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Abstract

Zombies and Survivors is a variant of Cops and Robbers where the
zombies (cops) must always move closer to the survivor (robber). We
survey the current state of knowledge about the game and provide a
list of open questions. A graph is zombie-win if a single zombie can
guarantee the capture of the survivor. It is shown that the strong
product of zombie-win graphs is zombie-win. We introduce a new notion
of safe subgraphs, which have applications to both Cops and Robbers
and Zombies and Survivors. Safe subgraphs are used to prove that
every cop-win graph (and zombie-win graph) with maximum degree 3
is chordal. A new limited visibility variant of Zombies and Survivors is
introduced. We show that every cycle-filling distance-2 dominating set
is a winning starting position for the zombies in the 2-visibility game.
Finally, we use safe subgraphs to define safe distance-k dominating sets,
which are used to obtain a lower bound in k-visibility Zombies and
Survivors.

1 Introduction

The game of Cops and Robbers is a perfect-information two-player pursuit-
evasion game played on a graph, first introduced by Quilliot [24] in 1978 and
independently considered by Nowakowski and Winkler [19] in 1983. In the last
forty years, there has been a great deal of research focused on this game and
its many variants. The book by Bonato and Nowakowski [3] is an excellent
introduction to the field.

In Cops and Robbers, one player controls a set of cops and the other player
controls a single robber. To begin the game, each cop and robber chooses a
vertex to occupy, with the cops choosing first. Play then alternates between
cops and robbers, with the cops moving first. For the cops’ move, each cop



either moves to an adjacent vertex or stays at their current location. The
robber’s move is defined similarly. The cops win if, after some finite number
of rounds, a cop occupies the same vertex as the robber. The robber wins if
they can avoid capture indefinitely. We say a graph is cop-win if a single cop
can force a win for the cop player.

More recently, a variant known as Zombies and Survivors has received a
substantial amount of attention. This game was introduced by Fitzpatrick,
Howell, Messinger and Pike [10] in 2016 and has been investigated further in
[T, 8, @, 16, 21]. Also see [2 4, 23] for a probabilistic variant. The game
is similar to Cops and Robbers, with a zombie in place of each cop and a
survivor in place of the robber. While a cop can move to any adjacent vertex,
a zombie must always move along a geodesic joining itself and the survivor. If
there are multiple geodesics, a zombie is allowed to choose one. In this sense,
the zombies do have some intelligence, although their available strategies are
very limited. The survivor moves in exactly the same way as a robber. We
say a graph is zombie-win if a single zombie can force a win for the zombie
player. Every valid zombie strategy is clearly a valid cop strategy, so every
zombie-win graph is cop-win.

Zombies and Survivors is notable for having rules which seem very similar
to Cops and Robbers at first glance, but which lead to a game with surpris-
ingly different properties. For example, while there is a well-known structural
characterization of cop-win graphs [19], there is no similar result known for
zombie-win graphs. Another example is given by the importance of the ini-
tial position of the zombies in Zombies and Survivors (see the graph G% in
Figure , whereas the initial position of the cops in Cops and Robbers is
irrelevant. This is evidence that Zombies and Survivors is a game of a funda-
mentally different nature.

In Section [2f we will first review necessary concepts from graph theory, then
give a brief introduction to both Cops and Robbers and Zombies and Survivors.
In Section We introduce safe subgraphs, which generalize results from [3] and
have applications to both Cops and Robbers and Zombies and Survivors. In
Section [4] we will continue the tradition of the field by proposing yet another
variant of Cops and Robbers known as k-visibility Zombies and Survivors. The
idea of limiting the visibility of the cops was explored in [7], using a model
where the cops do not know the robber’s location at the beginning of the game.
Our variant of Zombies and Survivors is based on a new perfect-information
limited visibility model which is closely related to the theory of distance-k
dominating sets. Finally, in Section [5| we give a list of open questions and
discuss possible directions for future research.



2 Definitions and preliminary results

For standard graph theory notation, we follow that of [5]. Every graph in this
paper is finite and nonempty. Given a graph G, denote its set of vertices by
V(@) and its set of edges by E(G). If X C V(G), then G[X] refers to the
subgraph of G induced by X. For a vertex u € V(G), the set Ng(u) = {v €
V(G) | uwv € E(G)} is the open neighbourhood of u and Nglu] = Ng(u) U {u}
is the closed neighbourhood of u. If the graph G is understood, we will simply
write N(u) and Nu]. For X C V(G), the set N[X] = J,cx Nu] is the closed
netghbourhood of X. In the Cops and Robbers literature it is usually assumed
that all graphs are reflerive, meaning that there is a loop at every vertex so
that a vertex is adjacent to itself. We will adopt this convention, with the
caveat that we only consider edges of the form wv with u # v in the definition
of N(u). This is so that u ¢ N(u), allowing us to distinguish between N (u)
and Nu).

We say that a vertex u € V(G) dominates a set of vertices X if u is adjacent
to every vertex in X \ {u}. In this case, we also say that X is dominated by
u. A vertex w is said to be a universal vertex if u dominates V(G). A set of
vertices X is a dominating set of G if every vertex in V(G) \ X is adjacent to
at least one vertex in X. The domination number v(G) is the size of a smallest
dominating set of G.

The notation (ug, uy, .. ., uy) refers to a walk starting on the vertex ug and
ending on the vertex uy. A path starting on u and ending on v will be referred
to as a u-v path. A u-v path of minimum length is called a u-v geodesic. A k-
cycle is a cycle with k vertices, which we will denote by (ug, u1, ..., ug_1,uo).
For vertices u and v in a graph G, define the distance dg(u,v) to be the
length of any u-v geodesic if at least one u-v path exists, or oo otherwise. The
function dg satisfies the triangle inequality dg(u,v) < dg(u, w) + dg(w,v) for
any u,v,w € V(G). If u € V(G), let Ni[u] = {v € V(G) | d(u,v) < k} be the
distance-k neighbourhood of u. If Z C V(G), let Ny[Z] = U,y Nilu] be the
distance-k neighbourhood of Z.

There are a few simple graphs which we will encounter frequently. These
include the path, cycle and complete graph on n vertices, denoted by P,, C,, and
K, respectively. The wheel graph W, is defined by adding a single universal
vertex to the cycle C,. In particular, W3 = K4. The diamond graph D has
vertices V(D) = {a, b, c,d} and edges E(D) = {ab, bc, cd, ad, ac}.

If H is an induced subgraph of G, then for all u,v € H with dy(u,v) = 2,
it follows that dg(u,v) = 2, since uv ¢ E(G). An isometric subgraph H of
G satisfies the stronger property that for all u,v € H, dy(u,v) = dg(u,v).
Every isometric subgraph of a graph is an induced subgraph, but the converse



is false in general. A family of examples is given by the graphs W, for n > 6,
each of which contains C), as an induced but not isometric subgraph.
A mapping f: V(H) — V(G) is an isometric embedding if

da(f(u), f(v)) = du(u,v)

for any u,v € V(H). Any isometric embedding is necessarily an injective
graph homomorphism (although homomorphisms of reflexive graphs are not
injective in general). If there exists an isometric embedding f: V(H) — V(G),
then H can be viewed as an isometric subgraph of G by identifying H with
its image under f.

A graph G is chordal if G' contains no induced cycles of length 4 or more.
More generally, a graph G is bridged if G contains no isometric cycles of length
4 or more. Any tree is clearly chordal. The smallest chordal graph containing
a 4-cycle is the diamond D. Chordal graphs are bridged, since isometric cycles
must be induced. The wheel Wy is bridged, but not chordal.

The Cartesian product of graphs G and H is denoted by G H, where
V(GOH) =V(G) x V(H) and E(GOH) = {(z1,y1)(z2,¥2) | x122 € E(Q)
and y; = vy, or 1 = x9 and y1yo € E(H)}. The strong product of G and
H is denoted by GX H, where V(GXR H) = V(G) x V(H) and E(GRH) =
E(GOH) U {(21,22) (1, 0) | 1122 € B(G) and > € E(H)}.

A robber-play is a walk which records the vertices occupied by the robber
in a particular game of Cops and Robbers. A cop-play is a walk which records
the vertices occupied by a specific cop. If the robber is playing against a single
cop, we will use the notation (rg,r1,...) and (cg, ¢y, ...) for the robber-play
and cop-play respectively. In this case, the game itself can be viewed as an
interleaved sequence of vertices (cg, 7o, ¢1,71, .. .). In particular, cq is the cop’s
starting vertex and rg is the robber’s starting vertex. Note that ;.1 = r; or
civ1 = ¢; for some ¢ > 0 is possible. Furthermore, a robber-play is finite if
and only if the cop wins. In this case, the robber-play is (ro,...,r) and the
cop-play is (co, ..., Ck, crr1) where k > 0 and ¢xy 1 = 1. In general, we say a
play is winning if it leads to that player winning the game.

Similarly, a survivor-play in Zombies and Survivors is denoted by (s, $1, . . .)
and a zombie-play is denoted by (zg, 21, .. .). For a specific zombie, for all i > 0,
zi11 must be adjacent to z; on some z;-s; geodesic (z;, Ziy1,-..,8;). This im-
plies that z;,1 # 2; for all 7. Note that the validity of a zombie-play depends
on the survivor-play, since the set of vertices that the zombie is allowed to
choose z;1; from on turn ¢ is determined by the survivor’s current location s;.
This is not the case for Cops and Robbers, as the validity of any cop-play does
not depend on the robber-play.



Define the cop-number of a graph G to be the minimum number of cops
required to win on G. We write ¢(G) for the cop-number of G, so that G is cop-
win if and only if ¢(G) = 1. The zombie-number of a graph is defined similarly.
We write z(G) for the zombie-number of a graph, so that G is zombie-win if
and only if z(G) = 1.

Theorem 2.1. For any graph G, ¢(G) < z(G).

Proof. Every winning zombie-play is also a winning cop-play. In other words,
if k zombies have a winning strategy, then k cops can win using the same
strategy. O

It follows from Theorem [2.1] that every zombie-win graph is cop-win. How-
ever, the converse does not hold. The graph G5 in Figure |l| has ¢(G5) = 1 and
2(G5) = 2 (see [10] for a proof).

Figure 1: Gs.

It was shown in [9] that for any set {Ti,...,T,} of n nontrivial trees,
2(OF, T;) = [2n/3]. On the other hand, ¢(O,T;) = [(n + 1)/2] [18].
This implies that the difference between ¢(G) and z(G) can be arbitrarily
large. More generally, for all m > k > 1, there exists a graph Zj ,,, such that
c(Zym) =k and 2(Zy,m) = m [21]. Also, for all k& > 2, there exists a planar
graph Gy such that ¢(Gy) = 2 and z(Gy) > k [1].

Let Zy(G) C V(G) be the set of initial positions from which a single zombie
can win. It follows that G is zombie-win if and only if Zy(G) # 0. A vertex v
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is said to be zombie-win if v € Zy(G). We say that G is strongly zombie-win
if Zo(G) =V (G).

The graph G% in Figure [2 is obtained from G5 by adding a vertex v and
adding an edge from v to each of the five inner vertices in G5. It was shown
n [10] that 2(G%) = 1 and Zy(G%) = {v}. Hence G is an example of a
zombie-win graph that is not strongly zombie-win.

Figure 2: G%.

A large class of strongly zombie-win graphs is given by the following theo-
rem.

Theorem 2.2. (Corollary 7 of [10}]) Any bridged graph is strongly zombie-win.
Corollary 2.3. Any chordal graph is strongly zombie-win.

However, not all strongly zombie-win graphs are bridged. The smallest
example is given by the wheel W,. The fact that W, is strongly zombie-win is
a special case of the following observation.

Theorem 2.4. Any graph with a universal vertex is strongly zombie-win.

Proof. Let G be a graph with a universal vertex u. Clearly, u € Zy(G). Let
2o € V(G) \ {u} and suppose a zombie starts on zg. The survivor must start
on a vertex sg ¢ Nz to avoid losing immediately. Then (2o, u, o) is a 2zg-So
geodesic of length 2, so the zombie can move to u. Every vertex s; € N([sg| is
adjacent to u, so the survivor will be caught on the next turn. O
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An example of a strongly zombie-win graph that is not characterized by
Theorem or Theorem is any graph of the form P, X P,, with n > 3 and
m > 4. We will show that a strong product of paths is strongly zombie-win in
Theorem [3.3]

The most general known sufficient condition for a graph to be zombie-win
is given by the following theorem, which generalizes Theorems and 2.4

Theorem 2.5. (Theorem 6 of [10]) If there exists a breadth-first search of a
graph G such that the associated spanning tree is also a cop-win spanning tree,
then G is zombie-win.

3 Safe subgraphs

Recall that a graph G is robber-win if it is not cop-win. Similarly, G is survivor-
win if it is not zombie-win. To be more precise, G is survivor-win if and only
if for every zo € V(G), there exists a survivor-play that wins against a single
zombie starting on z5. Note that every robber-win graph is survivor-win, but
the converse is false in general. Any graph G with ¢(G) =1 and 2(G) > 2 is
survivor-win but not robber-win. The graph G5 from Figure [1|is an example.
Also note that any disconnected graph is robber-win as the robber can simply
choose to start in a different component than the cop.

For many robber-win (respectively survivor-win) graphs, the robber (re-
spectively survivor) can win without using the entire graph. The concept of
restricting the movement of the robber was first introduced in Clarke’s doc-
toral thesis [6]. The related question of how to characterize optimal robber
strategies was investigated in [20]. Continuing this line of inquiry, there are
a number of interesting questions that arise when trying to find the smallest
subgraph that the robber or survivor can use to win. In Section [ we will
apply ideas from this section to a limited visibility variant of Zombies and
Survivors.

A subgraph H of G is robber-safe with respect to v if a robber can win
against a single cop that starts on the vertex v € V(G), where the robber
is restricted to moving along the vertices and edges of H. The cop player
is allowed to use the entire graph G. If a subgraph H is robber-safe with
respect to every v € V(G), we say that H is robber-safe. We define survivor-
safe with respect to v and survivor-safe similarly, where the cop is replaced
with a zombie. If H is robber-safe with respect to v then H is survivor-
safe with respect to v, since if a robber can win against a cop starting on v
while staying in the subgraph H, then a survivor can certainly win against a
zombie starting on v while staying in H. In addition, if a subgraph H of G is



robber-safe (respectively survivor-safe), then the entire graph G is robber-win
(respectively survivor-win).

Given a graph G with a subgraph H, where H itself is a survivor-win graph,
we would like to find sufficient conditions for H to be survivor-safe in G. In
other words, we want to know when a winning survivor strategy in H can be
adapted to the larger graph G, independently of the starting position of the
zombie in G. First, it can be easily shown that H being an induced subgraph
of G is not sufficient.

Theorem 3.1. For every graph H, there exists a strongly zombie-win graph
G which contains H as an induced subgraph.

Proof. Construct a graph G from H by adding a new universal vertex u. Then
G is strongly zombie-win as a consequence of Theorem [2.4] and H is an induced
subgraph of G. O

Next, we will show that if a survivor-win graph H is an isometric subgraph
of a graph G, then this is still not enough to conclude that H is survivor-safe

in GG.

Lemma 3.2. Suppose G and H are connected graphs with g,q € V(G) and
h,h' € V(H). Let ay = g, ap. = ¢', bp = h and by = h'. Suppose P =
(ag,...,ax) is a g-g' geodesic in G of length k and Q = (by,...,by) is a h-h'
geodesic in H of length (. Then

((ao, bo), (@1,b1), ..., (ak, bx)) ifk=1(
R = q ((ao,bo), (a1, b1), ..., (ar, bi), (ar, bis1), - - (an, be))  if k< €
((ao, b()), (al, bl), N (CLg, bg), (CL(.H, bg), cey (ak, bg)) ka‘ >/

is a (g,h)-(¢',h') geodesic in GR H of length max{k,(}.

Proof. This is the same argument used in the proof of Proposition 5.4 in
[13]. O

Theorem 3.3. If G, ...,G, are zombie-win graphs, then

is zombie-win. In particular, if uw; € Zy(G;) for each i, then (u,...,u,) €

Zo(@).



Proof. If we can prove the theorem for G = G; XK Gy, the general case will
follow by induction on n. Let zg € Zy(G1) and wy € Zy(G2). We will show
that (zo, wo) € Zo(G).

Suppose the survivor starts on vertex (so,tp) € V(G). The zombie wins in
G, so there exists a geodesic P; = (29, a4,...,a5_1,50) in G such that the
move 2y to a; is part of a winning zombie-play in GG;. Similarly, the zombie
wins in G, so there exists a geodesic Q1 = (wo, by, - .., bs_1,1p) in G such that
the move wy to by is part of a winning zombie-play in Gj.

Let R; be the geodesic in G obtained by applying Lemma to P, and
Q1. Let m : G — G1 and 7y : G — G4 be the projection maps m((u,v)) = u
and m5((u,v)) = v. The zombie’s strategy is to move along R; from (zg, wyp)
to (ay,b1). By taking projections, this is equivalent to making the moves zy to
a1 in G and wq to by in Gy simultaneously.

From here, the zombie can simply repeat this strategy. If P; is a winning
geodesic in GG; and @); is a winning geodesic in Gy at turn ¢, take the “product”
geodesic R; obtained from Lemma|3.2] Eventually, the zombie’s projection will
catch the survivor’s projection in both G and G,.

If the survivor is caught in both factors on the same turn, the zombie
immediately wins in G. Suppose the survivor is caught in one factor first,
say G1. After this point, if the survivor moves again in G, the zombie can
move in GG to recapture the survivor in (; while also moving along a winning
geodesic in Go. If the survivor does not move in Gy, the zombie can remain
on the survivor’s position in (G; while also moving along a winning geodesic in
(5. In both cases, the zombie is using a geodesic obtained from Lemma (3.2}
Thus, the survivor will eventually be caught in G. O

If v is a vertex of a connected graph G, recall that
e(v) = max{de(u, v)}

is the eccentricity of v and

diam(G) = vrer‘l/a%){e(v)}

is the diameter of G.

Lemma 3.4. (Corollary 24 of [11]) If H is a connected graph with n vertices
and diam(G) = d, then there exist vertices vy, va, ..., Un—q € V(H) such that
H can be isometrically embedded into the graph



Also see Chapter 15 of [I3] for a survey on isometric subgraphs of strong
products.

Corollary 3.5. For every connected graph H, there exists a strongly zombie-
win graph G which contains H as an isometric subgraph.

Proof. The graph G in Lemma [3.4]is strongly zombie-win as a consequence of
Theorem [3.3] since any path is strongly zombie-win. O]

If H is an isometric subgraph of G, then for all u,v € V(H), there is some
u-v geodesic in G which is contained in H. However, there could be other
u-v geodesics in G not contained in H which the zombie is allowed to choose.
Therefore, H being an isometric subgraph of G is not enough to guarantee
that the zombie will ever enter the subgraph H, or remain in H after entering
it for the first time. It follows that even if H is survivor-win, the survivor will
not necessarily be able to use their winning strategy in H against the zombie
in G. On the other hand, this argument also shows that it is possible for a
single zombie to lose in a strongly zombie-win graph by choosing the wrong
geodesics.

To find survivor-safe subgraphs, we will need to try something different.
One possibility would be to impose a stronger condition on H than being
isometric. A subgraph H of a graph G is convez if for all u,v € V(H), every
u-v geodesic in G is contained in H.

Theorem 3.6. Once a zombie enters a convex subgraph H which contains the
survivor, it can never leave H as long as the survivor remains in H.

Proof. 1f H is a convex subgraph of G, then for all uw,v € V(H), H contains
all geodesics between v and v in G. All of the zombie’s moves must be along
geodesics, so after entering H, it will always move to a new vertex in H. [

Unfortunately, it seems to be difficult to determine a general condition for
a convex survivor-win subgraph H of G to be survivor-safe in G. Even if
the survivor wins in H, their winning strategy will still in general depend on
the zombie’s starting vertex in H. To use their H-winning strategy against a
zombie in G, the survivor needs to be able to control where the zombie first
enters H (if the zombie starts on some vertex z, € V(G) \ V(H)), and this in
turn depends on the way that H is embedded in G.

One way to deal with this problem is to only consider subgraphs that are
survivor-safe with respect to a single vertex z € V(G). This is the approach we
will take in Section [4.3] For now, let us instead try to find sufficient conditions
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for a subgraph to be robber-safe, recalling the fact that every robber-safe
subgraph is survivor-safe.

The first method to find robber-safe subgraphs uses retracts. If H is an
induced subgraph of a graph G, we say that H is a retract of G if there exists
a homomorphism f: G — H such that f|y = idy. It is critical that G is
reflexive, since reflexive graphs admit more retracts than irreflexive graphs.
Retracts are a powerful tool in the study of Cops and Robbers; see [3] for a
number of applications.

For a subgraph H of G and x € V(H), recall that Ng[z] = {z} U{y €
V(H) | zy € E(H)}. The proof of the following theorem is similar to the
argument used to prove Theorem 1.9 in [3].

Theorem 3.7. If a retract H of a graph G is robber-win, then H is a robber-
safe subgraph of G.

Proof. Tt suffices to consider a single cop. Let f: G — H be a retract. For
any cop-play C' in G, the image of C' under f is a cop-play in H since f is a
homomorphism. Call f(C) the shadow S of the cop. The robber has a winning
robber-play R against S in H, since we are assuming H is robber-win. We
claim that R is also a winning robber-play against the cop-play C' in G.

To see this, suppose for a contradiction that H is not robber-safe. Then
there exists a cop-play C' in G such that any robber-play in H will lose against
C'. Let R be arobber-play in H which wins against S = f(C'). The turn before
the cop wins in GG, the cop will be on a vertex ¢; € V(G) and the robber will
be on a vertex r; € V(H) such that Ng[r;] C Nglc;]. Applying the retract f to
r; and ¢;, it follows that Ng[r;] € Ng[f(c;)]. But this means that the robber
will be caught in the subgraph H by S the next turn. Hence the robber-play
R loses against S in H, which is a contradiction. O]

Figure [3| gives an example of a graph G with a robber-safe cycle C (the
outer blue cycle) which is not a retract, since the vertex v cannot be mapped
to a vertex in V(C') by any retract f: G — C. However, C'is not the smallest
robber-safe cycle in W. There are three robber-safe cycles of length four, and
all of these cycles are retracts of G.

More generally, robber-safe cycles of minimum length are always retracts.
Recall that the girth of a graph G, denoted by ¢(G), is the minimum length
of a cycle in G.

Theorem 3.8. If C' is a robber-safe cycle in G such that C has length equal
to g(G), then C is a retract of G.
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Figure 3: A graph G with a robber-safe subgraph C'" which is
not a retract.

Proof. Proposition 2.51 of [15] says that if C' is any cycle of minimum length
in GG, then C' is a retract of G. O]

If g(G) = 3, then G contains a triangle, but a triangle is never robber-safe.
It follows that, for graphs containing a triangle, a robber-safe subgraph of
minimum order cannot be a cycle of minimum length.

The following lemma gives another way to find robber-safe subgraphs. This
is a generalization of Lemma 2.1 in [3].

Lemma 3.9. Suppose H is a subgraph of a graph G such that for allu € V(H),
for allv € V(G) \ {u}, Nylu] € Ng[v]. Then H is a robber-safe subgraph of
G.

Proof. Let ¢y € V(G). Note that no vertex v € V(G) can dominate V(H),
so there exists a vertex rg € V(H) such that dg(co,79) > 2. From here,
the robber has a simple winning strategy: they wait on vertex r; = ry until
dg(ciy1,7;) = 1, which means that r; € Ng[c;41]. Then, the robber moves to a
vertex r;11 € V(H) such that r;11 € Ng[r;]\ Ne[civ1]. Now dg(civ1,7riv1) = 2,
and the same strategy can be repeated indefinitely. O

Lemma 3.10. Suppose C' = (ug, ..., ug, ug) s a cycle in G such that k > 3
and for all i € {0,..., k}, with subscript addition modulo k + 1,

(@) ui—ruip ¢ E(G), and
(b) fOT’ all v € V(G) \ {ui,l,ui, Ui+1}, {uzél; Uy, U,Z'Jrl} SZ NG‘[U].
Then C' is a robber-safe subgraph of G.

12



Proof. To apply Lemma [3.9) we need to show that for all v € V(G) \ {u;},
{wi1,ui, uip1} € Nglv]. Condition (a) ensures that {u;—1, u;, uir1} € Nglui—1]
and {u;—1,u;, uis1} € Ngluigr]. Condition (b) covers the case v € {w;_1, w1}

]

A graph G is said to be (Hy, ..., Hy)-free if none of the graphs Hy, ..., Hy
are an induced subgraph of G.

Theorem 3.11. If a graph G has a cycle C such that |V(C)| > 4 and
G[N[V(C)]] is (D, K4)-free, then G|V (C)] is a robber-safe subgraph of G.

Proof. Let C' = (uq,...,ux,ug) where k > 3. The main idea of the proof is
that the (D, K,)-free condition is equivalent to the condition that any two
triangles in G[N[V (C)]] are edge-disjoint.

Consider the subset of edges F' = {uui12 € E(G) | u; € V(C)} with
subscript addition modulo & + 1.

Case 1: F =1.

In this case, we can show that the cycle C' is a robber-safe subgraph of GG
using Lemma[3.10] Condition (a) is satisfied because F' = (). For condition (b),
suppose for a contradiction that for some w;, there exists a vertex v € V(G) \
{w;—1,u;,u;1} which is adjacent to w;_1,u; and w; 1. Then (u;_1,u;, v, u;—q)
and (u;, uiy1,v,u;) are triangles in G[N[V(C')]] sharing the edge u;v, which is
impossible. Thus, condition (b) is satisfied and it follows from Lemma [3.10]
that C' is robber-safe.

Case 2: F # 0.

If wyuio € F, then u;_qu;yq ¢ F and ujpquips ¢ F. To see this, if
wiquirr € F, then (w;_1,u;, wir1,ui—1) and (ug, wiyq, Ui, u;) are triangles
in G[V(C)] sharing the edge w;u;41, which is a contradiction. Similarly, if
Uipr1Uips € F then (w1, Wivo, w3, wir1) and (ug, uivq, Uipo, u;) are triangles
sharing the edge u;.1u;12. Using this fact, we can write

F = {Uio’uio_;,_g, Uiluiﬁ_z, e ,U,ijuij_,_g} = {60, Ce ,ej}

where 0 < j+1 < [£] and 0 <ig < ip+2 <iy <@ +2< -+ <i; <i;+2 < k.
In particular, |i; — ;41| > 2 for all j.

Define a new cycle C" as follows: for every edge w;u;,o € F', replace the
subpath (u;, w41, u;19) of C with the path (u;, u;y2); see Figure 4| for an exam-
ple. This results in a cycle C" = (vg,vy,...,vt,vp) such that V(C') C V(C),
t=k—|F|and FF C E(C"). We will show that C’ is a robber-safe subgraph
of GG using Lemma (3.10]
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Ug = Vo
us Uy =1

/ c’
U7 = Vs ® U2

U = V4 Uz = Vg
Us — Vs Uq

Figure 4: An example with k =8, |F| =3 and ¢t = 5.

Condition (a) in Lemma is equivalent to the condition that v;v;, o ¢
E(G) for all i. Suppose for a contradiction that v;v;49 € E(G) for some i.
There are four cases to consider. If {v;, v;11, viyo} = {uy, wiry1, upi2} for some
index ¢/, then v;v;4 2 = uyuyyo. Hence vy € F'\ E(C"), which contradicts
F C E(C). Tf {vj,vip1,vi00} = {uy, upi1, upis}, then (v;, 041, vi10,v;) and
(Vig1, Ui 12, Vite, Vi) are triangles sharing the edge v;  1v;40. If {v;, Vi1, Vi } =
{wiry wiry o, wirgs}, then (vy, Vi1, Viga, v;) and (v, w11, Vg1, v;) are triangles shar-
ing the edge vvir1. If {v;, 011,040} = {wy,upio,uyia}, then similarly
(v, Vig1, Viv2, v;) and (v, uyyq,vi01,v;) are triangles sharing the edge v;v;11.
All four cases are impossible, so condition (a) holds.

To show that condition (b) holds for C”, we can use the same argument
that we used for C' in the case F' = (). This is possible because the subgraph
G[N[V(C")]] of GIN[V(C)]] is also (D, Ky)-free.

Finally, Lemma implies that C" is a robber-safe subgraph of G. [

We can do a little better than Lemma [3.9
Lemma 3.12. Suppose H is a subgraph of a graph G such that
(a) V(H) is not dominated by any v € V(G), and

(b) for all w € V(H), for all v € V(G) such that dg(u,v) = 2, for all w €
Ng(u) N Ng(U), NH[u] SZ Ng[w].

Then H is a robber-safe subgraph of G.

Proof. Let ¢y € V(G). Condition (a) guarantees that ¢y does not dominate
V(H), so there exists a vertex ro € V(H) such that dg(co,r9) > 2. The
robber’s strategy is to wait until dg(ci1,7;) = 2, then choose riy1 = 7.
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Now, for all ¢;1o € Nglcit1], there exists a vertex r; o € Ny[r;y1] such that
dg(civa,Tir2) = 2. This strategy can be repeated indefinitely. O]

Figure |5 gives two graphs where Lemma [3.12 can be used to show that the
blue cycle is robber-safe. Note that in both of these examples, Lemma [3.10] is
not applicable.

Figure 5: Two examples illustrating Lemma m

There are also examples of robber-safe subgraphs that do not meet the
hypotheses of Lemma [3.12] A simple example is given by the graph G in
Figure[6] Observe that dg(u,v) =2, w € Ng(u) N Ng(v) and Neu] € Nglw],
so Lemma [3.12| cannot be applied. Nevertheless, it is clear that C' is a robber-
safe cycle.

Figure 6: An example where Lemma cannot be applied.

For connected graphs with maximum degree 3, the concepts of robber-win
and survivor-win are equivalent. In fact, we can show that these graphs must
contain a particularly simple safe cycle.

Theorem 3.13. Suppose G is connected and A(G) < 3. Then the following
are equivalent:
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(a) G is robber-win.
(b) G is survivor-win.

(¢c) G contains a cycle C' = (ug, ..., uk,ug) such that k > 3 and for all i €
{0,... k}, uiquipr ¢ E(G), with subscript addition modulo k + 1.

Proof. (a) = (b): This is the contrapositive of the fact that zombie-win
graphs are cop-win.
(b) = (c): Suppose that all cycles C' of length at least 4 in G have the
property that u; qu;1; € E(G) for some u; € V(C). Then in particular, G
has no induced cycles of length at least 4, so GG is chordal. It follows from
Corollary 2.3] that G is zombie-win.
(¢) = (a): We will show that the cycle C' is robber-safe in G using
Lemma [3.12] First, it needs to be shown that no vertex v € V(@) domi-
nates V(C'). The two cases are v € V(C) and v ¢ V(C). If v =u; € V(C),
then u;u;10 ¢ E(G) implies that v cannot dominate V(C). If v ¢ V(C), then
v cannot dominate V(C') since C has at least 4 vertices and A(G) < 3.

Let u; € V(C) and v € V(G) such that dg(u;, v) = 2. To apply Lemma/3.12}
we need to show that for all w € Ng(v), {u;—1,u;, uit1} € Nelw)].

Case 1: w ¢ {u;_1,uiy1}-

Suppose for a contradiction that {u; 1,u;, w11} C Ng[w]. Tt follows that
{v,u;_1,u;,ui 1} € Ng(w) since w € {v,u;_1,u;, u;1}. But then deg(w) > 4,
which is impossible.

Case 2: w € {uj—1,Uiy1}-

First suppose that w = u;_1. We assumed that w;_ju;11 ¢ F(G), which
implies that u;11 ¢ Nglw]. If w = w;,q, a similar argument shows that u; 1 ¢
Ng[w]. In either case, {u;_1, u;, uiy1} € New).

It follows from Lemma [3.12] that C' is robber-safe in G. Thus G is robber-
win. ]

Corollary 3.14. Suppose A(G) < 3. Then the following are equivalent:
(a) G is cop-win.

(b) G is zombie-win.

(¢) G is chordal.

Proof. The implication (¢) = (b) follows from Corollary [2.3| and the impli-
cation (b)) = (a) follows from Theorem 2.1 To prove that (a) = (c), use
the contrapositive of (¢) = (a) in Theorem [3.13] O
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Theorem does not generalize to graphs G with A(G) > 4. The smallest
counterexample is given by the wheel W,. If we also require that the cycle C'is
not dominated by any single vertex, a counterexample is given by the graph G
in Figure [l The centre 4-cycle is induced and is not dominated by any single
vertex, but G is strongly zombie-win, so this cycle cannot be survivor-safe.

Figure 7: A strongly zombie-win graph G with an induced
4-cycle.

We say a graph G is strongly robber-win if G is connected, G has no univer-
sal vertices and for every u,v € V(G) with d(u,v) > 2, if a cop starts on v and
a robber starts on u, then the robber wins. A strongly survivor-win graph is
defined similarly, but with a zombie and survivor in place of a cop and robber.
We can show that these graph classes are equal using Lemma [3.12]

Theorem 3.15. For any graph G, the following are equivalent:
(a) G is strongly robber-win.
(b) G is strongly survivor-win.

(¢) G is connected, G has no universal vertices and for all u,v € V(G) such
that d(u,v) = 2, for all w € Ng(u) N Ng(v), Nglu] € Nelw].

Proof. (a) = (b): A survivor can win whenever a robber can.

(b) = (c): Let zp € V(G). Then for all so € V(G) such that d(zg, sg) = 2
(there is at least one such vertex sg since G is connected and has no universal
vertices), the survivor must be able to win. Thus Ng[so] € Ne[w] for any
w € Ng|z], which is what we wanted to prove.

(¢) = (a): Apply Lemma with H = G. O

Any cycle graph C,, with n > 4 is strongly robber-win. The graph G in
Figure [6] is robber-win but not strongly robber-win.
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4 k-Visibility Zombies and Survivors

4.1 Rules and basic results

We will now study a variant of the game of Zombies and Survivors we call
k-visibility Zombies and Survivors. The game starts similarly to Zombies and
Survivors on a graph G, with the zombie player placing a single zombie on
every vertex of a set Z C V(G), followed by the survivor choosing a vertex
sp € V(G) \ Z. After this, the turns alternate between the zombie player and
the survivor player moving on the vertices of G. The zombies win if, after a
finite number of turns, some zombie occupies the same vertex as the survivor.
If the survivor can evade capture indefinitely, then the survivor wins.

To explain how the k-visibility variant differs, suppose the survivor is cur-
rently occupying vertex s;. During the zombie player’s turn, if there is a zombie
occupying vertex z; and if s; € Ni[z;], then the zombie on z; must move closer
to the survivor. If s ¢ Ni[z], then the zombie on z; cannot move. In other
words, if the survivor is within distance k of z;, then the zombie on z; follows
the rules of the regular Zombies and Survivors game. If not, the zombie on z;
remains inactive until the survivor enters Ny[z].

We say Z C V(QG) is k-visibility zombie-win if the zombies starting on Z
win k-visibility Zombies and Survivors. If this is not the case, then the survivor
wins against zombies starting on Z, so we say Z is k-wisibility survivor-win.
If there is any vertex v € V(G) such that v ¢ Ni[Z], then the survivor can
win by staying on v indefinitely, since all of the zombies will remain inactive.
Therefore, if Z is k-visibility zombie-win, then V(G) \ Z C Ni[Z]. A set Z
satisfying this condition is said to be a distance-k dominating set of G, or just a
k-dominating set for short. See [14] for an introduction to distance domination
in graphs.

Let 7x(G) be the k-domination number of G, the size of any smallest k-
dominating set of G, and let zi(G) be the k-visibility zombie number of G, the
size of any smallest k-visibility zombie-win set of G. The next theorem follows
from the previous discussion.

Theorem 4.1. For any graph G and any k > 1, zx(G) > 7 (G).

An important note is that exactly one zombie is placed on each vertex in
7. This is different from Zombies and Survivors, where we do allow more than
one zombie to start on the same vertex. Zombies are still allowed to share
vertices with other zombies at any point after the first turn of the game. The
main reason for this restriction is that it allows us to identify the set Z with
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the starting position of the zombies, so that there is a 1-1 correspondence be-
tween k-dominating sets and nontrivial zombie starting positions. It follows
that zx(G) is always the size of a set of vertices, similarly to v(G). In Sec-
tion we will see an example where removing this restriction can simplify
the zombies’ winning strategy. Unless stated otherwise, we will always assume
this restriction holds.

There are two other items to keep in mind. The first is that once a zombie is
activated, it remains active for the remainder of the game. This is because the
survivor can never leave a zombie’s vision radius after entering it. Second, both
players have perfect information, which is not the case for the limited visibility
model in [7]. In particular, the zombies can communicate and are permitted to
use strategies that require coordination. For example, the zombies may need
to choose a specific combination of geodesics to force the survivor to move into
the vision radius of an inactive zombie.

For k = 1, the 1-visibility zombie-win sets can be completely characterized.
First, note that a 1-dominating set of G is the same as a dominating set of G,

50 71(G) = 1(G).
Theorem 4.2. For any graph G, z1(G) = v(G).

Proof. Tt suffices to show that Z C V(@) is a dominating set of G if and only
if Z is 1-visibility zombie-win. First, suppose that Z is a dominating set. No
matter where the survivor starts, they will be caught by the zombies’ next
move in the 1-visibility game. Hence Z is 1-visibility zombie-win. Conversely,
if Z is 1-visibility zombie-win, then it must be a dominating set as was already
argued. O]

For k > 2, it is possible for the inequality v4(G) < 2zx(G) to be strict. The
smallest example is given by the cycle G = C, which has 75(Cy) = 1 and
29(Cy) = 2. We can show that equality is attained in the case where G is
strongly zombie-win (in the full visibility game).

Lemma 4.3. Let G be a zombie-win graph and let k > 1. Suppose G has a
minimum k-dominating set Z such that Z C Zy(G). Then z(G) = v (G).

Proof. 1t suffices to show that Z is a k-visibility zombie-win set. This is clear
since no matter where the survivor starts, they will attract the attention of at
least one zombie, and this zombie will catch them since Z C Z(G). [

Theorem 4.4. If G is strongly zombie-win and k > 1, then zi(G) = v(G).

Proof. If G is strongly zombie-win, then Zy(G) = V(G). It follows that any
minimum k-dominating set Z satisfies Z C Zy(G), so we can apply Lemma .
O
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To see which player wins in the case k = 1, it suffices to check whether
or not Z is a dominating set. In the case k = 2, if Z is 2-visibility zombie-
win then Z is a 2-dominating set, but the converse does not hold in general.
Our next goal is to determine a sufficient condition for Z to be 2-visibility
zombie-win.

4.2 2-visibility Zombies and Survivors

To help understand the 2-visibility game, let us start with an example. Con-
sider the graph G7 in Figure[§] Let Z = {z1,..., 27} and let W = {wy, wo}. It
is straightforward to check that Z is the unique minimum 2-dominating set of
Gz, 80 2(G7) = 7. Also, ZUW is a minimum 2-visibility zombie-win set, so
25(G7) = 9. The minimality of ZUW follows from the fact that any minimum
2-visibility zombie-win set Z; of G must contain Z, but |Z; \ Z| < 1 is not
sufficient for the zombies to win.

Figure 8: A graph G7 with 12(G7) = 7 and 2z(G7) = 9.

The set W has an interesting property: if Zombies and Survivors is played
on Gz with two zombies starting on W, then the survivor can win by starting on
so and moving clockwise, even though z(G7) = 2. This is because both zombies
must move along the shorter arc of the induced 7-cycle, so two zombies cannot
win from this starting position. However, this strategy does not work against
2-visibility zombies. The survivor must start on some vertex u ¢ N[W] to
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avoid losing immediately. Then either u ¢ Ny[w;] or u & Naws], so one of w;
or wy will remain inactive. In fact, if W’ is any set of two vertices from the
centre 7-cycle, then ZUW’ is 2-visibility zombie-win. This is the key property
of the 2-visibility game that will be used to obtain an upper bound on z;(G)
in Theorem [4.7

As a first step towards Theorem [£.7, suppose a survivor is playing 2-
visibility Zombies and Survivors on a graph G against zombies placed on a
2-dominating set Z C V(G). Starting from sg, a survivor-play is a walk
S = (so, 51, S2,...) on the vertices of G. Then S is a winning survivor-play
if and only if S is an infinite walk. Assuming S is winning, there are a few
observations we can make.

When the survivor selects sq at the start of the game, there will be at least
one vertex zo € Z such that d(zp, sp) < 2, since Z is a 2-dominating set. If
d(z9, S0) = 1, then the survivor will be caught immediately, so we can assume
that d(zg, so) = 2. The zombie starting on z, will then move to a vertex z; so
that d(z1,s9) = 1. If the survivor chooses to stay on vertex sg, then they will
be caught by this zombie’s next move, so s; # sq.

In general, s;11 # s; for all ¢ > 0. Furthermore, for all i > 0, after
the survivor moves to s;, there will be at least one zombie that moves to a
vertex z;41 € N(s;). The survivor then moves to some s;;1 € N(s;) such that
Si+1 7é Zit1- In fact, Si+1 ¢ N[ZZ'+1] and so d(8i+1,2i+1) = 2, since otherwise
the survivor will be caught next turn. Now the zombie on z;,; can move to
the vertex s; that was previously occupied by the survivor. If the zombies
do this every turn, then s;,;5 # s; for all ¢ > 0. We will call this strategy
the survivor-trailing strategy, since at least one zombie always moves to the
survivor’s previous position.

Motivated by the example in Figure[8], we introduce the following definition:
a subset Z of V(G) is said to be cycle-filling if, for every cycle C' in G with
length at least 4, |V(C) N Z| > 2. Let 45(G) be the cycle-filling 2-domination
number of G, the size of a minimum cycle-filling 2-dominating set of G.

Clearly, 72(G) < ~5(G) for any graph G.

Theorem 4.5. If T is a tree, then ~o(T) = 2o(T) = ~S(T).

Proof. Trees are strongly zombie-win by Theorem [2.2] s0 72(T") = 2o(T") follows
from Theorem[4.4] For the other equality, it is clear that yo(T") < 45(T). A tree
has no cycles, so every 2-dominating set is trivially a cycle-filling 2-dominating
set. Thus vS(T) < (7). O

Lemma 4.6. If a graph G has components Hy, ..., Hy, then 2(G) = S"i_, zo(H;)
and 5(G) = Xy ¥5(Hy).
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Proof. First, observe that placing z3(H;) zombies on each component is suf-
ficient for the zombies to win, so 2(G) < 3'_, 2o(H;). Next, suppose that
fewer than 3°'_, z,(H;) zombies are placed on G. By the pigeonhole principle,
there is a component H; with fewer than zo(H;) zombies, so the survivor can
win by starting in H;. Hence 2(G) > S°1_, z(H;). The second equality is
straightforward to prove. O]

Theorem 4.7. For any graph G, z(G) < ~5(G).

Proof. 1t suffices to prove the theorem for connected graphs G. To see this,
suppose G has components G, ...,G; and that Theorem holds for each
G;. Applying Lemma [4.6]

t t

2(G) = ZZQ(Gi) < Z'Y;(Gi) =75(G).

=1

Let G be a connected graph and let Z be any cycle-filling 2-dominating set
of GG. It suffices to show that Z is 2-visibility zombie-win, where the zombies
use the survivor-trailing strategy. Suppose for a contradiction that the survivor
has a winning play S = (sg, s1, 2, . . .) for some sy € V(G) \ Z.

If G is a tree, 25(G) < 75(G) follows from Theorem [4.5] Therefore, we can
assume G is not a tree.

We claim that for all ¢« > 0 and j € {1,2,3}, s;1; # s;. For j € {1,2}, this
was already shown in the discussion preceding Theorem [4.5] The remaining
case is j = 3. Suppose for a contradiction that s; = s;,.3 for some ¢. Then
(Si, Sit1, Sive, Si) is a cycle of length 3 in S. After the survivor moves to s;,o,
the trailing zombie will move to s;y;. But then s;,3 = s; € N(s;41), and the
survivor will be caught when this zombie moves to s;.

Define the set Z' = {z € Z : there exists a cycle C' in G such that z €
V(C)} € Z. Our goal is to show that V(S) N Z' = (). In other words, if we
record all the vertices in some cycle of G that are occupied by a zombie at the
beginning of the game, then the survivor cannot occupy any of these vertices
during the course of the game.

Suppose that V(S)NZ" # (). Then there is a first instance ¢y such that s,, €
V(S)N Z'. Consider the subwalk Sy = (so, $1,...,St,) of S. We already know
that for all s; € V(Sp), if j € {1,2,3} and s;1; € V(Sp), then s,4; # s;. In fact,
Sp must be a path. To prove this, it remains to show that S, contains no cycles
of length at least 4. If this was not true, letting C' = (s, Sit1,. .., Sitj = i)
be a cycle in Sy with i > 0 and 7 > 4, C would contain at least two distinct
vertices with zombies (at the beginning of the game), as a consequence of the
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cycle-filling property of Z. At least one of these zombies must be on some s;
with i’ < ty, contradicting the minimality of ¢.

The problem the survivor faces is that they will be passing through the
vertex s;,, but this vertex is occupied by a zombie at the beginning of the
game. To accomplish this, the survivor needs to “lure” the zombie off of s,
before occupying it for the first time. To be more precise, let t; be the first
instance such that s;, € V(S) N Na[sy,]. The assumption was that the survivor
wins, 80 d(sy,,St,) = 2. Let P = (s4,,u1,S4,) be the geodesic of length 2
in G that the zombie on s;, moves along after the survivor enters s;,, where
Uy € V(G)

Our first observation is that t; <ty — 2. This is because t; < ty using the
minimality of ¢1, and d(s;,, s¢,) = 2 implies that ¢; # to and t; # to — 1. It
follows that (s, ..., s, ) is a subpath of Sp.

Next, we will show that u; ¢ V(Sp). From the definition of Py, u; # sy,
and uy # s¢,. If uy = s; for some ¢ < ¢y, then ¢ would be a smaller index than
t; with s; € V(S) N Na[sy,], which contradicts the definition of ¢;. Suppose
up = s; for some ¢ with t; < @ < to. If uy = 5441, then when the survivor
enters s;,, the zombie on s;, will move to u;. From this position, the survivor
cannot avoid this zombie since S is a path, and so they will be caught by the
zombies’ next move, which is a contradiction. The last remaining possibility
is uy = s; for t1 +2 < i < ty. This would imply that (s;,,...,u1, 8 ) is a cycle
with vertices in Sy, implying the existence of two more zombies on V' (Sy)NZ’,
contradicting the minimality of t,. Therefore, either u; € V(G) \ V(95) or
Uy € {Stg+1, Stg42s - - - -

We can now conclude that C; = (s4,..., S, u1,5) is a cycle in G of
length at least 4, where we have concatenated the subpath (s, ..., sy) of Sy
and the path P;. The cycle-filling condition implies there must be at least two
zombies on this cycle at the beginning of the game. We already know there
must be one zombie on s;,. The other one must be on u;, since every other
vertex of C is in V(Sp) \ {84, }, which is zombie-free. Hence u; € Z. Now let
ty be the first instance such that s, € V(S) N Nafuy]. Let Py = (s¢,, ug, uy)
be the geodesic of length 2 the zombie on u; moves along after the survivor
enters s,,, where uy € V(G).

Our next goal is to show that Cy = (s4,, ..., 84, U1, Uz, St,) is a cycle of
length at least 4. First, to < ¢; — 1, using the fact that d(s;,u;) = 1. Next,
uy # s, and uy # sy, using the fact that u; ¢ V(Sp). It remains to show that
us & {84y, St,,u1}. We have uy # s, and uy # uy from the definition of P,.
Suppose for a contradiction that us = s;,. If to <t; —2, then (s, ..., Sy, St,)
would be a cycle with vertices in Sy, which is impossible as we have already
seen. If ty =t; — 1, then the zombie on u; will move to s;; = us when the sur-
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vivor enters s;,. This will result in the survivor’s capture by the zombies’ next
move, using the fact that Sy is a path. Thus, all of the vertices si,, s¢,, u1, us
are distinct. We can now conclude that us € Z and uy ¢ V(.Sp).

By iterating the previous argument, we can conclude that for all k& > 2,
there is a cycle Cy = (S, .-+, St,_,, Uk—1, Uk, S, ) with length at least 4 such
that {ug_1,ux} C Z, where uy ¢ {uy,...,ur_1} and ¢, < t5_1 — 1. But then
for some k we will have ¢, < 0, which is impossible. Thus, V(S) N Z’ = 0.

To conclude the proof, V(S) N Z’ = @ implies that S does not contain
any cycles of length 4 or more. This is because a cycle of length 4 or more
contained in S would contain two vertices with zombies at the beginning of
the game by the cycle-filling condition, and both of these vertices would be
elements of V(S) N Z’'. Hence s;4; # s; for all i« > 0 and j > 4. Using the
previous result for j € {1, 2,3}, it follows that s;; # s; for alls > 0 and j > 1.
But then every vertex of the infinite walk S is distinct, which is impossible on
a finite graph. Therefore, the survivor will be caught after a finite number of
turns. O

While the bound 25(G) < ~45(G) holds for any graph G, the ratio % can
be arbitrarily large.

Theorem 4.8. For all k > 2, there exists a connected graph Gy such that
Y2(Gr) = 2 = 20(Gy) and v5(Gy) = 2k.

Proof. Construct the graph Gy as follows: take £k disjoint copies of Cy, each
with vertices {w;1,u; 2, u;3,u;q} for 1 <i <k, then add 2(k — 1) edges

U2 1UT,1, U22UT 2, U3 1UT 1, U3 2UT 2, - -5 Uk 1UL 1, Uk2U1,2-

Let Zp = {ui1,u12} and let Zf = {uy1,ui0,ug1, U229, .., Uk, Uk}t We
claim that Z; is both a minimum 2-dominating set and a minimum 2-visibility
zombie-win set of G, while Zf is a minimum cycle-filling 2-dominating set of
Gp.

It is straightforward to verify that vo(Gy) = 2, so 22(Gy) > 2. To see that
Zy, is 2-visibility zombie-win, suppose sop = w;; for 1 <7 < kand 1 <j < 4.
If i =1 and j € {1,2}, then the survivor will be caught by the zombies’ next
move. If i > 2 and j = 3, then the zombie on u;» will move to w;2 and the
zombie on u;; will remain inactive. From here, the survivor’s only option is
to move to u; 4 € No(uq 1), activating the second zombie. The two zombies can
now move to trap the survivor on the 4-cycle H; = (u; 1, ui2, U3, Uig, Uin). A
similar argument works if ¢ > 2 and j = 4.

The cycles H; for 1 <i < k are pairwise vertex-disjoint in Gy, so v5(G) >
2k. The set Zf is cycle-filling since every cycle C' in G, contains both wu; ;
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Figure 9: The first two graphs G5 and G3 defined in Theo-

rem @

and wu;o for some 7. It is also clear that Z; is a 2-dominating set. Hence
15(G) = 2k = |Zg). 0

4.3 Safe dominating sets

Let Z be a k-dominating set of a connected graph G. For each z € Z, define
the subgraph H, = G[V(G) \ Nx[Z \ {z}]] of G. We say Z is safe if, for some
z € Z, H, is survivor-safe (in the full visibility game) with respect to z. If Z
is not safe, we say it is unsafe.

Theorem 4.9. If Z is a safe k-dominating set of a graph G, then Z is k-
vistbility survivor-win.

Proof. The subgraph H, is survivor-safe with respect to z, so the survivor has
a strategy to evade the zombie starting on z indefinitely while staying in the
subgraph H,. Furthermore, V(H,) N N[w] = 0 for every w € Z\ {z}, so every
other zombie will remain inactive. It follows that the survivor’s strategy to
evade the zombie starting on z is also a winning strategy for the k-visibility
game in G. Thus Z is a k-visibility survivor-win set. ]

Note that if the survivor starts on a vertex so € V(H,), then s € Ni|z]
since Z is a k-dominating set of G. It follows that the survivor will immediately
attract the attention the zombie starting on z. Also note that it is possible to
have z ¢ V(H,). This can happen if there exists some w € Z \ {z} such that
z € N, [w]

25



Let 7(G) be the size of a minimum unsafe k-dominating set of G. We
are now in a position to improve the trivial lower bound on z;(G) from Theo-

rem 4.1
Corollary 4.10. If G is a graph and k > 1, then v(G) < v(G) < z(G).

Proof. The inequality v.(G) < 7/(G) is obvious. It remains to show that
Y2(G) < z(G). This follows from Theorem 1.9} since every k-visibility zombie-
win set Z C V(@) is an unsafe k-dominating set. O

We say that a graph G is strongly 2-zombie-win if z(G) = 2 and two
zombies can win Zombies and Survivors starting on any u,v € V(G). Note
that u = v is permitted.

Theorem 4.11. If G is strongly 2-zombie-win, then for all k > 1, z(G) =
M(G).

Proof. Tt suffices to show that if G is strongly 2-zombie-win, then any unsafe k-
dominating set Z is k-visibility zombie-win. If we can show this, then z;(G) <
Yh(G), and consequently zx(G) = 12(G).

Let Z be an unsafe k-dominating set of G. Suppose for a contradiction
that the survivor has a winning strategy against zombies starting in Z. If the
survivor starts in Ng[z] N Ng[w] for some z,w € Z, then they will be caught by
the zombies starting on z and w since G is strongly 2-zombie-win. Therefore,
they must start in H, for some z € Z. If the survivor remains in H,, they will
lose since H, is unsafe. It follows that the survivor must eventually leave H,,
at which point they will enter Ny [w] for some w # z. From this point, they will
lose since two zombies are now active. Thus Z is k-visibility zombie-win. [

To conclude this paper, we will use safe k-dominating sets to study the
k-visibility game on Cartesian products of graphs.

Lemma 4.12. If G and H are any two graphs such that |V (G)| > 2 and
\V(H)| > 2, then ¢(GOH) > 2.

Proof. It G or H is disconnected, then GO H is disconnected (Corollary 5.3
in [13]), so ¢«(GOH) > 2. Otherwise, choose any edge g¢’ € E(G) and any
edge hh' € E(H) such that g # ¢ and h # h’. This gives us a cycle

C =((g,h), (g, 1), (g', h"), (g, 1), (g, 1))

in GOH. We will use Lemma [B.10 to show that C is robber-safe. Con-
dition (a) of Lemma is satisfied since (g,h)(¢’,h') ¢ E(GOH) and
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(¢',h)(g,h') ¢ E(GOH). To see that condition (b) holds, suppose for a
contradiction that (u,v) ¢ V(C) is adjacent to three consecutive vertices of
C, say (g,h), (¢’,h) and (¢’,h'). Then either u = ¢’ or v = h, but not
both. If u = ¢/, then (¢',v)(g,h) € E(GOH), so g = ¢'. If v = h, then
(u,h)(¢',h') € E(GOH), so h = h'. Both cases give a contradiction, so
condition (b) holds. It follows that the cycle C' is robber-safe in GO H. O

Theorem 4.13. If G and H are strongly zombie-win graphs such that |V (G)| >
2 and |V (H)| > 2, then GO H s strongly 2-zombie-win.

Proof. This is a special case of Theorem 2 from [16], which states that for
any graphs G and H, (GO H) < 2(G) + z(H) (Proposition 5.1 of [13] gives
a proof of Lemma 1 of [16]). It follows from [I6] that if G and H are both
zombie-win graphs and u € Zy(G) and v € Zy(H ), then for any z € V(G) and
y € V(H), two zombies can win starting from the vertices (u,y) and (z,v) in
G U H. We are assuming GG and H are both strongly zombie-win, meaning that
Zo(G) =V(G) and Zy(H) = V(H), so two zombies can win starting from any
two vertices in GO H. In particular, z(GO H) < 2. Applying Lemma m,
2(GOH)>c¢(GOH) > 2. Thus GOH is strongly 2-zombie-win. O

Corollary 4.14. If G and H are strongly zombie-win graphs, then for all
k>1, z(GOH) =~ (GOH).

Proof. This follows from Theorem and Theorem (4.13] O]

In the special case where G and H are both trees, we can say even more
about 2z, (GO H).

Given a graph G, u € V(G) and k > 1, let Sg(u) = {v € V(G) | d(u,v) =
k}. Recall that a set of vertices X C V(G) is independent if there are no edges
wv € E(G) such that v € X, v € X and u # v.

Lemma 4.15. If G is a bipartite graph, then for all uw € V(G) and all k > 1,
Sk(u) is an independent set.

Proof. Let (A, B) be a bipartition of G. Let u € V(G) and suppose without
loss of generality that u € A. Then Si(u) C B, so Si(u) is independent
since B is independent. Next, Sa(u) C A, so Sa(u) is independent since A is
independent. By induction on k, Si(u) is independent for all & > 1. ]

It is worth mentioning that the converse of Lemmal4.15|also holds, although
we will not need to use this fact.

Recall that the chromatic number x(G) of a graph G is the smallest number
k such that V(G) can be partitioned into k independent sets. It follows that
a graph G is bipartite if and only if x(G) < 2.
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Lemma 4.16. If G and H are both bipartite, then GU H 1is bipartite.

Proof. Theorem 26.1 of [13] states that for any two graphs G and H, x(GO H) =
max{x(G), x(H)}. The graphs G and H are both bipartite, so x(G) < 2 and
X(H) < 2 and therefore x(GO H) < 2. O

Theorem 4.17. If Ty and Ty are any two trees and k > 1, then z,(T1 O T3) <

Proof. Let G = T1 0T, and let Z be any minimum k-dominating set of G.
We will construct a new k-dominating set Z’ such that |Z'| < 2|Z| = 2v,(G)
and Z' is k-visibility zombie-win. This is sufficient to conclude that z,(G) <
2] < 294(G).

Define Z" according to the following algorithm: Let Z’ := Z. While there
exists some z € Z' such that N(z) N Z" = (), choose any w € N(z) and set
Z' = Z'U{w}. This is possible because G is connected, so N(z) # 0 for all
z € V(G). When this algorithm terminates, Z' has the property that every
z € Z' is adjacent to at least one other vertex w € Z’'. At most |Z| vertices
need to be added, so |Z'| < 2|Z].

Trees are strongly zombie-win, so G is strongly 2-zombie-win by Theo-
rem [4.13] Then by Corollary (and the proof of Theorem [4.11]), if we can
show that Z’ is unsafe, it will follow that Z’ is k-visibility zombie-win. To
do this, we need to show that for all z € Z’, the subgraph H, is unsafe with
respect to z. Let w € N(z) N Z'. Then V(H,) C Ni[z] \ Nig[w]. Further-
more, Ng[z] \ Ni[w] C Sk(2), since if u € Ni[z] \ Ng[w] and d(u, z) < k, then
d(u,w) < d(u,z) + 1 < k by the triangle inequality, which is a contradiction.
The graph G is bipartite by Lemma , so Lemma implies that Si(z) is
an independent set. Hence V(H.) is independent. This means that there are
no edges in the subgraph H,, so the survivor clearly cannot evade the zombie
starting on z while remaining in H,. [

Figure [10] illustrates the idea behind the proof of Theorem [£.17. The sets
Ns[z] and Nsjw] are outlined by the red diamonds. The blue circled vertices
lie in the set N3[z| \ N3[w]|, which is independent since there are no diagonal
edges in P[] P.

If we allow more than one zombie to start on the same vertex, Theorem |4.17
becomes much easier to prove: simply place another zombie on each vertex
in a minimum k-dominating set Z and apply Theorem [£.13] In fact, none
of the results on safe subgraphs are necessary! This strategy still uses 2|7
zombies in the worst case, but the number of distinct vertices is only |Z|.
While in some sense this is a more efficient zombie strategy since it requires
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Figure 10: Nj[z] \ N3[w] in the graph Py P;.

fewer distinct vertices, it is not clear if relaxing the rules in this way can ever
reduce z(T; OT5).

Theorem can be used to obtain an upper bound on the k-visibility
zombie number of the Cartesian product of paths, where we are again requiring
that at most one zombie starts on any vertex.

Corollary 4.18. If k > 1 and min{m,n} > 2(2k? + 2k + 1), then
m + 2k)(n + 2!<:)J s

(
P,0P,) <2
wl(En D F) < { 22 + 2k + 1

Proof. Use Theorem [4.17|and the bound (P, 0 P,) < {%WJ — 4 for

k > 1 and min{m,n} > 2(2k* + 2k + 1) from [12]. O

Fix &k > 2. Then

) w(PaOP) _ 2
11m su .
Wsup T = ok 4 2k + 1

For example, the fraction of vertices needed for the zombies to win the
2-visibility game on P, [ P, for large n is at most % If we allow two zombies
to start on each vertex, then this fraction becomes % For £ = 2 we also
have the cycle-filling bound from Theorem [£.7, but the new upper bound on
29(P,, O P,) from Corollary seems to be much better in practice.

Finally, we give a theorem which generalizes the argument used in the proof

of Theorem
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Theorem 4.19. Let k > 1 and let Z be a k-dominating set of a connected
graph G. If the subgraph H, is a forest for every z € Z, then Z is unsafe.

Proof. We will show that every subgraph H, is unsafe with respect to z. Let
sop € V(H,) and let zy = z. The survivor is restricted to moving in H,, so they
will never be able to leave the component of H, containing sy. Hence without
loss of generality, we can assume H, is a tree. The sequence (d(s;, 2;))2,
is non-increasing for any survivor-play S = (sg, $1,...) and any zombie-play
(20, 21, - - .). Thus, it is enough to show that, no matter what the survivor does,
there is a zombie strategy such that d(s;41,zi11) < d(s;,2;) — 1 for some i > 0,
and that this zombie strategy can be repeated every time d(s;, z;) decreases.
Eventually, d(s;, z;) = 0 for some j, and the survivor will be caught.

Suppose for a contradiction that the survivor can maintain d(sy,zx) =
d(sg, z0) for all k> 1. Then the survivor wins, so S is an infinite walk on H,.
Fix some i > 0. Let d = d(s¢, 20) and let H = H,. After the survivor moves
to some s; € V(H), the zombie moves to a vertex z;;1 € V(G) which lies on
a $;-2; geodesic of the form P = (s;,...,w, 2,41, %). The path P has length d,
since d(s;, z;) = d. By assumption, there must exist some s;11 € Ng(s;) such
that d(s;y1,2i41) = d. Observe that s;11 # s;, since s;41 = s; would reduce
the distance between the zombie and the survivor. The zombie can now move
from z;41 to z;1o = w. This is because (S;41, Si, - . ., W, z;+1) is an s;41-2;11 path
of length d, and is therefore an s;;1-2;11 geodesic. It follows that s;, o # s;,
since d($;, zi42) = d — 2. But then S is an infinite walk on a tree such that for
all © > 0, s;11 # s; and s;.9 # s, which is impossible. m

5 Open questions

Despite our best efforts, Zombies and Survivors is still poorly understood.
There are many basic questions about the game which are easy to state, but
which seem to be difficult to answer using familiar tools from Cops and Rob-
bers. We have compiled a list of open questions about Zombies and Survivors,
organized into Sections 5.1 through 5.5. In Sections 5.6 and 5.7, we pose some
questions about safe subgraphs and k-visibility Zombies and Survivors, respec-
tively. Our hope is that by collecting these questions in one place, we will be
able to provide a helpful resource for future research.

5.1 Characterizing zombie-win graphs

One of the most fascinating open questions about Zombies and Survivors is
the following.
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Question 5.1. s there a structural characterization of the class of zombie-win
graphs? What about the class of strongly zombie-win graphs?

Corollary characterizes zombie-win graphs with maximum degree three,
but this only answers Question in a very special case.

A natural place to start is the converse of Theorem 2.5 Every zombie-win
graph G is cop-win and every cop-win graph has at least one cop-win spanning
tree (see [10]), but that does not necessarily mean that this cop-win spanning
tree coincides with a spanning tree which results from a breadth-first search
of G.

Question 5.2. If G is a zombie-win graph and z € Zy(Q), is the spanning tree
of G- which results from a breadth-first search with z as the root necessarily a
cop-win spanning tree?

Motivated by Theorem it would also be worth investigating the rela-
tionship between the structure of the convex subgraphs of G and Zombies and
Survivors. The books [13] and [22] may contain some useful ideas.

5.2 New classes of zombie-win graphs

Question 5.3. If H is a retract of G, is z(H) < 2(G)? In particular, is the
class of zombie-win graphs closed under retracts?

Instead of considering retracts of all zombie-win graphs, we could start
with the special case of retracts of strong products of paths. These turn out
to be equivalent to Helly graphs [13], [15].

Question 5.4. Are Helly graphs zombie-win?
It was proven that wisibility graphs are cop-win in [17].
Question 5.5. Are visibility graphs zombie-win?

Question 5.6. Is the line graph of a zombie-win graph zombie-win?

5.3 Zombie number of strong products

Theorem 2.8 of [3] leads to two natural questions about the zombie number of
strong products of graphs.

Question 5.7. Let G and H be graphs with z(G) > 2 or z(H) > 2. Is
2(GRH) < z2(G)+z(H)—17?

Question 5.8. If z(G) =1 and 2(H) =k, is 2(GRH) = k?
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5.4 Identifying zombie-win graphs at a vertex

Let G and H be zombie-win graphs and let u € Zy(G) and v € Zy(H). Define
G. *x H, to be the graph obtained by identifying the vertices u and v. The
main question we want to answer is the following:

Question 5.9. Is G, x H, zombie-win? In particular, is u = v a zombie-win
vertex in G, x H,?

The answer to Question is positive if G and H are both bridged, since
then G, * H, is bridged for all u € V(G) and all v € V(H). Also, if u is
universal in G and v is universal in H, then u = v is clearly universal in
G, * H,.

A possible way to approach Question[5.9would be to show that the survivor
can never occupy a vertex that has been previously occupied by the zombie.
This is true for the cop-win strategy and is referred to as the no-backtrack

property [3, pg.34].

Question 5.10. Does every zombie-win graph have the no-backtrack property?
That 1s, is there always a winning zombie-play such that the survivor can never
occupy any vertex that has been previously occupied by the zombie?

5.5 Adding leaves and subdividing edges

The next two questions were posed in [I].

Question 5.11. For every graph G, and for a graph G’ obtained from G by
successively adding vertices of degree 1, does it always hold that z(G') = 2(G) ¢

Question 5.12. For any graph G, is there an integer k such that, for G the
graph obtained from G by subdividing all edges k times then adding the original

edges, z(G}) > z(G) + 17
5.6 Safe subgraphs

Question 5.13. Let H be a minimum robber-safe subgraph of G. Is H neces-
sarily a retract of G? Furthermore, does H need to be a cycle?

Recall that robber-safe subgraphs were only defined for a single cop, in
which case a cycle is probably sufficient. If the definition is generalized to
allow more than one cop, it seems unlikely that a cycle will be sufficient.
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Question 5.14. When ezactly does a graph G with ¢(G) > 2 have a robber-
safe cycle? Furthermore, can we give a characterization of the cycles which
are robber-safe?

Theorem [3.13] answers Question for graphs with maximum degree
three.

5.7 Limited visibility

Question 5.15. If we apply our limited visibility model to Cops and Robbers,
how does this differ from the model given in [7]? That is, consider cops that
remain inactive until the robber first moves within distance k, after which point
they can mowve like a normal cop.

Question 5.16. Can allowing more than one zombie to start on the same
vertez ever reduce z(G)?

Question 5.17. Is it true that 2(G) < zx(G) for all graphs G ¢

If £ > diam(G) and we also allow more than one zombie to start on the
same vertex, then the k-visibility game becomes equivalent to the original
game, which implies that z(G) = 2,(G) (where we are defining z;(G) for the
relaxed rules).

The upper bound given in Theorem [4.7] seems to be quite poor for most
graphs. It seems likely that this bound can be tightened as follows:

Question 5.18. Is Theorem [{.7 still true if the definition of cycle-filling 2-
dominating sets is relazed to only require two vertices on every induced cycle
of length at least 4% Or even just isometric cycles?

It also seems likely that the argument used to prove Theorem can be
generalized to all k£ > 2.

Question 5.19. Can Theorem[{.7] be generalized to all k > 2?2 In particular,
is min{k, |¢/2|} zombies on every cycle of length £ > 4 good enough?

Question 5.20. If G is a graph such that z(G) zombies can win from any
starting position, is zi(G) < z(G)Vk(G) for all k > 17

It might be necessary to require that 6(G) > 2(G) — 1 in Question [5.20]
so that z(G) — 1 zombies can be placed around every vertex in a minimum
k-dominating set. Also observe that if multiple zombies are allowed to start
on the same vertex, then this question is easy to answer, since we can just
place z(G) zombies on every vertex in a minimum k-dominating set Z.
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