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Abstract

A T(G) triple is formed by taking a graph G and replacing every edge with a 3-
cycle, where all of the new vertices are distinct from all others in G. An edge-disjoint
decomposition of 3K, into T'(G) triples is called a T'(G) triple system of order n. If
we can decompose K, into copies of a graph G, such that we can form a T'(G) triple
from each graph in the decomposition and produce a partition of the edges of 3K,
then the resulting T'(G) triple system is called perfect.

We give necessary and sufficient conditions for the existence of perfect T'(G) triple
systems when G is a matching with A edges, which we denote by UyFP,. We then
give cyclic perfect decompositions of 3K, into T'(UyPz) triples for all n = 1 (mod 2\)
when \ is even (except for n = 4\ + 1 when A > 8) as well as completely solve the

case A = 3.
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Chapter 1

Introduction

1.1 Graph Theory

A graph G = (V, FE) is a non-empty set V', whose elements are called vertices,
and a set E of unordered pairs of distinct elements from V' called edges. Given a
graph G we will refer to its corresponding vertex and edge sets as V(G) and E(G)
respectively. An example of a graph is given in Figure 1.1.

The complete graph on n vertices, denoted K, is the unique graph on n vertices
with an edge between every pair of vertices. An illustration of the complete graph on

9 vertices is given in Figure 1.2.
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[ L 4
¢ L4
*————0

Figure 1.1: An example of a graph

Figure 1.2: The complete graph on 9 vertices

The complete bipartite graph with bipartition sets M and N of sizes m and n
respectively, denoted K, ,, is the graph with all possible edges of the form {v,, v,},
where v,, € M and v, € N, but no edges of the form {v,,,w,,} or {v,,w,} where

U, Wy, € M and v, w,, € N.
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A subgraph of a graph G = (V, E) is a graph H = (V', E') with V/ C V and
E' C E. A decomposition of a graph H is a family F of edge-disjoint subgraphs of
H such that the union of all of the edges of the members of F is the edge set of H.

A decomposition of Kg into three subgraphs is given in Figure 1.3.

Figure 1.3: An example of a decomposition

Given a family of graphs G, a G-decomposition of H is a decomposition F
such that every graph F' € F is isomorphic to some G € G. If G = {G} then
we use the shorthand G-decomposition. A Cj-decomposition is given in Figure 1.4.
G-decompositions are far more frequently the object of study than frivolous decom-
positions such as the one pictured in Figure 1.3.

A multigraph is a graph where we are permitted to have multiple edges between
a single pair of vertices. The largest number of edges between any pair of vertices is

called the multiplicity of the multigraph.
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Figure 1.4: A Cs-decomposition of K.

We let cK,, be the complete multigraph where each edge has multiplicity c¢; that

is, there are ¢ edges between each pair of vertices. Figure 1.5 shows 3Kj.

Figure 1.5: The multigraph 3K,
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Given a graph G = (V| E), a vertex v € V is incident with an edge e € F if
and only if e = {v,v'} for some v' € V. The degree of a vertex v is the number of
distinct edges incident with that vertex, and is usually denoted deg (v).

A path is a simple graph with all vertices of degree 2 except for two vertices of
degree 1. We denote a path on n vertices by P,. A path on 4 edges is shown in
Figure 1.6. A graph is connected if for any two vertices v and v there is a path

whose vertices of degree 1 are u and v.

Figure 1.6: A path on 4 edges Py

A connected graph where all vertices have degree 2 is called a cycle. A cycle on
6 vertices is shown in Figure 1.7. We denote a cycle on n edges (and vertices) by C,,.
We will use the terms 3-cycle and triangle interchangeably for the graph Cs.

A matching in a graph G is a set of edges in a graph which have no vertices
in common. Figure 1.8 gives an example of a matching as a subgraph of Ky. We
denote the graph GG which consists of A disjoint copies of P, by UyF,. This graph is

sometimes referred to as a A-matching.
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Figure 1.7: A cycle on 6 vertices Cy

0
8 ° 1
°
7 2
6 3
(]
o——o
5 4

Figure 1.8: An example of a 3-matching

Given a complete graph on n vertices, we can assign an arbitrary and distinct label
from the set {0,1,2,...,n— 1} to each vertex. If this correspondence is given by the
function f: V(K,) — {0,1,2,...,n— 1}, then we can refer to the length of the edge

between vertices u and v by the absolute difference min{|f(u) — f(v)|,|f(v) — f(u)|}
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where the subtractions are computed modulo n. In any complete graph with an odd

number of vertices (which we will be dealing with almost exclusively), the largest

n J—
such distance between any two vertices is and by convention we will denote

this quantity by m and write n = 2m + 1.

1.2 Design Theory

A balanced incomplete block design or BIBD is a pair (V, B) where V is a non-
empty set of v elements often referred to as points and B is a family of b k-subsets
of V', called blocks, such that every element of V' occurs in r blocks and every pair
of distinct elements from V' occurs in exactly A blocks.

A BIBD thus has five parameters, v, b, k, r, and X\. However, the following classic
theorem, a proof of which can be found in any elementary design theory textbook

such as [1], gives some relationships between them.

Theorem 1.1 Ifv, b, k, r, and \ are the parameters of a BIBD then the following

equalities hold:
1. r(k—=1)=Av-1)

2. bk =rv
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Theorem 1.1 tells us that any three parameters of a BIBD determine the other

two; we will thus refer to a BIBD(v, b, k, r, A) more concisely as a BIBD(v, k, \).

Example 1.2 If we let V = {0,1,2,3,4,5}, then the unique BIBD(6, 3, 2) up to
isomorphism is given by the set of blocks B = {{0, 1, 2}, {0, 1, 3}, {0, 2, 4}, {0, 3,

5}, {0, 4, 5}, {1, 2, 5}, {1, 3, 4}, {1, 4, 5}, {2, 3, 4}, {2, 3, 5}}.

A parallel class or resolution class in a design is a set of blocks which partition
the point set V. A BIBD is resolvable if there exists a partition R of its block set

B into parallel classes. R is called a resolution of the BIBD.

Example 1.3 Table 1.1 gives a resolvable BIBD(9, 3, 1) where each row is a parallel

class.

{0, 1,2} {3,4,5} {6,7, 8}

{0,3,6} {1,4,7} {2,5,8}

{0,4,8} {1,5,6} {2,3,7}

{0,5,7} {1,3,8} {2,4,6}

Table 1.1: A resolvable BIBD(9, 3, 1)

Let by € B be a block of a BIBD(v, k, A) and let € be the permutation

(012 ... v — 1). Applying the permutation € to the block by = {ag, a1,...,a}
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of size w produces a block by = {ag + 1,a; + 1,...,a, + 1}, where the additions are
performed modulo v. Note that by and b; are distinct when k < v, and that b; is
not necessarily a block of the same BIBD. Suppose that applying € to by produces
a different block by, applying € to b; produces a block by distinct from all previous
blocks, and so on until applying € to some block b, produces the block b,. We say
that the set of distinct blocks {bg, by, ..., b, } produced by applying the permutation
€ to successive blocks is the orbit of b, under e.

Let By, By, ..., B, be the disjoint orbits of the x distinct blocks by, by, . . ., b, under
the (not necessarily distinct) permutations e, €1, .. ., €, respectively. A BIBD whose
block set is the disjoint union ByU By U. ..U B, of the orbits of some set by, by, ..., b,
of disjoint blocks is called cyclic. The blocks by, by, ..., b, are called the base blocks
of the design. We will be primarily concerned with taking the orbits of base blocks
under the canonical permutation (0 12 ... v — 1). An example of a cyclic design

constructed by this procedure using a single base block is given in Example 1.4.

Example 1.4 Consider the point set V = {0,1,2,3} and the block 4q = {0, 1, 2}.
By applying the permutation e = (0 1 2 3) to Ay, we obtain a new block A; = {1,2,3}.
Similarly, by applying € to A;, we obtain another distinct block As = {2,3,0}; and
finally by applying € to Ay we obtain a fourth block A3 = {3,0,1}. By letting

B = {Ay, A1, As, A3}, we obtain a BIBD(4, 3, 2). Note that applying € to A3 produces
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Ap again, so B is in fact the orbit of Ay under e.

As in Example 1.4, we will often have v distinct blocks in the orbit of by under
€; we say that a base block by € B’ generates a ‘short’ orbit under € if fewer than v
distinct blocks occur as translations of by.

A )-fold triple system or TS(v, \) is a BIBD(v, 3, A). A 3-fold triple system
is a BIBD(v, 3, 3).

Theorem 1.5 gives a necessary and sufficient condition for the existence of a A-fold

triple system, and is given in I1.2.2 of [5].

Theorem 1.5 A TS(v, \) exists if and only if v # 2 and A = 0 (mod (ged (v — 2,6))).

A Steiner triple system on v points or STS(v) is a BIBD(v, 3, 1). Necessary
and sufficient conditions for their existence are given by Theorem 1.6, which is one
of the earliest and most famous results in design theory. In fact, a resolvable Steiner
triple system of order v is known as a Kirkman triple system on v points, in

honour of T. P. Kirkman, who proved Theorem 1.6.

Theorem 1.6 [8] An STS(v) exists if and only if v =1,3 (mod 6).

Since we will be primarily interested in cyclic triple systems, Theorem 1.7 will

also be relevant.

10
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Theorem 1.7 [14] A cyclic STS(v) exists if and only if v = 1,3 (mod 6) and v # 9.

An example of a cyclic Steiner triple system of order 7 is given in Example 1.8.
We note that an STS(v) is equivalent to a Cs-decomposition of K, and that this

example was in fact also illustrated in Figure 1.4.

Example 1.8 If we let V = {0,1,2,3,4,5,6}, then an STS(7) is given by the set
of blocks B = {{0, 1, 3}, {1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 0}, {5, 6, 1}, {6, 0,
2}}. Note that this design can be produced cyclically by taking the orbit of the block

A ={0, 1, 3} under the permutation e = (012345 6).

Let K and G be sets of positive integers and let \ be a positive integer. A group
divisible design of index A and order v, denoted as a (K, A\)-GDD, is a triple (V,
G, B) where V is a finite set of cardinality v, G is a partition of V into parts (called
groups) whose sizes lie in G, and B is a family of subsets (called blocks) of V, which

satisfy the following properties.

1. If B € B then |B| € K.

2. Every pair of distinct elements of V occur in exactly A blocks or one group, but

not both.

3. |G| > 1.

11
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Furthermore, if v = a191+. .. as9s and there are a; groups of size s; fori =1,... s
then a (K, \)-GDD is of type ¢{*...g%. If A =1 and K = {k}, then we say that a

(K, \)-GDD is a k-GDD.

1.3 Description of Problem

In 2004, Kiiciikgifci and Lindner introduced the concept of a perfect hexagon triple
system, which is a partition of 3K, into the graph shown in Figure 1.9, with the
additional property that the shaded ‘interior’ triangles form a decomposition of K,

into 3-cycles, i.e. a Steiner triple system [9].

Figure 1.9: A hexagon triple

This definition has been generalized by several authors. First, Billington and
Lindner defined a T'(G) triple to be the graph obtained by taking any subgraph G
of K, and forming the graph with a 3-cycle on each edge, where each third vertex is
distinct from any other in G [3]. Examples of T'(G) triples where G is a cycle and a

path are given in Figures 1.10 and 1.11 respectively. An edge-disjoint decomposition

12
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of 3K, into T'(G) triples is called a T'(G) triple system of order n [3].

Figure 1.10: A T'(Cs) triple

Figure 1.11: A T'(Py) triple

Now suppose that K, can be partitioned into copies of G. If a G-decomposition
exists where we can form a T'(G) triple from each graph in the decomposition and pro-
duce a partition of 3K, then Billington, Lindner, and Rosa referred to the resulting
T(@G) triple system as perfect [4]. Equivalently, we define a perfect decomposition
of 3K, into T'(G) to be a G-decomposition F of K, such that for each graph G € F

we can form a T'(G) triple and produce a T'(G)-triple decomposition of 3K,,. The set

13
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of positive integers n for which a decomposition of 3K, into a perfect T'(G) triple
system exists is called the spectrum.
Consider the following series of examples, which give the construction for perfect

T(Cy) triple systems from [4]. A T'(C,) triple is given in Figure 1.12.

[a,b,c,d, e f, g, h]

Figure 1.12: A T'(C}) triple

Example 1.9 A perfect T'(Cy) triple system of order 9 is given cyclically by the

block [1, 0, 5, 8, 6, 4, 3, 7] (mod 9).

Example 1.10 A perfect T(Cy) triple system of order 17 is given cyclically by the

blocks [16, 0, 11, 8, 9, 3, 10, 2] and [8, 0, 5, 7, 14, 1, 16, 4] (mod 17).

14



1.3 DESCRIPTION OF PROBLEM

Example 1.11 The graph Ky 44 is given in Figure 1.13. The graph 3K, 44 is ob-

tained by taking 3 copies of each edge in Ky 44.

Figure 1.13: The graph Ky 44

A decomposition of 3K, 44 into T'(Cy) triples is given by the blocks
[lca lba 407 2@7 207 21)7 307 1a]a [467 3b> 107 2@7 307 4b7 207 la]a [207 1b7 307 4a7 107 2b7 407 3@]7
3¢y 3bs 2¢, 44, 4e, 4y, e, 34), together with 8 other blocks obtained by applying the per-

mutation (a, b, ¢) to the subscripts of the previous 4 blocks.

Example 1.12 Necessary condition for the existence of a perfect T'(Cy) triple system
are that n =1 (mod 8) and n > 8.

Perfect T'(Cy) triple systems of orders 9 and 17 were given in Examples 1.9 and
1.10. For n > 17, set n = 8s + 1 with s > 2 and take V(K,) = {oo} U{(i,7) | 1 <
i <2s,1 <7 <4}, We form the blocks F' of a perfect T'(C}) triple system by the

following four steps.

15
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1. If s = 0,1 (mod 3), then we take a perfect T'(Cy) triple system of order 9, as in
Example 1.9, place it on the vertex set {oco} U {(2i — 1,7),(2i,7) | 1 < j < 4}

for 1 < i <'s, and then place the resulting blocks in F'.

2. If s =2 (mod 3), then we take a perfect T(Cy) triple system of order 17, as in
Example 1.10, place it on the vertex set {(i,7) | 1 < i < 4,1 < j < 4}, place

the resulting blocks in F'; and then repeat 1. for 3 < s.

3. If s = 0,1 (mod 3), then we take a 3-GDD of type 2° on {1,2,...,2s} with
groups {2¢ — 1,2} for 1 < i < s. Such a GDD is known to exist [5]. For each
block zyz in the GDD, take the blocks of a decomposition of 3Ky 44 into T'(Cy)
triples as in Example 1.11 with vertex set {(z,7) | 1 < 7 <4} U{(y,j) | 1 <

J <4} U{(z,5) | 1 <j <4} and place these blocks in F.

4. If s = 2 (mod 3) then we take a 3-GDD of type 4272 on {1,2,...,2s} with
groups {1,2,3,4} and {(2i — 1,2¢)}, for 3 <i < s, and then repeat 3. for each

block zyz of the GDD. Once again, such a GDD is known to exist [5].
The resulting system (V(K,,), F') is a perfect T'(Cy) triple system of order n.

Clearly, the hexagon triple in Figure 1.9 can be described as a T'(K3) triple.
Kiciikcif¢i and Lindner determined that the spectrum for perfect hexagon triple

systems is n = 1,3 (mod 6) [9]. For n = 1,9 (mod 12) and n # 9, they took a

16
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decomposition of 2K, into (s and subdivided each 6-cycle into two hexagon triples
to form a perfect T'(K3) triple system. They then proceeded to construct cyclic per-
fect hexagon triple systems for all orders n = 7 (mod 12). To handle the final case,

n = 3 (mod 12), they considered 2 subcases. When — =1 (mod 6), they used GDDs

w3

together with derangements (permutations which do not leave any elements fixed) in
a manner similar to Example 1.12; otherwise they used Kirkman triple systems and
GDDs, again in a way similar to Example 1.12.

The constructions of Billington, Lindner, and Rosa for perfect T'(Cy) triple systems
were given in Example 1.12. They also determined the spectra for perfect T'(G) triple
systems when G is the ‘kite’ graph in Figure 1.14 using the same techniques [4]. They
also determined the spectra for perfect decompositions of 3AK,, into T'(Cy) and T'(G)

triples when G is a kite.

Figure 1.14: A ‘kite’ G on the left and the corresponding 7'(G) triple on the right

Lindner and Rosa determined the spectrum for perfect T'(K4) triple systems, which

they referred to as perfect dexagon triple systems [11]. They began by showing that
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1.3 DESCRIPTION OF PROBLEM

any BIBD(v, 4, 2) can be expanded to a T'(Ky) triple system which is not perfect.
They then exploited the structure of several GDDs to construct perfect dexagon triple
systems of all orders n = 1 (mod 12) except for several small cases they handled
separately, using techniques similar to Example 1.12.

Billington and Lindner then determined the spectra for all other graphs on 4 or
fewer vertices [3]. In particular, their cyclic constructions for perfect T'(P,) and
T (P, U Py) triple systems will be given in Chapter 3. They also used cyclic con-
structions to build perfect T'(Ps) triple systems, and perfect T'(P;) and T'(K; 3) triple
systems when n = 1 (mod 6). To construct perfect T'(K, — e) triple systems, where
e is any edge of K4, they used GDDs as in Example 1.12. They also used the same
techniques to construct perfect T'(P;) and T'(K 3) triple systems when n = 3 (mod 6).

The spectra for perfect T(G) triple systems have thus been determined for all
graphs G on 4 or fewer vertices. However, the spectra for graphs on larger numbers
of vertices is still an open problem.

We consider the problem of determining the spectrum for perfect T(G) triple
systems when GG is matching with A edges, where A is an arbitrary positive integer.
Note that this A\ is not related to the one introduced as a parameter of a BIBD
introduced earlier. We will begin by describing this problem as both a graph theory

and a combinatorial design problem.
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1.3 DESCRIPTION OF PROBLEM

In essence, we are studying the following graph decomposition and colouring prob-
lem. Take n vertices, and draw two red edges and one blue edge between each pair
of vertices. Decompose the blue copy of K, into A-matchings and then construct
an edge-disjoint decomposition of 3K, into sets of A-disjoint 3-cycles, by adding two
incident red edges to each edge of the blue matching. Given A, the question is to
determine the spectra of n for which such a decomposition exists, and describe what
the decompositions look like.

We will indicate which edges of 3K, are coloured blue in our graphs by drawing
them in bold.

The analogous design problem is unusual for two particular reasons. As with many
designs, we begin with a set of v points with non-negative integer labels. Furthermore,
we wish to arrange them into triples such that each pair occurs exactly thrice — if
these were the only conditions, the problem would in fact be that of finding 3-fold
triple systems. However, we introduce two additional constraints — the triples must
be further arranged into families of a constant number of point-disjoint triples, and
there must be a way of selecting one pair from each triple in the design to form a
BIBD(v, 2, 1). We illustrate in Example 1.13 that in some cases there exist specific
examples of known designs which satisfy these conditions, but we are not aware that

this problem has been previously studied in general.
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1.4 EXAMPLES

Given that there are many open problems in this area, it is quite reasonable to
ask why we chose to look at matchings. In fact, Billington and Lindner suggested
looking at paths or cycles, since the problems of decomposing K,, into copies of P,
or Cy, have been extensively studied [2], [15], [18], [19].

The T'(G) triples when G is a cycle or a path, which were given in Figures 1.10
and 1.11 respectively, consist of 3-cycles which share some vertices. The T'(G) triples
when G is a matching are sets of disjoint triangles, which are more closely related
to other decompositions which have been studied previously. Thus, we concluded
that studying perfect T'(UyP,) triple systems would be both a more generalized and

tractable problem than that of perfect T'(P,,) or T(C,,) triple systems.

1.4 Examples

Example 1.13 The blocks for a perfect T'(P,U P, U P,) triple system with n = 9 are
given in Table 1.2. For the first three rows, the first pair in each triple constitutes
the blue edge. In the remaining nine rows, the first and third elements form the blue
edge for the first two triples, while the last two elements form the blue edge in the
last triple. One reason that this example is illustrative is because the last nine rows

have repeated triples, but with different blue edges each time. In addition, note that
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1.4 EXAMPLES

the first row of triangles generates a short orbit.

(4,5,0) (1,2,6) (7,8,3)

(5,6,1) (2,3,7) (8,0,4)

(6,7,2) (3,4,8) (0,1,5)

(0,1,3) (2,4,7) (5,6,8)

(1,2,4) (3,5,8) (6,7,0)

(2,3,5) (4,6,0) (7,8, 1)

(3,4,6) (5,7,1) (8,0,2)

(4,5,7) (6,8,2) (0,1, 3)

(5,6,8) (7,0,3) (1,2,4)

(6,7,0) (8,1,4) (2,3,5)

(7,8,1) (0,2,5) (3,4,6)

(8,0,2) (1,3,6) (4,5,7)

Table 1.2: A perfect T'(P, U P, U P,) triple system of order 9

The base triangles are given in Figure 1.15, while the full perfect T'(UsP,) triple
system is given in Figure 1.16. Note furthermore that by taking the rows of Table 1.2
or the sets of triangles in Figure 1.16 as parallel classes, this is a resolvable BIBD(9,

3, 3).
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1.4 EXAMPLES

g O 1 8 0 1
7 2 7 2
6 3 6 3
5 4 5 4

8 0 1 g O 1 g 0 1
7 2 7 2 7 2
6 3 6 3 6 3
5 4 5 4 5 4
g 0 1 8 0 1 8 0 1
7 2 7 2 7 2
6 3 6 3 6 3
5 4 5 4 5 4
8 0 g 0 4 g 0 4
7 2 7 2 7 2
6 3 6 3 6 3
5 4 5 4 5 4
8 0 1 8 0 1 8 0 1
7 2 7 2 7 2
6 3 6 3 6 3
5 4 5 4 5 4

Figure 1.16: A perfect decomposition of 3Ky into T'(UsP,) triples




1.4 EXAMPLES

Example 1.14 The base blocks for a perfect T'(UsP;) triple system with n = 13 are

given in Figure 1.17.

Figure 1.17: The base triangles for a perfect T'(UsP,) triple system with n = 13

Example 1.15 The base blocks for a T'(UsP,) triple system with n = 15 are given

in Figure 1.18. Note that that the first set of triangles generate a short orbit.

Figure 1.18: The base triangles for a perfect T'(UsP,) triple system with n = 15
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1.5 GENERALIZED SKOLEM SEQUENCES

1.5 (eneralized Skolem Sequences

A Skolem-type sequence is a sequence (S;)?"; of 2n integers from the set {1,2,...,n}
such that each integer occurs exactly twice, and if S; and S}, are the two occurrences
of the integer m then |j — k| = m. They are named in honour of Thoralf Skolem, who
solved the problem of partitioning the integers from 1 to 2n into the differences from
1 to n in 1957 [17]. These sequences have connections to Steiner triple systems [1]
and applications to graph labeling [13]. Skolem sequences can also be generalized so
that each integer occurs more than twice [16].

A generalized Skolem sequence of order ¢t and multiplicity s is a sequence
GS =(a},dl,...,al,), i € {1,2,...,s} of ts integers from {1,2,...,t} that satisfies

the following two properties.

1. Forevery k € {1,2,...,t} and for every i € {1,2,...,s}, there exist s elements

: i i i i i
in GS, {a;,aj,,...,a; } such that a} =aj, =---=aj =k

2. If aéu =d

J(u+t1) then j(u-f'l) —Ju=kforl <u<s-—1

A generalized extended Skolem sequence of order ¢ and multiplicity s
with d zeros is a sequence GES =(al,a}, ..., al,.,), i € {1,2,...,s} of ts integers

from {1,2,...,t}, d > 1 that satisfies the following three properties.
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1.5 GENERALIZED SKOLEM SEQUENCES

1. Forevery k € {1,2,...,t} and for every i € {1,2,...,s}, there exist s elements

: i i R A
in GES, {a},aj,,...,a; } such that aj, = aj, =---=aj =k.

2. If a;u = a;(uﬂ) then ju41) — Ju =k forl<u<s—1.

3. There are exactly d zeros in the sequence (where d is the minimum number of

zeros that can exist in the sequence).

Example 1.16 The following sequence is a generalized extended Skolem sequence of

order 8 and multiplicity 3.
111242724860475368357360538

There has also been some study of odd- and even- Langford sequences, which
can be considered as Skolem sequences using only odd or only even integers, possibly
with some differences missing [12]. We will apply the following generalizations of these
sequences to the problem of constructing perfect T'(UyP;) triple systems in Chapter
4.

If t is even then a generalized extended even Skolem sequence of order

t and multiplicity s with d zeros is a sequence GEES = (a},aj, . .. ’ai““)+d)’
2

s(t+1)
2

i€{1,2,...,s} of integers from {2,4,6,...,t —2,t}, d > 1 that satisfies the

following three properties.
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1.5 GENERALIZED SKOLEM SEQUENCES

1. For every k € {2,4,6,...,t —2,t} and for every i € {1,2,...,s}, there exist s

elements in GEES, {a ab } such that ! =a}, =---=a} =k

7 %
]170/]2’...’ ]2 JS

2. If aéu =d

J(ut1) then j(qul) —Ju=F for 1 <u<s—1.

3. There are exactly d zeros in the sequence (where d is the minimum number of

zeros that can exist in the sequence).

Example 1.17 The following sequence is a generalized extended even Skolem se-

quence of order 8 and multiplicity 3.
4080460040862020268

If ¢ is odd then a generalized extended odd Skolem sequence of order
t and multiplicity s with d zeros is a sequence GEOS = (a’i,aé,...,a@sm),
2
t
i€ {1,2,...,s} of ES integers from {1,3,5,...,t — 2,t}, d > 1 that satisfies the

following three properties.

1. For every k € {1,3,5,...,t — 2,t} and for every i € {1,2,...,s}, there exist s

elements in GEOS, {a al } such that af =a}, =---=a} =k

7 %
J17a/]2’...’ JQ ]S

2. If aéu =d

Gt then ju4i1) —ju=Fkfor 1 <u<s—1.

3. There are exactly d zeros in the sequence (where d is the minimum number of

zeros that can exist in the sequence).
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Example 1.18 The following sequence is a generalized extended odd Skolem se-

quence of order 7 and multiplicity 3.

3753003571115007

27



Chapter 2

A theorem of Lamken and Wilson
and the existence of perfect

T(Uy\P,) triple systems

In this chapter, we will introduce terminology in order to describe a theorem of
Lamken and Wilson on the existence of graph decompositions. We will then use that

theorem to prove a result about the existence of perfect T'(UyP,) triple systems.



2.1 DEFINITIONS AND A THEOREM OF WILSON AND LAMKEN

2.1 Definitions and a theorem of Wilson and Lamken

This next set of definitions are modified from [10] and lead up to Theorem 2.1. We
denote the integers and the natural numbers by Z and N respectively. Similarly, we
denote the set of n-vectors with elements in N by N .

A directed graph or digraph G = (V, A) is a set V of vertices and a set A of
ordered pairs from V called arcs. Note that graphs can be considered as a special
case of directed graphs where for every arc (u, v) € A there is an arc (v, u) € A. Using
this correspondence, all of the following results about directed graphs hold trivially
for simple graphs.

We consider only [directed] graphs with finite numbers of [arcs] edges and vertices.

An r-edge-coloured graph [digraph] has every edge [arc| associated with exactly
one of a set of r colours. Such a graph is simple if it has no loops (arcs of the form
(u,u) for some vertex u of ). Simple digraphs have the additional condition that
given any pair of vertices z,y there is only one of the arcs (z, y) or (y, ). Given a
digraph, the opposite of an arc (x, y) is the arc (y, ).

We denote the complete digraph on n vertices with arcs of each of r colours
between every ordered pair of vertices by K. This digraph has rn(n—1) arcs and is

simple if and only if 7 = 1. Note that in the case of the (undirected) complete graph
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2.1 DEFINITIONS AND A THEOREM OF WILSON AND LAMKEN

rn(n —1)
2

with edges of 7 colours between every pair of vertices, there are edges but
it is again simple if and only if r = 1.

Given a vertex z of an r-edge-coloured digraph G the degree-vector of z, 7(x)

is the 2r-vector
7(z) = (iny(x), outy (), iny(z), oute(x), . . ., in,.(x), out,.(z))

where in;(z) and out;(x) denote the number of arcs of colour j at the vertex x that
are directed inward and outward respectively. Note that this is just a generalization
of the concept of degree which encompasses both direction and colour.

In the case of the simple digraph K,(Lr), then we trivially have that for each ver-
tex v in V(K,(f)), 7(x) = (n—1,n—1,...,n —1). If we then want to talk about
a decomposition G of Ky(f), then for each vertex v in V(K,(f)) we must have that
> ceg(ini (), outy (x), iny(x), outy(x), . . ., in,(x),out,(z)) = (n —L,n—1,...,n—1).
We will therefore desire some notation to describe linear combinations of 7(x).

If we denote the vertices of a graph G by x1, x9, ..., z, then we can find constants
C1,C2, ..., Cpy 80 that Y0 ei7m(x;) =(to, to, -- ., to) and to € Z is minimal. Since this
minimal constant ¢, is a parameter of the graph G, we define v(G) = ;.

We can now state Theorem 2.1, which is a result about the existence of G-

decompositions of K.
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2.2 THE EXISTENCE OF PERFECT T'(UyFP2) TRIPLE SYSTEMS

Theorem 2.1 [10] Let G be a simple r-edge-coloured digraph with m edges of each
of v different colours. There ezists a constant ng = no(G) such that the complete
r-edge-coloured digraph K admits a G-decomposition for all integers n > ny that

satisfy the following conditions:
nn—1)=0 (mod m) (2.1)

n—1=0 (mod ~(Q)). (2.2)

2.2 The existence of perfect T'(UyP,) triple systems

We can derive a result about the existence of perfect T'(UyP,) triple systems using
Theorem 2.1, but first we derive necessary conditions using counting arguments which

more clearly reveal the reasons for these constraints.

Proposition 2.2 Necessary conditions for the existence of a perfect T(U\Py) triple

system of order n are that n(n — 1) = 0 (mod 2)), n = 1 (mod 2), and n > 3\.

ProoF: To have A distinct triangles we must have at least 3\ distinct vertices.
Since every vertex in the decomposition into triangles is adjacent to exactly two
vertices, every vertex must have even degree and n must be odd.

Furthermore the number of edges in each graph of the decomposition must divide

3n(n —1)

5 =0 (mod 3)\). B

the total number of edges, so
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2.2 THE EXISTENCE OF PERFECT T'(UyFP2) TRIPLE SYSTEMS

Although n(n—1) = 0 (mod 2)\) may have many solutions for a fixed A, we remark
that n = 1 (mod 2)) is always a solution, and we will show in Corollary 4.9 that if A
is a power of 2 then it is the only odd solution.

We can in fact get a stronger result than Proposition 2.2 as a consequence of
Theorem 2.1 by associating every arc with an opposite arc of the same colour, then
corresponding each of these pairs of opposite arcs of the same colour with an undi-
rected edge of that colour, and setting » = 3. Furthermore, we consider the perfect
T(UyP,) triple system problem, by making each undirected edge in each 3-cycle a

different colour, then associating two of the colours with each other.

Corollary 2.3 There exists a constant ng = no(UxP,) such that perfect T(U\P,)
triple systems of order n exist for all n > ng where n also satisfies n(n — 1) = 0

(mod 2X) and n =1 (mod 2).

ProOF: Comparing Theorem 2.1 with the statement of Corollary 2.3, we claim that
m =2\ and v(UyPy) = 2.

Since each of the A 3-cycles has 2 edges of each colour, it should be clear that
m =2\

We wish to establish that v(UyP,) = 2. Suppose that vy, vy,...,v3,_1 are the
vertices of UyP,. We need to show that 2 is the minimal constant ¢; such that

3\
Yoty cimam(viz1) = (to, to, - - -, to), for any constants co, cq, . .., C3r_1.
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2.2 THE EXISTENCE OF PERFECT T'(UyFP2) TRIPLE SYSTEMS

Because we are dealing exclusively with undirected multigraphs,
Vo € V(UyP,), in;(v) = out;(v) = deg,(v) for i = 1,2,3.
Using this fact we define a bijection N® — N3 given by
7(v) = (iny(v), outy(v), ing(v), outs(v), inz(v), outz(v))

— 7' (v) = (deg,(v), degy(v), degs(v)).

Denote the vertices of UyP, by v;, i = 0,1,...,3\ — 1 (where vy, vy, vy are in the
same triangle).

It is easy to show that v(UyP,) < 2. Since every vertex v € V(U\P,) is a vertex
of a 3-cycle, it has exactly two neighbours and 7(v) = 2. There are many possi-
ble combinations of constants cg, ¢y, ..., c3yn—1 which give Z?il ¢; 7' (v;); for example

consider

3\ 1,ifi=1,23
Z e (v;) = (2,2,2) where ¢; =
i=1

0, otherwise.

We prove that v(UyP2) > 2 by way of contradiction.

33



2.2 THE EXISTENCE OF PERFECT T'(UyFP2) TRIPLE SYSTEMS

Suppose that y(UyP2) = 1 so that

caotcetagte+...tayetoanr = 1
C1+03+C4—|—C6—|—...—|—C3)\,2+03)\ = 1

Cl+02+03+C4+C5+...+Cg)\_1+03)\ = 1

since
1 1 0110 1 1 01
1 01 101 1 0 1)1
01 1011 01 1]1

(where the unaugmented part has 3\ columns) row reduces to

100100 1002
010010 010]|s
001001 00 1|3

which does not have an integral solution, so y(UyFP2) > 1. B
Comparing Proposition 2.2 with Corollary 2.3, we would conjecture that ny = 3.
In Chapter 3, we give constructions for cyclic perfect T'(UyP,) triple systems for
small values of A and all corresponding values of n. In Chapter 4 we construct cyclic
perfect T'(Uy P») triple systems of orders n = 1 (mod 2)) when A is even, allowing us to
completely solve the conjecture for an infinite family of graphs. This provides support

for our conjecture and allows us to look at the structure of these decompositions.
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Chapter 3

Constructing cyclic perfect T'(UyP)

triple systems for small A

In this chapter we construct perfect T'(UyP,) triple systems when A = 1, 2 and 3 for
all values of n which satisfy Proposition 2.2. The results and constructions for A = 1

and A = 2 come from [3]; the constructions for A = 3 are new results.

3.1 Constructions of Billington and Lindner

These constructions enabled completion of the spectra of perfect T'(G) triple systems

where G C K. Since these constructions were designed to handle a particular number



3.1 CONSTRUCTIONS OF BILLINGTON AND LINDNER

of vertices and we are interested in determining the spectra of perfect T'(G) triple
systems where G has an arbitrary number of vertices, we will need to make some

significant adjustments to cover other cases.

3.1.1 Constructing cyclic perfect T(P;) triple systems

Theorem 3.1 A cylic perfect T(P,) triple system of order n ezists if and only if

n > 3 s odd.

PROOF: Since A = 1, Proposition 2.2 says that if a perfect T'(P,) triple systems of
order n exists then n(n—1) =0 (mod 2), n = 1 (mod 2), and n > 3. Therefore n = 1
(mod 2).

n— . .
. This construction

The construction is given in Table 3.1, where 1 <1 <
is illustrated in Figure 3.1, where n = 2m + 1. The column on the right gives the
edge lengths of the triangles while the column on the left gives distinct vertices of
base triangles with those edge lengths. The blue edges have the edge length of the
third entry of the triple in the column on the left and are between the first and

second vertices in the column on the right. An edge of each possible edge length

occurs directly as an edge of the form {0, i}, for each i from 1 to . Every other
edge of the blue copy of K, is obtained by taking the orbits of these edges under

e=(01 ... n—1). Since there are exactly n edges in the orbits of each of these
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3.1 CONSTRUCTIONS OF BILLINGTON AND LINDNER

edges, there are exactly % blue edges, which is exactly the number of edges in

K,,. Now consider the red edges given in Table 3.1. Each of the edge lengths from 1

n—1

to occur exactly once as edge between ¢ and 27 since each such edge has length

—1
i. The red edges of the form {0, 2} have length 2i. Taking 1 <i < VLT gives all

n—1
2

n—1

of the even lengths between and possibly including 2 and m. If { J <i<

then 2¢ modulo 2m + 1 is odd and we produce all possible odd lengths. Furthermore,

3(n—1)
2

the table directly gives edges. Each triangle in the table has exactly n

triangles in its orbit under e = (0 1 ... n — 1), so the triangles in the table together

3n(n —1)

with their orbits under € give all edges of 3K,,.

Triangle with edge lengths | Vertices

(2i, i, 4) (0, i, 2i)

Table 3.1: Construction for perfect T'(P;) triple sytems

Figure 3.1: The base triangles for perfect T'(P;) triple systems
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3.1 CONSTRUCTIONS OF BILLINGTON AND LINDNER

3.1.2 Constructing cyclic perfect T'(P, U P,) triple sytems

Theorem 3.2 A cylic perfect T (P, U Py) triple system of order n ezists if and only

if n=1 (mod 4) and n > 6.

PROOF: Since A = 2, Proposition 2.2 says that if a perfect T'(P,) triple systems of
order n exists then n(n — 1) = 0 (mod 4), n = 1 (mod 2), and n > 6. Since we
must have n = 1 (mod 2), it must be true that n = 1,3 (mod 4). However, if n = 3
(mod 4) then n(n — 1) = 2 (mod 4) # 0 (mod 4). We conclude that we must have
n =1 (mod 4).

The main construction is given in Table 3.2 where 1 < i < % and the double
lines separate the general construction from those for the differences where i = 1 and
1= "T_l. This construction works for n > 9. The left hand column gives the edge
lengths of the base triangles while the column on the right gives distinct vertices with
corresponding edge lengths. The base triangles are illustrated in Figure 3.2, where
n = 2m + 1. The blue edges again have the edge length of the third entry of the
triple in the column on the left and are between the first and second vertices. All odd
edge lengths occur exactly once as edges of the form {0,2i — 1} except for 1 which

-3 -3
occurs as the edge {0,1} and nT which occurs as the edge {O, nT} All of the

even blue edge lengths occur exactly once as edges of the form {1,2i + 1} except for
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3.1 CONSTRUCTIONS OF BILLINGTON AND LINDNER

2 and nT—l which occur as the edges {3,5} and {2, n?%} respectively. All other
edges from the blue copy of K, occur in orbits of these edges under the permutation
e=(01...n—-1).

Now consider the red edges. One edge of each odd length occurs as an edge of
the form {2¢ — 1,47 — 2}, which has length 2i — 1 except for 1 which occurs in the
edge {1, 2} of the triple (0, 1, 2) and n?_g which occurs in the edge {nT_g, n— 3}
while one edge of each even length occurs as an edge of the form {2i+1,4i+ 1} which
has length 2i except for 2 and nT—l which occur as the edges {5,7} and {1,2m + 2}
respectively.

Another red edge of each length congruent to 2 modulo 4 occurs as an edge of

-3
the form {0,4i — 2}, 1 <i < VLT except for 2 which occurs in the edge {0, 2}.

The remaining even red edges, which have lengths congruent to 0 modulo 4, occur as

n—1

edges of the form {0,4i +1},1 <i <

{3,7}.

-1
For the edges of the form {0,4i — 2}, when {nTjLSJ <1< nT we have that

J , except for 4 which occurs in the edge

n —

1
49 — 2 > . We thus consider such edges to have length n — 4¢ + 2, which is

less than or equal to %, and congruent to 3 modulo 4 since n = 1 (mod 4). This
gives another copy of all red edge with lengths congruent to 3 modulo 4 except for 3

which occurs in the edge {0,n — 3}. Similarly, the edges of the form {1, 4i + 1} with
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3.1 CONSTRUCTIONS OF BILLINGTON AND LINDNER

-1 —1
VJ S J <1< nT have length n — 47, which gives the remaining red edges with

lengths congruent to 1 modulo 4 except for 1 which occurs in the edge {1,2} of the

1
triple {1,2, nt }

2

—1
Furthermore, Table 3.2 directly gives 2 (M

1 ) edges. Each triangle in the

table has exactly n triangles in its orbit under ¢, so the triangles in the table together

3n(n—1)

with their orbits under € give all edges of 3K,,.

Triangle with edge lengths Vertices
(2,1, 1) 0,1, 2)
(4, 2, 2) (3,5,7)

(4i—2,2i—1,2i—1) | (0,2i—1, 4i —2)

(44, 2i, 2i) (1,2 +1, 4i +1)

n—3 n—3 n—3
(37?7 9 ) (07T7n_3)

n—1n-1 n+1
(17?7 9 ) (27T71)

Table 3.2: Construction for perfect T'(Uy P») triple systems

The construction for a perfect T'(UsP;) triple system of order 9 is given in Table
3.3, where the double line separates the two sets of two vertex disjoint base triangles;

these base triangles are illustrated in Figure 3.3. B
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Triangle with edge lengths | Vertices
(1,2, 3) (0, 1, 3)
(2,3, 1) (2,4, 5)
(3,2, 4) (2, 5, 0)
(4,4, 1) (3,7,8)

Table 3.3: Construction for a perfect T'(UsP,) triple system of order 9

4i-2 2m -2
0 2i-1 0 m-1

2i+1 2 2m+ 2

4i+1

2
0 1
3 S
7

Figure 3.2: The base triangles for perfect T'(Us P,) triple systems
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3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

8 0 1 8 0 1
° °
Te 2 7 2
6e 3 be 3
°
5 4 5 4

Figure 3.3: The base triangles for a perfect T'(Uy P;) triple system of order 9

3.2 Constructing cyclic perfect T(P,UP,UP;) triple

systems

According to Proposition 2.2 the necessary conditions for the existence of a perfect
T(U3P,) triple system are n = 1,3 (mod 6) and n > 9. In this section we construct
perfect T'(Us P,) triple systems of all such orders n. Since n is odd, we use the notation
introduced in Chapter 1 by letting n = 2m + 1.

We construct the desired decompositions as triple systems using design theory
techniques. We give a set of base triangles, which together with their orbits under
the permutation e = (01...n), gives a perfect T'(U3P;) triple system of order n. Note
that although all of our constructions are cyclic, there may exist perfect T'(UsP;)

triple systems which are not.
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3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

The constructions are given in tables, with the first column indicating the edge
lengths given by the vertices in the second column. The first length in the column
on the left is the length of the blue edge, which we call our indexing edge length. If
this length is odd then it is between the first two vertices in the column on the right;
otherwise the length is even and it is between the first and third vertices in the second
column.

We will consider two cases, when n = 1 (mod 6) and when n = 3 (mod 6). First,
consider n = 1 (mod 6). Let n = 6k + 1 for some positive integer k. Then there
are 3k distinct edge lengths that must be considered in a cyclic construction. In
particular, since we wish to partition 3K, each of these lengths must occur 3 times
in our construction.

We will form triples of edge lengths of the form (di, da, d3) in the following

TL—dl

2.VVe

manner. If the indexing difference d; is odd, then we set dy = d3 =
call the triangles formed by such edges of differences d;, ds, ds ‘outer’ triangles. If
the indexing difference d; is even, then we set dy = d3 = 51 We call the triangles
formed by these kinds of differences ‘inner’ triangles. We call the first difference in
these triples, d;, the indexing difference. If we consider the set of triples formed
by letting d; vary from 1 to 3k, we will see that in fact every length occurs exactly

three times, and in particular only once as the first coordinate of the triple.

43



3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

We will partition these triples into subsets of three triples such that each of these
subsets will have indexing differences either of the form 6:+ 1, 6i+ 2, and 67+ 3, or of
the form 6i + 4, 6i + 5, and 6i + 6. (Slightly different constructions will be necessary
in both cases.) From these subsets of triples, we will form triangles with those edge
lengths.

We do something very similar in the case n = 3 (mod 6), but there is a slight
difference. Letting n = 6k + 3, we see that this time, there are 3k + 1 distinct edge
lengths. We will consider the triple (1,3k + 1,3k + 1) as a special case, and again
form triples as in the previous case, but this time we will form subsets by using the
indexing differences 67 + 2, 62 + 3, and 67 + 4, and also the differences 6¢ + 5, 67 + 6,

and 67 + 7. Then, as before, we will construct triangles with these edge lengths.

Lemma 3.3 Ifn =1 (mod 6) and n > 13 then there ezists a cyclic perfect T (UsP;)

triple system of order n.

PROOF: In this case we note that m = 0 (mod 3). Therefore we can arrange each of
the m blue edge lengths into triples.

First we consider the case where the indexing edge length is congruent to 1, 2, or
3 modulo 6.

By restricting ourselves to the case n > 13 we know that m > 6 so that there exist

blue edges with lengths in these congruence classes. Therefore, we can write the blue
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3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

n—13

edge lengths as 61+ 1, 6+ 2, and 67+ 3 where 1 <17 < if n =1 (mod 12) and
1<i< nl—;? when n = 7 (mod 12). Since the largest possible difference in 3K, is
m, we deduce that m > 6 + 3 and thus n > 12; + 7.

The general construction for triangles with blue edges of lengths 6i + 1, 67 4 2,

67 + 3 is given in Table 3.4.

Triangle with edge lengths Vertices
(61 + 1, m — 3i, m — 3i) (0,6i4+1, m+3i+1)
(6i+2,3i+1,30+1) (1, 3i + 2, 6i + 3)

(6i+3, m—3i—1,m—3i—1)| (2, 6i+5, m+3i+4)

Table 3.4: Construction for blue edges of lengths 67+ 1, 6i+ 2, and 6i+ 3 when n = 1

(mod 6)

Since n > 127+ 7 all of the positions of the vertices are distinct integers for i > 1.

If 7+ = 0 we use the triangles cyclically generated by the construction in Table 3.5.

Triangle with edge lengths Vertices
(1, m, m) (0,1, m+1)

(2,1, 1) (6,7, 8)
3,m—1,m—1) (2,5, m+4)

Table 3.5: Constructions for blue edges of lengths 1, 2, and 3 when n =1 (mod 6)
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3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

The positions in Table 3.5 are distinct whenever m + 1 > 9 and thus for n > 19
using the fact that n = 1 (mod 6). The only missing case for n > 9 is n = 13. The
generating triangles for this case are given in Table A.1 in Appendix A.

Taking the orbits of the appropriate triangles under the permutation
e=(01 ... n — 1) gives all blue edges with lengths congruent to 1, 2, or 3 modulo
6.

Next we consider the case where the indexing edge length is congruent to 4, 5, or
0 modulo 6.

Once again, by restricting ourselves to the case n > 13 we know that there exist
blue edge lengths in these congruence classes. This time we write the blue edge

—1
lengths as 67 4+ 4, 61 + 5, and 67 + 6 where 1 < j < n 3

if n = 1 (mod 12) and

. . n-—19
1< <

if n =7 (mod 12). Since m > 6i + 6, we conclude that n > 12i + 13.
The general construction for these base triangles is given in Table 3.6.

As with the previous base triangles the positions are distinct for ¢ > 1. If ¢ = 0
use the constructions from Table 3.7.

The positions of the vertices in Table 3.7 are distinct if m 4+ 8 > 11; this holds
in all cases since m > 4. Again taking the orbits of the appropriate triangles under
e=(01 ... n—1) gives all blue edges with lengths congruent to 4, 5, or 0 modulo

6, so together with the previous construction we have the desired system.
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3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

Triangle with edge lengths Vertices

(6i+4, 30+ 2, 3i +2) (0,3i+2, 6i+4)

(6i+5 m—3i—2, m—3i—2) | (2,6i+7, m+3i+5)

(6i 46, 3i+ 3, 3i + 3) (3, 3i+6, 6 +9)

Table 3.6: Construction for blue edges of lengths 67+ 4, 6i+ 5, and 6i+6 when n = 1

(mod 6)

Triangle with edge lengths Vertices

(4, 2, 2) (0, 2, 4)
(5, m—2, m—2) (5, 10, m + 8)
(6, 3, 3) (3,6, 9)

Table 3.7: Construction for blue edges of lengths 4, 5, and 6 when n =1 (mod 6)
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3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

Lemma 3.4 Ifn = 3 (mod 6) and n > 9 then there exists a cylic perfect T (UsP;)
triple system of order n.

PROOF: Since n = 3 (mod 6), the largest minimum positive edge length is m =

n—1
2

= 1 (mod 3). We conclude that after splitting the blue edge lengths into
triples we will still have one blue edge length left over. First, since n = 3 (mod 6),
write n = 2m + 1 = 6t + 3 so that m = 3t + 1. We then generate n edges of length 1
and 2n edges of length m using the base triangles with vertices at (0, m, m + 1), (¢,
t+1, m+t+1),and (2t +1, m+2t+ 1, m+ 2t + 2) by applying the permutation
(01 ... n—1) exactly g times since these base triangles produce a short orbit. Note
that these positions are distinct for m > 4, since m = 3t + 1. The blue edges are
between the first two vertices so that we produce exactly n blue edges of length 1.

We consider the case when the blue edge lengths are congruent to 2, 3, and 4
modulo 6.

We restrict ourselves to n > 9 so there exist blue edge lengths in these classes. This

n—15

time we write the blue edge lengths as 61+ 2, 6:+ 3, and 67+ 4 where 1 < i < B

if n = 3 (mod 12) andlgign_g

if n =9 (mod 12). Certainly m > 65 + 4 so
n > 127 +9. The most general construction is given in Table 3.8.
The positions in Table 3.8 are again distinct for + > 1. For ¢ = 0 the construction

is given in Table 3.9.
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3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

Triangle with edge lengths Vertices

(6i+2,3i+1,3i+1) (4, 3i + 5, 6i + 6)

(6i+3, m—3i—1,m—3i—1)| (0, 6i +3, m+3i +2)

(6i +4, 3i + 2, 3i + 2) (1, 3i + 3, 6i + 5)

Table 3.8: Construction for blue edges of lengths 6i + 2, 6z + 3, and 6i + 4 when n = 3

(mod 6)

Triangle with edge lengths Vertices

(2,1, 1) (1,2, 3)
(3,m—1,m—1) (0, m —1, 2m — 2)

(4, 2, 2) (4, 6, 8)

Table 3.9: Constructions for blue edge of lengths 2, 3, and 4 when n = 3 (mod 6)
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3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

The positions in Table 3.9 are distinct for m > 10; the remaining cases are given
in Tables A.2, A.3, and A .4 respectively, all of which are in Appendix A. Taking the
orbits of the relevant triangles under the permutation e = (0 1 ... n — 1) gives all of
the blue edges with lengths congruent to 2, 3, or 4 modulo 6.

Next we consider when the blue edge lengths are congruent to 5, 0, and 1 modulo
6, when the length is bigger than 1.

If n =9 then the only blue edges in these congruence classes are those of length 1
which we have already constructed. We thus restrict ourselves to looking at n > 15.

n—15 .

We write the blue edge lengths as 6i + 5, 6¢ + 6, and 67 + 7 where 1 < ¢ < if

n—21

n =3 (mod 12) and 1 <i <

if n =9 (mod 12). In this case m > 6i + 7 so

n > 12i + 15. The general construction for this case is given in Table 3.10.

Triangle with edge lengths Vertices

(6i+5 m—3i—2 m—3i—2)| (0, 6i+5, m+3i+3)

(6 + 6, 3i + 3, 3i + 3) (1, 3i+4, 6i+7)

(6i+7, m—3i—3, m—3i—3)|(2,6i+9, m+3i+6)

Table 3.10: Construction for blue edges of lengths 6¢ + 5, 67 4+ 6, and 67 + 7 when

n = 3 (mod 6)

The positions in Table 3.10 are distinct for ¢ > 1; for ¢ = 0 use Table 3.11.
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3.2 CONSTRUCTING CYCLIC PERFECT T'(P, U P, U P;) TRIPLE SYSTEMS

Triangle with edge lengths Vertices
(5,m—2,m—2) (0, 5, m+3)

(6, 3, 3) (1,4, 7)
(7, m—3, m—3) (2,9, m+6)

Table 3.11: Construction for blue edges of lengths 5, 6, and 7 when n = 3 (mod 6)

These positions are distinct for m 4+ 3 > 10 and hence for m > 7. For n = 9 use
Table A.2 and for n = 15 use Table A.5, both of which are in Appendix A.

Again taking the orbits of the relevant triangles under € gives all of the blue edges
whose edge lengths are congruent to 5, 0, or 1 modulo 6 when they are greater than
1; together with the construction for other edge length congruencies this gives all
desired blue edges. B

Note that part of the construction for n = 9 was illustrated in Figure 1.15.

The combined results of Lemmas 3.3 and 3.4 constitute a proof for the following

theorem.

Theorem 3.5 A cyclic perfect T(UsP») triple system of order n exists if and only if

n=1,3 (mod 6) and n > 9.
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Chapter 4

Constructing cylic perfect T(U)P)

triple systems for A =2w and n =1

(mod 2\)

The main problem we wish to consider is perfectly decomposing 3K, into T(UyP;)
triples when A = 0 (mod 2) and n = 1 (mod 2X). Although Proposition 2.2 po-
tentially gives many values of n for which such a decomposition exists, we consider
only n = 1 (mod 2)) for two important reasons: n = 1 (mod 2)) is a solution to

n(n — 1) = 0 (mod 2)\) and n = 1 (mod 2) for any value of A and it implies that

n—1
2

= 0 (mod A). This second fact greatly simplifies our approach to the prob-



CONSTRUCTING CYLIC PERFECT T(UyP,) TRIPLE SYSTEMS FOR \ = 2w AND
n =1 (mod 2X)

n—1

lem, since it means we can group the distinct blue edge lengths into sets of

A. In particular, we will divide the blue edge lengths into the sets {1,2,..., A},

n—2\+1 n—1
5 g

A =2w and n =1 (mod 2)) imply that n = 1 (mod 4w).

{A+1,A+2,...,2)} .., { } Note furthermore that together

The number of edges in the matching is determined A = 2w. As always, let

—1
n =2m+ 1. If n is odd, then the largest edge length is n

, or m. All of the edges
from 3K, thus have lengths from the set {1,2,...,m}. If the edge {u,v} in E(3K,)
has length d, then we can obtain n — 1 other edges of length d by taking the orbit
of the edge {u,v} under the permutation (0 1 ... n — 1) to obtain the edges {u + 1,
v+1}, {u+2,v+2}, ..., {u+n—1, v+n—1} modulo n respectively. It is therefore
possible to take one edge of each length from 1 to m and cyclically generate K,.
We start with one edge of each length 1,2,...,m, which will be the blue edge

length, and then set up triangles (dy, da, d3) in the same manner as in Section 3.3.

n—1

Clearly, there will be at least distinct base triangles.

We denote by Lym(pA+ 1, (p+ 1)A) the set of edge lengths associated with the
indexing edge lengths pA+1,pA+2,..., (p+ 1)\, where 0 < p < nz_—)\l For example,
Lg 64(17,24) refers to the edge lengths given in Table 4.1, where the first edge length

in each triple is for a blue edge.

Our goal becomes to find triples of distinct vertices such that the edge lengths
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CONSTRUCTING CYLIC PERFECT T(UyP,) TRIPLE SYSTEMS FOR \ = 2w AND
n =1 (mod 2X)

Triangle with edge lengths

(17, 61, 61)

(18,9, 9)

(19, 60, 60)

(20, 10, 10)

(21, 59, 59)

(22, 11, 11)

(23, 58, 58)

(24, 12, 12)

Table 4.1: The triples of edge lengths referenced by Lge4(17,24)
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4.1 CONSTRUCTIONS FOR p > 2

—4w—1
between them are given by Ly ,,(pA+ 1, (p+ 1)A), for 0 < p < n47w
w

4.1 Constructions for p > 2

Lemma 4.1 If A > 4 is even, n = 1 (mod 2\), and p > 2 then there exist \ base
triangles with edges of the lengths in Ly ., (Ap+1, X(p+1)) such that the triangles are

vertex disjoint.

PROOF: The general constructions are given in Table 4.2, where 0 < i < w — 1 and

n—4w—1
2<p< — =
4w
Triangle with edge lengths Vertices

Qwp+2i+1, m—wp—i,m—wp—i) | (w+i+1, 2wp+w+3i+2 m-+

wp+w + 2i+ 2)

Qwp+2i+2, wp+i+ 1, wp+i+1) | (i, wp+2i+ 1, 2wp + 3i + 2)

Table 4.2: Primary Construction for p > 2 and w = 1,2 (mod 3)

The bulk of the proof is to show that the vertices are distinct for any values of ¢
when p is fixed. Rather than showing that positions are not equivalent modulo n, we
use the following 6 conditions, the first of which shows that all of the positions are

least nonnegative residues modulo n. The remaining conditions show that each set
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4.1 CONSTRUCTIONS FOR p > 2

of positions is strictly smaller than those with the next largest coefficient. Note that
these bounds are stronger than absolutely necessary, but they suffice for our purposes.

The two sets of positions with the smallest coefficients are different since 7 <
w—1l<w+1l<w—+1i+1.

The set of positions written as w + ¢ + 1 are different from those identified as
wp+2i+1sincew+1i1+1< 2w <wp+1<wp+ 20+ 1 whenever p > 2.

The next biggest sets of positions are distinct since wp+2i +1 <wp+ 2w —1<
2wp+2 < 2wp+ 3i+ 2 whenever p > 2. Note that alsowp+2i1+1 <wp+2w—-1<
2wp+w+2 < 2wp+w+ 30+ 2.

For the largest positions we have that 2wp + w + 31 4+ 2 < 2wp + 4w — 1 <
mtwptw+2<m+twptw+2i+2aswellas2wp+w+3i+2 < 2wp+4dw—-1<
m+wp+w+2<m-+wp+w+ 2t + 2 whenever p > 1.

The family of positions with the largest coefficient is m + wp + w + 2¢ + 2. It
can be be placed in at worst the largest vertex, 2m, since m +wp +w + 2i + 2 <
m+ wp + 3w+ 2 < 2m whenever p > 1. Since we have already shown that all of the
other positions are smaller, this means that all of the positions are at most n.

Since we have already shown that all of the vertices are least nonnegative residues,
we need only show that 2wp+w+3i+2 # 2wp+3j+2 (mod 3) which holds whenever

w=1,2 (mod 3). In the case w = 0 (mod 3) we use the modified construction given
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4.2 CONSTRUCTIONS FOR p =1

in Table 4.3; note that all of the constraints for the construction in Table 4.2 are

strong enough for this one as well.

Triangle with edge lengths Vertices

Qwp+2i+1, m—wp—i,m—wp—i) | (w+1i, 2wp+w+3i+1, m+wp+

w+2i+1)

Qwp+2i+2, wp+i+ 1, wp+i+1) | (i, wp+2i+ 1, 2wp + 3i + 2)

Table 4.3: Primary construction modified for p > 2 and w = 0 (mod 3)

We conclude that for the positions of a given set of base triangles (that is, a fixed
value of p), we have disjoint 3-cycles. It should be clear that the edges from this
construction correspond to Ly, (pA +1,(p+ 1)A). B

Returning to the constraints from above, the case w = 1 was solved by Billington

and Lindner; therefore to complete the proof we need only show the cases p = 0 and

p=1

4.2 Constructions for p =1

Our first construction for p = 1 involves splitting the blue edges of even length,
placing the small ones in the middle and the large ones at the end while keeping all

of the blue edges of odd length together.
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Triangle with edge lengths Vertices
(17, 56, 56) (0, 17, 73)
(19, 55, 55) (1, 20, 75)
(21, 54, 54) (2, 23, 77)
(23, 53, 53) (3, 26, 79)
(25, 52, 52) (4, 29, 81)
(27, 51, 51) (5, 32, 83)
(29, 50, 50) (6, 35, 85)
(31, 49, 49) (7, 38, 87)

(18,9, 9) (39, 48, 57)
(20, 10, 10) (40, 50, 60)
(22, 11, 11) (41, 52, 63)
(24, 12, 12) (42, 54, 66)
(26, 13, 13) (88, 101, 114)
(28, 14, 14) (89, 103, 117)
(30, 15, 15) (90, 105, 120)
(32, 16, 16) (91, 107, 123 )

Table 4.4: Example of the first construction for p = 1 with n = 129 and A = 16
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4.2 CONSTRUCTIONS FOR p =1

Lemma 4.2 [f A > 4 is even, n = 1 (mod 2)), and p = 1 then for n > 15w + 1
there exist A base triangles with edges of the lengths in Ly ,(\ + 1,2)\) such that the

triangles are vertex disjoint.

PrROOF: The construction here is given in Table 4.5 where 0 < i <w —1,0< 5 <

{%J—l,ameﬁkSw—{%J—l.

Triangle with edge lengths Vertices

Qw+2i+l,m—w—i,m—w—i)| (i, 2w+3i+1, m+w+2i+1)

Qw+2j4+2,w+j+lL,w+j+1) | bw+j—1,6w+2j, Tw+3j+1)

<2w+2 EJ Y242, Wt gJ ket <m+3w+k, 44w+ gJ kA1,
w w
w+bJ+k+1) m+5w+2L§J+3k+2)

Table 4.5: Construction for p =1

We prove that the triangles given in Table 4.5 are vertex disjoint by arguing that
each set of positions (with variable 7, j, k) are distinct from all others by establishing a
chain of inequalities. We compare the largest of one set of positions with the smallest

of those with the next biggest coefficient.

o 0<i<w—-1<2w+1<2w+3+1

¢ 2w+ N+1<dw—-2<dw—-1<dw+j—1
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4.2 CONSTRUCTIONS FOR p =1

_ w 11w .
o5w—|—j—1§5W+{§J—2§7—2<6W§6W+2]

. 6w+2j§6w+2§J <Tw<Tw+1<Tw+3j+1

17
e Tw+37+1<Tw+3 L%J +1< 7w+1 <m4w+1<m+w+2i+1 aslong

asn > 15w+ 1
em+w+2i+1<m+3w—-—1<m+3w<m+3w+k
w w w
e m+3w+k<m+4dw— {§J —1l<m+4w+ {§J+1 <m+dw—+ {§J+2k+1
w 11w w
o m+dw+ bJ F2hHT S mA 1< M 6w 2 < mt5w -2 bJ 43k 42

15
o m—+bw {gJ +3k+2<m+8w— {%J —3§m+7w—3§2mprovidedthat

n > 15w —5

Based on these observations, we conclude that for n > 15w + 1 the construction
in Table 4.5 gives vertex-disjoint triangles.li

Hence for p = 1 we only need to consider 6w < n < 15w + 1. However, once
again noting that A = 2w and n = 1 (mod 2)\) = 1 (mod 4w), we can further restrict
ourselves to the cases n = 12w + 1 and n = 8w + 1.

It turns out that the case n = 8w + 1 is the most difficult since it provides the
least amount of space for placing the triangles. We believe that perfect T'(UyP2) triple

system exist for such orders, as we have completely solved the cases A = 4,6,8 in
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4.2 CONSTRUCTIONS FOR p =1

Appendix B and have some general constructions for the case n = 8w+ 1 and p =1

in Appendix C.

4.2.1 Constructions for p=1and n=12w+1

Consider the construction for w =4, n = 12w+ 1, and n = 49 given in Table 4.6. The
idea is to separate the edge lengths based on the congruence of the blue edge modulo
4. The differences in the same class as 2w + 1 are placed in the earliest positions.
The other odd congruence class is placed in the next available positions so that the
largest positions from this class and the previous are not congruent modulo 3. One
even congruence class is placed at the end and over the first set of positions; the other
is placed after all of the other second positions, so that their third positions are in the
unused congruence class modulo 3. In order for this construction to work in general,

we need to determine how many spaces to leave between each congruence class.

Lemma 4.3 If X is even, n = 1 (mod 2\), and p = 1 then for n = 12w+1 there exist
A base triangles with edges of the lengths in Ly ,,(A+1,2)) such that the triangles are

vertex disjoint.

ProOOF: If w = 1,5 (mod 6), we use the construction given in Table 4.7, where

1 ~3
d andogjng.

0<:<
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4.2 CONSTRUCTIONS FOR p =1

Triangle with edge lengths | Vertices
(9, 20, 20) (0, 20, 40)
(10, 5, 5) (26, 31, 36)
(11, 19, 19) (3, 22, 41)
(12, 6, 6) (48, 5, 11)
(13, 18, 18) (1, 19, 37)
(14,7, 7) (25, 32, 39)
(15, 17, 17) (4, 21, 38)
(16, 8, 8) (47, 6, 14)

Table 4.6: Construction for n =49, w =4 and p =1

Triangle with edge lengths Vertices

(2w + 4i + 1, 5w — 2i, 5w — 2i) (i, 5w — i, 10w — 37)

(Qw+4i+2, w+2i+1, w+2i+1) | (6w—i+1, Tw+i+2, 8w+ 3i+3)

1 1
(2w+4j+3, 5w—2j—1, 5w—2j—1) (% + i, Bw WT 10w+
w—3
e y)
5 3

Qw+4j+4, w+2j+2, w+2j+2) | (12w—j—1, w+j, 2w+ 35+ 2)

Table 4.7: Construction for n = 12w+ 1, w = 1,5 (mod 6), p =1
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4.2 CONSTRUCTIONS FOR p =1

We prove that the triangles given in Table 4.7 are vertex disjoint by arguing that
each set of positions (with variable i, j, k) are distinct from all others by establishing a
chain of inequalities. We compare the largest of one set of positions with the smallest
of those with the next biggest coefficient. This case has an extra subtlety. Several of
the positions have the same coefficient, so we must prove that they are not congruent
modulo 3. Furthermore, in order to maintain the chain of inequalities which shows
that all of the positions are less than or equal to 2m, we need to show that the set of
positions with the next smallest coefficient is small than all of them, and that they

are smaller than the set of positions with the next largest coefficient.

w—1 w—i—1<w—|—1

<1< ) < —1 < ]
o 01 <1< 5 < 5 =5 +7<w <w<w+y
3w —3 Tw—9 9w—1
ewtj< T2 o2 <w 3 42< w2 < “’2 < 5w —i
. w—1
o5w—z§5w<5w+1§5w+T—]
1 Mw—1 1lw+3
o Bwi Y e T Y i 1<6wtl
2 2 9
) ) 15w + 3 )
e 6w—1+1<6w+1<Tw+2<Tw+1+2< <8w+4+3< 8w+ 3+ 3
15w + 3
o 1. TwH+it+2< ‘”; <8u+3<8u+3i+3
15 17w — 7
2 Twtit2< w2+3< WQ < 10w — 3i
15w + 3 ~3
3 Twir2< 0T <9w—3§10w+°"7—3j
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4.2 CONSTRUCTIONS FOR p =1

e 1. 8w+3+3i# 10w — 3i (mod 3)
, w—3 ,
2. 8w—|—3+3z7—é10w—|—T—3j (mod 3)
, w—3 ,
3. 10w—31—47—é10w+T—3j (mod 3)

19w +3 23w +1

o 1. 8w+3i+6< 5 < 5 <12w—1-—1
23w + 1
9 10w —3i <10w< 29T 19, 1
—3 Nw—3 23w+1
3. 10w+%—3j§ “’2 < “’; <120 —1—i

o 12w—1—-1<12w—1< 12w

Based on these observations, we conclude that for n > 15w + 1 the construction
in Table 4.7 gives vertex-disjoint triangles.
The same core construction will work for w = 3 (mod 6) by making the small

—1
w and

adjustments due to parity given in Table 4.8 where once again 0 < i <

w—3
0< < —.

If w=0,4 (mod 6), then we use the construction given in Table 4.9, where 0 <

,<w—1
< —.
- 2

Again, a few small adjustments allow us to use the same core construction for

w =2 (mod 6), as given in Table 4.10.1
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4.2 CONSTRUCTIONS FOR p =1

Triangle with edge lengths

Vertices

(2w + 4i + 1, Bw — 2i, 5w — 24)

(i, 5w — 4, 10w — 34)

Qw+4i+2, w+2i+1, w+2i+1)

(2w—+4i+3, bw—2i—1, 5w—2i—1)

(6w —i+3, Tw+i+4, 8w+3i+5)
3 1
(%ﬂ', 5w+%—z’, 10w +

T—?)i

(2w +4i+4, w+2i+2, w+2i+2)

w—1
(12w —i,w+i+1,2w+3i+3)

Table 4.8: Construction for n =

2w+1, w=3(mod 6), p=1

Triangle with edge lengths

Vertices

(2w —+ 4i + 1, Bw — 2i, 5w — 24)

(i, 5w — i, 10w — 34)

Qw+4i+2, w+2i+1, w+2i+1)

(6w —i+2, Tw+i+3, 8w+ 3i+4)

(2w—+4i+3, bw—2i—1, 5w—2i—1)

w—2

2
wte, i, 10wt~

— i

(
32')

w
Bt
) W+2

Qw+4i+4, w+204+2, w+2i+2)

(12w — i, w+i+1, 2w+ 3i + 3)

Table 4.9: Construction for n = 12w + 1, w = 0,4 (mod 6), p =1
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4.3 CONSTRUCTIONS FOR p =0

Triangle with edge lengths Vertices

(2w + 4i + 1, 5w — 2i, 5w — 2i) (i, 5w — 4, 10w — 37)

Qw+4i+2,w+2i+1,wt2i+1) <6w+——z 7w—|—2+z+1 8w +

Y 3 +2)
2 1

(2w+4i+3, bw—2i—1,5w—2i—1) | (w+i+1, 6w—1i, 11w —3i — 1)

Quw+di+4d, w+2i+2,w+2i+2) | (w—i—1,2w+i+1,3w+3i+3)

Table 4.10: Construction for n = 12w + 1, w = 2 (mod 6), p =1

4.3 Constructions for p =0

The p = 0 case is special because it involves placing the blue edges with the largest
and smallest edge lengths, which poses unique challenges. Our strategy is to place
the largest blue edge lengths in such a way that it leaves two significant gaps to

accommodate the smallest blue edges in groupings of odd and even edge lengths.

Lemma 4.4 If A > 4 is even, n = 1 (mod 2)), and p = 0 then there exist A base
triangles with edges of the lengths in Ly,,(1,\) such that the triangles are vertex
disjoint.

PRrooF: If w is odd, we use the construction in Table 4.11 where 0 <1 < d

. _w—3 ) ) L. w1
0<5< — In this construction, the largest gap starts at position

and

, ends
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4.3 CONSTRUCTIONS FOR p =0

5 1
at position m — it + —, and has length m — 3w + 1. There is a secondary gap which

2 2
Tw—>5

Tw 5
starts at position m + 1, ends at position 2m — 5 + 3 and has length m —

Triangle with edge lengths Vertices

(40 + 1, m — 2i, m — 2i) (i, m — i, 2m — 3i)

(4j+3, m—2j—1, m—25—1) (2m—2w+j+2, m—2w—j, 2m—

2w—3j—1)

Table 4.11: Construction for p = 0 and w = 1 (mod 2)

We prove that the triangles given in Table 4.11 are vertex disjoint by arguing that
each set of positions (with variable i, j, k) are distinct from all others by establishing
a chain of inqualities. We compare the largest of one set of positions with the smallest

of those with the next biggest coefficient.

o | < 5 5 <m-—2w-—)
2m — 1
om—2w—j§m—2w<%§m—i
dm — 7 7
om—i§m<%§2m—2w—3‘j—l

2m —2w -3 —1<2m —-2w—-1<2m —-2w+2<2m — 2w+ 7+ 2

4m—3w+1  4m—3w+3
o« 2m—2wtjt2< 2‘” < 2w+ < 9m —3i < 2m
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4.3 CONSTRUCTIONS FOR p =0

Based on these observations, we conclude that for n > 15w + 1 the construction
in Table 4.11 gives vertex-disjoint triangles.

Otherwise, w is even and we use the construction in Table 4.12 where 0 < i < g—l.

I : LW o oW
This time, the largest gap begins at position 5 ends at position m — - + 1, and
has length m — 3w + 2. The secondary gap begins at position m + 1, ends at position

7 7
2m — 70) + 2, and has length m — 70) + 2.

Triangle with edge lengths Vertices

(41 + 1, m — 2i, m — 2i) (i, m — i, 2m — 3i)

(4i+3,m—2i—1,m—2i—1) (2m — 2w +i+3, m— 2w —i+ 1,

2m — 2w — 3i)

Table 4.12: Construction for p = 0 and w = 0 (mod 2)

So far, we have constructed vertex disjoint triangles such that all of the blue edges
with odd lengths from 1 to 2w — 1 occur exactly once and all of the red edges with
lengths from m — 2w + 1 to m occur exactly twice. In order to complete construction
of a Ly,,(1,A), we must construct vertex disjoint triangles using all of the blue edges
with even lengths from 2 to 2w — 1 exactly once and all of the red edge lengths from
1 to w exactly twice. Note that these triangles need to be vertex disjoint but also

have vertices which are distinct from those in Table 4.11 or Table 4.12 depending on
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4.3 CONSTRUCTIONS FOR p =0

whether w is even or odd.

Now for the blue edges with even length, we introduce recursive constructions
to fit them into the two gaps. In fact, our constructions in this case can be viewed
as extended odd and even Skolem-type sequences of multiplicity 3 (which may have
more than the ‘minimum’ number of possible zeros). We denote the sequences with
even entries by E, and those with odd entries by O, where « is the largest term to

be placed.

—1
The construction for evens is given in Table 4.13 where avis even, 0 <7 < La 5 J ,

o o a—1 o
< g < —— | —| = — < k<|=|-—1.
0<;< 5 hSJ L 3 J 2,and 0 < k < hSJ 1. An example of a sequence

constructed in this way is given in Example 4.5.

Example 4.5 The following sequence is a generalized extended even Skolem-type

sequence of order 8 and multiplicity 3 constructed using Table 4.13.

1210860000068101200600800104012242024

We prove that the triangles given in Table 4.13 are vertex disjoint by arguing that
each set of positions (with variable i, j, k) are distinct from all others by establishing a
chain of inequalities. We compare the largest of one set of positions with the smallest
of those with the next biggest coefficient. Once again, several of the positions have the

same coefficient, so we must prove that they are not congruent modulo 3. Thereafter,
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4.3 CONSTRUCTIONS FOR p =0

Triangle with edge lengths Vertices

(2cc — 4i, o — 21, av — 24) (1, « — i, 2c0 — 31)
(2a—4r‘;1J—4j—4, (%+3 _%_+3{0‘;1J)+3‘7+7,
a—zr‘;lJ—zj—Q, 3(%+_1‘I—8_)+VT_1J+3'+5,
a—QLaglJ—Q‘j—@ 570‘+3_138_—{0‘;1J—j+3)

@ Q@ Q . o
(4 {1_8J —2k, 2 h—SJ —k, 2 {1_8J — | Placed in an EQL%J beginning at

» a—1
k:) position LTJ + 1.

Table 4.13: Even Skolem-type Construction
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4.3 CONSTRUCTIONS FOR p =0

in order to maintain the chain of inequalities we need to show that the set of positions
with the next smallest coefficient is smaller than all of them, and that they are smaller
than the set of positions with the next largest coefficient.

a—1
The positions with the smallest coefficients are distinct since 0 <7 < LTJ <

a—1 200+ 1 a—1 a—1 .
< =a— <a-— < a-—1.
3 3 3 3

The next largest sets of positions are also distinct because a —i < a < a+1 =

1 1
2a—3(O‘T> <2 —3 O‘T < 20 — 3i.

-1
Since 2o — 3 LOZTJ <2a—3i and — +3 { J +3j + 7 have similar

—1
coefﬁmentswealsorequlrethata—z<a<?< +3{8J+3{ 3 J+3j+7.

By rewriting § +3L%J+3LTIJ+3J+7&S2(X 3%—{ J L J)+7+3j

it should become clear that 2a — 3¢ # 204+3<% - H)éJ { 3

a—17 a oa—3 a—1
By using the facts th < | < have th
y using the facts that THEE AT and 3 = L 3 J we have that

3o a—1
20-3i <20 <20+2< 2043 | Was & +3 ||
o —3i a < 2o+ 2 +3 13 +{ 5 J+]+5aswe as 2+3 13 +

a—1 3av a—1 _
3|5 |+ +T<2a+1<2a+2< T 43| |+ || i 45

J >+7+3j (mod 3).

2 3
. .. « « a—1 _
Next we wish to argue that the sets of positions 3(5 + L—J ) + L—J +J+5

18 3
5a a—1 . . . "
and — + 3 LISJ 5 — j + 3 are distinct. We know that « is positive, so we

can say that 2 h—SJ +2 > 0, from which we can determine that a > o — {%J —442.

-1
Further arithmetic manipulation and the fact that j < %— {%J — {a 3 J — 2 gives
-1 « a—1 a—1
that a > 2 2(5 - |5 - —2)+22 2| +2j+2
us that a > { 5 J + 5 T { 3 J +2 2 3 +2)+
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4.3 CONSTRUCTIONS FOR p =0

a—1

Reading from both ends of this inequality gives us that oo > 2 LTJ + 275+ 2 which
) ) « o a—1 ‘

can be rearranged to give us our desired result that 3 (5 + h—gJ ) + {?J +7+5<

da o a—1 ,

5 +3|5) - { 3 J A

By considering the largest position in the sequence, this construction gives the

following upper bound on the length of F,:

S a a—1 T
E|<22 L_J_ 3_ i< %4y
Bl < 5 3|13 L?)JJF I=3t

7
Furthermore the recursive part of the construction fits since 3 (2 L%J ) +4 <

a—2 {a ; 1J — 1 which holds for o« > g, which is not a problem since there is no
recursive part for a < 18.

Based on these observations, we conclude that for n > 15w + 1 the construction
in Table 4.13 gives vertex-disjoint triangles.

The construction for odds is given in Table 4.14 where « is the largest red edge

— — —1
length to be placed; 0 <1 < {OZTJ, 0<5< L%J — {alggJ — La?) J — 2, and

-3
0<k< {018 J — 1. A sequence constructed according to Table 4.14 is given in

Example 4.6.

Example 4.6 The following sequence is a generalized extended odd Skolem-type

sequence of order 9 and multiplicity 3 constructed using Table 4.14.

9751110579005007009
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4.3 CONSTRUCTIONS FOR p =0

Triangle with edge lengths

Vertices

(200 — 4i, oo — 20, v — 2i)

(1, « — i, 2c0 — 31)

2{@7—@—2‘7—2,@—2{ 2

2j—2>

)
(204—4{&3 J—4j—4,a—

a—1

(o-s(13) - ")
|-

a—3
21@—1,2{ = J—Qk—l)

(4 il BRPTREP AP ol
13 18

J_

18

.. «
position {TJ + 1.

Placed in an O2LL21J beginning at

Table 4.14: Odd Skolem-type Construction
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4.3 CONSTRUCTIONS FOR p =0

The construction gives a bound on the length of O,:

- 1
‘Oa|§57a+3{a183J_{a J_j+3§7a

3 3"

7
1

7222 -1)
3

7
And again the recursive part of the construction fits because + 3 <

-1 39

a—2 {Oz 5 J — 1 which holds for o > 16’ and is again not a problem since there is
no recursive part for n < 18.

Now we consider the problem of placing these odd and even Skolem type sequences
into the gaps from the constructions in Tables 4.11 and 4.12.

7
First, suppose that w is even. We wish to place an E,, which has length ?w +4
) Tw 7 )

and an O,_; which has length 5 + 6 The odd sequence always fits in the smaller

7 7 7
gap since ?w + =< m- 7&) + 2. The even sequence fits in the longer gap when

6
Tw ) 32w .
5 +4 < m — 3w + 2 which holds when n > 5 + 5. Noting that we have n = 1

(mod 4w) and that 12w + 1 > 327&) + 5 when w > 3, the only missing cases are
n = 12w+ 1 when w = 2 and n = 8w + 1. When w = 2, an Es is given by the
sequence 2 0 2 0 2 which has length 5, while under the further assumption that
n = 12w + 1 the gap has size m — 3w + 2 = 6w — 3w + 2 = §, so this sequence fits
in this gap as well. The construction from Table 4.12 gives the blue edges with odd

lengths from 1 to w — 2 and the constructions from Tables 4.13 and 4.14 placed in

the gaps as described here give vertex disjoint triangles for the blue edges with even
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4.4 MAIN RESULTS

lengths from 2 to w so this gives an Ly ,,,(1, ) for w even.

7 5
Now suppose that w is odd. We wish to place an E,_; which has length ?w + 3

7 7
and an O, which has length L + —. The even sequence always fits in the smaller

. Tw 5 Tw—>5
gap since — + - < m —
3 3
Tw 7 32w

5 + 3 < m — 3w + 1 which once again holds when n > S + 5. Since w = 1 is

. The even sequence fits in the longer gap when

covered by Theorem 3.2, the only missing cases are n = 12w + 1 when w = 3 and
n = 8w + 1. When w = 3, an Oj is given by the sequence 300300 3 11 1 which
has length 10, while under the further assumption that n = 12w + 1 the gap has
size m — 3w + 2 = 6w — 3w + 2 = 10, so this sequence fits in this gap as well. The
construction from Table 4.11 gives the blue edges with odd lengths from 1 to w — 2
and the constructions from Tables 4.13 and 4.14 placed in the gaps as described here
give vertex disjoint triangles for the blue edges with even lengths from 2 to w so this

gives an Ly, (1, A) for w odd. B

4.4 Main Results

We now have the tools to present the main result.

Theorem 4.7 If A = 2w and n = 1 (mod 2\) then a cyclic perfect T(UxPz) triple

system of order n exists, except possibly when n = 8w + 1.
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4.4 MAIN RESULTS

PROOF: If A is even, n = 1 (mod 2)\), and n # 8w+ 1 then by Lemma 4.1 there exist
vertex disjoint triangles with edge lengths from L) ,,(Ap + 1, A(p + 1)). Lemmas 4.2
and 4.3 guarantee the existence of vertex disjoint triangles with edge lengths given by
Ly m(A+1,2)). The edge lengths from L) ,,,(1, \) are given in vertex disjoint triangles
by Lemma 4.4.

All that remains to be shown is that taking the collection of the edge lengths in
this way together with their orbits generates an appropriate decomposition.

Fix p = 0 and iterate i. The differences in the first positions of the edge length
triples, which will be the lengths of the blue edges, are 1,2,...,2w. Now set p = 1
and iterate ¢ again from 0 to obtain the lengths 2w + 1,2w + 2, ..., 4w for the blue

n—1 for the blue

edges. Continuing in this manner, we obtain the lengths 1,2,...,
edges. Since the orbit of such an edge contains n — 1 other edges of the same length,

n(n —1)
2

we obtain the edges of a copy of K,, coloured blue.

Now looking at the second and third positions of the edge length triples, which
give the lengths of the red edges, if we fix p = 0 and iterate ¢ we get the edge lengths
1,2, .., w—1lwum—w+1m—-—w+2,...,m—1,m. Setting p = 1 and iterating ¢

produces the edge lengths w+1,w+2,...,20w—1,20, m—2w+1,Mm—2w+2,...,m—

w—1,m—w. If we continue to repeat this process then we obtain the red edge lengths

— 4w —1 -1 — 4w —1
1,2,...,w<n7w)+w:n4 andm,m—l,...,m—w(%)—w+1:

4w 4w
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4.4 MAIN RESULTS

n—1 n_1+1—n_1+ n+1
2 4 4 4
n—1
tom=—.
2

, which is all of the red edge lengths from 1

Thus, every possible edge length occurs once as a blue edge length and twice as a
red edge length.

Now consider what happens when we take the orbit of a set of base triangles
under e = (0 1 ... n—1). This new set of triangles will once again consist of disjoint
3-cycles with the same lengths as before, but covering different edges.

Consider a single edge of length dy in a given set of base triangles. The orbit of
this edge contains n distinct edges with the same length dj as the original edge. This
is in fact, one copy of all possible edges of length dj.

Now we count how many differences are given by the construction. Each Ly ,,,(Ap+

n—4w —1

LAp+1).0<p<
A(p+1)),0<p < I

, gives exactly 6 edges which are translated n times.

n
Overall, this means the construction produces 3n (T) edges. However, in 3K,

—1
each of the i

distinct least positive edge lengths occurs 3 times for every edge
by n times for translations around, so the construction produces the same number of
edge lengths as the total number in 3K,,. Since we have shown that each edge length
occurs at least 3 times, they must each occur exactly 3 times.ll

We illustrate the construction from Table 4.2 with an example.
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4.4 MAIN RESULTS

Example 4.8 Consider n = 25 and A = 4 so that m = 12 and w = 2. We construct
Ly 12(9,12) using Table 4.2, L4 12(5, 8) using Table 4.10, and L4 12(1,4) using Tables
4.12, 4.13, and 4.14. The complete construction for a perfect T'(UyP») triple system
of order 25 is given in Table 4.15, where the double lines separate the sets of vertex

disjoint triangles, and is illustrated in Figures 4.1, 4.2, and 4.3.

Figure 4.1: The base triangles for p = 0 in a T'(UyP,) triple system with n = 25
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4.4 MAIN RESULTS

Table 4.15: Construction of T'(UyP») for n = 25

Triangle with edge lengths | Vertices
(1, 12, 12) (0, 12, 24)
(2,1, 1) (13, 14, 15)
(3, 11, 11) (23, 9, 20)

(4, 2, 2) (1, 3, 5)
(5, 10, 10) (0, 10, 20)
(6, 3, 3) (13, 16, 19)
(7,9,9) (3, 12, 21)

(8,4, 4) (1,5,9)
(9, 8, 8) (3, 12, 20)
(10, 5, 5) (0, 5, 10)
(11,7, 7) (4, 15, 22)
(12, 6, 6) (1,7, 13)
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4.4 MAIN RESULTS

Figure 4.2: The base triangles for p = 1 in a T'(UyP,) triple system with n = 25

Corollary 4.9 shows that if A is any power of 2 then a perfect T'(UyP,) triple
system of order n exists if and only if n = 1 (mod 2)) and n > 3\, except possibly

when n =4\ + 1.

Corollary 4.9 If A = 2¥, where v is any positive integer, then 3K, has a perfect
decomposition into T(UxP,) if and only if n = 1 (mod 2*1) and n > 3\, except

possibly when n = 4\ + 1.
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4.4 MAIN RESULTS

Figure 4.3: The base triangles for p = 2 in a T'(UyP,) triple system with n = 25

PRrROOF: If X is a power of 2 then it is also even, so the existence of a perfect T'(UyPs)
triple system of order n given that n = 1 (mod 2*1), n > 3\, n # 8w + 1, follows
from Theorems 4.7 and 3.2.

We also know from Proposition 2.2 that such a decomposition exists only if n > 3,
n =1 (mod 2) and n(n — 1) = 0 (mod 2\), so suppose that n*> —n = 0 (mod 2"*1).

Since n is odd we can write n = [2z + 1] (mod 2“*!) where z is a natural number.
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4.4 MAIN RESULTS

Now we must have (2z + 1)* — (2z + 1) = 0 (mod 2"*!), from which it follows that
2z(2x + 1) = 0 (mod 2”™!) and hence z(2z + 1) = 0 (mod 2¥). However, if z > 1

then (2z + 1)|2” which is a contradiction, so x = 0 and n = 1 (mod 2*™!). B
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Chapter 5

Discussion and open problems

We have determined the spectra of perfect T'(UyP;) triple systems for the case when A
is even and n = 1 (mod 2)), and have constructed such decompositions for all possible
values except for n = 4\ + 1. One generalization would be proving an analogous
result for odd A. Constructing perfect T'(UyP;) triple systems for other solutions to
the necessary condition is also an open problem. In particular, we believe that if p
is an odd prime then the problem of determining the spectrum of perfect 7'(U,Ps)
triple systems would be tractable, since then the only other solutions to the necessary

condition would be n = p (mod 2)\). Based on our results, we make Conjecture 5.1.

Conjecture 5.1 A perfect T(U\P,) triple system of order n exists if and only if

n(n —1) =0 (mod 2)\), n =1 (mod 2) and n > 3\.



DI1SCUSSION AND OPEN PROBLEMS

All of our constructions have been cyclic in nature. It is natural to ask whether

or not there exist any perfect T'(UyP,) triple systems which are not cyclic.

Open Problem 5.2 For what values of n and \ do perfect T(UyPs) triple systems

which are not cyclic exist?

Other open problems include determining the spectra when G is a path or a cycle
respectively, since these decomposition problems have been studied in other cases

before.

Open Problem 5.3 What are the spectra for perfect T(P,,) and T(C,,) triple sys-

tems of order n respectively?
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Appendix A

Constructing additional perfect

T(P,UP,U P)) triple systems

A.1 Additional constructions for n =1 (mod 6)

Triangle with edge lengths | Vertices

(1, 6, 6) (0,1, 7)
(2,1, 1) (8,9, 10)
(3, 5,5) (3,6, 11)

Table A.1: Construction for n = 13 for blue edges of lengths 6i + 1, 6i + 2, and 6i + 3



A.2 ADDITIONAL CONSTRUCTIONS FOR n = 3 (mod 6)

A.2 Additional constructions for n = 3 (mod 6)

Triangle with edge lengths | Vertices
(2,1, 3) (6, 8, 5)
(3,1,2) (0,3, 1)
(4, 2, 3) (2,7, 4)

Table A.2: Construction for n = 9 with blue edges of lengths 2, 3, and 4

Triangle with edge lengths | Vertices
(2,1, 1) (7,8,9)
(3,6, 6) (0, 6, 12)
(4, 2, 2) (1, 3, 5)

Table A.3: Construction for n = 15 with blue edges of lengths 2, 3, and 4
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A.2 ADDITIONAL CONSTRUCTIONS FOR n = 3 (mod 6)

Triangle with edge lengths | Vertices

(2,1, 1) (7,8,9)
(3,7, 7) (0, 3, 10)
(4, 2, 2) (2, 4, 6)

Table A.4: Construction for n = 21 with blue edges of lengths 2, 3, and 4

Triangle with edge lengths | Vertices

(5,5, 5) (0, 5, 10)
(6, 3, 3) (3,6,9)
(7,4, 4) (1, 8, 12)

Table A.5: Construction for n = 15 with blue edges of lengths 5, 6, and 7
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Appendix B

Constructions for n = 1 (mod 2)),

p =0, and p =1 when A is small

We give explicit constructions for p = 0 and p = 1 for n = 1 (mod 2)) when A =
4,6,8. This includes constructions for the case n = 8w+1, which we have not solved in
general, but based in part on this evidence we would conjecture that perfect T'(UyP;)

triple systems of order n = 4\ + 1 do in fact exist.



B.1 ADDITIONAL CONSTRUCTIONS FOR A = 4

B.1 Additional constructions for \ =4
Since A =4 =2% n(n—1) =0 (mod 2)\) = 0 (mod 23) if and only if n = 1 (mod 8).

We also require that n > 12.

B.1.1 Constructions for p =0

The construction given in Table B.1 works for n > 17.

Triangle with edge lengths Vertices
(1, m, m) (0, 1, m+1)
(2,1,1) (m—+6,m—+7 m+8)
(3, m—1,m—1) (3,6, m+5)
(4, 2, 2) (5,7,9)

Table B.1: Construction for A =4 and p =0

If n = 17 then we use the construction in Table B.2.

B.1.2 Constructions for p=1

Certainly, if m > 14 then n > 29 and the construction in Table B.3 consists of distinct

vertices. However, if n = 17 the construction still works since m = 8 and m+3 =11
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B.1 ADDITIONAL CONSTRUCTIONS FOR A = 4

Triangle with edge lengths | Vertices
(1,8, 8) (0, 1,9)
(2,1, 1) (14, 15, 16)
(3,7, 7) (3, 6, 13)
(4, 2, 2) (8, 10, 12)

Table B.2: Construction for A =4 and p =0 and n = 17

are distinct from the constant vertices 6, 10, 14, etc. Similarly, if n = 25 then m = 12

is distinct from the constant vertices.

Triangle with edge lengths Vertices
(5,m—2,m—2) (0, 5, m+3)
(6, 3, 3) (1,4, 7)
(7, m—3, m—3) (3, m, m+7)
(8,4, 4) (2, 6, 10)

Table B.3: Construction for A\ =4 and p =1
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B.2 ADDITIONAL CONSTRUCTIONS FOR A =6 AND n =1 (mod 12)

B.2 Additional constructions for A = 6 and n = 1

(mod 12)

We consider n =1 (mod 12) and n > 25.

B.2.1 Constructions for p =0

The construction in Table B.4 works for all n > 25.

Triangle with edge lengths Vertices
(1, m, m) (0, 1, m+1)
(2,1,1) (m+10, m + 11, m + 12)
3,m—1,m-—1) (3,6, m+05)
(4, 2, 2) (7,9, 11)
(5, m—2,m—2) (5, 10, m + 8)
(6, 3, 3) (m+3, m+6, m+9)

Table B.4: Construction for A =6 and p =0

B.2.2 Constructions for p=1

The construction in Table B.5 works for all n > 25.
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B.3 ADDITIONAL CONSTRUCTIONS FOR A = 8

Triangle with edge lengths Vertices
(7, m—3, m—3) (4, m+1, m+38)
(8,4, 4) (3,7, 11)
(9, m —4, m—4) (6, m+2, m+11)
(10, 5, 5) (0, 5, 10)
(11, m — 5, m —5) (1, 12, m+7)
(12, 6, 6) (m, m+6, m+12)

Table B.5: Construction for A =6 and p =1
This construction does not work for n = 25 in which case we use the construction

in Table B.6.

B.3 Additional constructions for \ = 8

The necessary conditions are that n = 1 (mod 16) and that n > 24 so we require that

n > 33.

B.3.1 Constructions for p =0

The construction in Table B.7 works for all n > 25.
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B.3 ADDITIONAL CONSTRUCTIONS FOR A = 8

Triangle with edge lengths | Vertices
(7,9,9) (6, 15, 22)
(8,4, 4) (13, 17, 21)
(9, 8, 8) (3, 11, 20)
(10, 5, 5) (9, 14, 19)
(11,7, 7) (0, 7, 18)
(12, 6, 6) (4, 10, 16)

Table B.6: Construction for A =6 and p =1 and n = 25

Triangle with edge lengths Vertices
(1, m, m) (0,1, m+1)
(2,1,1) (m+11, m + 12, m + 13)
3,m—1,m-—1) (2,5, m+4)
(4, 2, 2) (8, 10, 12)
(5,m —2,m—2) (4,9, m+7)
(6, 3, 3) (m+2, m+5, m+38)
(7, m—3, m—3) (6, 13, m + 10)
(8,4, 4) (3,7, 11)

Table B.7: Construction for A =8 and p =0
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B.3 ADDITIONAL CONSTRUCTIONS FOR A = 8

B.3.2 Constructions for p=1

Tthe construction in Table B.8 works for all n > 31.

Triangle with edge lengths Vertices
(9, m—4,m—4) (4, 13, m +9)
(10, 5, 5) (2,7,12)
(11, m — 5, m —5) (0, 11, m + 6)

(12, 6, 6)

(m+1, m+7, m+ 13)

(13, m — 6, m — 6)

(8, m+2, m+ 15)

(14,7, 7)

(m—2,m+5 m+ 12)

(15, m =7, m—"7)

(6, m —1, m+ 14)

(16, 8, 8)

(m, m+8, m+ 16)

Table B.8: Construction for A =8 and p =1

94




Appendix C

Additional constructions for

=4 +1and p=1

We note that in this case, since n = 8w+1 and p = 1 includes the indexing differences

n—1
2

A+1=2w+1,2w+2,...,4w =2\ = , the non-indexing differences are in fact
2w consecutive integers. This leads to more elegant constructions if w = 0,2 (mod 3);
but causes considerable difficulty in the case w =1 (mod 3).

We begin with the constructions for w = 0,2 (mod 6), which are given in Table

C.1 where 0 <7 < “’T’Q

Here is a justification that the positions are distinct:

o I <w—1—1l<wH+i1<22w—1+1<2w+1+1<3w+3+3



ADDITIONAL CONSTRUCTIONS FOR n =4\ +1 AND p=1

Triangle with edge lengths

Vertices

(2w + 1 + 44, 3w — 2i, 3w — 24)

(1, 3w — i, 6w — 3i)

Qw+2+4i, w+2i+1, w+2i+1)

(Tw—3i—1, 8w —i, w+1)

(2w+3+4i, 3w—1—2i, 3w—1—2i)

(dw+3i+2, Tw+i+1, 2w—i—1)

Qw+4+4i, w+204+2, w+2i+2)

(w—i—1,2w+i+1, 3w+ 3i+3)

Table C.1: Construction for n = 8w + 1, w = 0,2 (mod 6), p =1

2w+ 1 <4w+ 31+ 2
3w+ 3i+ 3 # 4w + 3i + 2 (mod 3)
3w+3i+3§%"<%§6w—3i

4w + 3i+ 2 # 6w — 3i (mod 3)

dw—+3i+2 < He=2 < Hedd <7 — 31— 1

6w — 3i # Tw — 3i — 1 (mod 3)

bw—3t<Tw-+i+1

Tw—3—-1<Tw+i+1<8w—1< 8w

The same construction will also work for w = 3,5 (mod 6), with only a slight

modification because A = 2 (mod 4); this is given in Table C.2 where 0 < i < “’T’l
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ADDITIONAL CONSTRUCTIONS FOR n =4\ +1 AND p=1

andOﬁjS“’T_?’.

Triangle with edge lengths Vertices

(2w + 1+ 4i, 3w — 2i, 3w — 2i) (i, 3w — i, 6w — 37)

Quw+244i w+2i+1, w+2i+1) | (Tw—3i — 1, 8w — i, w+1)

(2w+34+47, 3w—1-27, 3w—1-27) | (dw+3j+2, Tw+j+1, 2w—j—1)

Qw+4+4j, w+2j+2, w+2j+2) | (w—75—1,2w+j+1,3w+3j+3)

Table C.2: Construction for n = 8w + 1, w = 3,5 (mod 6), p =1

Unfortunately w = 1,4 (mod 6) requires a more nuanced approach. We follow a
similar pattern to the previous constructions in this subsection, except we have to
shift one set of differences to the end. The constructions for w =1 (mod 6) and w = 4
(mod 6) are given in Table C.3, with 0 < ¢ <<l 0<i< 93 1<j<“3 andin
Table C.4, with 0 <7 <% —1,1 <7 <% — 1 respectively.

Since this construction is significantly different from the last, we once again argue

that the positions are distinct.
o i <w—Ll—-1<w+j—-1<2w—Vl—-1<2wH+l<3w—1—1<3w+3+1
e 3w—i—1<4dw+30-1

e 3w+ 30 +1%# 4w+ 3¢ —1 (mod 3)
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ADDITIONAL CONSTRUCTIONS FOR n =4\ +1 AND p=1

Triangle with edge lengths

Vertices

(2w + 1+ 44, 3w — 20, 3w — 2()

(dw—1430 Tw—1+0, 2w—1—10)

(w2440, w+ 1420, w+1+20)

(wW—1—4,2w+{, 3w+ 1+ 30)

(2w+3+4i, 3w—1—2i, 3w—1—2i)

(1, 3w — 1 — 14, 6w — 2 — 3i)

Qw+4+47, w+2+2j, w+2+25)

(Tw—4—-37,8w—2—j,w—1+7)

Qw+4, w+2, w+2)

(6w —4, Tw — 2, 8w)

Table C.3: Construction for n =

° 3w+3£+1§%<9”—;5§6w—3i

o dw+30—1%6w—3i—2 (mod 3)

8w+ 1, w=1(mod6), p=1

-2

o dw+30—1 < e < Ml <70 — 35 —4

o 6w —3i—2% Tw—3j—4 (mod 3)

o bw—3i—2<6bw—4

e Tw—3]—4#bw—-4<Tw+{l—-1

o Tw—3—-1<Tw+/l-1

o Tw—4-31<Tw—-2<8w—7—2

e Tw+/l—1<8w—7—2<8w
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ADDITIONAL CONSTRUCTIONS FOR n =4\ +1 AND p=1

Triangle with edge lengths

Vertices

(2w + 1 + 44, 3w — 2i, 3w — 24)

(dw— 1430, Tw—1+1i, 2w—2—1)

Qw+2+4i, w+2i+1, w+2i+1)

(w—1—1i, 2w+i, 3w+ 1+ 30)

(2w+3+4i, 3w—1—2i, 3w—1—2i)

(1, 3w —1—1, 6w — 2 — 3i)

Qw+4+4), w+2j+2, w+2j+2)

(Tw—4-3j,8w—2—j,w—1+j)

2w+4, w+2, w+2)

(6w —4, Tw — 2, 8w)

Table C.4: Construction for n = 8w+ 1, w =4 (mod 6), p =1
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