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1. (a)

SOLUTIONS

First note that
4 1 8 —k
2u—kv=2|-1| —k| 0| = -2
1 -3 2+ 3k

We want u - (2u — kv) = 0, so we set
4 8—k

0= |-1|-| =2 | =4@—k)+ (=1)(=2) + 1(2 4 3k) = 36 — k,
1| |2+3k

and hence k = 36.
We want v - (2u — kv) = 0, so we set
1 8—k

0=10]-] =2 | =18 k) +0(=2) + (—3)(2 + 3k) = 2 — 10k,
—3| |2+43k

so 10k = 2 and kz%.

We have
3
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But notice that
3 8 —k
131 - —2 =38 —k)+13(-2)+1(2+3k) =0
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identically — that is, for any value of k.

Alternatively, we can simply observe that u x v is orthogonal to both u and v, and hence
to any linear combination of u and v, implying that any scalar k£ will work.

Or, we could notice that
(uxv)-2u—Fkv)=2uxv)-u—k(luxv)-v=0-0=0

for any k.



2. Note that we want

. 2
(ku+v) - v=ku-v+v.-v=0 = k:_VV:_||V||7
u-v u-v

where we know that u- v # 0 since u and v are not orthogonal.

3. First we compute the normal to the plane:

—15
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Hence the equation of the plane is of the form
—15z — 5y + 10z =d,

and since the origin (0,0, 0) is in the plane, we have that d = 0. So the equation of the plane
is
—15z — by + 10z = 0.
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4. First we compute two vectors in the plane, say, /@ = |—2| and 1@ = |—5|. A normal
3 -2
to these two vectors is
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The plane has an equation of the form
192 + 15y — 282 =d.
Using the point (0,4, —1), we see that d = 19(0) + 15(4) — 28(—1) = 88. So the equation of

the plane is
192 + 15y — 28z = 88.

5. A direction vector for this line is

4
d=P0O = |-9

0
So the vector equation of the line is of the form
x 1 4
y|l = |6] +t[-9
z 0 0



The parametric equations are

=1+ 4t
y=6-—09¢t
z=0.

. Using s as the parameter for the second equation, we want to show that, by replacing ¢ by
some expression involving s in the first equation, we can set + = 1 — 3t = 16 + 65 (and
similarly for the equations for y and z). This means that

3t =—-15—-6s = t=—-5H-—2s.
We must verify that this works for the other two equations. For y, we have
y=4+3t=4+3(-5—-2s)=—11—6s
as desired, and for z, we get
2=942t=942(=5—2s) = —1—4s,

also as desired. Thus replacing ¢ in the first equation with —5 — 2s gives rise to the second
equation, so the two equations are equivalent.

Alternatively, note that if we look for the points of intersection of the two lines, we obtain
the system of equations

1—3t =16 +6s

443t =—-11—6s

9+2t =—-1—14s.
No matter how we try to combine these equations, we always find that s and ¢ cancel out,
and we wind up with the expression 0 = 0, which of course is always true. This means

that there is an infinite number of solutions, and therefore an infinite number of points of
intersection. The only way this can happen is if the two lines are actually the same line.

. Using s as the parameter for the second equation, we set the equations of the two lines equal
to each other:

4 2 2 6
O+t 1 |=|-3|+s| 3
0 —4 4 —12

yielding the system of equations
442t =2+06s

t=—-343s
—At =4 — 12s.



Substituting the second equation in the third equation gives
—4(=3+43s)=4—-12s — 12—-12s=4—-12s — 8=0,

which is impossible. Hence the system has no solution, and so there is no point of intersection.

(In fact, we can see that if we let d; be the direction vector of the first line and ds be the
direction vector of the second line, then do = 3d; so the two lines are parallel. So either
they’re the same line — which they’re not, because you can show that (4,0,0) doesn’t lie on
the second line, for instance — or they’re parallel so they never intersect.)

-8 1
. The direction vector of the lineisd = | 3 | and the normal vector to the planeisn = | —6].
3 5t

Observe that
d n=-8-18+15=—11,

so these vectors are not orthogonal, and therefore the line and the plane are not parallel.
Thus they must intersect.

To find the point of intersection, we see from the equation for the line that

r = —8t
y=3+3t
z=—1+3t.

Substituting these into the equation of the plane gives
—8t—6(3+3t)+5(—-1+3t)=10 = —11t=33

and so t = —3. Substituting this value of ¢ into the equation of the line, we see that the line
and the plane intersect at the point (24, —6, —10).



