of convergence can be estimated using (8.28) and (8.31). It is easy to see that the
logarithmic generating function and the rate function associated with the shifted random variable
X, — cos O are givenby Agir(o) = A(r) — acos and A% (x) = A*(x 4 cos 0), respectively. Next,
we note that all points in the vicinity of zero belong to Ff, the set of exposed points of A Indeed,
if x = Al () for some o € R, then x € Fyire (Ref. 34, Lemma 2.3.9). But x = 0 = A};;,(0), and
Alpiq is invertible around zero (as Al (0) # 0). This shows that F contains a neighbourhood of
the origin.

Take 0 <€ <€ < <1,8et G = (—¢€', —e)U(e, €), and let F be the closure of G. Then (use
(8.31)),

2
: * _ . * _ € 4
;rélf” AShiﬂ(x) - XEGlgg:bhifl AShiﬂ(X) - 2Var(/\/l) + 0((6 ) )

Combining this with the two bounds (8.28) (for the shifted random variable), we obtain

62

P(e < |X, —cosf| <€)~ —[
(e_l cosf| <€) exp[nzsinze

+ 0((6’)4)” ., n— 00,

which is a large deviation statement for the average X,,.
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