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Abstract

A G-decomposition of a graph H consists of a set V' of vertices of H together with
a set B of subgraphs (called blocks) of H, each isomorphic to G, that partition the
edge set of H. A G-design of order n is a G-decomposition of the complete graph
K,, on n vertices. A complete graph is a simple graph in which every pair of distinct
vertices is connected by a unique edge. A G-design is said to be k-colourable if its
vertex set can be partitioned into k sets (called colour classes) such that no block is

monochromatic. It is k-chromatic if it is k-colourable but is not (k — 1)-colourable.

The block intersection graph of a G-design with block set B is the graph with B as its
vertex set such that two vertices are adjacent if and only if their associated blocks are
not disjoint. The chromatic index of a graph H is the least number of colours that
enable each edge of H to be assigned a single colour such that adjacent edges never

have the same colour.

In this thesis we first investigate the chromatic index of block intersection graphs of
Steiner triple systems. A Steiner triple system of order n is a K3-design of order n.
Next, we study k-colourings of e-star systems for all £k > 2 and e > 3. An e-star is a
complete bipartite graph K; .. An e-star system of order n > 1, is a G-design of order
n when G is an e-star. We then study k-colourings of path systems for any k£ > 2. A

path system is a G-design when G is a path.
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Lay summary

A graph is a mathematical structure consisting of two sets that represent vertices and
edges. A complete graph is a simple graph in which every pair of distinct vertices is
connected by a unique edge. A G-decomposition of a graph is a partition of the edges
of the graph into subgraphs isomorphic to G called blocks. A G-design of order n is a
G-decomposition of the complete graph on n vertices. Colouring of a G-design is an

assignment of colours to the vertices such that no block is monochromatic.

G-designs have been investigated to solve scheduling problems occuring in combina-
torial mathematics. In combinatorial mathematics, there are famous problems such
as the fifteen school girls problem. The fifteen school girls problem states: A school
mistress has fifteen girl pupils and she wishes to take them on a daily walk. The girls
are to walk in five rows of three girls each. It is required that no two girls should
walk in the same row more than once per week. The solution of this problem can be

obtained by constructing a G-design when G is a complete graph on three vertices.

In this thesis, we study colourings of some G-designs. Vertex colouring arises in a
variety of scheduling applications. For instance, suppose that v delegates from k&
countries are to meet at round tables such that each delegate sits next to each other
delegate exactly once. Also, each meeting must include at least two delegates from

two different countries. This can be modelled as a colouring problem using & colours.
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Chapter 1

Introduction

A G-decomposition of a graph H is a pair (V, B) where V is the vertex set of H and
B is a set of subgraphs of H, each isomorphic to GG, whose edge sets partition the
edge set of H. A G-design of order n is a G-decomposition of the complete graph
K,, on n vertices. A complete graph is a simple graph in which every pair of distinct
vertices is connected by a unique edge. A positive integer n is said to be admissible
if there exists a G-design of order n. Given a G-design (V,B), its associated block
intersection graph is the graph on vertex set B for which two vertices By and B, are
adjacent if and only if |V (By) NV (By)| > 1. A G-factor of a graph H is a spanning
subgraph of H, each component of which is isomorphic to GG. If the edges of H can
be partitioned into G-factors, then we say H has a G-factorisation. In this thesis, we

study colourings of three kinds of G-designs.

When G is a complete graph on k vertices, a G-design of order n is better known
as BIBD(v, k, 1) with v = n. More generally, a balanced incomplete block design of
order v, block size k and index A, denoted as BIBD(v, k, \), consists of a v-set V

accompanied by a block set B which itself is a set (or multiset) of k-subsets of V' such



that each 2-subset of V' is contained in exactly A of the blocks of B. A Steiner triple
system of order v is a BIBD(v,3,1), and is typically denoted by STS(v). A Steiner
triple system is indeed a Kj3-design. It is a classic result of Kirkman that a STS(v)
exists if and only if v = 1 or 3 (mod 6) [24]. For more information on Steiner triple

systems and their properties, see [13].

A bipartite graph G, ,, is a graph whose vertex set can be partitioned into two subsets
Vi and V, with m and n vertices respectively, such that every edge of G, , joins
a vertex of Vi with a vertex of V,. If G,,, contains every edge joining V; and V5,
then it is called a complete bipartite graph and denoted by K,,,. An e-star is a
complete bipartite graph K;.. When G is an e-star, a G-design of order n is called
an e-star system of order n and denoted by S.(n). An e-star with star centre x and
edges {x,a1}, {x,as}, ... {x,a.} is denoted by either {x;aq,...,a.} or {x; A} where
A={ay,...,a.}. The necessary and sufficient conditions for the existence of an e-star

system of order n are that e divides @ and n > 2e [37].

For any integer m > 2, the path with m vertices {a1, ..., a,} and m—1 edges {a1, as},
{az,as}, ..., {am_1,a,} is denoted by P, = (aq,...,a,). When G is a P, path, a
G-design of order n is called a P, system of order n and we denote it by P,,(n). The
necessary and sufficient conditions for the existence of a P,, system of order n are

that n =1 orn > m and n(n — 1) =0 (mod 2m — 2) [34].

We will look at two kinds of colourings: edge-colourings of block intersection graphs

of Steiner triple systems and k-colourings of star systems and path systems.



1.1 Edge colourings of graphs

An edge-colouring of a graph G is an assignment of colours to the edges of G so that
no two adjacent edges have the same colour. The chromatic index x' of a graph G is

the least number of colours that are needed to edge-colour G.

Vizing’s Theorem asserts that a simple graph G with maximum degree A either has
chromatic index x’ = A or x’ = A+ 1 [18, 35]. A simple graph G is described as
Class 1 (resp. Class 2) if its chromatic index is A (resp. A+ 1), although determining
which is the case is in general an NP-complete problem [19]. Nevertheless, for some
types of graphs the situation is less difficult; for instance, a century-old result of
Konig confirms that all bipartite graphs are Class 1 [26]. Cycles of odd length are
examples of Class 2 graphs and Figure 1.1 is an example of a Class 1 graph which is

not bipartite.

Figure 1.1: A Class 1 graph which is not bipartite

If G is a A-regular Class 1 graph of even order, then the edges of G can be partitioned
into A 1-factors (i.e., 1-regular spanning subgraphs); such a partition is called a 1-
factorisation of G. A Hamilton decomposition of a A-regular graph G consists of a set
of Hamilton cycles (plus a 1-factor if A is odd) that partition the edges of G. Results
pertaining to Hamilton decompositions date back to the nineteenth century when
Walecki is described as having found elegant Hamilton decompositions of complete
graphs [27]. For a survey paper about Hamilton decompositions of graphs, see [3]. In
the event that GG is a Hamilton decomposable graph of even order, then it is clear that

G admits a 1-factorisation and hence G is Class 1. However, the converse does not hold



as there are graphs with 1-factorisations that do not admit Hamilton decompositions

(for an example, refer to Figure 1.2).

Figure 1.2: A graph with 1-factorisation that has no Hamilton decomposition

The line graph L(G) of a graph G is the graph having the edge set of G as its vertex set,
with two vertices of L(G) being adjacent if and only if their corresponding edges in G
are adjacent. Line graphs can be viewed as a special case of block intersection graphs,
or, alternatively, block intersection graphs can be viewed as a generalisation of line
graphs. There are a number of results in the literature concerning 1-factorisations and
line graphs. For instance, Alspach proved that any complete graph K, with an even
number of edges has a Class 1 line graph [2]. More generally, Jaeger has established
that if G is a Hamilton decomposable graph with an even number of edges then L(G)
is Class 1 [23].

One-factorisations are widely used within graph theory as well as in areas such as
scheduling. For an in-depth review about the theory and application of 1-factorisations,
readers can consult [36]. Among the various problems about 1-factorisations, partic-
ularly noteworthy is the 1-Factorisation Conjecture, one of the earliest references to

which is [10]:

Conjecture 1.1.1. If G is a simple A-regular graph on 2k vertices and k < A then
G is Class 1.



A stronger conjecture that implies the 1-Factorisation Conjecture was given by Nash-

Williams [29]:

Conjecture 1.1.2. If G is a simple A-reqular graph on n vertices and n < 2A then

G has a Hamilton decomposition.

Both of these conjectures have recently been solved when the number of vertices is
sufficiently large [14]. However, with regard to block intersection graphs of Steiner
triple systems, the block intersection graph of a STS(v) has w vertices and is
regular of degree 222, Hence it is only for v € {9, 13} (resp. admissible v < 15) that
the block intersection graph of a STS(v) satisfies the hypothesis of the 1-Factorisation

Conjecture (resp. Nash-Williams’ Conjecture).

In 1987, Graham asked whether STS block intersection graphs have Hamilton cy-
cles [5], a question that was subsequently affirmatively answered (see [5] and [20]).
In addition to being Hamiltonian, block intersection graphs of BIBDs are also pan-
cyclic [4, 28]. A graph is pancyclic if it contains cycles of all possible length from three
up to the number of vertices of the graph. Even more recently the block intersection
graphs of BIBDs have been shown to be cycle extendable, which in turn has enabled
a polynomial-time algorithm to be developed for finding cycles of arbitrary specified
length in them [1]. A graph is cycle extendable if every nonHamiltonian cycle is ex-
tendable. A nonHamiltonian cycle C' is extendable if there exists another cycle in the
graph that contain all the vertices of C' plus one more vertex. In [32] it is reported
that every STS(v) with order v < 15 has a Hamilton decomposable block intersection

graph, but for admissible orders v > 19 the status remains undetermined.

Since the property of being Hamilton decomposable is (for graphs of even order) a
stronger property than having a 1-factorisation, it is natural to initially consider the

potentially easier question of deciding whether 1-factorisations exist for STS block



intersection graphs. Any graph of order n and maximum degree A such that the
number of edges exceeds A[7 | is called overfull and is necessarily Class 2 [11]. Every
regular graph of odd order is overfull and hence every STS(v) for which v = 3 or 7
(mod 12) must have a Class 2 block intersection graph. In Chapter 2, we therefore

only consider v =1 or 9 (mod 12), for which we offer this conjecture:

Conjecture 1.1.3. Every STS(v) with v = 1 or 9 (mod 12) has a Class 1 block

intersection graph.

In Chapter 2, we investigate the chromatic index of block intersection graphs of Steiner

triple systems. A Kirkman triple system of order v, denoted KTS(v), is a STS(v)

v—1
2

for which the blocks can be partitioned into sets called parallel classes, each of
which consists of £ pairwise disjoint blocks. Kirkman triple systems are named after
Kirkman who in 1850 posed the Kirkman school girls problem [25]. The problem
states: Is it possible for a school mistress to take fifteen school girls on a walk each
day of seven days of a week, walking in five rows of three girls so that each pair of

girls walk together in the same row on exactly one day? A solution to this problem

is equivalent to a KT'S(15).

In Section 2.1 we show that Conjecture 1.1.3 is satisfied by every Kirkman triple
system of order v = 9 (mod 12). A Steiner triple system of order v is said to be
cyclic if its automorphism group contains a cyclic subgroup of order v. In Section 2.2
we consider cyclic Steiner triple systems of order v = 1 (mod 12) and we prove that
Conjecture 1.1.3 holds for every such STS with % > %, where ¢ denotes Euler’s

totient function. In Section 2.3 we establish that Conjecture 1.1.3 is true for all cyclic

Steiner triple systems of order v =9 (mod 12).



1.2 Colourings of designs

A G-design (V,B) is said to be weakly k-colourable if its vertex set can be parti-
tioned into k sets (called colour classes) such that no subgraph belonging to B is
monochromatic. A G-design is k-chromatic if it is weakly k-colourable but is not
weakly (k — 1)-colourable. If a G-design is k-chromatic, we say that its chromatic
number is k. A k-colouring of a G-design is said to be equitable if the cardinalities
of the colour classes differ by at most one; it is strongly equitable if the colour classes
are of the same size. A G-design will be called (strongly) equitably k-chromatic if
it is k-chromatic and admits a (strongly) equitable k-colouring. If every k-colouring
of a G-design (V,B) can be obtained from some k-colouring ¢ by a permutation of
the colours, we say that (V,B) has a unique k-colouring, or that (V,B) is uniquely

k-colourable.

Weak colourings of G-designs were first studied for Kj3-designs, i.e., Steiner triple
systems. In particular, de Brandes, Phelps, and Rédl [7] proved that for any k£ > 3,
there exists some integer v, such that for all admissible v > vy, there is a k-chromatic
Steiner triple system of order v. Moreover, Burgess and Pike [8] showed that for all
k > 2 and even m > 4 there exists a k-chromatic m-cycle system. An m-cycle system
of order n > 1 is a partition of the edges of the complete graph K, into m-cycles.
Also, Horsley and Pike [21] showed that for all &k > 2 and m > 3 with (k,m) # (2, 3),
there exist k-chromatic m-cycle systems of all admissible orders greater than or equal

to some integer 7y .

1.2.1 Star systems

The existence of a K -factorisation of K, was studied and completely settled in

1993 [38]. If e is even, a K .-factorisation of K, exists if and only if n =1 (mod 2e)



and n =0 (mod e+ 1). If e is odd, there does not exist a K .~factorisation of K, for

any n.

In Chapter 3 of this thesis, we investigate k-colourings of e-star systems for e > 3.
Note that a 3-star system of order n exists if and only if n = 0,1 (mod 3) and
n > 6 [37]. In Section 3.1 we first construct equitably 2-chromatic 3-star systems of
all admissible orders. We then show that for all £ > 2, if there exists a k-chromatic
3-star system of order ng, then there exists a k-chromatic 3-star system of order n for
all admissible n > ng. Next, from a (k — 1)-chromatic 3-star system, we construct a
k-chromatic 3-star system, for all & > 3. Finally, we finish this section by showing
that for any integer k > 2, there exists some integer n; such that for all admissible

n > ny, there exists a k-chromatic 3-star system of order n.

In Section 3.2 we generalise the results in Section 3.1 for e-star systems for all e > 3.
We first construct equitably 2-chromatic e-star systems of order 2¢ for all e > 3. We
then show that for all £k > 2 and e > 4, if there exists a k-chromatic e-star system of
order ng such that ng = 0,1 (mod 2e), then there exists a k-chromatic e-star system
for all n > ng such that n = 0,1 (mod 2e). Next, from a (k — 1)-chromatic e-star
system of order ny_; = 0 (mod 2e), we construct a k-chromatic e-star system of order
ng = 0 (mod 2e), for all k£ > 3. Finally, we finish this section by showing that for any
integer k > 2, there exists some integer nj where n; = 0 (mod 2e) such that for all

n = ng where n = 0,1 (mod 2e), there exists a k-chromatic e-star system of order n.

We also study unique colourings for e-star systems. The idea of uniquely colourable
designs has already arisen in the context of Steiner triple systems. In 2003, Forbes [17]
showed that for every admissible v > 25, there exists a 3-balanced Steiner triple
system with a unique 3-colouring and also a Steiner triple system which has a unique,

nonequitable 3-colouring. Note that a Steiner triple system is said to be 3-balanced



if every 3-colouring of it is equitable. In Section 3.3 we first construct a strongly
equitably uniquely 2-chromatic e-star system. Next, we construct a strongly equitably
k-chromatic e-star system from a strongly equitably uniquely (k — 1)-chromatic e-star
system. We then show how to construct a strongly equitably uniquely k-chromatic
e-star system from a strongly equitably k-chromatic e-star system. Finally, we finish
this section by showing that for any integer k > 2, there exists some integer n; where
nr = 0 (mod 2e) such that for all n > ng where n = 0,1 (mod 2e), there exists a

uniquely k-chromatic e-star system of order n.

1.2.2 Path systems

In Chapter 4 of this thesis, we investigate k-colourings of path systems. In Section 4.1
we construct some small systems that are used as ingredients to construct larger
systems in the next section. In Section 4.2 we first observe that there exists a k-
chromatic P, system for any £ > 2 and m > 4 where m is even. We then show that
there exists an equitably 2-chromatic P, system of each admissible order. Finally,
we prove that for any integer k > 3, there exists some integer nj such that for all
admissible n > n;, there exists a k-chromatic P, system of order n. Note that a P,

system of order n exists if and only if n = 0,1, 3,4 (mod 6) [34].



Chapter 2

The chromatic index of STS block

intersection graphs

In this chapter, we investigate the chromatic index of block intersection graphs of
Kirkman triple systems and cyclic Steiner triple systems. We conjecture that whenever
a Steiner triple system has a block intersection graph with an even number of vertices,
the graph is Class 1. We prove this to be true for Kirkman triple systems and cyclic
Steiner triple sytems of order v = 9 (mod 12). We also prove that the conjecture holds
for a large family of cyclic Steiner triple systems of order v = 1 (mod 12). This is joint
work with David A. Pike and Jonathan Poulin, which is published in the Australasian

Journal of Combinatorics [15].

2.1 Kirkman triple systems

Recall that a Kirkman triple system is a Steiner triple system for which the blocks
can be partitioned into sets of disjoint blocks such that the union of the blocks in each

set of the partition is the whole set of points. Ray-Chaudhuri and Wilson proved in
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1971 that a KTS(v) exists if and only if v = 3 (mod 6) [33]. Here we show that each
Kirkman triple system for which v = 9 (mod 12) gives rise to a block intersection
graph that admits a 1-factorisation. Before proving the main result of this section,

we state the following theorem which will be used throughout this thesis.
Theorem 2.1.1 (Konig [26]). If G is a bipartite graph, then X'(G) = A(G).
We now show that Conjecture 1.1.3 holds for KTS of order v =9 (mod 12).

Theorem 2.1.2. A KTS(v) has a Class 1 block intersection graph if and only if v =
9 (mod 12).

Proof. It has already been observed in page 6 that every STS(v) with v = 3 (mod
12) has a Class 2 block intersection graph, so we only need to now consider Kirkman
triple systems with v = 9 (mod 12). Suppose that B is the block set of a KTS(v)
with v =9 (mod 12). Hence v = 6m + 3 where m is an odd integer, and the KTS has
v—1

5= = 3m + 1 parallel classes. Let Py, Py, ..., P31 be the parallel classes.

There are (3mz+1) pairs of parallel classes, and we wish to partition this set of pairs
into 3m sets 81,89, ...,83, so that within the pairs of each set 8; each parallel class
occurs exactly once. Such a partition can be easily obtained by making use of a

1-factorisation of K3, 11 on the vertex set {Pq, P, ..., P3ni1}-

Consider two parallel classes, say P, and P,, that are together as a pair in some
set 8;. The blocks of these two parallel classes induce a subgraph G, of the block
intersection graph G of the KTS such that G, is a 3-regular bipartite graph with
2m+ 1 vertices in each of its two parts. Recalling that bipartite graphs are Class 1 by
Theorem 3.1.2, we can therefore edge-colour this cubic bipartite graph with the three
colours 37 — 2, 3i — 1 and 3i. Moreover, we can use these same three colours for each

subgraph of GG induced by a pair of parallel classes in §;, since each such pair induces
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a subgraph of G that is disjoint from the subgraphs induced by the other pairs of §;.

We have now exhibited a proper colouring of the edges of the block intersection graph
that uses only 9m colours, and hence we conclude that the KTS has a Class 1 block

intersection graph. O

2.2 Cyclic Steiner triple systems of order v = 1

(mod 12)

In this section we investigate Steiner triple systems of order v = 1 (mod 12) for which

v—1

the block set B can be generated from a set of *3

base blocks through the repeated
application of a permutation o of the points of V. More succinctly, we consider Steiner
triple systems that are cyclic, which are known to exist if and only if v = 1 or 3 (mod
6) and v # 9 [30]. Without loss of generality we may assume that V = Z, and
that the permutation ¢ is (0,1,2,...,v — 1). We prefer an additive notation for this

permutation, so that for any block B, we define B +1i = {x + ¢ (mod v) : x € B}.

Here we will prove that many cyclic Steiner triple systems of order v = 1 (mod
12) have Class 1 block intersection graphs. As with the Kirkman triple systems of
Section 2.1 we will find a means of decomposing the block intersection graph into
several subgraphs that themselves are Class 1. Many of these subgraphs will be

bipartite, but there is another type of subgraph that will also be helpful to us.

Given positive integers n and k, we denote by P(n, k) the generalised Petersen graph
on 2n vertices and 3n edges. Specifically, the vertex set of P(n, k) is {wq, wq, ..., w,_1}
U{zo,x1,...,Zn_1}, and for each i € Z, let {w;, w1}, {w;, z;} and {z;, x;1 1} be
edges. The familiar Petersen graph is therefore P(5,2). Although the Petersen graph

is Class 2, Castagna and Prins have shown that it is the unique generalised Petersen



13
graph with this property [9].

Given a block B in a cyclic STS(v), we will refer to the set of blocks {B,B + 1, B +
2,...,B+ (v—1)} as its orbit. Note that if, in the block intersection graph of a
cyclic STS, B is adjacent to B + ¢, then B is also adjacent to B — i; the edges
{B,B + i} and {B,B — i} are said to have difference i with respect to the orbit
of B. If the six neighbours that a block B has within its orbit are B + i, B +
7 and B *+ k, then we will refer to the three least positive elements of the 6-set
{#£i (mod v),£j (mod v), +k (mod v)} as the orbital differences for the orbit of B.
Note that for any integer n > 3, the cycle with n vertices {a1,...,a,} and n edges

{ai,as}, {as,as}, ..., {an_1,an},{an, a1} is denoted by (aq,...,a,).

Lemma 2.2.1. Given two orbits of size v in a cyclic STS(v), if one of them has an
orbital difference d that is co-prime to v, and e is an orbital difference for the other
orbit, then a P(v,d"'e) is formed by the edges of difference d in the first orbit, the
edges of difference e in the second orbit and a suitably chosen 1-factor between the

two orbits.

Proof. Let By be a block having an orbit with a difference d that is co-prime to v.
For each i € Z, let B; = By+i. Then there exists a v-cycle (By, Bq, Bag, - - - ; By—1y4)-
By is adjacent to nine vertices in the other orbit of the lemma’s hypothesis. Let Ay
be one of these nine neighbours of By. We now obtain a set of v edges of the form
{B;, A;}, yielding the spokes of a generalised Petersen graph. Since e is an orbital
difference for the orbit of Ay, there exists an edge {Ajc, A1)} for each i € Z,.
Relabel By, By, Bag, - - ., B-1)a (resp. Ao, Aa, Aaa, - .., Aw—1)a) as Wy, W1, Wa, . .., Wy_1
(resp. T, T1, T2, ..., Ty_1), respectively. Then we find that x; is adjacent to x;, if
and only if A; is adjacent to A; . In the graph that we have constructed, the three

neighbours of A; are A;,., A;_. and B; and so we obtain e = kd (mod v). Hence
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S By = {9,10,0}

Figure 2.1: A P(13,5) subgraph in the block intersection graph of a cyclic STS(13)

k = d e (mod v) and thus the edges that we have described constitute a P(v,d 'e)

that is a subgraph of the block intersection graph of the cyclic STS(v). O

As an example of such a design, let v = 13 and observe that B = {{O, 1,4} +i:i €
Zy3}U{{0,2,7} +i:i € Zy3} is the block set of a cyclic STS(13) having {0,1,4} and
{0,2, 7} as base blocks. For each ¢ € Zy3, let A; be the block {4, 6,11} +4 and similarly
let B; = {0,1,4}+1. The orbital differences arising from Ag are 2, 5 and 6, while those
arising from By are 1, 3 and 4. Using orbital difference d = 3 (which is co-prime to v
and has multiplicative inverse d~* = 9) we obtain a 13-cycle (By, Bs, B, . . ., Big). By
is adjacent to nine vertices in the orbit of Ay, one of which is Ay itself. We thus have
a set of 13 edges of the form {B;, A;}, yielding the spokes of a generalised Petersen
graph. Since e = 2 is an orbital difference for the orbit of Ay, we include in our graph

the edge {Ag;, Ag(i11)} for each i € Zy3. The result is the P(13,5) shown in Figure 2.1.

To foreshadow results that are yet to come, we can continue with this example and

demonstrate how to obtain a 1-factorisation of the block intersection graph of this
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cyclic STS(13). Since P(13,5) is a generalised Petersen graph other than the Petersen
graph, then we can properly colour its edges with three colours, say 1, 2 and 3. Using
orbital differences d = 1 and e = 6, along with a 1-factor of spokes such as edges
of the form {A;, B;y3} we obtain a P(13,6) which we can edge-colour with colours
4, 5 and 6. The orbital differences d = 4 and e = 5, along with edges of the form
{A;, Bi17} produce another P(13,6) which we can edge-colour with colours 7, 8 and
9. The remaining uncoloured edges from the block intersection graph of the cyclic
STS(13) induce a 6-regular bipartite graph, which can be properly edge-coloured with
colours 10 through 15.

Observe that any cyclic STS(v) for which v = 1 (mod 12) has {1,2,..., %} as its

set of orbital differences. We will want to partition these ”;21 differences into %1

pairs of differences, and for each such pair we will want to construct a generalised

Petersen graph of order 2v. The hypothesis of Lemma 2.2.1 requires that one of the

two orbital differences of the pair be co-prime to v. If we let ¢ denote Euler’s totient

function, then the proportion of the orbital differences that are co-prime to v is %.

It is necessary that % be at least one half in order for our approach to showing that

a cyclic STS(v) has a Class 1 block intersection graph to work. We are able to show

that f(_vl) > % is sufficient.

Theorem 2.2.1. Any cyclic STS(v) with v =1 (mod 12) and “0(”1)

v—

> % has a Class 1

block intersection graph.

Proof. First note that when v = 1 (mod 12), the blocks of a cyclic STS(v) give rise

to N = ”gl distinct orbits. Observe that N is even and consider the complete graph

K in which each vertex denotes an orbit of the STS. Since N is even, Ky admits a

1-factorisation in which each 1-factor consists of a set of pairs of orbits.

If, for just one of these 1-factors, say Fy, it is the case that each pair of orbits has
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at least three (of its six) orbital differences that are co-prime to v, then we can use
the technique of Lemma 2.2.1 to construct three edge-disjoint generalised Petersen
graphs for each pair of orbits corresponding to an edge of the 1-factor. For the first
of the three generalised Petersen graphs constructed from each such pair of orbits, a
proper edge-colouring with colours 1, 2 and 3 is possible. For the second (resp. third)
generalised Petersen graph arising from each of these pair of orbits, colours 4, 5 and
6 (resp. 7, 8 and 9) can be used in a proper edge-colouring. Since for each pair of
orbits, the edges between blocks of the same orbits have already been coloured, the
remaining edges are the edges between these pairs of orbits. These edges induce a 6-
regular bipartite graph, which is Class 1 by Theorem 2.1.1 and hence can be properly
edge-coloured with colours 10 through 15. Let F1,F5, ..., Fy_o denote the remaining
1-factors in the 1-factorisation of K. Since all edges that join vertices of the same
orbit have already been coloured (with one of the colours in the set {1,2,...,9}), then
each edge of these 1-factors corresponds to a pair of orbits for which the uncoloured
edges induce a 9-regular bipartite graph. For each i € {1,2,..., N —2} and each edge
of F;, we use the colours of {97 + 7,97+ 8,...,9i + 15} to properly colour the edges
of these 9-regular bipartite graphs. The result is a Class 1 colouring for the block

intersection graph of the STS.

All that now remains is to prove that there is some partition of the N orbits into
% pairs such that at least three of the orbital differences of each of these pairs are

co-prime to v (i.e., we need to prove that there is a way to select the initial 1-factor

?0 of KN)

For each j € {0,1,2,3} let ¢; denote the number of orbits having exactly j orbital
differences that are co-prime to v. Clearly ¢y + ¢; + ¢o + ¢c3 = N. Since each orbit

with no differences that are co-prime to v must be paired with an orbit having three



17

differences that are co-prime to v, and each orbit with one such difference must be
paired with an orbit having at least two, it is readily evident that the following two

conditions are necessary for a suitable 1-factor JFy to exist:

C3 2 Co (21)

(&) + (03 — CO) 2 C1 (22)

Moreover, these two conditions are sufficient since the ¢y orbits having no differences
that are co-prime to v can be arbitrarily paired with ¢y of the c3 orbits having three
co-prime differences. The ¢; orbits with one co-prime difference can then be arbitrarily
paired with ¢; of the remaining ¢y 4 (c3 — ¢p) unpaired orbits that have at least two co-
prime differences. And lastly, all of the remaining unpaired orbits can be arbitrarily

paired together, yielding a suitable 1-factor &F,.

The total number of orbital differences arising from the N orbits is 3N = 3(co +

¢1 + ¢2 + ¢3) and the number of orbital differences that are not co-prime to v is

3co + 2¢1 + ¢o. Given that f(_vl) > 2 it follows that 3(30”& < L. Therefore,

37 cotc1tea+e3) 3
3co + 2¢1 + ¢2 < ¢o + ¢ + ¢ + ¢3, which implies that ¢3 > ¢q (satisfying condition
(2.1)) and also that ¢; — ¢3 < —2¢. It is clear that ¢ + ¢y is nonnegative and thus

—2cg < ¢ — ¢g. Therefore ¢; — c3 < ¢ — ¢ and so condition (2.2) is satisfied. O

While Theorem 2.2.1 shows that Conjecture 1.1.3 holds for any cyclic STS(v) with

v =1 (mod 12) and

f(_vl) > %, we note that our technique of decomposing the block

intersection graph of a cyclic STS into generalised Petersen graphs and bipartite

graphs can also often be used when % < f(_vl) < % The crucial requirement is that

the orbital differences be distributed among the orbits of the STS in such a manner

that conditions (2.1) and (2.2) are satisfied. Cyclic Steiner triple systems for which
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<2y % do exist, although they appear to be somewhat sporadic. The smallest

1
2 v—1

order v = 1 (mod 12) for which % < 2 is v = 385, for which f(_vl) =3

Cyclic Steiner triple systems for which our technique is certain to fail also exist,
namely those for which fewer than half of the orbital differences are co-prime to v.

— : _ ; (v) __ 95040
The smallest such order v = 1 (mod 12) is v = 37182145, for which 5 = =5

If Conjecture 1.1.3 holds in general, then there must be some means of obtaining a
Class 1 edge-colouring of the block intersection graph of a cyclic STS(37182145) other

than by the method that we have described.

Interestingly, both 385 and 37182145 are products of consecutive prime numbers. We

now investigate some of the conditions on v that pertain to when % satisfies the

hypothesis of Theorem 2.2.1. Note in particular that if “OE}”) > 2, then f(_vl) > 2 If
v has prime factorisation v = p{'pgy? - - - pi*, then “05)”) = (1— pil)(l — piz) (1= pit),
which is independent of the exponents aq, as, ..., a; of the prime factorisation. We

can therefore concentrate our attention on the prime factors of v.

Corollary 2.2.1. Ifv = 1 (mod 12) is a prime power, then any cyclic STS(v) has a

Class 1 block intersection graph.

Proof. As already observed, it suffices to prove that @ > % Let v = p® and note
that since v = 1 (mod 12), we have p # 2 and p # 3. Hence “OEJ”) =1 —% >1-1>2

|

Corollary 2.2.2. [f v = 1 (mod 12) has only two prime divisors, then any cyclic

STS(v) has a Class 1 block intersection graph.

Proof. Suppose v = pi*p5? where p; < ps. Then p; > 5 and ps > 7. Therefore

®(v) > (1— l)(l _ l) >

v 5 7 U

wino
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Corollary 2.2.3. Ifv = 1 (mod 12) has only three prime divisors, and these three di-
visors are not one of the trios in the set T = {{5, 7,11}, {5,7,13},{5,7,17},{5,7,19},
{5,7,23}, {5,7,29}, {5, 7,31} }, then any cyclic STS(v) has a Class 1 block intersec-
tion graph.

Proof. Observe that if v were to equal p]'p3°ps® where {pi, pa2, p3} € T, then @

would be less than %, which would not imply the hypothesis of Theorem 2.2.1. How-

ever, with these cases excluded from consideration, we obtain SDSJ”) > % O

2.3 Cyclic Steiner triple systems of order v = 9

(mod 12)

In this section we will prove that all cyclic Steiner triple systems of order v = 9 (mod
12) have Class 1 block intersection graphs. Similar to cyclic Steiner triple systems of
order v = 1 (mod 12), we will find a decomposition of the block intersection graph

into several subgraphs that themselves are Class 1.

Cyclic Steiner triple systems of order v = 9 (mod 12) can be generated from a set of
base blocks which are a solution of Heffter’s second difference problem, through the
repeated application of a permutation of the points of V. Recall that Heffter’s second
difference problem is as follows: given v = 6n + 3, is it possible to partition the set
{1,2,..., %% = 3n+1}\{2n+1} into n triples {z, y, 2} such that 24y = £z (mod v)?
For n € Z such a partition is always possible [30] . Given a solution to Heffter’s second
difference problem, one can construct a difference triple {0, z, z + y} from each triple
{z,y, z}, and then the set of all difference triples along with {0, 2n+1,4n+2} serve as a
collection of base blocks. If B(v) is a collection of base blocks obtained from a solution

of Heffter’s second difference problem, then a cyclic STS(v) ({0,1,...,v —1},7) of
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order v = 9 (mod 12) is constructed as follows:

T={{iw+izty+it[0<i<v-1,{0.z,a+y} €B)}
U{{z’,2n+1+z‘,4n+2+z‘}|0<z‘<2n}.

For each base block B € B(v), we call the set of blocks it generates a full orbit and
for the base block {0,2n + 1,4n + 2}, the set of blocks it generates is called a short

orbit.

Given a set of blocks B, we denote by Gz the block intersection graph induced by the
blocks of B. If B C ‘B, then G[B] denotes the subgraph of Gy induced by B.

Lemma 2.3.1. Let (V,B) be a cyclic STS(v) of order v =9 (mod 12) and d be an
orbital difference of the full orbit O = {Bo,Bl, .. .,Bv_l}. Then the edges between
blocks of difference d in Gs[0], form ged(v, d) cycles (B;, Bita, - - ., Bit(—1)a), of length

(= where By = B;.

cdd)
Proof. Without loss of generality we may assume that i = 0 and let By, By, . .., By—1)q
be distinct elements and By; be the first element such that B,; = Bj4 for some
0 <j < {¢—1. Suppose that Byy = Bjgq for some 1 < j < ¢ — 1. Then we have
¢d = jd (mod v) and as a result, (¢ — j)d = 0 (mod v) which yields By_jja = By
where 0 < ¢ —j < ¢ —1; this is a contradiction. Therefore, By = By and consequently
¢d = 0 (mod v). So /£ is the least integer such that ¢d is a multiple of v, which is

clearly Hence the number of cycles of this form is § = ged(v, d). O

gcdz)v,d) )
Theorem 2.3.1. Any cyclic STS(v) with v =9 (mod 12) has a Class 1 block inter-

section graph.

Proof. First, observe that in a cyclic STS(v) with v = 9 (mod 12) the number
of points and the number of blocks are v = 6t + 3 and b = (6t + 3) + (2t + 1)

respectively, where ¢ is an odd integer. Hence we have ¢ full orbits of size v = 6t + 3
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and one short orbit of size ¢ = 2¢+ 1, which give rise to N' = ¢+ 1 distinct orbits. Let
0o, O1,...,0Oxn_5 be the full orbits and § be the short orbit. We construct a complete
graph Ky on N vertices where each vertex represents an orbit of the STS. Since N

is even, K admits a 1-factorisation and hence we can partition the set of all pairs of

orbits into N — 1 sets Fy, ..., Fy_o such that each orbit occurs exactly once in each

N _

> — 1 pairs of full orbits and one pair

set. For each one of these 1-factors, we have

consisting of a full orbit and a short orbit.

Let F be a 1-factor of K. If (0;,0;) € J, then we define G5[0;, O;] to be the graph on
vertex set 0;U0; and edge set E(G7[0;,0;]) = {{B, B} |B€O;,Be0;, BNB # 0}

Let Gs = (U G5[0;,0;]) UG5[0 US|, where (0,8) € F. For each F, we show
((‘)i,(‘)-)€§
how to colour ng, starting with Gy, .

Without loss of generality we may assume that o = {(Og,01),...,(On_4,On_3),
(On-2,8)}. To colour Gg,, we first properly colour the edges in Gg,[O0¢, O4],...,
Gy, [On_4, On_3], which induce a 9-regular bipartite graph and hence is 9-edge-colourable
by Theorem 2.1.1, using colours 1,2,...,9. If it is possible to colour the 9-regular
subgraph Gg|Oy_s U 8] using the same nine colours, then we can similarly properly
colour each Gy,, where i € {1,2,..., N — 2}, using colours {9i+ 1,9+ 2,...,9i+ 9}.

All that remains is to colour Gg|Ox_o U 8] with nine colours.

Now, suppose that Oy_o = {By, By, ..., B,_1} with orbital differences d;, d, and dj
and 8§ = {Ayp, Ay, .. ->Ag—1}- As we showed in Lemma 2.3.1, for each orbital differ-
ence di, k € {1,2,3}, there exist ged(v, dy) cycles of length ¢, = m of the form
(B,', B,'_,_dk, ey Bi+(fk—1)dk) in Ggo [ON_Q]. In GS’"O [ON_Q US], each Bi, 1€ {0, 1, e, U—

1} is adjacent to three vertices in 8. Let A; be one of these three neighbours of B;.

We then obtain a set of £, edges {B;, A;}, { Bita,, Aitd, }» - - - s {Bito-1)dp» Ait(0r—1)ds }+
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where the indices of the blocks of the full orbit are reduced modulo v and the in-

dices of the blocks of the short orbit are reduced modulo 3. We call each cycle
(Bi, Bitay, - - - s Bit(t,-1)a,) along with the set of edges {B;, A;},{Bitay, Aiva,},-- -
{Bit,-1)dy, Ait(e—1)a, } & configuration. We also call the union of these ged(v, dy)
configurations, the subgraph of G5|Ox_2US8] induced by orbital difference d. Now, let
G, be the subgraph of G3[Oy_2US8] induced by the orbital difference di, k € {1, 2, 3}.
Clearly, we have ged(v, dy) configurations for orbital difference dy, which decompose
Gy, into edge-disjoint subgraphs. Since the indices of the blocks of the short orbit are
reduced modulo %, each block of the short orbit occurs thrice among the ged(v, dy,)
configurations. Hence Gy, is a 3-regular graph which has a decomposition into edge-
disjoint configurations. It now suffices to properly colour G4, using colours 1,2,3 and

G4, using colours 4,5,6 and finally G4, using colours 7,8,9. Note that
‘/1 = {B(]v Bla R Bv—17A07A17 s 7A%—1}
is the set of vertices and

El = {{BO7 A0}7 {Bd17 Ad1}7 ey {B(Zl—l)d17A(€1—l)d1}7 {Bl7 A1}7 {Bl+d17A1+d1}7 R
{Bl-i-(fl—l)dlv Al—i—(él—l)dl}’ s eey {BTH ATL}7 {Bn+d17 An+d1}7 R {Bn+(€1—1)d1 ) An-{-(h—l)dl}} U

E(Cy)UE(CH)U---UE(C,)
is the set of edges of Gy,, where
CO = (BOa Bd17 ) B(Zl—l)d1)> C11 = (Bl> Bl-i—dla SR Bl-i—(fl—l)dl)a SRR

Cn = (Bn7 Bn+d1? sty Bn—i—(él—l)dl),
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are the ged(v, dy) cycles of length ¢ = , and for each 0 < i < n, E(C;) is the

v

set of edges of C;. Note that we have n = ged(v,dy) — 1.

Suppose Ag, Agy, - .., Aw,—1)q, are distinct elements and Ay g, = Ag. It is easy to see

v

that ¢} = m. Note that we have two cases: 1) ] = ¢; and 2) ] < {;.

Case 1 (€] = £1): If ¢/} = {; = %, then there will be three configurations such that
each A;, j € {0,1,...,% — 1}, is adjacent to exactly one block in each configuration.
Since the configuration is a cycle with pendant edges, it is easy to colour the first
configuration using three colours 1, 2, and 3. To colour the second configuration, first
colour the edges incident to each Aj;, j € {0,1,...,5 — 1}. If the edge incident to
A; is coloured by colour 7 in the first configuration, then colour the edge incident to
A; in the second configuration by colour o (i), where ¢ is the permutation (1 2 3).
The remaining edges in the second configuration can be easily coloured properly using
colours 1, 2, and 3. Similarly, to colour the third configuration, we permute the colours
in the first configuration by 02 = (1 3 2). Since each vertex A; has received a distinct

colour in each of the three configurations, then G4, has been properly 3-edge-coloured.

If ¢} = {; < %, then there will be more than three configurations. Note that we call
the union of configurations in which each block of the short orbit occurs exactly once a
layer. Clearly, there are three layers. Since in every layer, each A;, j € {0,1,..., 51},
occurs exactly once and a layer is a union of configurations, we can easily colour the
layer using three colours 1, 2, and 3. To colour the second and the third layers, again

permute the colours in the first layer by o = (1 2 3) and o2 = (1 3 2) respectively.

Case 2 (£] < £1): In this case we have n + 1 configurations Cy, ..., C,41, where
n—+1 > 1, and a partition of the set of the blocks of the short orbit into n + 1 subsets

Ay, ..., Anyr such that each block in the set A; = {A;,,..., A;, } occurs three times
1
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in exactly one of the configurations, say C;, i € {1,...,n}. In other words, each block
in A; has degree three in C; and degree zero in the other configurations. To colour the
configuration C;, first colour the three edges incident to each block in A; by colours
1, 2, and 3. It is then straightforward to properly colour the remaining edges in the

configuration which form a cycle using colours 1, 2, and 3.

Similarly, it is possible to colour G4, using colours 4, 5, 6 and G4, using colours 7, 8,

9. d



Chapter 3

Colourings of star systems

In this chapter, we investigate k-colourings of e-star systems for any k£ > 2 and e > 3.
We first show that for any integer £ > 2, there exists a k-chromatic 3-star system
of order n for all sufficiently large admissible n. Next, we generalise this result for
e-star systems for any e > 3. We show that for all £ > 2 and e > 3, there exists
a k-chromatic e-star system of order n for all sufficiently large n such that n = 0,1
(mod 2¢). Finally, we prove that for all & > 2 and e > 3, there exists a uniquely
k-chromatic e-star system of order n for all sufficiently large n such that n = 0,1
(mod 2¢). This is joint work with David A. Pike, which is published in the Journal

of Combinatorial Designs [16].

3.1 k-colourings of 3-star systems

We initially concentrate on 3-star systems and we show that for any integer & > 2,
there exists some integer n; such that for all admissible n > ny, there exists a k-
chromatic 3-star system of order n. We first construct an equitably 2-chromatic

3-star system of order n for all admissible n = 0,1 (mod 3). Note that from here on,
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by decomposing the edges of some set E into stars, we mean decomposing the graph

induced by the set of edges of E into stars.

Theorem 3.1.1. For each admissible order n, there exists an equitably 2-chromatic

3-star system of order n.

Proof. We first construct an equitably 2-chromatic 3-star system S3(6). Let V =
{1,2,3,4,5,6}, B = {{1;3,5,6}, {2;1,3,6}, {4;1,2,3}, {5;2,3,4}, {6;3,4,5}}, R =
{1,3,5}, and Y = {2,4,6}. Then (V,B) is an equitably 2-chromatic 3-star system of

order six with colour classes R and Y.

Now, suppose that there exists an equitably 2-chromatic 3-star system Ss(3t), (V, B),
where t > 2, V ={1,...,3t} is the set of points which is partitioned into two subsets
R and Y, and B is the set of blocks. Without loss of generality, if 3t is odd, we can let
R=1{1,3,5,...,3t}, Y ={2,4,6,...,3t—1} and if 3t iseven, R = {1,3,5,...,3t—1},
Y ={2,4,6,...,3t}.

Next, we construct an equitably 2-chromatic 3-star system S3(3t + 1), (V, @), from
(V,B). Let V=V U{3t+1}and B = BU{{3t+1;1,2,3}, {3t +1;4,5,6},..., {3t +
1,3t — 2,3t — 1,3t} }. Let R = {1,3,5,...,3t}, Y = {2,4,6,...,3t + 1} if 3¢ is odd,
and R = {1,3,5,...,3t+ 1}, Y = {2,4,6,...,3t} if 3t is even. Then (V,B) is an

equitably 2-chromatic 3-star system of order 3t 4+ 1 with colour classes R and Y.

Finally, we construct an equitably 2-chromatic 3-star system Ss(3t + 3), (V, B), from
(V,B). Let V = VU{3t+1,3t+2,3t+3} and B = BU{{3t+1;1,2,3},..., {3t+1;3t—
5,3t—4,3t—3},{3t+2;1,2,3}, ..., {3t+2;3t—5,3t—4, 3t—3}, {3t+3; 1,2,3}, ..., {3t+
3:3t—5,3t—4,3t— 3}, {3t +1;3¢—2,3t — 1,3t + 2}, {3t +2;3t — 2,3t — 1,3t + 3}, {3t +
3;3t—2,3t—1,3t+1},{3t; 3t + 1,3t +2, 3t+3}}. Let R be the set of odd elements of
V and Y be the set of even elements of V. Then (‘7, @) is an equitably 2-chromatic

3-star system of order 3t + 3 with colour classes R and Y. O
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We now show how to construct a k-chromatic 3-star system from a smaller k-chromatic

3-star system.

Theorem 3.1.2. Let k > 2. If there exists a k-chromatic 3-star system of order ny,

then there exists a k-chromatic 3-star system of order n for all admissible n > ny.

Proof. Suppose that there exists a k-chromatic 3-star system (V,B), of order ny,
where V' = {1,...,np} is the set of points and B is the set of blocks. Given a

k-colouring of (V,B) with colours 1,2,...,k and colour classes C1,Cs,...,Cy, let

¢ k
R=JCiandY = |J C; for some integer ¢ such that 1 < ¢ < k. Let ry,79,...,7p
i=1 i=l+1

be the elements of R and y1, s, ...,y)y| be the elements of Y. Observe that R and YV’

form a partition of V. Without loss of generality assume that |R| > |Y|.
Case 1. Suppose that ng =0 (mod 3). Then nyg = 3t, t > 2.
We construct a k-chromatic S5(3t + 1), (V,B), from (V,B). Let V =V U {3t + 1}.

If |R| = Y], let B = BUT where T is the set {{Bt + 1, m,u ), {3t + 1592, vs, 73},
B+ L, TR Yy =2t {8+ Ly, Yy TR

Otherwise, |R| > |Y|. If |Y] is even, then let m = % and B = B UT where T is the

set {{3t + Liy1,y2,m1}, oo, {8+ Liyyvi—1, Yy, T}y {3t + Lirmst, o2, Tmss }y -
{3t + 1;T‘R|_2,T’|R‘_1,T‘R|}}. If |Y| is odd then let m = MT+3 and B = BUT where T
is the set {{3t+ Ly, yasmits o {36+ Liypy =2, Ypy—1, Tm—2}s {36+ LYy ), Pme1, T}
{3t + L; 71, T2y Tt }s - o5 13t + L7 pj—2, 7| R|-1, ’I“‘R|}}.

Note that (V, B) is not (k—1)-colourable because it contains a copy of (V, B). Observe

that Ci,...,Cx_1,Cr U {3t + 1} are the colour classes of a k-colouring of (V,B).

Therefore, (V, @) is a k-chromatic 3-star system of order 3¢ + 1.

Case 2. Suppose that ng = 1 (mod 3). Then ny = 3t + 1, t > 2. We construct a

k-chromatic Ss(3t + 3), (V,B), from (V,B). Let V = V U {3t + 2, 3t + 3}. Note that
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|R| > 4 since ng > 7 and |R| > |Y|. So without loss of generality, we may assume
that {3t,3t + 1} C R. Moreover, since the edge {3t,3t + 1} must be in some 3-star,
we may also assume that there exists a 3-star S = {3t +1;3¢,3t — 1,3t — 2} € B. We

will dismantle the 3-star S in each of the following subcases:

Case 2.1. All the vertices of the 3-star S belong to the set R. Hence R is the union
of £ > 2 distinct colour classes. Let R’ = R\ {3t + 1,3t,3t — 1,3t — 2}.

Let T be the set {{3t + 2;3t + 1,3¢,3t — 1}, {3t + 3;3t + 2,3¢,3t — 1}, {3t — 2; 3¢ +
2,3t + 1,3t + 3}, {3t + 1;3t + 3,3t,3t — 1} }.

N =2
If |[R|=|Y] let B=(B\{SHUTU(UT;) where T; is the set {{3t +i;71,72, 11},
i=1
{3t + 492, y3, 13}, -y {3+ G 7yR—6s TiRI=5, Yy -2}, {3 + G Yyi—1, Y|, T|R|—a} } for
ie{1,2}.

. =2
If |R'| > |Y| and |Y]| is even, then let m = % and B = (B\{S})UTU (L_Jl T;) where
Ti is the set {{3t+i;y1, 9,71}, -, {3+ Y=, Y] Tm s {34185 Pog 1, T2, T}
o {3t + 857 Ri—6, TR -5, T‘R|_4}} for i € {1,2}. The edges can be decomposed into

3-stars in a similar manner when |R'| > |Y| and |Y] is odd.

Otherwise |R'| < |Y|. Then we have |R'| = |Y| —1or |R| = |Y|—2 or |R| =
V| —3or |R|=|V]—4 If|R| =0, then Y = {1,2,3} and R = {4,5,6,7}. Let
B = (B\{S})UTy where Ty is the set {{8; 1,2,3},{9;1,2,3}, {8;7,6,5}, {9;8,6,5},
{4;8,7,9}, {7;9,6,5} }. If |R'| > 1 and |R| = |Y|—4, let B = (B\ {S}HUTU (2:627,.)
where T; is the set {{375 + i,y Y2 b, {3t 4 4o, ys, yat, {3t + 0573, Y5, Ys ) th +
i ra,Yr, Ysts {3t + 475,16, Yo}, {3t + 45 yi0, Y11, 7ty ooy {3t 4+ 47 R1—6, TRI—5, Yv|—2},
{3t + 4 ypyy-1, y‘y|,r|R‘_4}} for i € {1,2}. The edges can be decomposed into 3-stars

in a similar manner when 1 < |R'| < |Y| and |R'|=1|Y|—j,1<j<3.

Note that (V,B) is not (k—1)-colourable because it contains a copy of (V, B). Observe
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that C1, ..., Cr_1, Cr U{3t+2, 3t + 3} are the colour classes of a k-colouring of (V, fﬁ)

Therefore, (V,B) is a k-chromatic 3-star system of order 3t + 3.

Case 2.2. Exactly three vertices of the 3-star S belong to the set R. In this case, we
let R’ to be set R excluding the three vertices of S that belong to the set R and Y’
to be set Y excluding the one vertex of S that belong to the set Y. The edges can
be decomposed into 3-stars in a manner similar to the last case for when |R'| = |Y’|,
|R'| > |Y'|, and |R'| < |Y'|. The only difference is that in this case |R'| = |R| — 3, but
in the last case |R'| = |R| —4. This difference does not have impact on the process of

decomposition.

Case 2.3. Exactly two vertices of the 3-star S belong to the set R. Let R =

R\{3t,3t+1}and Y =Y \ {3t — 1,3t — 2}.

If |R'| > |Y’| and |Y'] is even, then let m = D;—,' and B = (B\{S})UU’U(@?‘J}) where
T; is the set {{3t+z’; Y1, Y2, 11}y - o ABEFE Yy =3, Y|y |—2: Tm }> {3E41; rm+1,2r_m+2, Tmas},
—o o {Bt+i; v\ g—a, Ty RI—3, T|R|—2} } for i € {1,2} and T'is the set { {3t+2; 3t+1, 3¢, 3t—1},
{3t +3;3t +2,3t,3t — 1}, {3t — 2,3t + 2,3t + 1,3t + 3}, {3t + 1;3t + 3,3t,3t — 1}}.
The edges can be decomposed into 3-stars in a similar manner when |R/| > |Y’| and

|Y’| is odd; likewise when |R'| = |Y”|.

Note that (V, B) is not (k—1)-colourable because it contains a copy of (V, B). Observe
that C1, ..., Cr_1, Cr U{3t+2, 3t + 3} are the colour classes of a k-colouring of (V, @)

Therefore, (V,B) is a k-chromatic 3-star system of order 3t + 3. O

The following theorem from [6] is used in the proof of some theorems in this chapter.
We denote the complete h-uniform hypergraph of n vertices, V' = {vy,...,v,}, which

is the set of all h-element subsets of V', by K".

Theorem 3.1.3. [6] Let ay, ..., a5 be natural numbers such that > a; = (Z) Then
i=1
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the edges of K can be partitioned in almost regular hypergraphs X;, so that the number

of edges of X; is a;, 1 <1 < s.

We now show how to iteratively construct a k-chromatic 3-star system from a (k—1)-

chromatic 3-star system.

Theorem 3.1.4. Let k > 3. If there exists a (k —1)-chromatic 3-star system of order
ng_1, then there exists a k-chromatic 3-star system of order ny, for some admissible

order ny.

Proof. Given that there exists a (k — 1)-chromatic 3-star system, then by The-
orem 3.1.2, there exists a (k — 1)-chromatic 3-star system of order nj_; for some
ng_1 € Z such that ny_; = 0 (mod 3). Let (U, Ag) be a (k — 1)-chromatic 3-star
system of order nj_; with colour classes Ci,...,Ck_1 such that |C}] < -+ < |Ck_q|
and each vertex of Cy has colour s, 1 < s < k— 1. For each s € {1,...,k — 1},
let C5 = {cf,...,cjp,}. For a positive integer ¢ that will be fixed later and for
each i € {1,....0}, let U; = Uy x {i} and A; = Ay x {i} where Ay x {i} de-
notes the set {S x {i} | S € Ap} and when S = {x;a,b,c}, S x {i} denotes
{zx{i};ax{i},bx{i},cx{i}}. So (U;, A;) has colour classes Cy x {i}, ..., Ch_q x {i}.
If 2k = 0 (mod 3) then let V' = {1,2,3,...,2k}; otherwise let V = {1,2,3,...,2k—1}.
Also let U = 6 Ui, so that VN U = (. We will embed (Uy, Ay),. .., (U Ay) into a
k-chromatic S:tlar system (V, @) where V = V U U. Since the edges of the complete
graph on the set V' admits a decomposition into 3-stars, we let (V, B) be an arbitrary
3-star system of order 2k — 1 or 2k. We now need to decompose the edges between V/
and U and the edges between U; and Uj, for 1 <7 < j < £ into 3-stars such that the
resulting 3-star system (V, @) is k-chromatic. To do so, we will decompose the edges
between V' and U into 3-stars in a way such that no 3-subset in V' is monochromatic

in any putative (k — 1)-colouring. Three cases arise.
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Case 1: 2k —1 = 0 (mod 3). Then 2k — 1 = 3¢ for some ¢ € Z*. The number of
3-subsets of the set V is (%3_1) =t(k —1)(2k — 3). We now fix ¢ = (k — 1)(2k — 3).
Partition the set of all 3-subsets of V' into ¢ sets T, ..., T, each consisting of ¢ mutually
disjoint 3-subsets. This partition is known to exist by Theorem 3.1.3. Let T; =
{{zt, 9}, 24}, ... {2}, yi, 2} }. 1 < i < L. Decompose the edges between V and U; into

the 3-stars of the set T; = J {{w;al, v}, 21}, ..., {w; i, y}, 2} }, where 1 <i < L.
ueU;

We now begin to decompose the edges between U; and U; for 1 < ¢ < j < £ into
3-stars. If |C4] is even, then let r = ‘02—1‘ Observe that 2r = |Cy] < |Cy| and
so for each p € {1,2,...,]|C1|} we decompose the edges between ¢, x {i} and U;
into the 3-stars of the set: 8 = {{c} x {i};c] x {j},cd x {j}. ¢} x {j}}, {c} x
(i Gk x 1@ U)o fed x fikicloy < 1)l < (3 (1)) 0

{{ep x {ikswnye 2} | 1<t < P}, where the sets {w, 4, 2}, 1 < ¢ < g,

form a partition of U;\ ((Cy x{jHU{cix {5}, &x{j},....2x{j}}). If |C1|is odd, then

let r = % and decompose the edges between cll) x {i} and U; into the 3-stars of the

set: 8, = {{c,x{ibieix {7}, eax{i}, el x it} ey x{iti ey {5}, cix{i} & x{ith .-
{epxdi}icley o Uit cloy oo Aah oo aHh e it ejey < 4t e gt e it

U {{e) x {idszoy 2} | 1 <t < P}, where the sets {wy, g, 2}, 1 <t < Mg,

form a partition of U; \ ((Cy x {j}) U{c? x {j}, & x {j},...,c% x {j}}). The edges
between (Cy x {i}) U - U (Cy_2 x {i}) and U; are decomposed into sets of 3-stars

2 2 k—2 k=2 o
87, .. >8|02\> U A ’S\Ck,Q\ in a similar manner.

Next, we decompose the edges between Cj_; x {i} and U; into 3-stars. If |Cy_1| = 2n
for some n € Z*, then we let Cy, = {cf1],..., |C b If 2n is a multiple of 3, then
for each p € {1,2,...,|Cx_1|} we decompose the edges between cp_1 and U; into the
3-stars of the set: 887! = {{ch™! x {i};el™" x {j}. 57" x {4}, i1 x {i}}, {F™! x

n+1

{1} cnax (it s b &7 G} e ik ety x {ah et < {ad it Lo %
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G Ak x (bl et o ek (3 U (e i, ) |
1<t< "’“*%‘C’“*l‘}, where the sets {xs,ys, 21}, 1 <t < "’“%'Ck*l‘, form a partition
of kL_f(CS x {j}). If 2n is congruent to 1 modulo 3, then the edges are decomposed
int(s):‘éhe 3-stars of the set: 857! = {{ck_1 x {i}; ™t x {5}, x {j},an x {j}},
[t x (il ek x (b2 x h e x (G oo (e x (i dhh x (il ekt
{J}vc|ck -3 X {73} eyt x {d ac|ck -2 X {j},cfgil‘_l x {7} et % {J}}a {7! x

{i}ief! < {ita bt} U {{ck_lx{i}'xt,yt,zt} |1 <t < WGl yhere g and

b are distinct vertices of U (Cs x {j}) and the sets {x, v, 2}, 1 <t < w,
k-2

form a partition of |J (Cs x {j}) \{a,b}. The edges are decomposed into 3-stars in
s=1

a similar manner when 2n is congruent to 2 modulo 3. If |Cy_1| = 2n + 1 for some

n € Z*, then we let C), = {Cn+1 . ck_l ‘} and decompose the edges into 3-stars in
. |C1] |Cr—1l

a similar manner. Now U} = ( U SHu---uU( | 8% 1) forms a 3-star decomposition
a=1

of the edges between U; and U], 1 1< g <A

. ¢ ¢
Let B :BU(UAZ-)U(U ‘IZ-)U(U UHU(JUuHu---ulU " The k colour classes
=2 =3

i=1 i=1
{1,2} U iL_éjl(C’l x {i}), {3,4} U ZQ(CQ x {i}), -+, {2k — 1,2k — 2} U iL_éJl(Ck—l \ Cr) x
{i}), {2k — 1} U 6 (Cy, x {i}) exhibit a k-colouring of (V,B), because no star is
monochromatic inlicilis k-colouring. Since (U;,A;), 1 < i < £ is a (k — 1)-chromatic
3-star system, there are vertices u!,...,ui , in U; such that u! € C, x {i} for each
1 <s< k—1. Since |V| = 2k —1 > 2(k — 1) then when attempting to colour
V with &k — 1 colours, some colour must occur at least thrice within V. Thus, for
some j € {1,...,t} and some i € {1,...,¢} and for some s € {1,...,k — 1}, the
three vertices xé-, yj- and zi- are each coloured with the same colour s. Then the 3-
star {ul; %, 5%, 20} would be monochromatic which is a contradiction. Hence (V,B)

cannot be coloured with k& — 1 colours.
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Therefore, (V,B) is a k-chromatic 3-star system of order ny = (2k — 1) 4 np_y (k —
1)(2k — 3).

Case 2: 2k —1 =1 (mod 3). Then 2k — 1 = 3t + 1 for some ¢t € Z*. The
number of 3-subsets of the set V is (2k3—1) = L(2k — 1)(2k — 3). Note that since
(%3_1) = L(2k — 1)(2k — 3) is an integer and 2k — 1 and 2k — 3 are not divisible
by 2, t must be even. Let t = 2t'. Partition the set of all 3-subsets of V into
0= (2k — 1)(k — 2) sets Ty,..., Ty of size t of disjoint 3-subsets and ¢’ = 2k — 1
sets Tyyq,..., Toyp of size ' of disjoint 3-subsets. Such a partition is known to exist

by Theorem 3.1.3. We now fix £ = ¢ + ¢". Let T; = {{2%,yi,21},....{z}, v}, 2} },

1<i</V and T, = {{zi,yi,zi}, e {xf;,,yf,,zf,}}, C+1<i< e+,

Now, we decompose the edges between V and U;, 1 < i < ¢, into 3-stars. Let
v be the single vertex of the set V \ O{xg,y;,z;} The edges between v and U,
1 <i < /0, are decomposed into 3—star;:iil a manner similar to the decomposition of
the edges between a vertex u € U; and U;, 1 < ¢ < j < ¢, in Case 1, by labelling
w with v. Let T} be the decomposition of the edges between v and U; into 3-stars,
T2 = U {{wat,yl, 4), . {wal,yl, 7} and T, = TUTZ, 1 <4 < 0. Then T;
is a dgcezg:irnposition of the edges between V and U;, 1 < ¢ < ¢/, into 3-stars. The

edges between V and U; are decomposed into 3-stars 7J; in a similar manner for

1<+,

The edges between U; and U;, 1 < i < j < ¢, are decomposed into sets of 3-stars u;'.

in a manner similar to Case 1.

¢

~ ¢ L 14
Let B=BU(JA)U(UT)U(UUHu(UJU?)u---ulUy". The k colour classes
=1 j=2 =3

(2

(120U (€ x (), B0 UG x (D, {20 125 = 210 U (G \ Co) x

¢ o
{i}), {2k — 1} U J(C) x {i}) exhibit a k-colouring of (V,B), because no star is
i=1
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monochromatic in this k-colouring. It is seen that (V,@) is a k-chromatic 3-star

system of order n, = (2k — 1) + ng_1(2k — 1)(k — 1) in a manner similar to Case 1.

Case 3: 2k—1 =2 (mod 3). Then 2k = 3t for some ¢t € Z*. The number of 3-subsets
of the set V' is (2;“) =t(2k —1)(k—1). We now fix ¢ = (2k — 1)(k — 1). Partition the
set of all 3-subsets of V into £ sets Ty,..., T, of size t of disjoint 3-subsets. Such a
partition is known to exist by Theorem 3.1.3. Let T; = {{%, i, 21},...,{z}, v}, 2} },
1 <7 < ¢. We decompose the edges between V and U; into the 3-stars of the set
T = U {{w2t, 9}, 21}, ..., {u;zl,yi, 2} }, where 1 < i < . The edges between U;

ueU;
and U;, 1 <1 < j </, are decomposed into 3-stars u;i in a manner similar to Case 1.

. ¢ ¢ ¢ ¢
Let B=BU(UJA)U(UT)uU(UUHu(UJU?)u---uly". The k colour classes
i=1 i=1 j=2 =3

¢ ¢ ¢
i=1 i=1 i=1
é A A A~ A
{2k — 1,2k} U | (C}, x {i}) exhibit a k-colouring of (V',B). It is seen that (V,B) is a
i=1
k-chromatic 3-star system of order nj, = 2k +ny_1(2k — 1)(k — 1) in a manner similar

to Case 1. O
We finish this section with the following corollary.

Corollary 3.1.1. For any integer k > 2, there exists some integer ny such that for

all admaissible n > ny, there exists a k-chromatic 3-star system of order n.

Proof. By Theorem 3.1.1, there exists a 2-chromatic 3-star system of all admissible
orders. For k > 3, apply Theorem 3.1.2 and Theorem 3.1.4 to recursively construct a

k-chromatic 3-star system of order n for all sufficiently large admissible n. O

Observe that the cardinalities of the colour classes of the k-chromatic 3-star systems
from Theorem 3.1.2 and Theorem 3.1.4 are not excessively imbalanced. The cardinal-
ities of the colour classes of the k-chromatic 3-star systems either differ by at most a

small number or the cardinality of the largest colour class of the k-chromatic 3-star
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systems is almost two times that of the cardinality of the smallest colour class.

3.2 k-colourings of e-star systems

In this section, we generalise the results of the last section to e-star systems for all
e > 3. For any arbitrary integers e > 3 and k > 2, we show that there exists some
integer ny where n; = 0 (mod 2e) such that for all n > ng where n = 0,1 (mod
2e), there exists a k-chromatic e-star system of order n. We first construct a strongly

equitably 2-chromatic e-star system of order 2¢ for all e > 3.

Theorem 3.2.1. There exists a strongly equitably 2-chromatic e-star system of order

2e for all e > 3.

Proof. By Theorem 3.1.1, there exists an equitably 2-chromatic 3-star system of order
six, (V,B), where V = {1,2,3,4,5,6} and B = {{1;3,5,6}, {2;1,3,6}, {4;1,2,3},
{5;2,3,4}, {6;3,4,5}} with colour classes R = {1,3,5} and Y = {2,4,6}. We
construct a 2-chromatic 4-star system of order eight, (V, @), from (V,B). Let vV =VU
{7,8} and B ={{1;3,5,6,8}, {2;1,3,6,8}, {4;1,2,3,8}, {5;2,3,4,7}, {6;3,4,5,7},
(7;1,2,3,4}, {8;3,5,6,7}}, R = {1,3,5,7} and Y = {2,4,6,8}. Then (V,B) is an

equitably 2-chromatic 4-star system of order 8 with colour classes RandY.

We now generalise this construction, which can be used in an iterative manner.
Note that for each vertex v € V' \ {3}, exactly one star has v as its centre. Sup-
pose that there exists an equitably 2-chromatic e-star system, (V,B), of order 2e,
where V' = {1,...,2¢} is the set of points which is partitioned into two subsets
R and Y and B = {{1;@%,...,@2}, {2;a2,...,a%}, {4;af,... a2}, {5;a},...,a>},
oo {2ea% .. ,age}} is the set of blocks. We construct an equitably 2-chromatic

(e + 1)-star system, (V,B), of order 2¢ + 2, from (V,B). Let V =V U {2e + 1,2¢ +
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2} and B = {{1;al,...,al,2e + 2}, {2:a2,...,a2,2e + 2}, {4;a%, ..., a*, 2¢ + 2},
1 e 1 e 1 e

{5:a3,...,a2,2e+2}, ..., {e+1;a5, .. as™ 2e +2}, {e+2;a52, ... alt? 2e + 1},

{e+3;a573, .. a3, 2e + 1}, ... {2e;a%, ... ,a2¢, 2e + 1}, {2e +1;1,2,...,e + 1},

{2e+2;3,e+2,e+3,...,2e, 26+1}}. Then (V, B) is a strongly equitable 2-chromatic
(e + 1)-star system of order 2e + 2 with colour classes R = {1,3,5,...,2¢ + 1} and
Y ={2,4,6,...,2¢ + 2}. m
We now show how to construct a k-chromatic e-star system from a smaller k-chromatic

e-star system.

Theorem 3.2.2. Let k > 2 and e > 3. If there exists a k-chromatic e-star system of
order ng such that ng = 0,1 (mod 2e), then there exists a k-chromatic e-star system

of order n, for all n > ng such that n = 0,1 (mod 2e).

Proof. Suppose that there exists a k-chromatic e-star system, (V,B), where V =

{1,...,np} is the set of points and B is the set of blocks and no = 0 or 1 (mod 2e).

Given a k-colouring of (V, B), with colours 1,2, . .., k and colour classes C1, Cy, .. ., Ck,
¢ k
let R = |JC; and Y = |J C; for some integer ¢ such that 1 < ¢ < k. Let
i=1 i=+1
T1,7T2,...,7 gl be the elements of R and y1,¥s,...,yy| be the elements of Y. Observe

that R and Y form a partition of V. Without loss of generality assume that |R| > |Y|.
Case 1. Suppose that ng =0 (mod 2¢). Then ng = 2et, t > 1.

First, we construct a k-chromatic S, (2et+1), (V,B), from (V, B). Let V = V U{2et +

1}.

If |R| = |Y], let B = BUT where T is the set {{2et + L;r1, .., recn, 1}, {2et + 1;
Y2y YesTets s L2€tH 15T R|—(e=1)s - - > TIRI=1> Y|V |—(e=1) }> 126t 15 Yy —et2, - - -, Yy ’I“‘R|}}.
Otherwise, |R| > |Y|. Then let B = BUT where T is the set {{2et+1;y1,...,yeur, 71},

<y {2€t+1§ Yt'e—(t'—1)5 - - - s Yt +1)e—t/ -1 Tt'+1}> {2€t‘|‘1§ Y +1)e—t!y - - - Yy, T 425 - - - ,Tt’+i—1}>
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{2et + Lirppis oo rogipetts - {1284 11 g—(e—1), - - - ,T‘R|}}, where t/ = L%j —1

and i = (' +2)e— |Y| -t + 1.

Note that (V,B) is not (k—1)-colourable because it contains a copy of (V, B). Observe
that Cy,...,Cx_1,Cy U {2et + 1} are the colour classes of a k-colouring of (V,B).

Therefore, (V, @) is a k-chromatic e-star system of order 2et + 1.

Next, we construct a k-chromatic S,(2et 4 2¢), (V,B), from (V,B). Let V=V UV’
where V' = {2et + 1,...,2¢et + 2e} and let (V’',B’) be a 2-chromatic e-star system
of order 2e with colour classes R' = {2et + 1,2¢et + 3,...,2¢et +2e — 1} and Y’ =
{2et +2,2et +4,...,2et + 2e}, constructed from Theorem 3.2.1. Let B=BUB UT
where T = |J {{v;2et +1,...,2et + e}, {v;2et + e+ 1,...,2et + 2e}}. Note that
(V,B) is noie‘(/k — 1)-colourable because it contains a copy of (V,B). Observe that
C1UR',CLUY",C5, . .., Cy are the colour classes of a k-colouring of (V, @) Therefore,

(V,B) is a k-chromatic e-star system of order 2et + 2e.

Case 2. Suppose that ng = 1 (mod 2¢). Then ng = 2et + 1, t > 1. We construct
a k-chromatic S.(2et + 2¢), (V,B), from (V,B). Let V. = V UV, UV, where V| =
{2et +2,...,2et + e+ 1} and Vo = {2et + e+ 2,...,2et + 2e}. Let vy = rjp and
R = R\ {w}.

If |[R|=1|Y]let T3 = U {{v;rl,...,re_l,yl}, {vsya, - vesre}s - U TR - -,

vEVy
T|R|-2, y\Y\—e+1}7 {U; Yy|—e+2,- -5 YY) T\R|—1}}-

If |R'| = |Y| -1, decompose the edges between V5 and V' \ {vy} into a set of e-stars
T in a manner similar to the case |R'| = |Y|. The only difference is that in this case
R’ has one vertex less than the last case. This difference does not have impact on the

process of decomposition.

If |R'| > |Y|, decompose the edges between V5 and V' \ {vp} into a set of e-stars T in
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a manner similar to the Case 1 when |R| > |Y|, by labelling R with R" and 2et + 1

with a vertex v € V5.

Let V! = V1 UV, U {ve} and (V',B’) be a 2-chromatic e-star system of order 2e
with colour classes R = {vo} U {2et + 3,2et +4,...,2et + e+ 1} and V' = {2et +
2,2et + e+ 2,2t +e+3,...,2¢t + 2e}, constructed from Theorem 3.2.1. Let Ty =

U {{v;2et+2,...,2t +e+1}}. Let B =BUB UT, UT,. Note that (V,B)
11)86 ‘L\O{EO}(k — 1)-colourable because it contains a copy of (V,B). Observe that C; U
R, Cy,...,Ch_1,C, UY" are the colour classes of a k-colouring of (V, @) Therefore,

(V,B) is a k-chromatic e-star system of order 2et + 2e. O

We now show how to iteratively construct a k-chromatic e-star system from a (k—1)-

chromatic e-star system.

Theorem 3.2.3. Let k > 3 and e > 3. If there exists a (k — 1)-chromatic e-star
system of order ni_1 = 0 (mod 2e), then there ezists a k-chromatic e-star system of

order ny, for some ny =0 (mod 2e).

Proof. Let (Up, Ay) be a (k — 1)-chromatic e-star system of order nj_; such that
ng—1 = 0 (mod 2e), with colour classes C,...,Cyr_1 |C1| < -+ < |Ckx_1| and each
vertex of Cy has colour s, for 1 < s < k— 1. For each s € {1,...,k — 1}, let
Cs = {di,...,qg,}- For a positive integer ¢ that will be fixed later and for each
ie{l,..., 0}, let Uy = Uy x {i} and A; = Ag x {i} where Ay x {i} denotes the set
{S x {i} | S € Ap}. So (U;,A;) has colour classes Cy x {i},...,Cr_1 x {i}. Let
W = {w,ws, ... Weryootysr}s B = {b1,bo,- .. by_s} and D = {dy,da, ..., d.} be
pairwise disjoint sets. If k—1 is even then let V- = WUB; otherwise let V. = WUBUD.
Also let U = ,61 Ui, so that V. NU = (. We will embed (U, Ay),..., (U Ap) into

a k-chromatic e-star system (V,B) where V = V UU. Let ny = |V| and observe

that n; = 0 (mod 2¢). By Theorem 3.2.1 and Theorem 3.2.2; the complete graph on
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the set V' admits a decomposition into e-stars which is 2-chromatic. Let (V,B) be a
2-chromatic e-star system on the set V' (so (V,B) will not obstruct the k-colouring
that we will construct). We now need to decompose the edges between V' and U and
the edges between U; and Uj, for 1 < ¢ < j < /£ into e-stars such that the resulting
e-star system (V, @) is k-chromatic. To do so, we will decompose the edges between
V and U into e-stars in a way such that no e-subset in V' is monochromatic in any

putative (k — 1)-colouring.

The number of e-subsets of the set W is N = ((6_1)(12_1)“). Let a = (k —2) +
L%j and N = aq + r where ¢ is a positive integer and 0 < r < a is an inte-
ger. Partition the set of all e-subsets of W into ¢ sets Ty,..., T, of size a of dis-
joint e-subsets and one set T,;; of size r of disjoint e-subsets . Such a partition
is known to exist by Theorem 3.1.3. We now fix / = ¢+ 1 if r > 0 and ¢ = ¢
if r = 0. Let T, = {{(z1)%, ..., (@)}, {(x1)i, .. (ze)i} ), 1 < i < ¢ and
Tyr1 = {{(xl)‘frl, ()T ()t (xe)Z“}} if r >0, and Ty = 0
if r = 0. Let W, = W\ 01({(171);,,(176);}) for 1 < i < ¢ and Wy =
=
W 01 ()T (m)TY) i r > 0 and Wiy = 0 if r = 0.
=

For each i € {1,2,...,¢} and for each w € W;, we decompose the edges between w
and U;. First, we decompose all the edges between w and C x {i} into e-stars. Let
Ry = {Hw;ex x {i}, ... ey x {i}, & x {i}}, ..., {w; C%t—l)(e—l)-i—l x {i}, ..., c%(e_l) X
{i}, e x {i}}, {w;cl}(e_l)Jrl x {i}, .. .,c|101| x {i}, cty x {i}, ..., 2y x {i}}} where ¢
and ¢’ are integers such that t = [} and ¢ = e — (|C}] — t(e — 1)). Then RL?
is a decomposition of all the edges between w and C; x {i} along with the edges
between w and C4 x {i} into e-stars where Cy = {c},...,¢f,,} € Cs. For each
J = 2,3,...,k — 2, iteratively proceed in a similar manner to decompose all the

k—2
edges between w and (C;\ C) x {i} into a set R}/, of e-stars . So |J R/ gives a
=1
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decomposition of the edges between w and (C1U- - -UC,_oUC_;) x {i} where C}_, C

Cr-1. Let m = LZC"”‘ and let C) | = Cx_1 \ C}_; and without loss of generality
we can let Oy, = {{™",.... e} Let G, = {cj ", c I;Hl,cgejl,...,cfn;il)eﬂ and

decompose the edges between w and CJ_, x {i} into e-stars of the set: RE-1 =

Hwiei™ = {id ey s {ad, e o (i) {wy e < {id, ceqp > i e x {a

) {w7 C@;il)e+1 X {7’ 70157;£1)5+2 X {Z}7 R me X {Z}}}
Foreachi € {1,2,...,q},letT; = |J {{u, ()i, o (@)t o {ws (1), (xe);}}
ueU;
and To1 = {{u; (@){™ o (@)Y, o {us ()2 ()@ ) if 7 > 0 and
k-2
Tgr1=0ifr =0. Then P, =T;U U (RETU( U R3771)) is a decomposition of the
weW;

edges between W and U; into e-stars. The edges between Uiand U;, 1 <i < j < lare
decomposed into sets u;‘. of e-stars in a manner similar to the decomposition of the
edges between W; and U;, 1 < i < ¢, by labelling each vertex w € W; with a vertex

We have two cases.

Case 1. k —1is even. Then V = W U B. The edges between B and U;, 1 < i < {
are decomposed into sets of e-stars F; in a manner similar to the decomposition of

.. . ¢
the edges between W; and U;, 1 < i < ¢. Therefore, (V,B) where B =B U (|J A;) U
i=1
¢ ¢ ¢ ¢
(UPHu(U F)u(Uuhu(UJ U2)u---uU; " is an e-star system of order ny, = (k—
; = =2 j=3

¢ ¢
De+ng_10. A k-colouring is given by (|J Cy x {i})U{ws, ..., we_1,b1}, (I Cox{i})U
i=1

i=1

¢
{w67 <oy Woe—2, b2}7 s (U Clr—2 X {i})U{w(e—n(k—l)—ze—l, <o Wie=1)(k—1)—(e—1)> bk—2}7
i=1

(iLle(Ck—l\Ck>X{i})u{w(e—l)(k—l)—e+2,---,w(e 1)(k=1) }» (U Crox{ih)U{we-1)g—1)+1}-

Case 2. k—11is odd. Then V. = W U B U D. The edges between D and U;,
1 < i < ¢ are decomposed into sets H; of e-stars in a manner similar to the de-

composition of the edges between W; and U;, 1 < ¢ < £. Therefore, (V, @) where
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. ¢ ¢ ¢ ¢ ¢ ¢
B=BU(JA)UUP)U(UF)UUH)u(UU)u(Juyu---uugtis
i=1 i=1 i=1 i=1 =2 =3
¢
an e-star system of order nj, = ek + ni_1f. A k-colouring is given by (|J Cy X

i=1

1 14
{Z}) U {wla ooy We—1, bl}a (U CQ X {Z}) U {wea coey Woe—2, b2} ) (U Ck—Z X {Z}) U
i=1 =1
1
{w(e—l)(k—l)—2e—17 sy Wie=1)(k=1)—(e—1)>» bk—2}7 ( U (Ck—l\Ck) X{i})u{w(e—l)(k—l)—e+27 cee
i=1
1
W(e—1)(k—1), dl}, (U Cj X {Z}) U{w(e—l)(k—1)+17d27 ce 7de}'
i=1

Since (U;, A;), 1 < i </, is a (k — 1)-chromatic e-star system, there are vertices
ul, ..., ul_,in U;such that u’ € Cyx{i} foreach 1 < s < k—1. Since |[W| = (e—1)(k—
1)+1> (e—1)(k—1), when attempting to colour W with k£ — 1 colours, some colour
must occur at least e times within W. Thus, for some i € {1,...,¢q} and some j €
{1,...,a} and for some s € {1,...,k— 1}, the vertices (1)}, (x2)%, ..., (x.)} are each
coloured with the same colour s, or else for i = ¢+ 1 and some j € {1,...,r} and for
some s € {1,...,k— 1}, the vertices (x1)}, (z2)},. .., (z.)} are each coloured with the
same colour s. Then the e-star {u}; (1), (22)},. .., (z.)}} would be monochromatic

which is a contradiction. Hence in either case (V,B) cannot be coloured with k — 1

colours. O
We summarise this section with the following corollary.

Corollary 3.2.1. For any integers k > 2 and e > 3, there exists some integer ny
where n = 0 (mod 2e) such that for all admissible n > ny where n = 0,1 (mod 2e),

there exists a k-chromatic e-star system of order n.

Proof. By Theorem 3.2.1, there exists a strongly equitably 2-chromatic e-star sys-
tem of order 2e. For k& > 2, apply Theorem 3.2.2 and Theorem 3.2.3 to recursively
construct a k-chromatic e-star system of order n for all sufficiently large n such that

n=0,1 (mod 2e). O
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3.3 Unique colourings of e-star systems

We now investigate uniquely k-chromatic e-star systems for any e > 3. We commence

by showing that such designs do indeed exist for k = 2.

Theorem 3.3.1. For any e > 3, there exists a strongly equitably uniquely 2-chromatic

e-star system of order n for some n =0 (mod 2e).

Proof. Let (Uy, Ag) be a strongly equitable 2-chromatic e-star system of order 2e
constructed from Theorem 3.2.1, with colour classes C; and Cs such that each vertex
of Cy has colour s, for s = 1,2. For a positive integer ¢ that will be fixed later
and for each i € {1,...,¢}, let U; = Uy x {i} and A; = Ay x {i} where Ay x {i}
denotes the set {S x {i}|S € A¢}. So (U;,A;) has colour classes Cy x {i} and
Cy x{i}. Let U = 'Llj U. Let A'={al,... al}, A2={a?,...,a*} and A = A'U A2
Similarly let F' = (£l 1), F2 = (f2 . 2 F = FLUF G = (gl g,
G*={g} ....,0?},G=G'UG*, H = {hi,...,hl}, H* ={h3, ... h?}, H= H'UH?
K' = {ki,...,k}}, K ={k? ... k?} and K = K' U K2. We construct a uniquely

2-chromatic e-star system (V,B) where V= AUFUGUHUU UK.

We need to decompose the edges between the subsets of V into e-stars such that the

resulting e-star system (V,B) is uniquely 2-chromatic.

First, we decompose the edges between A and U into e-stars in a way such that no
e-subset in A other than the e-subsets A' and A? is monochromatic in any putative
2-colouring of (V,B). Let D be the set of all e-subsets of A except A' and A2. The
number of e-subsets of the set A is N = (2:) and |D| =N —2. Let T;, 1 < i < |D],

be the elements of D. Let A; = A\ T}, 1 < i < |D]. We now fix £ = |D|.

Partition Uj into e-subsets E) and Es such that E;NCy # 0 and E;NCy # 0, j =1, 2.

For each i € {1,2,...,¢} and for each w € A;, we decompose the edges between w



43

2

and U; into the set of e-stars R,, = |J {{w; E; x {i}}}. For each i € {1,...,¢},
j=1

let T, = U {{wT,}} Then P, = T; U ( U wa) is a decomposition of the edges

uel; wEA;

¢
between A and U;, and |J P; is a decomposition of the edges between A and U into
i=1

e-stars.

Recall that (U;, A;) is 2-chromatic. So for any 2-colouring of (U;, A;) there must be a
vertex u’ of colour s in U;, for each 1 < s < 2. Note that for each i € {1,...,|D[},
{ui:T;} € T; and so to ultimately obtain a valid 2-colouring of (V,B), the e vertices
of T; must not all have colour s, 1 < s < 2. If a colour s occurs on more than e
vertices of A then there exists a T; with only colour s and then {ui;T;} would be
monochromatic. So in any valid 2-colouring of (V,@), each colour must occur on
exactly e points of A. If the points of colour s are not all in A! or A2, then they are
the leaves of a monochromatic e-star with centre u’. Without loss of generality, we

assign colour s to all e points of A%, 1 < s < 2.

We now begin to decompose the edges between A and F' into e-stars. For each
i€ {l,...,e}, let K} = {{f}; A?}} and K? = {{f? A'}}. Since each vertex of A
has colour 2, each vertex of F'! must have colour 1 or else a monochromatic e-star

e
would now exist. Likewise, each vertex of F? must have colour 2. Let X! = |J X!
i=1

and K? = LEJ K%, We decompose the edges between A and F', 1 < i < 2, later.
Decompose :ﬁe edges between A! and G? and between A? and G! into a set of e-stars
£ in a similar manner, forcing the vertices of the subsets G! and G? to have colours
1 and 2 respectively. We decompose the edges between A* and G*, 1 < i < 2, later.
Also, decompose the edges between K' and G? and between K? and G! into a set of
e-stars € in a similar manner, forcing the vertices of the subsets K' and K? to have
colours 1 and 2 respectively. We decompose the edges between K* and G%, 1 < i < 2,

later.
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Next, we decompose the edges between H and FUG. Foreachi € {1,... e}, let & =
{hisft - f ARG L s b AR £ a1, 9o 93} AR ger, 02,03, 92}
and &' = LEJ &l Then &' is a decomposition of the edges between H' and F UG
into e—starsisluch that all the vertices in H' are forced to have colour 1. Decompose
the edges between H? and F'U G into a set of e-stars €2 in a similar manner, forcing

2

every vertex in H? to have unique colour 2. Let & = J &/.
j=1

Partition the set FTUG'UH UK \ {h3, h3, h3, k2, k3, k3} of 6e — 6 vertices into six sets
Si,..., 86 of size e—1. For each 1 <i <, let M} = {{a}; S1U{R}}, {a}; S2U{h3}},
{a}; SsU{R3}}, {ak; SaU{k?}}, {al; Ss U{k2}}, {a}; Ss U{k3}}}. Then M = U !
is a decomposition of the edges between A! and F' UG!' U H U K into e-stars, none
of which are monochromatic. Decompose the edges between A% and FPUG?UH UK

2

into a set of e-stars M? in a similar manner. Let M = | J M.
=1

Partition the set G' U FU H \ {fZ, f2, f2,h3,h3} of be — 5 vertices into five sets
Ri,...,Rsof size e—1. Foreach 1 <i < e, let F} = {{k}; RiU{fE}}, {k}; R2U{f3}},
{kl: RsU{f2}}, {k}; R4yU{R2}}, {k}; RsU{h3}}. Then F' = U F! is a decomposition
of the edges between K' and G*'UFUH into e-stars, none of WZh:itzh are monochromatic.

Decompose the edges between K2 and G? U F'U H into a set 2 of e-stars in a similar

manner.

Next, for each 1 < i < ¢, we decompose the edges between F' U G and U; into
e-stars. Let uf,...,u] be the vertices of colour s, 1 < s < 2, in an equitable 2-
colouring of (Up, Ag). For each j € {1,... e}, let N} = {{u} x {i}; f2,..., f2}, {u} x

{Z}vfllv e— 1791} {u X{Z} felvglv"‘vge—2vg2}v {ujx{i};ge—:l’ge’g?)?'"7g6}} and

observe that uj x {i} in now forced to have colour 1.

For each j € {1,...,e}, decompose the edges between u3 x {i} and F'U G into a

set of e-stars N? in a similar manner so that u; x {i} is forced to have colour 2.
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e 2
Let N* = |J N$ and O; = |J N°. Then O; is a decomposition of the edges between
j=1 s=1

FUG and U; into e-stars which forces every vertex of U; to have a unique colour. Let

£

i=1

At this point every vertex of V' is coloured, and the colouring is unique (up to a
permutation of the colours). Moreover, the two colour classes are equal in size and so
the colouring is strongly equitable. All that remains is to complete the decomposition

without introducing monochromatic e-stars.

For each 1 <7 < e, we begin to decompose the edges between F' and G into e-stars.
Let Qf = {{f!ig1:---, 901, 9t} {fl1 9. 93,92} }. Then Q' = U 9} is a decompo-
sition of the edges between F'!' and G into e-stars, none of which Za:rle monochromatic.
Decompose the edges between F? and G into a set of e-stars Q2 in a similar manner.

2
Let Q= |J &

7=1

Next, for each 1 < ¢ < ¢, we decompose the edges between H and U; into e-
stars. Recall that uf, ..., u} are vertices of colour 5, 1 < s < 2. Let J} = {{u]1 X
{i};hi, ... hiy B3}, {ub x {i};hi b3, ... h2}}, 1 <j <e. Foreach j € {l,... e},
decompose the edges between u? x {i} and H into a set of e-stars J? in a similar man-

e 2
ner. Let J° = |J J3 and 8§; = |J J°. Then §; is a decomposition of the edges between

]_1 s=1
¢
H and Uj; into e-stars. Let 8 = |J 8;. For each 1 < i < ¢, decompose the edges be-
i=1
¢
tween K and Uj; into a set of e-stars J; in a similar manner so that | J H; decomposes
i=1

all of the edges between K and U. The edges between U; and U;, 1 <i < j < {, are

decomposed into set Uz- of e-stars in a similar manner.
Note that |A| = |F| = |G| = |H| = |K| = 2e and so we let each of (A, A), (F, F), (G, 9),
(H,H), and (K, X) be an equitable 2-chromatic e-star system on the sets A, F', G, H,

and K, respectively, such that the colour classes are in agreement with the colouring
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that we have forced upon V.

~ £ 14
Finally, let B=AUFUSGUHUKU (U A)U(UP:)U(
i=1 i=1 j

14 14
uwu(yu)u...u
= j=3

2
9 2 )4 ~ A
U U (U XK)uLueuMuouQusueu (U F)u( U H;). Then (V,B) is an
=1 j=1 i=1
e-star system of order n = 10e+ ¢ny which is strongly equitably uniquely 2-chromatic.

O

Observe that each of the cardinalities of the colour classes of the uniquely 2-chromatic
e-star systems constructed from Theorem 3.3.1 is greater than e. We tacitly use this
property to construct a uniquely 2-chromatic e-star system from a smaller uniquely

2-chromatic e-star system.

Theorem 3.3.2. Let (V,B) be a strongly equitable uniquely 2-chromatic e-star system
of order ng constructed from Theorem 3.3.1, with colour classes Cy and Cy. Then there

exists a uniquely 2-chromatic e-star system of order n for all n > ngy such thatn =0, 1

(mod 2e).

Proof. For s € {1,2}, let Cs = {cj,....c}c}. Since ng = 0 (mod 2e¢), then let

ng =2et, t > 1.

First, we construct a uniquely 2-chromatic S.(2et 4+ 1), (V,B), from (V,B). Let

V = VU{2t+1}. Let T7* = [{2et + 1;¢2,...,c2}} and T2 = [{2t +

Liep, ooy, i} {2et+15c, o Cheay Clpndy oo {20015y 1y 1o -+ Chlem1)s Cont )
{2et +1;¢} 1y15 o5 Cloy) Covvrts - os Coprar ) Where t = 1) and r = e — (|C4] —

t(e —1)).

Partition the set Cy \ {cf,..., 2, 24,2, ..., 2, } into a set E of m disjoint e-

subsets X1, ..., X, where m = w Let T3¢t = {{Qet + 1;X,~}}.
i=1

Let B = B U T2y g2l Y g2¢4! Then (V,B) is a uniquely 2-chromatic e-star

system of order 2et + 1 with colour classes C; U {2et 4+ 1} and Cs.
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Next, we construct a uniquely 2-chromatic S.(2et + 2¢), (V,B), from (V,B). Let
V =V UV where V' = {2et +2,2¢t +3,...,2et + 2¢} and let vy € Cy \ {c!, ..., cl}.
Let (V' U vy, B’) be a 2-chromatic e-star system of order 2e constructed from The-
orem 3.2.1. Let T} = U{{i;¢f,... . c2}}, @ € {2et + 3,2et +5,..., 2t + 2¢ — 1}
and T/ = U {{j;c},...jcé}}, J € {2t + 2,2et +4,...,2¢et + 2e}. For any k €
{2et +2, 2etj—i— 3,...,2et+2e}, decompose the remaining edges between vertex k and

set V' \ {vg} into sets of e-stars T5 and T% in a manner similar to the construction of

(V,B) from (V, B).

. “ 2et+2e 2et+2e 2et+2e P
Let B=BUBU( U THU( U T5u( U T%). Then (V,B) is a uniquely
k=2et42 k=2t 42 k=2et+2

2-chromatic e-star system of order 2et + 2e with colour classes Cy U {2et + 3, 2et +

5,...,2et 4+ 2e — 1} and Cy U {2et + 2,2et + 4, ..., 2et + 2¢}. O
We then obtain the following corollary.

Corollary 3.3.1. Let e > 3. There exists some integer ng where ng = 0 (mod 2e)
such that for all admissible n > ng where n = 0,1 (mod 2e), there ezists a uniquely

2-chromatic e-star system of order n.
Proof. Apply Theorem 3.3.1 and Theorem 3.3.2. O

We now show how to construct a strongly equitable k-chromatic e-star system from

a strongly equitable uniquely (k — 1)-chromatic e-star system.

Theorem 3.3.3. Let k > 3 and e > 3. If there exists a strongly equitably uniquely (k—
1)-chromatic e-star system of order ny_1 = 0 (mod 2e) with colour classes Cy, . .., Cy_1
such that |C;| > e, 1 < i < k — 1, then there exists a strongly equitably k-chromatic

e-star system of order ny for some ny =0 (mod 2e¢).

Proof. Let (Uy, Ap) be a strongly equitably uniquely (k — 1)-chromatic e-star system

of order ny_; with colour classes C,...,Cy_1 such that ny_; = 0 (mod 2e), |Cy| =
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-+ = |Cx_1] = r > e where r is a positive integer and each vertex of C has colour
s,for 1 <s < k-1 Foreachse {l,....k—1}, let Cs = {cf,...,c}. For each
i€ {l,....k}, let Uy = Uy x {i} and A; = Ay x {i} where Ay x {i} denotes the
set {S x {i} | S € Ap}. So (U;, A;) has colour classes Cy x {i},...,Cr_q x {i}. We
construct a strongly equitable k-chromatic e-star system (V,B) where V = '61 Us.

We need to decompose the edges between the subsets of V' into e-stars such that the

resulting e-star system (V,B) is strongly equitably k-chromatic.

First, we decompose the edges between U; and U,. For each s € {1,...,k — 1}, let
D, = {c{ X {1},...,¢ % {1}} Let 51 = | {{cjl x {2}; D1}, {0]1 x{2}; Do}, ..., {c; X
j=1

{2}; Dk_l}}. Partition U; \kol D, intom = "’“*%f(k_l) sets G1, ..., G,, of cardinality
e such that for each ¢ € {1, .S.:.l, m}, the vertices of Gy do not all have the same colour.
Since (Uy, Ap) is strongly equitably (k — 1)-chromatic, such a partition exists. Let
52 = _Ql {{ehx {2} Gh} {eh x {21 Ga}, o {e) x {2} G} ) and Fy = F1UF2. Then
F is J; decomposition of the edges between C; x {2} and U; into e-stars. In any
putative (k — 1)-colouring of the e-star system that we are building, the colouring
of U; is unique since (Uy, A;) is uniquely (k — 1)-chromatic. The uniqueness of the
(k — 1)-colouring of (U, A;) is such that all vertices of Dy (1 < s < k — 1) have
colour s. But now some star of F] is monochromatic if any vertex of C; x {2} has
colour s for some s € {1,...,k — 1}. Therefore the system that we are building is
not (k — 1)-colourable. By demonstrating a k-colouring, we establish that it is k-
chromatic. Without loss of generality, colour each vertex of D, with colour s and

each vertex of Cy x {2} with colour k.

Let 53 = U {{cf X {2};D1},{c§ X {2};D3},{c? X {2};D4},...,{c? X {2};Dk_1}}.
j=1
k—1
Partition U; \ (D1 Uy Ds)) into m = n’“l%(k_z) sets G1,...,G,, such that for
s=3

each ¢ € {1,...,m}, the vertices of G, do not all have the same colour. Let F35 =
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O {2 x{2}; G}, .o {3 x{2}; G} } and Fy = FLUTF3. Then F; is a decomposition
f)?the edges between Cy x {2} and U into e-stars such that all the vertices in Cy x {2}
are forced to have colour 2. For each s € {3,...,k— 1}, decompose the edges between
Cs x {2} and U; into a set of e-stars F in a similar manner such that all the vertices

in Cs x {2} are forced to have colour s.

Let Ul = kol Fs. Then UL is a decomposition of the edges between U; and Us into
e-stars forZi:rig (Uy, As) to have colour classes C2,C3, ..., C} of equal size with no
vertex of colour 1, where C2 = Cy x {2}, C3 = Cs x {2}, ..., C% = C; x {2}. For each
i € {3,...,k}, decompose the edges between U; and U; into a set of e-stars U} in a
similar manner forcing (U;,.A;) to have colour classes C},C?, ... C/72 Ci, ..., CF of

equal size with no vertex of colour i — 1, where C} = C; x {i}, C? = Cy x {i}, ...,

02_2 = Ci—2 X {Z}, CZZ = CZ X {Z}, cay Czk = Ci—l X {Z}

Next, for each j € {3,...,k}, we decompose the edges between U, and U;. Par-
tition Uy into m = % sets G, ...,G,, such that for each ¢ € {1,...,m}, the
vertices of Gy do not all have the same colour. For each j € {3,... k}, let U? =

gj {{u7 G1},{u; Go}, .o {u; Gm}} Then ug is a decomposition of the edges be-
uel;

tween Uy and U; into e-stars such that no e-star is monochromatic. For each 3 < ¢ <
J < k, decompose the edges between U; and U; into a set of e-stars u;i in a similar

manner.
k k k

Let B= (U A)u(UJu)u(UW)u...uly " and Cf = Cy x {1}, CF = Co x {1},
i=1 =2 =3

..., C¥ 1 = O,y x{1}. Then (V,B) is a strongly equitable k-chromatic e-star system

of order ny, = kny,_; with colour classes C{ UCIUC]U---UCY, C3UCZUC3U---UCE,

L, OFTtUCETt UL UGk CEUCE U -+ - U OF where each colour class is of size

(k—1)r. O

We now show how to construct a strongly equitable uniquely k-chromatic e-star system
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from a strongly equitable k-chromatic e-star system.

Theorem 3.3.4. Let k > 3 and e > 3. If there exists a strongly equitably k-chromatic
e-star system of order ng = 0 (mod 2¢), then there exists a uniquely k-chromatic e-star

system of order n for some n such that n =0 (mod 2e).

Proof. Let (U, Ag) be a strongly equitable k-chromatic e-star system of order
nog = 0 (mod 2e) with colour classes C1,...,Cy such that each vertex of C; has
colour s, for s = 1,..., k. For a positive integer ¢ that will be fixed later and for
each i € {1,...,0}, let U; = Uy x {i} and A; = Ay x {i} where Ay x {i} denotes
the set {S x {i}|S € Ao}. So (U;,A;) has colour classes Cy x {i},...,Cj x {i}.
Let U = 'O Uy Let At ={al,...;al},..., Ak ={a},... a"}, Ab = {(a1)}, .-, (ae)dl,
A= Ulez:fi’ and A’ = AUA]. Similarly, let F* = {f}, ..., f1},.. ., FF={fF, ... [k},
Fy = A{(f)ts- - (fo)ihs F=UL, F', and F' = FUF], G = {g1,...,9}},...,G* =
{of, ..}, GE = (906 (9)8}, G = UL, G, and G’ = GUGH, H' = (B}, ..., hl},
oo HE ={nk o Ry HE = {(h)}, ..., (Re)S), H = Ule Hi and H' = HUH}. We
construct a uniquely k-chromatic e-star system (V, @) where V= AUFUGUHUU
if kiseven and V=AUF UG UH UU if k is odd.

We need to decompose the edges between the subsets of V into e-stars such that the

resulting e-star system (V,B) is uniquely k-chromatic.

First, we decompose the edges between A and U into e-stars in a way such that no
e-subset in A other than the e-subsets A!, ..., A% are monochromatic in any putative
k-colouring of (V, f’)) Let D be the set of all e-subsets of A except A',..., A¥. The
number of e-subsets of the set A is N = (k:) and |[D| = N — k. Let a = k— 1 and
|D| = ag + r where ¢ is a nonnegative integer and 0 < 7 < a is an integer. Partition
set D into ¢ sets Ty,..., T, of size a of disjoint e-subsets and one set T,;; of size

r of disjoint e-subsets; such a partition is known to exist by Theorem 3.1.3. Let
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T; = {T},....T}}, 1 <i < q and Topy = {79} Let A, = A\ Uj_, T},

1 <z’<qand/~lq+1:A\U;:1Tf+1 if r > 0and Ay = 0 if r = 0. We now fix

(=q+1ifr>0and { =qif r=0.

Partition Uy into e-subsets Ey, . .., By, where m = =2, such that each F; has nonempty
intersection with at least two colour classes, 1 < j < m. For each i € {1,2,...,/}

and for each w € A;, we decompose the edges between w and U; into the set of e-stars

= U {{w; E; x{i}}}. Foreachi e {1,...,q},let T, = U {{w;T{},... . {u; T}}}
7=1 uel;
and Ty = U {{w 77"}, {w; 79} ). Then P, =T, 0 ( U R ) <i<Ut,is
uel; wEA

¢
a decomposition of the edges between A and U; and |J P; is a decomposition of the
i=1
edges between A and U into e-stars.

Recall that (U;,A;) is k-chromatic. So for any k-colouring of (U;,A;) there must be
a vertex u’ of each colour s in U;, 1 < s < k. Note that for each i € {1,...,q},
{ul; T/} € 73, 1 < j < a, and {ugﬂ;TfH} € T,+1, 1 < j < r, and so to ultimately
obtain a valid k-colouring of (V, @), the e vertices of T; and T;—]Jrl must not all have
colour s, 1 < s < k. If a colour s occurs on more than e vertices of A then there
exists a T or Tqul with only colour s and then {u};T}} or {uquH} would be
monochromatic. So in any valid k-colouring of (V,B), each colour must occur on
exactly e points of A. If the points of colour s are not all in A* or ... or A*, then they
are the leaves of a monochromatic e-star with centre u’. Without loss of generality,

we assign colour s to all e points of A°, 1 < s < k.

We now begin to decompose the edges between A and F' into e-stars. For each i €

{1 b let K= {{f1 A%, o (L AR K2 = {{fB AV {f5 A%, {f3 AR ),
= {{ff;Al},...,{ff;Ak_l}}. Since each vertex of A® has colour s, 2 <

s < k, then each vertex of F'' must have colour 1 or else a monochromatic e-star

would now exist. Likewise, each vertex of F® must have colour s, 2 < s < k.
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Let X! = JX},...,X* = |JXF. We decompose the edges between A’ and F*,
i=1 i=1

1 <1 < Kk, later. For each j € {1,...,k}, decompose the edges between A’ and

G'U---UG'UGTT U - UGF into a set of e-stars £; in a similar manner, forc-

ing the vertices of the subsets G, ..., G* to have colours 1,...,k respectively. Let

k
L= £;. We decompose the edges between A" and G*, 1 <14 < k, later.

j=1

Next, we decompose the edges between H and FUG. For eachi € {1,... e}, let & =
{nisfio o f2h ARG A R ARG AL s gt b AR fl gt 9ia. 93
{hisgias 96,03 g2h Ahis gt g2 {bds gt .. gi}} and €1 = U €. Then
&' is a decomposition of the edges between H' and F U G into e-stars such that all
the vertices in H' are forced to have colour 1. For each s € {2,...,k}, decompose
the edges between H*® and F'U G into a set of e-stars €% in a similar manner, forcing

k

every vertex in H*® to have unique colour s. Let & = J &°.
s=1

Next, we decompose the edges between A! and FIUG'UH. Foreachi € {1,... e}, let

= {{azlaf11> e— 1>h2} {aw el>g%"">ge—2>h } {a’z’ge 1’ge’h ""h3}> {a};
hi, ...,k b3}, {at; Bl RS, o W3y, {alshd, o R}, {ad; B, o R} Then MY =
U M} is a decomposition of the edges between A' and F' UG U H into e-stars, none
i=1

of which are monochromatic. For each j € {2,...,k}, decompose the edges between

k
A7 and F7 U G7 U H into a set M7 of e-stars in a similar manner. Let M = |J M.
j=1

Next, for each 1 < 7 < /¢, we decompose the edges between F U G and U; into
e-stars. Let uf,...,uS be the vertices of colour s, 1 < s < k, in an equitable k-
colouring of (Up, Ag). For each j € {1,... e}, let N} = {{u} x {i}; f2,.... f2}, ...
{uj>{as fl o fE A < i Al o gt b Awg < {ih fea gty 9ean 931 {1 %
{i}i90 1,98 3, 92y {uj < {idigf, - g2}, {uf x {i}s g1, -, g8} } and observe
that u; x {i} is now forced to have colour 1. For each j € {1,...,e} and each

s €{2,...,k}, decompose the edges between u; x {i} and F'UG into a set of e-stars
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e

N? in a similar manner so that u$ x {i} is forced to have colour s. Let N* = [J N?
j=1
k
and O; = |J N*. Then O; is a decomposition of the edges between F UG and Uj; into
s=1
¢
e-stars which forces every vertex of U; to have a unique colour. Let O = | O;.
i=1

At this point every vertex of V is coloured, and the colouring is unique (up to a
permutation of the colours). Moreover, the colour classes are equal in size and so the
colouring is strongly equitable. All that remains is to complete the decomposition

without introducing monochromatic e-stars.

For each 1 < ¢ < e, we begin to decompose the edges between F and G into

e-stars. Let Qzl = {{fil;g%v’”ug;—lug%}v {fil;giug%w"vgg}}v {fi1§9%a---79§}7---7

{flgF....,g¥}}. Then Q' = U Q! is a decomposition of the edges between F' and

=1
G into e-stars, none of which is monochromatic. For each j € {2,...,k}, decom-

pose the edges between FV and G into a set of e-stars Q/ in a similar manner. Let

k .
Q:UQJ.

7j=1

Next, for each 1 < ¢ < ¢, we decompose the edges between H and U; into e-
stars. Recall that uf,...,u} are the vertices of colour s, 1 < s < k. Let J; =
{{uj x{i}shi, ... bl 3}, {uf < {i}; hl B3, o B2Y, {uy < {i};s b3, B3Y, o {ug x
{i};hk, ... hE}}, 1< j<e Foreach j € {l,... e} and each s € {2,...,k}, decom-

pose the edges between u$ x {i} and H into a set of e-stars J$ in a similar manner.

e k
Let 3° = |J J5 and 8; = |J J°. Then §; is a decomposition of the edges between H

]:1 s=1

¢
and U; into e-stars. Let 8 = (J §,;. The edges between U; and U;, 1 <7 < j </, are

=1
decomposed into a set u;i of e-stars in a similar manner.

Note that |A| = |F| = |G| = |H| = ke.

Case 1. k is even. We let each of (A, A),(F,),(G,9), and (H,H) be strongly

equitably 2-chromatic e-star systems on the sets A, F', G, and H respectively. Let
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. ¢ ¢ ¢ ¢ k

B=AUFUSUHU(UA)U(UP)u(UUHu(Uu)u...uuyHu( U x)u
i=1 i=1 j=2 j=3 j=1

LUEUMUOUQUS. Then (V,B) is an e-star system of order n = 4ke 4 ¢n which

is strongly equitably uniquely k-chromatic.

Case 2. kisodd. Forj e {1,... e}, let V; = {{(a;)o; f7,.. ., £}, {(ap)os f7, -, £},

@ T P @ S F 621 L) S 0 00 3 ()b g,
Y S (0 RO SO (0 U5 S UUR £ (AT A N AR 1
(@)t oo 2L Ll B2 )l U U ()
fioud x {ikoeeoyuly x {ibud x il oo (@)l yenyan X {ibse et
i x {4 h ()b ke oy X {ih vtk % (b ey % b i x {11} U
U ()b o x {2 x (i3} | 1< d < OB Yy hore ¢ — 190 ang

i=1
m = e — (|Cy] — t(e — 1)) are positive integers and the sets {z{,..., 2%}, 1 < d <
o (O™ form a partition of U; \ (Cy x {i}) U {u? x {i},ud x {i}, ..., u2,,, x {i}}.

e

Let V = Lej V;, then V is a decomposition of the edges between Aj and FUGUHUU
into e—st;;sl forcing the vertices of A} to have unique colour 1.

Decompose the edges between Fyj and A’ U G U H U U into set of e-stars W in a
similar manner so that the vertices of Fy are forced to have colour 1. Also, decompose
the edges between G§ and A’U F'U H UU into set of e-stars X so that the vertices of
G} are forced to have colour 1, and the edges between Hy and A’ U F' UG’ UU into

set of e-stars Y so that the vertices of Hj are forced to have colour 1.

Now, we decompose the edges of the complete graph on set A’ into e-stars. We
first take 2-chromatic e-star systems Z; = (A' U A%, Ad), Z, = (A3 U A% A3),

Zk+1 = (A* U A}, A}) of size 2e. It is easy then to decompose the edges between Z;

k+1

and Z; into set ZZ of e-stars 1 < i < j < such that no e—star is monochromatic.

-1

Then (A’, A’) where A’ = AL U A3 U -~ U A U (CJ 21) U (CJ 22U U z,m is
=2 =3

an e-star system which is uniquely k-chromatic as we already assign a unique colour s
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to each vertex of A’ for each s € {1,2,...,k}. Decompose the edges of the complete

graph on the sets F’, G’ and H' into set of e-stars ', §’ and H’ in a similar manner.

AYUUR) U (U U (W) U0 )

1 i=1

-

Let B=A'UF UG UH U (

7

k A A
UUXKH ULUEUMUOUQUSUVUWUXUY. Then (V,B) is an e-star
i=1
system of order n = 4e(k + 1) + ¢ny which is strongly equitably uniquely k-chromatic.

|

We now show how to construct a uniquely k-chromatic e-star system from a smaller

uniquely k-chromatic e-star system.

Theorem 3.3.5. For any k > 3, let (V,B) be a uniquely k-chromatic e-star system of
order ng constructed from Theorem 3.3.4 with colour classes C1,...,Cy. Then there

exists a uniquely k-chromatic e-star system for all n > ngy such that n = 0,1 (mod

2e).

Proof. For s € {1,....k}, let C5 = {cf,...,cjg,}. Since ng = 0 (mod 2e), let

no = 2et, t > 1.

First, we construct a uniquely k-chromatic S,(2et + 1), (V,B), from (V, B). Let V =

V U {2et + 1}. Let T3 = {{2et + L;c}, ..., 2}, {2et + 1;¢f,...,c3}, ... {2et +

) el

ok k 2et+1 _ ol 12 ol 1 2
Lick, .. cf ) and T3 = {{2et + L;el, ... el 2 ) {2et + 1icl, o ey 2t

o1 1 2 1 12 2
oo {2et+1; Clr1)(e—1)41 - * » Cr(e1)s b {2et+1; Crte—1)41 -+ 3 Clcn]> Cobrats -3 ce+r+r,}}

where r = [ and 1/ = e — (|C1] — 7(e — 1)).

Partition the set (Cy \ {cf,...,c2 21, Py, D U(Cs\{c,....3Hu---U
(Cp \ {ck,...,ck}) into a set E of m disjoint e-subsets X, ..., X,, where

e

m = (Cal=(ettin)+(Col=e)tt(Cul=e) T op gRet+l — | | {{2et +1; X;}}.
i=1

e

Let B = B U T2+ T2+t T2+ Then (V,B) is a uniquely k-chromatic e-star

system of order 2et 4+ 1 with colour classes Cy U {2et + 1}, Cy, ..., Cy.
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Next, we construct a uniquely k-chromatic S, (2et+2¢), (V,B), from (V,B). Let V =
VUV’ where V' = {2et+2, 2et+3, . .., 2et+2¢} and let vy € C1\{cl, ..., c'}. Let (V'U
{vo}, B’) be a strongly equitable 2-chromatic e-star system of order 2e constructed
from Theorem 3.2.1. Let T, = U {{iscd, ..., 2} {ised, o 3, i el L R
i€ {26t+3,26t+5,...,26t+26—l1} and 7 = U{{j;c%,...,cé},{j;c‘i’,...,cﬁf ey
{gich, .., cF}}, 7 € {2t +2,2et +4,... 2t +]2e}. For any k € {2et + 2,2et +
3,...,2et + 2e}, decompose the remaining edges between vertex k and set V' \ {vg}

into sets of e-stars 7% and T¥ in a manner similar to the construction of T5*! and

T2¢+1 in (V, B) by labelling 2ef + 1 with k.

o N 2et+2e 2et+2e 2et+2e P
Let B=BUB'U( U THU( U THU( U T%). Then (V,B) is a uniquely
k=2et+2 k=2et+2 k=2et+2
k-chromatic e-star system of order 2et + 2e with colour classes Cy U {2et + 3, 2et +
5,...,2et +2e — 1}, Cy U {2et + 2,2et + 4,...,2¢et + 2e},C5,...,Cy. Note that the
result follows by applying the construction iteratively, with (V, B) in place of (V, B).

O
We then conclude with the following corollary.

Corollary 3.3.2. Let e > 3 and k > 3. There exists some integer ng where ng = 0
(mod 2e) such that for all admissible n > ng where n = 0,1 (mod 2e), there exists a

uniquely k-chromatic e-star system of order n.

Proof. By Corollary 3.3.1, there exists a uniquely 2-chromatic e-star system of order n
for all sufficiently large n such that n = 0, 1 (mod 2¢). For k > 3, apply Theorem 3.3.3,
Theorem 3.3.4, and Theorem 3.3.5 to recursively construct a uniquely k-chromatic e-

star system of order n for all sufficiently large n such that n = 0,1 (mod 2e). O



Chapter 4

Colourings of path systems

In this chapter, we investigate k-colourings of path systems. We first construct some
small systems that are used as ingredients to construct larger systems. We then
observe that there exists a k-chromatic P, system for any k£ > 2 and m > 4 where m
is even. Next, we prove that there exists an equitably 2-chromatic P, system for each
admissible order n. Finally, we show that for any integer £ > 3, there exists some
integer n; such that for all admissible n > ny, there exists a k-chromatic P, system

of order n.

4.1 Some small explicit solutions

In this section, we first construct (strongly) equitably 2-chromatic P; systems of order
4, 6, and 7. We then present decompositions of some complete bipartite graphs and
other decompositions of complete bipartite graphs plus some set of edges into P
paths. These decompositions are used as ingredients to construct larger systems in

the next section.

Lemma 4.1.1. There exist strongly equitably 2-chromatic Py systems of order 4 and
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6, and an equitably 2-chromatic P, system of order 7.

Proof. We first construct a strongly equitably 2-chromatic P, system of order 4.
Let ‘A/ = {'Ul,'Ug,'Ug,U;l}, @ = {(Ug,Ul,Ug,U4), (Ul,U4,U3,'U2)}, é = {’Ulavi’)}a and Y/ =
{v3,v4}. Then (V,B) is a Py(4) for which R and Y constitute a strongly equitable

2-colouring.

Next, we construct a strongly equitably 2-chromatic Py system of order 6. Let V =
{'Ula Vg, U3, V4, Us, ’U6}> @ = {(Uﬁa V1, V2, 'U5)> (’U6> Vg, U3, US)) (U27 Vg, V1, 'U3)7 (’U47 U3, Vg, US))
('Ul,U5,U4,U6)}, R = {v1,v3,v5}, and Y = {vo,v4,v6}. Then (f/,@) is a Py(6) for

which R and Y constitute a strongly equitable 2-colouring.

Finally, we construct an equitably 2-chromatic P, system of order 7. Let V' =
{Uh Vg, U3, U4, Us, Vg, U7}7 B, = {(U27 U7, U4, U3)7 (U77 U3, Vs, U5)7 (Uh U7, Us, U2)7 (U27 V4, U1, U3)7
(’Ula Vs, V4, Uﬁ)a (U27 V3, Us, 'U7)7 (Uﬁa V1, V2, 'U5)}7 R/ = {Ula V3, Us, ’U7}7 and Y/ = {UQa V4, Uﬁ}-

Then (V’,B’) is a Py(7) for which R’ and Y’ constitute an equitable 2-colouring. O

Lemma 4.1.2. There exists a strongly equitably 2-chromatic decomposition of Ks 3

into Py paths.

Proof. Let V = {vy, v, v3} U{wq, wq, w3} be the set of vertices, B = {(1)2, wy, V1, W3),
(v1, wa, v3, w1), (’Ug,wg,’llg,'wg)}, R = {v1,v3,ws}, and Y = {vy, wy,w3}. Then B is a
decomposition of K33 into P4 paths for which R and Y constitute a strongly equitable

2-colouring. O

Lemma 4.1.3. There exists an equitably 2-chromatic decomposition of Ka3 into Py

paths.

Proof. Let V' = {vy, va, v3, v4 }U{wq, we, w3} be the set of vertices, B = {(U4,w3, vy, W),
(U27 W1, V4, w2)7 (Uh Wy, U3, w1>7 (U37 ws, U2, w2)}7 R = {Uh U3, Wy, w3}7 and Y = {U27 Uy, w2}'

Then B is a decomposition of K43 into P, paths for which R and Y constitute an
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equitable 2-colouring. O

Lemma 4.1.4. There exists a strongly equitably 2-chromatic decomposition of K3

into Py paths.

Proof. Let V = {vy, v, v3, 04,05, 06,07} U {w1, wq, w3} be the set of vertices, B =
{(vl, Wy, V7, w3), (U7, Wa, Vo, wy), (Vo, W3, V3, w1), (v3, Wa, Vg, w1), (Vg, w3, V5, w1 ), (V5, Wa, Vg, W1),
(v6,w3,vl,w2)}, R = {vy,v3,v5,v7,ws}, and Y = {vq, vy4, vg, w1, w3}. Then B is a de-
composition of K, 3 into P, paths for which R and Y constitute a strongly equitable

2-colouring. O

Lemma 4.1.5. There exists a strongly equitably 2-chromatic decomposition of Kg o

into Py paths.

Proof. Let V' = {vy, va, v3, vy, v5, v6 }U{w1, wo } be the set of vertices, B = {(Ug, wy, Vg, W),
(’U2a W2, Vg, wl)a (’U57 W1, Ve, w2)> (USa W3, V1, wl)}a R= {Ula U3, Us, wl}a and Y = {'U2> Uy, Vs, w2}'
Then B is a decomposition of Kgo into P, paths for which R and Y constitute a

strongly equitable 2-colouring. O

Lemma 4.1.6. There exists an equitably 2-chromatic decomposition of K3 into Py

paths.

Proof. Let V. = {v,vs,v3,v4,v5,06} U {wy,ws, w3} be the set of vertices, B =
{(Ulu w17v27w2)7 (U27 U)3,’U3,’LU1), (’U3,’LU2, U47w1>7 (U47w37 Us, w1>7 (U57w27 Vg, w1>7 (U67w37 U1, w2)}7
R = {v1,v3,v5, w1, w3}, and Y = {vy, vy, v6, wa}. Then B is a decomposition of Kg3

into P, paths for which R and Y constitute an equitable 2-colouring. O

Lemma 4.1.7. There exists a strongly equitably 2-chromatic decomposition of Kg 4

into Py paths.

Proof. Let V = {vy, v, v3, 04, 05,06} U {wy, ws, ws,ws} be the set of vertices, B =

{('Ula Wy, V2, w2)a (’Ula w3, Vg, w4)> (’Ula w2, Vs, 'lUl), (Ula Wy, V3, w3)> (’U47 W1, Vs, w2)> (’U47 w3, Vs, w4)>
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(U47 U}Q,'U6,’LU1), (U47 U)4,’U6,’UJ3)}, R = {U17U37U57w17 w3}7 and Y = {U27 V4, Vg, W3, w4}'
Then B is a decomposition of Kg4 into P, paths for which R and Y constitute a

strongly equitable 2-colouring. O

Lemma 4.1.8. There exists an equitably 2-chromatic decomposition of Kg 5 into Py

paths.

Proof. Let V = {vy, vy, v3,v4, 05,06} U {wy, ws, ws, wy, ws} be the set of vertices,
B = {(’Ul,wl,'Ug,'LUg), (vg, w3, v3,w1), (V3,Wa, Vg, w1), (V4,ws,vs,w1), (Vs, Wa, Vg, W1),
(ve, w3, v1, wa), (va, Wy, V3, ws), (vVa, Ws, va, W), (U5, W, Vg, Ws), (Vs, Ws, vy, ws) }, R = {vy,
U3, Us, W1, W3, Ws }, and Y = {wvy, vy, v, wa, wy}. Then B is a decomposition of K 5 into

P, paths for which R and Y constitute an equitable 2-colouring. O

Lemma 4.1.9. There exists a strongly equitably 2-chromatic decomposition of Kgg

into Py paths.

Proof. Let V' = {vy, vg, v3, vy, U5, 6} U {wy, we, w3, wy, ws, we} be the set of vertices,
B = {(Ul,wl,UQ,U)Q), (v2,w3,vg,w1), (U3,U)2,U4,w1), (’U4,U)3,’U5,UJ1), (05,w2,v6,w1),
(v6, W3, V1, W3), (V1, Wy, Vo, Ws), (Va, We, V3, Wy ), (V3, W5, Vg, Wy), (Vs, We, Vs, Wy), (Vs, Ws, Vg, Wy),
(vﬁ,w6,vl,w5)}, R = {’Ul,’Ug,’U5,U)1,U)3,’UJ5}, and Y = {’UQ,U4,U6,U)2,’UJ4,U)6}. Then B
is a decomposition of Kgg into Py paths for which R and Y constitute a strongly

equitable 2-colouring. O

Lemma 4.1.10. There exists an equitably 2-chromatic decomposition of K7 into Py

paths.

Proof. Let V = {vy,vq, v3, 04, U5, 06} U {wy, we, w3, wy, ws, we, wr} be the set of ver-
ticesa B = {(Ula Wy, V2, w2)a (’U27 w3, Vs, w1)> (’U?n W2, Vg, wl)a (U4> w3, Vs, w1)> (’U57 W2, Ve, w1)>
(U67 ws, Uy, w2)7 (Uh Wy, V2, w5)7 (U17 We, V2, w7)7 (Uh Ws, U3, w4)7 (U17 wr, U3, w6)7 (U47 Wy, Vs, U)5>,

('U4,1U6,'U5,'UJ7), (U4,'1U5,U6,1U4),('U4,'UJ7,U6,U]6)}, R = {Ulav3av5aw1>w3aw5>w7}a and
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Y = {vg, vy, v6, wa, wy, ws}. Then B is a decomposition of Kg7 into P, paths for

which R and Y constitute an equitable 2-colouring. O

Lemma 4.1.11. Let (Vi,Vs) be a bipartition of the set of vertices of the complete
bipartite graph Kgs where |Vi| = 6 and |Va| = 3. Let Ey be the set of edges of Kg3
and FEy be the set of edges of the complete graph on V,. Then the subgraph induced by

Ey U Ey has a decomposition into Py paths which is equitably 2-chromatic.

Proof. Let V} = {vy, va,v3, 04, 05,06}, Vo = {wy, wy, w3}, and B = {(vl,wl,wg,wg),
('lUQ, V2, Wy, 'UJ3), (’U2a ws, Vs, 'UJl) ) (’U?n W2, Vg, wl)a (U4> w3, Vs, w1)> (USa W2, Vg, wl)a (’U67 ws, V1, w?)})
R = {vy,v3,v5, w1, ws}, and Y = {wy, vy, vg, wo}. Then B is a decomposition of FyUFEs

into P, paths for which R and Y constitute an equitable 2-colouring. O

Lemma 4.1.12. Let (V1, V) be a bipartition of the set of vertices of the complete
bipartite graph Ky o where |Vi| =7 and |Va| = 2. Let Ey be the set of edges of Kz
and FEy be the set of edges of the complete graph on V. Then the subgraph induced by

Ey U Ey has a decomposition into Py paths which is equitably 2-chromatic.

Proof. Let ‘/1 = {UlaUQaU3aU4>U5>U6>'U7}> ‘/2 = {'lUl,U]Q}, and B = {(UQawla'U?an)a
(U27 Wy, Wy, U4)7 (U47 W3y, Vs, w1)7 (U67 w1y, U7, w2)7 (U67 Wy, V1, w1>}7 R = {Ul7 U3, Us, U7, w1}7
and Y = {vy, v4, vg, wo}. Then B is a decomposition of F;UFE, into Py paths for which

R and Y constitute an equitable 2-colouring. O

Lemma 4.1.13. Let (V1,Vs) be a bipartition of the set of vertices of the complete
bipartite graph Kr 3 where |Vi| =7 and |Va| = 3. Let Ey be the set of edges of Kz
and FEy be the set of edges of the complete graph on V. Then the subgraph induced by

Ey U Ey has a decomposition into Py paths which is strongly equitably 2-chromatic.

PrOOf' Let ‘/1 - {U17027U37U47U57U67U7}7 ‘/2 == {w17w27w3}7 a‘nd B == {(’U4,U}1,’U5,wg),

(Us,wz,w,w?,), (UG,wl,U%ws), (U7,w2,v6,w3), (Ul,w3,v3,w1)> ('U2aw1>'U1>w2)a (US,wz,WS,U2)>
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(v2,w2,w1,w3)}, R = {vy,v3,v5,v7,w1 }, and Y = {vq, v4, v, wa, w3}. Then B is a de-
composition of 1 UF, into P, paths for which R and Y constitute a strongly equitable

2-colouring. O

Lemma 4.1.14. Let (V1, V) be a bipartition of the set of vertices of the complete
bipartite graph K, o where |Vi| = 4 and |Va| = 2. Let Ey be the set of edges of Ky
and FEy be the set of edges of the complete graph on V. Then the subgraph induced by

E, U Ey has a decomposition into Py paths which is strongly equitably 2-chromatic.

Proof. Let ‘/1 = {'Ula Vg, U3, U4}> ‘/2 = {wla w2}> and B = {(Ula w1, W2, U4)a (U4a w1, V2, w2)a
(v1, w2,vg,w1)}, R = {vy,v3,w1}, and Y = {vy, vy, ws}. Then B is a decomposition of
E1 U F, into Py paths for which R and Y constitute a strongly equitable 2-colouring.

|

Lemma 4.1.15. Let (Vi,Vs) be a bipartition of the set of vertices of the complete
bipartite graph K, 5 where |Vi| = 4 and |Va| = 5. Let E) be the set of edges of Ky
and Fy be the set of edges of the complete graph on V. Then the subgraph induced by

FEy U Ey has a decomposition into Py paths which is equitably 2-chromatic.

Proof. Let Vi = {vy,vq,v3, 04}, Vo = {wy, we, ws, wy, ws}, and B = {(1)4,w3,v1,w1),
(g, w1, Vg, Wa), (v1, Wa, V3, W1 ), (Vs, W3, Vo, Wa), (U1, Wy, Ws, Vg), (Vg, Wy, Vo, ws), (V1, W5, V3, Wy),
(wy, Wy, W, w3), (wy, Wy, w5, w3), (w4,w3,w1,w5)}, R = {vy,v3, w1, w3, w5}, and Y =
{va, v4, we,wy}. Then B is a decomposition of E; U Ey into P, paths for which R and

Y constitute an equitable 2-colouring. O

4.2 k-colourings of path systems

In this section, we first observe that there exists a k-chromatic P,, system for any

k > 2 and m > 4 where m is even. Next, we prove that there exists an equitably
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2-chromatic Pj system for each admissible order n. We then show that for any integer
k > 3, there exists some integer n; such that for all admissible n > n;, there exists a

k-chromatic P, system of order n.

4.2.1 k-colourings of P,, systems for m even

In this subsection, we prove that there exists a k-chromatic P,, system for any k > 2
and m > 4 where m is even. Recall that for any m > 2, necessary and sufficient
conditions for the existence of a P, system of order n are given in the following

theorem from [34].

Theorem 4.2.1. [34] Let m > 2. There exists a P, system of order n if and only if
en=1o0orn=>=m,; and
e n(n—1)=0 (mod 2m — 2).

To prove the main result of this subsection, we begin with the following theorem

from [22].

Theorem 4.2.2. [22] Let k, n and X be positive integers such that k > 2, n > 3 and
(k,n) # (2,3). Then there is an integer N(k,n, \) such that there ezists a k-chromatic
BIBD(v,n, \) for all admissible integers v = N(k,n, ).

We now show that any complete graph K,,, where n is even, has a decomposition into

Hamilton paths.

Lemma 4.2.1. For any even n, the complete graph K, has a decomposition into

Hamilton paths.

Proof. The complete graph K, ,; has a Hamilton cycle decomposition as demon-

strated in the 19th century by Walecki [27]. Remove one vertex from K, ; to get
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a decomposition of K, into Hamilton paths. This lemma also follows from Theo-

rem 4.2.1. O
We then obtain the main result of this subsection.

Corollary 4.2.1. For any m > 4, m even, and k > 2, there exists a k-chromatic P,

system.

Proof. By Theorem 4.2.2, for any k > 2, t > 2, and any sufficiently large admissible
integer v, there exists a weakly k-chromatic BIBD(v,2t,1). By Lemma 4.2.1, the
complete graph Ky has a decomposition into Hamilton paths. Let m = 2t. Therefore,

there exists a k-chromatic P,, system for any k > 2 and even m > 4. O

Note that a BIBD(v,4,1) exists if and only if v = 1,4 (mod 12). Therefore, by
Theorem 4.2.2, for any k > 2, there exist k-chromatic P; systems of order v = 1,4
(mod 12) for all sufficiently large v. In the next two subsections, we show that for

any k > 2, there exist k-chromatic P, systems for all sufficiently large admissible v.

4.2.2 2-colourings of P, systems

In this subsection, we prove that for each admissible order n, there exists an equitably
2-chromatic P, system of order n. Recall that a P, system of order n exists if and only
ifn=0,1,3,4 (mod 6) by Theorem 4.2.1. To prove the main result of this subsection,

we first show the following lemmas.

Lemma 4.2.2. Lett > 1. There exist a strongly equitably 2-chromatic P, system of

order 6t and an equitably 2-chromatic Py system of order 6t + 1.

Proof. For ¢t = 1 refer to Lemma 4.1.1. For each t > 1, we first construct an
equitably 2-chromatic P, system Py(6t), (V,B). Let V = {1,...,6t} be the set of

points. Partition the set of points V' into ¢ subsets A; = {1,2,3,4,5,6},..., A4, =
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{6t — 5,6t — 4,6t — 3,6t — 2,6t — 1,6t}.

Note that by Lemma 4.1.1 and Lemma 4.1.9, there exist an equitably 2-chromatic
P, system of order six and a decomposition of K¢ into P, paths which is equitably
2-chromatic. So, for each 1 < i < tand 1 < k < ¢ < t, let (A;, A;) be an equitably
2-chromatic Pj system of order six similar to that constructed from Lemma 4.1.1, and
let Ay, be an equitably 2-chromatic decomposition of the edges between A, and A,

into P paths which is constructed in a similar manner to Lemma 4.1.9.

Let B = (U'_, A)U(Uili (Uipsr Are)), R=1{1,3,...,6t—1},and Y = {2,4,...,6t}.

Then (V,B) is a P,(6t) for which R and Y constitute a strongly equitable 2-colouring.

Next, we construct an equitably 2-chromatic P, system Py(6t + 1), (V, @) Let V =
{1,...,6t + 1} be the set of points. Partition the set of points V into t subsets
A =1{1,2,3,4,5,6,7}, Ay = {8,9,10,11,12,13},..., A, = {6t — 4,6t — 3,6t — 2, 6t —
1,6t, 6t + 1}.

Note that by Lemma 4.1.1, Lemma 4.1.9, and Lemma 4.1.10 there exist equitably
2-chromatic Py systems of order six and seven and decompositions of Kg¢ and Kg 7
into P; paths which are equitably 2-chromatic. So, let (Al,fil) be an equitably 2-
chromatic P, system of order seven, and (/L,flz) for 2 < ¢ < t, be an equitably
2-chromatic P, system of order six similar to that constructed from Lemma 4.1.1.
Also, for each 1 < k < ¢ < t, let ./-Alk,g be an equitably 2-chromatic decomposition of

the edges between Ak and Ag into P, paths which is constructed in a similar manner

to Lemma 4.1.9 and Lemma 4.1.10.

Let B = (U_, A)U(UZ(Ubeps Are)), R=1{1,3,...,6t+1},and Y = {2,4,...,6t}.

Then (V,B) is a Py(6t + 1) for which R and Y constitute an equitable 2-colouring. O

Lemma 4.2.3. Lett > 1. There exist an equitably 2-chromatic Py system of order
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6t + 3 and a strongly equitably 2-chromatic Py system of order 6t + 4.

Proof. By Lemma 4.2.2, there exists a strongly equitably 2-chromatic P,(6t), (V,B),
where V' = {1,...,6t} is the set of points and B is the set of blocks. Let R =
{1,3,...,6t — 1} and Y = {2,4,...,6t} constitute a strongly equitable 2-colouring
of (V,B). Partition the set of points V into t subsets A; = {1,2,3,4,5,6},..., 4; =

{6t — 5,6t — 4,6t — 3,6t — 2,6t — 1,6t}.

First, we construct an equitably 2-chromatic P4(6¢+3), (V,B), from (V, B). Let V =
Vu{6t+1,6t+2,6t+3}. Decompose the edges between A; and {6t+1, 6t +2, 6+ 3}
along with the edges {6t + 1,6t + 2}, {6t +2,6t+ 3}, {6t + 3,6t + 1} into the set of Py
paths ./‘[1 in a manner similar to Lemma 4.1.11. Also, for each 2 < i < t, decompose
the edges between A; and {6t + 1, 6t + 2,6t + 3} into a set A; of Py paths in a manner

similar to Lemma 4.1.6.

Let B=BU(U'_,A), R={1,3,...,6t+3},and Y = {2,4,...,6t+2}. Then (V,B)

is a Py(6t + 3) for which R and Y constitute an equitable 2-colouring.

Next, we construct a strongly equitably 2-chromatic Py(6t + 4), (V,B), from (V,B).
Let V=V U {6t + 1,6t + 2,6t + 3,6t + 4}. Decompose the edges between A; and
{6t+1,6t+2,6t+3,6t+4} along with the edges {6t+ 1,6t +2}, {6t +2,6t+ 3}, {6t +
3,6t + 4}, {6t + 4,6t + 1}, {6t + 1,6t + 3}, {6t + 2,6t + 4} into the set of P, paths
Ay = {(1,6t+1,6t42,2), (1,6t +3,6t+2,6t+4), (6t-+4,2, 6t +3,6t+1), (2, 6t+1, 6t +
4,6t +3), (1,6t +2,3,6t+1), (1,6t +4,3,6t+3), (4,6t +1,5,6t +2), (4,6t + 3,5, 6t +
4), (4,6t + 2,6,6t+ 1), (4,6t + 4,6, 6t + 3)} Also, for each 2 < i < t, decompose the
edges between A; and {6t + 1,6t + 2,6t + 3,6t + 4} into a set A; of P, paths in a

manner similar to Lemma 4.1.7.

Let B=BU(U'_,A;), R={1,3,...,6t+3},and Y = {2,4,...,6t+4}. Then (V,B)

is a P;(6t + 4) for which R and Y constitute a strongly equitable 2-colouring. O
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We then obtain the following theorem.

Theorem 4.2.3. For each admissible order n, there exists an equitably 2-chromatic

Py system of order n.

Proof. Forn < 7 apply Lemma 4.1.1. Otherwise apply Lemma 4.2.2 and Lemma 4.2.3.

O

4.2.3 k-colourings of P, systems for k£ > 3

In this subsection, we prove that for any integer k > 3, there exists some integer ny
such that for all admissible n > ny, there exists a k-chromatic P, system of order n.

To prove the main result of this subsection, we first show the following lemmas.

Lemma 4.2.4. Lett > 1 and k > 3. If there exists a k-chromatic P, system of order

6t, then there exist k-chromatic Py systems of order 6t + 3, 6t +4, 6t + 6, and 6t + 7.

Proof. Suppose that there exists a k-chromatic Py(6t), (V,B), where V = {1,...,6t}
is the set of points and B is the set of blocks. Let Cy,Cs,...,Cy be the colour

classes of a k-colouring of (V,B). Partition the set of points V' into ¢ subsets A; =
{1,2,3,4,5,6},..., A, = {6t — 5,6t — 4,6t — 3,6t — 2,6t — 1,6t}.

First, we construct a k-chromatic Py(6t + 3), (Vi,B1), from (V,B). Let Vi =V U U4
where U; = {6t + 1,6t + 2,6t + 3}. Let w; = 6t + 1, wy = 6t + 2, and ws = 6t + 3.
Decompose the edges between A; and U along with the edges {6t + 1,6t + 2}, {6t +
2,6t+3}, {6t+3,6t+1} into a set A; of P, paths in a manner similar to Lemma 4.1.11.
For each 2 < i < t, decompose the edges between A; and U; into a set A; of P, pathsin
a manner similar to the 2-chromatic decomposition of K3 into P, paths constructed
from Lemma 4.1.6. Let B, = BU (J'_, A;). Then (V4,B,) is a Py(6t + 3) for which

CrU{6t +1},Co U {6t + 2}, C3U{6t+ 3},Cy, ..., Ck constitute a k-colouring.
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Next, we construct a k-chromatic Py(6t + 4), (Va, Bg), from (V,B). Let Vo =V U U,
where Uy = {6t + 1,6t +2,6t+ 3,6t +4}. Decompose the edges of the complete graph
on U, into a set A of P, paths in a manner similar to the 2-chromatic decomposition
of K, into P, paths constructed from Lemma 4.1.1 where v; = 6t + 1, vy = 6t + 2,
vy = 6t + 3, and vy = 6t +4. For each 1 < ¢ < t, decompose the edges between A; and
U, into a set A; of P, paths in a manner similar to the 2-chromatic decomposition of
Kg,4 into P, paths constructed from Lemma 4.1.7 where wy = 6t + 1, wy = 6t + 2,
wy = 6t + 3, and wy = 6t +4. Let By = BUAU (J_, Ai). Then (Va,By) is a
Py (6t 4 4) for which C; U {6t + 1,6t + 3}, Cy U {6t + 2,6t + 4}, Cs, ..., Cy constitute

a k-colouring.

Next, we construct a k-chromatic P;(6t + 6), (Vi, Bs), from (V,B). Let V3 =V U Us
where Uz = {6t + 1,6t + 2,6t + 3,6t + 4,6t + 5,6t + 6}. Let vy = 6t + 1, vy = 6t + 2,
vg = 6t + 3, vy = 6t 4+ 4, v5 = 6t + 5, and vg = 6t + 6. Decompose the edges
of the complete graph on Us into a set U of P, paths in a manner similar to the
2-chromatic decomposition of K¢ into P, paths constructed from Lemma 4.1.1. For
each 1 <7 < t, decompose the edges between A; and Us into a set A; of P, paths in
a manner similar to the 2-chromatic decomposition of K¢ into P, paths constructed
from Lemma 4.1.9. Let By = BUUU (J_, A;). Then (V3, B) is a Py(6t + 6) for
which C; U {6t + 1,6t +3,6t+ 5}, Co U{6t+2,6t+4,6t+6},Cs,...,Ck constitute a

k-colouring.

Finally, we construct a k-chromatic Py(6t+7), (Vy, By), from (V,B). Let Vy =V UU,
where Uy = {6t+1, 6t+2, 6t+3, 6t+4, 6t+5, 6t+6, 6t+7}. Decompose the edges of the
complete graph on Uy into a set U of Py paths in a manner similar to the 2-chromatic
decomposition of K7 into P; paths constructed from Lemma 4.1.1 where v; = 6t + 1,

Vo = 6t 42, v3 =6t + 3, vy =6t + 4, v5 =6t +5, vg =6t + 6, and v; = 6t + 7. For



69

each 1 <7 < t, decompose the edges between A; and U, into a set A; of P, paths in
a manner similar to the 2-chromatic decomposition of K7 into Py paths constructed
from Lemma 4.1.10 where w; = 6t+1, wy = 6t+2, w3 = 6t+3, wy = 6t+4, ws = 6t+5,
wg = 6t+6, and wy; = 6t+7. Let By = BUUU(U'_, A;). Then (V,, By) is a Py(6t+7)
for which C; U{6t+1,6t+5,6t+ 7}, CoU{6t+2,6t+4,6t+6},C3U{6t+3},...,Cy

constitute a k-colouring. O

Lemma 4.2.5. Lett > 1 and k > 3. If there exists a k-chromatic P, system of order
6t + 1, then there exist k-chromatic Py systems of order 6t + 3, 6t + 4, 6t + 6, and

6t + 7.

Proof. Suppose that there exists a k-chromatic P,(6t + 1), (V,B), where V =
{1,...,6t+ 1} is the set of points and B is the set of blocks. Let Cy, Cs, ..., Cy be the
colour classes of a k-colouring of (V,B). Partition the set of points V' into ¢ subsets
Ay =1{1,2,3,4,5,6}, ..., A,y = {6t — 11,6t — 10,6t — 9,6t — 8,6t — 7,6t — 6}, A, =
{6t — 5,6t — 4,6t — 3,6t — 2,6t — 1,6t,6t + 1}.

First, we construct a k-chromatic Py(6t + 3), (Vi, By), from (V,B). Let Vi =V U U,
where Uy = {6t + 2,6t + 3}. Decompose the edges between A; and U; along with the
edge {6t + 2,6t + 3} into a set A; of P, paths in a manner similar to Lemma 4.1.12.
For each 1 < 7 < t — 1, decompose the edges between A; and U; into a set A; of
P, paths in a manner similar to the 2-chromatic decomposition of K¢ into Py paths
constructed from Lemma 4.1.5. Let B; = BU({J'_, A;). Then (V3,B,) is a P,(6t +3)

for which Cy U {6t + 2}, Cy U {6t + 3}, Cs, ..., C) constitute a k-colouring.

Next, we construct a k-chromatic Py(6t + 4), (Va, By), from (V,B). Let Vo =V U U,
where Uy = {6t + 2,6t + 3,6t + 4}. Let w; = 6t + 2, wy = 6t + 3, and ws = 6t + 4.
Decompose the edges between A, and U, along with the edges {6t + 2,6t + 3}, {6t +

3,6t+4}, {6t+4,6t+2} into a set A, of Py paths in a manner similar to Lemma 4.1.13.
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For each 1 < i <t — 1, decompose the edges between A; and Us into a set A; of P,
paths in a manner similar to the 2-chromatic decomposition of Kg3 into P paths
constructed from Lemma 4.1.6. Let By = BU({J'_, A;). Then (Va, By) is a P,(6t +4)

for which CyU{6t+2}, CoU{6t+3},C5U{6t+4},Cy. .., Cy constitute a k-colouring.

Next, we construct a k-chromatic Py(6t + 6), (Vi, Bs), from (V,B). Let V3 =V U Us
where Uy = F1U Fy, Fy = {6t+2,6t+3} and Fy = {6t+4,6t+5,6t+6}. Decompose
the edges between A; and F} along with the edge {6t + 2,6t + 3} into a set A; of
P, paths in a manner similar to Lemma 4.1.12. For each 1 < i <t — 1, decompose
the edges between A; and F} into a set A; of P, paths in a manner similar to the
2-chromatic decomposition of Kg o into P4 paths constructed from Lemma 4.1.5. Let
wy = 6t+4, we = 645, and wz = 6t+6. Decompose the edges between A; and F5 along
with the edges {6t+4,6t+5},{6t+5,6t+6}, {6t + 6,6t +4} into a set A; of Py paths
in a manner similar to Lemma 4.1.13. For each 1 < i < t — 1, decompose the edges
between A; and F; into a set A’ of P, paths in a manner similar to the 2-chromatic
decomposition of Ky 3 into P, paths constructed from Lemma 4.1.6. Decompose the
edges between F; and F; into a set of P, paths F = {(6t+4, 6t +2, 6t +5, 6t +3), (6t +
4,6t + 3,6t +6,6t +2)}. Let By = BU (U;_, Ai) U (Uj_, A) UTF. Then (V3,By) is a
P, (6t+6) for which C, U{6t+2,6t+5}, CoU{6t+3,6t+6}, C3U{6t+4},Cy,...,Ck

constitute a k-colouring.

Finally, we construct a k-chromatic Py(6t+7), (Vy, By), from (V,B). Let Vy =V UU,
where Uy = {6t + 2,6t + 3,6t + 4,6t + 5,6t + 6,6t + 7}. Let v; = 6t + 2, vy = 6t + 3,
vg = 6t +4, vy = 6t+ 5, v5 = 6t 4+ 6, and vg = 6t + 7. Decompose the edges
of the complete graph on U, into a set U of P, paths in a manner similar to the
2-chromatic decomposition of Kg into P, paths constructed from Lemma 4.1.1. For

each 1 < ¢ < t — 1, decompose the edges between A; and U, into a set A; of Py
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paths in a manner similar to the 2-chromatic decomposition of Kgg into P, paths
constructed from Lemma 4.1.9. Decompose the edges between A; and Uy into a set
A of P, paths in a manner similar to the 2-chromatic decomposition of K7 into Py
paths constructed from Lemma 4.1.10. Let B, = BUUU(J._, Ai). Then (Vi, B,) is a
Py(6t+7) for which C1U{6t+2,6t+6}, CoU{6t+3,6t+5}, C3U{6t+4,6t+7},Cy...,Cy

constitute a k-colouring. O

Lemma 4.2.6. Lett > 1 and k > 3. If there exists a k-chromatic P, system of order
6t + 3, then there exist k-chromatic Py systems of order 6t + 6, 6t + 7, 6t + 9, and
6t + 10.

Proof. Suppose that there exists a k-chromatic P,(6t + 3), (V,B), where V =
{1,...,6t + 3} is the set of points and B is the set of blocks. Let C1,Cy,...,Ck
be the colour classes of a k-colouring of (V, B). Partition the set of points V into ¢+ 1
subsets A; = {1,2,3,4,5,6},..., A, = {6t — 5,6t — 4,6t — 3,6t — 2,6t — 1,6t}, and
Ay = {6t + 1,6t + 2,6t + 3}.

First, we construct a k-chromatic Py(6t + 6), (V, By), from (V,B). Let Vi =V U U,
where U; = {6t + 4,6t + 5,6t + 6}. Let w; = 6t + 4, wy = 6t + 5, and w3 = 6t + 6.
Decompose the edges between A; and U; along with the edges of the complete graph
on U; into a set A; of P, paths in a manner similar to Lemma 4.1.11. For each
2 < i < t, decompose the edges between A; and U; into a set A; of P, paths in a
manner similar to the 2-chromatic decomposition of K3 into P, paths constructed
from Lemma 4.1.6. Also, decompose the edges between A;,; and U; into a set A;,q of
P, paths in a manner similar to the 2-chromatic decomposition of K33 into Py paths
constructed from Lemma 4.1.2. Let B; = BU (Uf: A;). Then (Vi,Bq) is a P,(6t+6)

for which C,U{6t+4}, CoU{6t+5}, C3U{6t+6},Cy, ..., Cy constitute a k-colouring.

Next, we construct a k-chromatic Py(6t + 7), (Va, By), from (V,B). Let Vo =V U U,
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where Uy = {6t 4+ 4,6t + 5,6t + 6,6t + 7}. Decompose the edges of the complete
graph on Us into a set U of P, paths in a manner similar to the equitable 2-chromatic
decomposition of K, into P, paths constructed from Lemma 4.1.1 where v; = 6t + 4,
vy = 6t + 5, v3 = 6t + 6, and vy = 6t + 7. For each 1 < ¢ < ¢, decompose the
edges between A; and U, into a set A; of P, paths in a manner similar to the 2-
chromatic decomposition of Kg4 into Py paths constructed from Lemma 4.1.7 where
wy = 6t +4, wy = 6t + 6, w3 = 6t+ 5, and wy = 6t + 7. Also, decompose the
edges between A, and U, into a set A;.; of P, paths in a manner similar to the
2-chromatic decomposition of K, 3 into P, paths constructed from Lemma 4.1.3 where
v = 6t+4,v9 = 6t+5,v3 = 6t+6, and vy = 6t+7. Let By = BUUU(U;:} A;). Then
(Va, Bs) is a Py(6t+ 7) for which Cy U {6t+4,6t+5},CoU{6t+6,6t+ 7}, Cs,...,Cy

constitute a k-colouring.

Next, we construct a k-chromatic Py(6t + 9), (Vi, Bs), from (V,B). Let V3 =V U Us
where Us = {6t + 4,6t + 5,6t + 6,6t + 7,6t + 8,6t + 9}. Let v; = 6t + 4, vy = 6t + 5,
vg =6t +6, vy =6t+7, v5 =06t+ 8, and vg = 6t + 9. Decompose the edges of the
complete graph on U; into a set U of P, paths in a manner similar to the equitable
2-chromatic decomposition of Kg into P, paths constructed from Lemma 4.1.1. For
each 1 <7 < t, decompose the edges between A; and Us into a set A; of P, paths in
a manner similar to the 2-chromatic decomposition of K¢ into P, paths constructed
from Lemma 4.1.9. Also, decompose the edges between A;,; and Us into a set A; 4
of P, paths in a manner similar to the 2-chromatic decomposition of Kg3 into P,
paths constructed from Lemma 4.1.6. Let By = BUUU (JF]A;). Then (V3, Bs) is a
Py(6t+9) for which Cy U{6t+4,6t+6,6t+8}, CoU{6t+5,6t+7,6t+9},C5,...,Ck

constitute a k-colouring.

Finally, we construct a k-chromatic P,(6t+10), (Vy, By), from (V, B). Let V, = VUU,
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where Uy = {6t+4,6t+5,6t+6,6t+7,6t+8,6t+9,6t+10}. Decompose the edges of
the complete graph on U, into a set U of P4 paths in a manner similar to the equitable
2-chromatic decomposition of K7 into P, paths constructed from Lemma 4.1.1 where
vy =6t+4, v9 =6t+5, v3 =0604+6, vy =6t+7, v5=06tL+8, vg =6t+9, and
v; = 6t + 10. For each 1 < ¢ < t, decompose the edges between A; and U, into a set
A; of Py paths in a manner similar to the 2-chromatic decomposition of Kg 7 into P,
paths constructed from Lemma 4.1.10 where wy = 6t + 4, wy = 6t + 5, w3 = 6t + 6,
wy = 6t 4+ 7, ws = 6t + 8, wg = 6t + 9, and w; = 6t + 10. Also, decompose the
edges between A;,; and U, into a set A;,1 of P, paths in a manner similar to the
2-chromatic decomposition of K7 3 into P, paths constructed from Lemma 4.1.4 where
v, =6t+4, v9 =6t+5, v3=064+6, vy =06t+7, v5=06t+8, vg =6t+9, and
v; = 6t +10. Let B, = BUUU (UL A;). Then (V4, By) is a Py(6t + 10) for which
Cy U {6t + 4,6t + 8}, Cy U {6t + 5,6t + 7,6t + 9},C3 U {6t + 6,6t + 10}, Cy,...,Ck

constitute a k-colouring. O

Lemma 4.2.7. Lett > 1 and k > 3. If there exists a k-chromatic P, system of order
6t + 4, then there exist k-chromatic Py systems of order 6t + 6, 6t + 7, 6t + 9, and
6t + 10.

Proof. Suppose that there exists a k-chromatic P,(6t + 4), (V,B), where V =
{1,...,6t + 4} is the set of points and B is the set of blocks. Let C1,Cy,...,Ck
be the colour classes of a k-colouring of (V, B). Partition the set of points V" into ¢+ 1
subsets A; = {1,2,3,4,5,6},..., A, = {6t — 5,6t — 4,6t — 3,6t — 2,6t — 1,6t}, and
Ay = {6t +1,6t+ 2,6t + 3,6t +4}.

First, we construct a k-chromatic Py(6t + 6), (V, By), from (V,B). Let Vi =V U U,
where Uy = {6t +5,6t+6}. For each 1 < i < t, decompose the edges between A; and

U, into a set A; of P, paths in a manner similar to the 2-chromatic decomposition
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of K¢ into Py paths constructed from Lemma 4.1.5. Decompose the edges between
A¢r1 and U; along with the edges of the complete graph on U; into a set A,y of Py
paths in a manner similar to Lemma 4.1.14. Let By = BU (Ufj A;). Then (V1,B) is

a P;(6t+6) for which C; U{6t+5}, CoU{6t+6},Cs,. .., C) constitute a k-colouring.

Next, we construct a k-chromatic Py(6t + 7), (Va, By), from (V,B). Let Vo =V U U,
where Uy = {6t + 5,6t + 6,6t + 7}. Let wy; = 6t + 5, wy = 6t + 6, and ws = 6t + 7.
Decompose the edges between A; and U, along with the edges of the complete graph
on U, into a set A; of P, paths in a manner similar to Lemma 4.1.11. For each
2 <1 < t, decompose the edges between A; and U, into a set A; of P, paths in a
manner similar to the 2-chromatic decomposition of K3 into P, paths constructed
from Lemma 4.1.6. Also, decompose the edges between A;,; and U; into a set A;,q of
P, paths in a manner similar to the 2-chromatic decomposition of K, 3 into P, paths
constructed from Lemma 4.1.3. Let By = BU (Ufj A;). Then (Va, Bs) is a Py(6t+7)

for which C,U{6t+5}, CoU{6t+6}, C3U{6t+7},Cy, ..., Cy constitute a k-colouring.

Next, we construct a k-chromatic Py(6t + 9), (Vi, Bs), from (V,B). Let V3 =V U Us
where U = {6t+5,6t+6,6t+7,6t+8,6t+9}. Let wy = 6t+5, wy = 6t+6, wy = 6t+7,
wy = 6t + 8, and ws = 6t + 9. For each 1 < ¢ < t, decompose the edges between A;
and Us into a set A; of P, paths in a manner similar to the 2-chromatic decomposition
of K¢ into Py paths constructed from Lemma 4.1.8. Decompose the edges between
Ayr1 and U; along with the edges of the complete graph on Uj into a set A,y of Py
paths in a manner similar to Lemma 4.1.15. Let Bs = BU (Ufi} A;). Then (V3,B3) is
a Py(6t+9) for which C;U{6t+5,6t+8}, CoU{6t+6,6t+9}, C3U{6t+7},Cy,...,Ck

constitute a k-colouring.

Finally, we construct a k-chromatic Py(6t+10), (V4, By), from (V,B). Let V; = VUU,

where Uy = {6t+5,6t+6,6t+7,6t4+8,6t+9,6t+10}. Let vy = 645, vg = 6t+6, v3 =
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6t+7, vg = 6t+8, vs = 6t+9, and vg = 6t 4 10. Decompose the edges of the complete
graph on Uy into a set U of P, paths in a manner similar to the equitable 2-chromatic
decomposition of Ky into P, paths constructed from Lemma 4.1.1. For each 1 < i < ¢,
decompose the edges between A; and Uy into a set A; of P, paths in a manner similar to
the 2-chromatic decomposition of Kg¢ into P, paths constructed from Lemma 4.1.9.
Also, decompose the edges between A;.; and U, into a set A;y; of P, paths in a
manner similar to the 2-chromatic decomposition of K, into P, paths constructed
from Lemma 4.1.7. Let By = BUUU (Ufj A;i). Then (Vy, By) is a Py(6t + 10) for
which Cy U {6t + 5,6t 4+ 9}, Cy U {6t + 6,6t + 8},C3 U {6t + 7,6t + 10},Cy, ..., Cy

constitute a k-colouring. O
We then obtain the following theorem.

Theorem 4.2.4. For any integer k > 3, there exists some integer n; such that for

all admassible n > ny, there exists a k-chromatic Py system of order n.

Proof. By Corollary 4.2.1, for any integer k > 3, there exists a k-chromatic P, system
of some order ny. Apply Lemma 4.2.4, Lemma 4.2.5, Lemma 4.2.6, and Lemma 4.2.7

to construct a k-chromatic Py system of order n for all admissible n > ny. O



Chapter 5

Conclusion and future work

In this thesis, we studied the chromatic index of block intersection graphs of Steiner
triple systems. We observed that every STS(v) for which v = 3 or 7 (mod 12) has
an overfull block intersection graph and hence is of Class 2. We then conjectured
that whenever a Steiner triple system has a block intersection graph with an even
number vertices, the graph is Class 1. We proved this to be true for Kirkman triple
systems and cyclic Steiner triple systems of order v = 9 (mod 12). We also proved
that the conjecture holds for cyclic Steiner triple systems of order v = 1 (mod 12) for

which f(_vl) > %, where ¢ is Euler’s totient function. It is a future project to prove

the conjecture for the remaining cyclic STS(v) with v = 1 (mod 12) and also for

non-cyclic STS(v).

It is well known that STS block intersection graphs belong to the family of strongly
regular graphs [31]. Specifically, a graph is said to be strongly regular if it is regular,
each pair of adjacent vertices has a constant number A of common neighbours, and
each pair of nonadjacent vertices has a constant number g of common neighbours.

Recently, Cioaba, Guo and Haemers in [12] determined the chromatic index of many
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strongly regular graphs. All investigated connected strongly regular graphs of even
order are of Class 1, and they conjectured that this is the case for all connected
strongly regular graphs of even order. It is an open problem to prove that all strongly

regular graphs of even order are of Class 1.

We also studied colourings of star systems and path systems. We showed that for any
integer k > 2, there exists a k-chromatic 3-star system of order n for all sufficiently
large admissible n. We then generalised this result to e-star systems for any e > 3.
We showed that for all £ > 2 and e > 3, there exists a k-chromatic e-star system of
order n for all sufficiently large n such that n = 0,1 (mod 2e). We also proved that for
all £k > 2 and e > 3, there exists a uniquely k-chromatic e-star system of order n for
all sufficiently large n such that n = 0,1 (mod 2e). We then proved some analogous
results for path systems. We observed that there exists a k-chromatic P,, system for
any k > 2 and m > 4 where m is even. We proved that there exists an equitably
2-chromatic P, system for each admissible order n. Finally, we showed that for any
integer k > 3, there exists a k-chromatic P, system of order n for all sufficiently large
admissible n. In this thesis, we have not included colourings of P, systems for any
m > 5. We plan to prove some analogous results for P,, systems for any m > 5. We
also plan to study unique colourings of path systems. We wish to find a uniquely

k-chromatic P,, system for any & > 2 and m > 4.

In 2003, Forbes [17] showed that for every admissible v > 25, there exists a 3-balanced
Steiner triple system with a unique 3-colouring and also a Steiner triple system which
has a unique, nonequitable 3-colouring. It is an open problem to investigate unique
k-colourings of Steiner triple systems for any k > 4. Also, it is a future project to

study unique k-colourings of BIBDs with block sizes greater than three for any k& > 3.
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