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SOLUTIONS

1. (a) The partial fraction decomposition is

3r — 2 3r —2 A B
— =—+ — = 3r—-2=A(x—-1)+ Bax.
22—z  x(z-—1) ZL‘+ZE—1 v (v=1)+ Bz

Whenz =0, —A = —2s0 A=2. When z = 1, we get B = 1. Thus the integral becomes

/35_2dx=/{2+ L }dw
T —x r x-—1

= 2In|z| + In|z — 1| + C.

(b) The partial fraction decomposition is

2-x 2—x A B
224+ Tr+10 (z+5)(x+2) x+5+m+2 € (x+2)+ Bz +5)

When v = -5, —3A =750 A = —%. When ¢ = -2, 3B =4s0o B = %. The integral

becomes
2—=x I 4
—dr = 3 -3 |d
/3:2—{—7x+10 g /{w+5+x+2] v

7 4
:—§1n|x+5|+§ln|x+2|—l—C’.

(c) The partial fraction decomposition is
62 + 2>+ 250 +4  62°+2+250+4 Az + B n Cx+ D
e+ T2 +12 (22 +4) (2 +3)  22+4 2?43
62° + 2 + 25z + 4 = (Az + B)(2” + 3) + (Cz + D)(2” + 4).

Unfortunately, there is no simple way to solve for the constants A, B, C' and D, so we’ll
set up a system of four equations in the four unknowns. When x = 0, we have

3B +4D = 4.

When z = 1, we have
4A +4B +5C + 5D = 36.



When z = —1, we have

4B —4A 45D — 5C = —26.

When x = 2, we have
14A+ 7B + 16C + 8D = 106.

Adding the second and third equations gives
8B+10D =10 = 4B+5D =5.

Since the first equation implies that

D=1-°B,
4

we have

4B+5(1—ZB):5 == %B:(]

so B =0 and hence D = 1. Now the last two equations become

4A-50=-31 = 4=21_%¢
4 4
and
1 21

so C' =7 and therefore A = —1. The integral becomes
/6x3+x2+25x+4d / —x +7x+1 J
x = x
x4+ Tx? 4 12 ?+4 2243
/ T n Tx . 1 d
= — x
x24+4  22+3 2243

1 7 3 3
= In(z? +4) + 5 In(z? + 3) + g arctan (Q> +C.

3

Here, the first two integrals can be evaluated by u-substitution with v = 22 + 4 and
u = x? + 3, respectively.

(d) The partial fraction decomposition is

—22% + 1222 + 162z B —22% + 1222 + 162z A B Cx+D

rt — 81 C (z+3)(r—3)(22 +9) T-3 733 219
—22% + 122 + 1627 = A(x + 3)(2® + 9) + B(x — 3)(2* +9)
+ (Cx+ D)(x + 3)(x — 3).




(b)

()

When z = 3, 1084 = 540 so A = 5. When x = —3, —108B = —324 so B = 3. When
x=0,27TA-27TB—9D =54—9D =0so D = 6. And whenz = 1, 40A—20B—-8C —8D =
92 —8C' =172 so C' = —10. The integral becomes

—2x3 4+ 1222 + 162z 5 3 —10x + 6
dr = + + dx

x4 — 81 r—3 x+3 2+ 9

/ 5 L 3 10x L 6 J
- — x
r—3 x+3 2249 2249

= 5In|z — 3| + 31n|x + 3| — 51n(z® + 9) + 2 arctan (g) + C.

Here, the third integral can be evaluated by u-substitution with u = 2 + 9.

We have
7+ 5z — 222 A B C
= + -
(x —3)3 r—3 (z—3)?% (z-—3)3
7T+5r—21"=A(x -3 +B(x—-3)+C
= Az®> — 6Ar + 9A+ Bz — 3B+ C
= (9A—-3B+C)+ (B —6A)z + Ax*.
Comparing the coefficients of 22, we immediately have A = —2. Comparing the coeffi-

cients of z, we have B —6A = B+ 12 =5s0 B = —7. Finally, comparing the constant
coefficients, we have 9A —3B+(C =3+ C =7so0 C =4.

By the method of partial fractions, we can write

/7+5x—2x2dx_/ —2+ -7 N 4 I
(x —3)3 B r—3 (r—3)?2 (z—3)3

7 2
= —2lnlz -3 = C.
nfe ‘+x—3 (:c—3)2+




