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Abstract

A code C'in the Hamming metric, that is, is a subset of the vertex set V I" of the Hamming
graph I' = H(m, q), gives rise to a natural distance partition {C,C1,...,C,}, where pis
the covering radius of C'. Such a code C'is called completely transitive if the automorphism
group Aut(C') acts transitively on each of the sets C, C1, ..., C,. A code C is called
2-neighbour-transitive if p > 2 and Aut(C) acts transitively on each of C, C and Cs.

Let C be a completely transitive code in a binary (¢ = 2) Hamming graph having full
automorphism group Aut(C') and minimum distance § > 5. Then it is known that Aut(C')
induces a 2-homogeneous action on the coordinates of the vertices of the Hamming graph.
The main result of this paper classifies those C' for which this induced 2-homogeneous
action is not an affine, linear or symplectic group. We find that there are 13 such codes,
4 of which are non-linear codes. Though most of the codes are well-known, we obtain
several new results. First, a new non-linear completely transitive code is constructed, as
well as a related non-linear code that is 2-neighbour-transitive but not completely transitive.
Moreover, new proofs of the complete transitivity of several codes are given. Additionally,
we answer the question of the existence of distance-regular graphs related to the completely
transitive codes appearing in our main result.

1 Introduction

A subset C' of the vertex set V' I" of the Hamming graph I" = H(m, q) is called a code, the ele-
ments of C' are called codewords, and the subset C; of VI consisting of all vertices of H (m, q)
having nearest codeword at Hamming distance ¢ is called the set of i-neighbours of C'. Some im-
portant generalisations of perfect codes were introduced in the 1970s: uniformly packed codes,
introduced by Semakov, Zinoviev and Zaitsev [35], and the classes of completely regular and
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s-regular codes, defined by Delsarte [12]. These generalisations involve certain combinatorial
regularity conditions on the distance partition {C, C4, ..., C,} of a code C, where p is the cov-
ering radius.

The parameters of perfect codes over prime-power alphabets have been classified, and
codes satisfying these parameters found; see [38] or [41]. In contrast, the class of completely
regular codes is vast, with similar classification results remaining an active area of research.
Several recent results have been obtained by Borges et al. [4, 16, [7]. For a survey of results on
completely regular codes see [8].

The focus of current paper is the algebraic analogues, defined directly below, of the classes
of completely regular and s-regular codes. Note that the group Aut(C') is the setwise stabiliser
of C'in the full automorphism group of H (m, q). In particular, if C' is linear then we consider the
the group of translations by codewords of C' to be contained in Aut(C').

Definition 1.1. Let C' be a code in H(m, q) with covering radius p, let s € {1,...,p}, and
X < Aut(C). Then C'is said to be:

1. (X, s)-neighbour-transitive if X acts transitively on each of the sets C, C', .. ., Cs.
2. X-neighbour-transitive if C'is (X, 1)-neighbour-transitive.
3. X-completely transitive if C'is (X, p)-neighbour-transitive.

4. s-neighbour-transitive if C'is (Aut(C), s)-neighbour-transitive, neighbour-transitive if C' is
Aut(C)-neighbour-transitive, or completely transitive if C'is Aut(C')-completely transitive.

A variant of the above concept of complete transitivity was introduced for linear codes by
Solé [36], with the above definition first appearing in [23]. Completely transitive codes form a
subfamily of completely regular codes, and s-neighbour transitive codes are a sub-family of s-
regular codes, for each s. Characterisation of certain families of neighbour-transitive codes in
Hamming graphs have been achieved (see [19, 20, 21]), as well as several classification results
of subfamilies of neighbour-transitive codes in Johnson graphs (see [14} 128,131, 134]). The results
in this paper depend upon the series of papers [16, 17,18, 26] on 2-neighbour-transitive codes,
which form part of the second author’s PhD thesis.

Each vertex of H(m, q) is of the form a = (a, . . ., a,,, ), where the entries a; come from an
alphabet () of size q. A typical automorphism of H (m, q) is a composition of two automorphisms,
each of a special type. An automorphism of the first type corresponds to an m-tuple (hy, . .., hy,)
of permutations of () and maps a vertex o to (o/l“, ey a,};{"). An automorphism of the second
type corresponds to a permutation of the set M = {1, ..., m} of subscripts and simply permutes
the entries of vertices, for example the map corresponding to the permutation (123) of M maps
a = (o, 00, 03,04,...,0,) t0 (3,01, 9,04, ..., q,,). (More details are given in Section
2.1)

Our main result is Theorem(1.3] further below, the proof of which relies on [26, Theorem 1.2],
stated below as Theorem For now we give a brief discussion of the relation between the two
theorems, only what is required to properly state Theorem If a completely transitive code '
has minimum distance at least 5 then, since this implies C5 is non-empty, we have that C' is by
definition 2-neighbour-transitive. Hence, Theorem [1.5| applies. Recall that the socle soc(G) of
a group G is the product of all its minimal normal subgroups. In particular, Theorem [1.5| gives
all possibilities for the socle of the action on M of the stabiliser Aut(C')q of the codeword 0
(assumed to be in ) for any 2-neighbour-transitive code C' with minimum distance at least 5. If
|C'| > 2 then this socle is either one of the Mathieu groups M;; or M;2, as in Theorem part
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G m conditions

PSL;(4) 21 -

A, 15 -
PSLy(r) r+1 23 <r==1 (mod 8)
PSU;(r) rd+1 ris odd
Ree(r) 341 r>=>3

M, 11,12,22,23,24 i

HS 176 -

COg 276 -

Table 1: Groups G for which there exists a non-trivial binary 2-neighbour-transitive code C' in
H(m,2) with G = soc(Aut(C)5") and G is not isomorphic to i) PSL;(2¥) unless (¢, k) = (3, 2),
i) Spy,(2) for t > 3, oriii) Zt for ¢t > 3.

2, or contained in [26], Table 1], as in Theorem|[1.5part 3. Table [f] lists the groups we consider
here (see the following remark) for the socle of the action of Aut(C')g on M.

Remark 1.2. The groups appearing in [26, Table 1] but not in Table 1, and hence not covered
in this paper are: PSL;(2%) with (¢,k) # (3,2); Spy(2) for t > 3; and Z for t > 3. This is
due to the fact that the first two cases require more technical representation theory than those
treated in this paper, while the third case requires the classification of finite transitive linear groups
to be applied. However, Table [1|does contain PSL3(4). In this case the corresponding codes
are related to the geometry of PGy (4), which also arises in the treatment of the larger Mathieu
groups; see Examples [3.3/and and [13| Sections 6.5-6.7].

We can now state Theorem Note: we say that a code C'is non-trivial if |C| > 2; if C
is a linear code of length m, dimension k£, minimum distance ¢ and covering radius p then we
say it has parameters [m, k, §; p|; if C'is a non-linear code of length m, minimum distance ¢ and
covering radius p then we say it has parameters (m, |C|, J; p).

Theorem 1.3. Let C' be a non-trivial binary completely transitive code in H (m, 2) with minimum
distance 0 > 5 and suppose the socle of the action of Aut(C')g on M is isomorphic to G as in
one of the lines of Table[1} Then C'is equivalent to one of the codes given in Table[2, Conversely,
each code in Table |2 is completely transitive.

While this paper is concerned with classifying certain subfamilies of binary completely transi-
tive codes with minimum distance at least 5, many completely transitive codes having minimum
distance less then 5 are known. For instance, [7] exhibits completely transitive codes with mini-
mum distances 3 and 4, whilst [5] constructs completely transitive codes with minimum distances
3 and below. For more examples of such codes, see [8]. It is worth mentioning that Borges
et al. [3] proved that any binary linear completely transitive code has error correction capacity
e =[(6 —1)/2] < 3, and all codes arising in Theorem[1.3]also satisfy ¢ < 3.

As part of our classification we also construct two non-linear codes that, to the best of our
knowledge, have not previously appeared in the literature. These are the 2-neighbour-transitive
code (P, As) U (P, As) with parameters (21,2° - 3,6;6) (see Example [3.3) and Lemma
and the completely transitive code (£, A,) U (£, A3) with parameters (21,20 - 3,5;6) (see
Example and Lemma [6.7). Except for (£, A,) U (£, As), all of the codes appearing in
Table 2| are known to be completely regular (see, for instance, [8]). While the majority of codes
in Table are also known to be completely transitive, it appears that our proofs that (£, A1), L,
953, &99 and Syy are completely transitive are new (see Section and Lemmas and .
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line C Aut(C) parameters dist. reg. graph
1 H M, (12,24, 6;3) no
2 PH 2 % My (11,24,5;3) no
3 NR 25 3 Ag (15,256, 5; 3) see Section 3.1]
4 P Te x PT'Ls(4) 21,12, 5; 3] [9, Theorem 11.3.6]
5 (L, A1) Te x PSLs(4)  [21,11,5;6] [0} Section 11.3.H b)]
6 (L,A1)U(L,Ay) T xPI'Lz(4) (21,2'°-3,5;6) no
7 L Te x PI'Ls(4) 21, 10, 5; 6] [9, Section 11.3.H c)]
8 Goy To % Moy 24,12, 8; 4] [9, Theorem 11.3.2]
9 Gos3 Te x Mas (23,12, 7; 3] [9, Theorem 11.3.4]
10 Gss T x Mag 23,11, 8;7] [9, Section 11.3.E]
11 Ga2 Tex (Mg :2)  [22,12,6; 3] [9, Theorem 11.3.5]
12 Ex Te X (Mg @ 2) 22,11, 6; 7] [9, Section 11.3.F]
13 So9 Te X My, (22,11, 7; 6] [9, Section 11.3.H a)]

Table 2: Non-trivial binary completely transitive codes C' with minimum distance at least 5 and
where Aut(C)3! has as socle one of the groups G contained in Table See Section for the
definitions of these codes. The last column gives a reference for a distance-regular graph related
to C', or contains ‘no’ if no such graph can be constructed in the usual manner; see Section (3.1
for more details.

The next definition associates with any code a certain linear subcode. Note that the condition
that T, < Aut(C) is included to ensure Cpay is uniquely defined.

Definition 1.4. Let () = F, and C be a code in H(m,2). The maximal linear subcode of C,
denoted Ciy, is the largest linear subcode of C with the additional property that 7, < Aut(C),
where T¢,  is the group of translations by elements of C'a.

Below we restate [26, Theorem 1.2], which is the starting point for the proof of Theorem|[1.3
Note that Theorem [1.5]is presented in terms of Ca, as in Definition and so differs slightly
from the original statement in [26]. Including the conditions on C',,a here is intended to increase
the transparency of our proof strategy. Indeed, the proof of [26, Theorem 1.2] is effectively divided
up according to whether C\,.x has dimension 0, 1, or at least 2, though the notation Ci,,, is not
used there. Thus, we hope the reader finds it fairly straightforward to verify that the formulation
below is indeed equivalent. Note also that C' non-trivial implies that |C| > 2, and hence the
binary repetition code does not appear as a possibility for C'. Recall that the groups from [26),
Table 1] that are relevant to Theorem also appear here in Table

Theorem 1.5. Let C' be a non-trivial binary code in H(m,2) with minimum distance at least 5
containing the codeword 0. Then C'is 2-neighbour-transitive if and only if one of the following
holds:

1. Cnax = {0} and C' is the even weight subcode £ of the punctured Hadamard code with
m = 11 and minimum distance 6;

2. Cax is the binary repetition code and C' is one of the following codes:

(a) the Hadamard code H with m = 12 and minimum distance 6,
(b) the punctured Hadamard code PH with m = 11 and minimum distance 5; or,

3. Cax has dimension at least 2 and minimum distance 6. > 5, and there exists a subgroup
Xo < Aut(Chax)o, where Xo and m are as in [26, Table 1], such that
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(@) Chax is (X, 2)-neighbour-transitive, where X = T, X Xo < Aut(C) with T,
denoting the group of translations by elements of C,,.,, and,

(b) C'is the union of a set S of cosets of Cyn,, and Aut(C') acts transitively on S.

Hypothesis 1] stated below, will be assumed to hold in many of the following sections. Note
that the condition on the dimension of Ci,,, ensures that C,,, is neither the repetition code nor
its dual.

Hypothesis 1. Let C' be a completely transitive code in H (m, 2) with minimum distance § > 5
and let X = Aut(C'). Let Cpax be the maximal linear subcode of C' with minimum distance dpax
and let X, be the setwise stabiliser in X of Cy,a. Furthermore, assume that 2 < dim(Cha) <
m — 2.

We also define Hypothesis [2, an extension of Hypothesis [1} which includes an additional
assumption relating to the socles of the actions of X and X, on M. We briefly outline the sig-
nificance of this hypothesis. In Sectionwe showthat XM =~ X /K and XM =~ X . /K, where
K =T, , and that both of these actions, of X on M and of X, on M, are 2-homogeneous.
Since 2-homogeneous groups are classified according to their socles, and we deal with the case
that these two actions have different socles in Section [4, Hypothesis [2 will be assumed in Sec-

tionsBlto 10

Hypothesis 2. Assume Hypothesis [1] holds, that the kernel & of the action of X on M is T¢,,,
and that
soc(X/K) = soc(Xmax/K).

In the next section, we introduce the notation used throughout the paper and various pre-
liminary results. In particular, in Section 2.3 we prove some new results regarding completely
transitive codes useful in later sections. Section [3] contains the definitions of each of the codes
appearing in Table |2 or otherwise, and Section answers the question of the existence of a
distance-regular graph related to each code. Each of Sections4|to[10]deals with some collection
of groups from Table[1] Finally, Section[11|proves Theorem

2 Preliminaries

Let the set of coordinate entries M and the alphabet () be sets of sizes m and ¢, respectively,
where both m and ¢ are integers and at least 2. The vertex set V' I of the Hamming graph
I' = H(m,q) consists of all strings in the alphabet () with positions indexed by the set M,
which are usually written as m-tuples. Let (); = () be the copy of the alphabet in the entry
i € M so that the vertex set of H(m, q) is identified with the Cartesian product

v =] e:

€M

An edge in I exists between two vertices if and only if they differ as m-tuples in exactly one
entry. If ais a vertex of H(m, ¢) and i € M then «; refers to the value of « in the i-th entry, that
is, a; € Q;, sothat o = (ay,...,a,,) when M = {1,...,m}. For more in depth background
material on coding theory see [10] or [32].

When considering binary codes we will be flexible with our interpretation of the vertices of
H(m,2). When ¢ = 2 we can identify () with F and V I" with the vector space F3'. Let
{e; | i € M} be the standard basis for VI = F35'. Then a vertex « of H(m,2) will be



Notation Explanation
0 vertex with 0 in each entry
wt(a) = | supp(«)| weight of «
d(a, B) = | diff (e, B)| Hamming distance
I's(a) ={B e VI'|d(a,5)=s} setof s-neighbours of «
d =min{d(c, 5) | o, B € C,a« # f} minimum distance of C'
d(a,C) =min{d(c,B) | € C}  distance from o to C'
p =max{d(a,C) | a € VI'} covering radius of C'
Cs={acVI|dla,C)=s} set of s-neighbours of C'
{C=Cy,Ch,...,Ch} distance partition of C'

Table 3: Hamming graph notation.

simultaneously considered to be a vector o = zieM o;e;, a function o : M — [y such that
i — «;, and a subset {i € M | o; = 1}. Note that the Hamming metric ensures that there is
only one sensible way to do this. As such, if «, 5 are vertices of H(m, 2), then so are the sum
a + (3, the product a3, the intersection « N /3, the union e U S and M \ «, where the sum and
product may be interpreted in terms of functions and the remaining operations in terms of sets.
Note also that we write the binary repetition code, that is, the subspace of ' generated by the
vector 1 = (1,...,1), as (1) and its dual as (1)-.

Let «v, 3 be vertices and C be a code in a Hamming graph H (m, ¢) with 0 € () a distinguished
element of the alphabet. A summary of important notation regarding codes in Hamming graphs
is contained in Table 3l

Note that if the minimum distance ¢ of a code (' satisfies § > 2s, then the set of s-neighbours
O satisfies Cy = Uyecls(a) and if § > 2s + 1 this is a disjoint union. This fact is crucial in
many of the proofs below; it is often assumed that § > 5, in which case every element of C5 is
distance 2 from a unique codeword.

A linear code is a code C'in H(m, g) with alphabet () = IF,, a finite field, so that the vertices
of H(m, q) form a vector space V, such that C' is an F,-subspace of V. Given o, 3 € V, the
usual inner product is given by (a, ) = >, ,; a:3;. The dual code of C'is C*+ = { € V|
Va € C, (o, B) = 0}.

Let C be a code in H(m, q). The punctured code, also sometimes called the truncated code,
of C' at the coordinate ¢ € M is the code in H(m — 1, q) consisting of set of all vertices o’ of
H(m~—1,q) suchthatthere existsan o € C'with o, = a;forall j € M\{i}. The shortened code
of C'ati € M is the code in H(m — 1, ¢) consisting of set of all vertices o/ of H(m — 1, ¢) such
that there exists an a € C' with o; = 0 and o = «; for all j € M \ {i}. If the set of punctured
(respectively shortened) codes obtained as 7 ranges over all possible coordinates are pairwise
equivalent then we simply say the punctured (respectively shortened) code of C'; in particular, this
occurs if Aut(C')o acts transitively on M (for notation regarding automorphisms see Section.
The even-weight subcode of C'is the code consisting of precisely those codewords in C' having
even weight.

The Singleton bound (see [12, 4.3.2]) is a well known bound for the size of a code C' in
H (m, q) with minimum distance 4, stating that |C| < ¢™°*L. For a linear code C' this may be
stated as 0+ — 1 < k < m — § + 1, where k is the dimension of C, § is the minimum distance
of C' and 6 is the minimum distance of C*-.

Let C be a code and s be the external distance of C, that is, s + 1 is the number of non-
zero terms in the dual distance distribution of C'. It follows from [36, Theorem 4.1] that if C' is



completely regular then s is equal to the covering radius p of C.

2.1 Automorphisms of a Hamming graph

The automorphism group Aut(/") of the Hamming graph is the semi-direct product B x L, where
B = Sym(Q)™ and L = Sym(M) (see [9, Theorem 9.2.1]). Note that B and L are called the
base group and the top group, respectively, of Aut(I"). Since we identify (); with @), we also
identify Sym(Q;) with Sym(Q). If h € B andi € M then h; € Sym((Q);) is the image of the
action of hintheentryi € M. Leth € B,o € Landa € VI'. Then h and ¢ act on « explicitly
via:

o= (. el and Q% = (a1, ).

m » “mo

The automorphism group of a code C'in I' = H(m,q) is Aut(C) = Aut(I')c, the setwise
stabiliser of C'in Aut(I").

Let G be a group acting on a set €2, w be an element of {2, and .S be a subset of {). Then we
use the following notation:

1. G, denotes the subgroup of G stabilising w,
2. (G5 denotes the setwise stabiliser of S in G,
3. Gg) denotes the point-wise stabiliser of S'in G, and,

4. if G fixes S setwise then G*° denotes the subgroup of Sym(S) induced by G.

(For more background and notation on permutation groups see, for instance, [13].) In particular,
let X < Aut(I"). Then:

1. Forz € X, recall that x = ho where h € B and o € L. Then 2™ = o denotes the
permutation of M induced by x, and we write X = {2™ | 2 € X}; we call XM the
action of X on entries. Note that a pre-image z of an element 2™ of X™ need not fix any
vertex of H(m, q).

2. K = XN Bisthe kernel X, of the action of X on entries and is precisely the subgroup
of X fixing M point-wise.

3. If7 € M, then X; denotes the subgroup of X stabilising the entry ¢ and any x € X is of
the form ho (h € Band o € L) where o fixesi € M. So x = ho induces the permutation
h; € Sym(Q);) on the alphabet ;. This defines a homomorphism from X; to Sym(Q);)
and we denote the image of this homomorphism by Xf2 We refer to XZQ as the action
on the alphabet.

It is worth mentioning that coding theorists often consider more restricted groups of automor-
phisms, such as the group PermAut(C) = {o | ho € Aut(C),h = 1 € B,o € L}. The
elements of this group are called pure permutations on the entries of the code.

Two codes C' and C” in H(m, q) are said to be equivalent if there exists some = € Aut(I")
such that C* = {a” | « € C} = ('. Equivalence preserves many of the important proper-
ties in coding theory, such as minimum distance and covering radius, since Aut(I") preserves
distances in H(m, q).



2.2 s-Neighbour-transitive codes

This section presents preliminary results regarding (X, s)-neighbour-transitive codes, defined in
Definition The next results give certain 2-homogeneous and 2-transitive actions associated
with an (X, 2)-neighbour-transitive code.

Proposition 2.1. [16, Proposition 2.5] Let C' be an (X, s)-neighbour-transitive code in H(m, q)
with minimum distance 6, where § > 3 and s > 1. Then for o € C and i < min{s, |52 |}, the
stabiliser X, fixes setwise and acts transitively on I';(«). In particular, the action of X, on M is
i-homogeneous.

Proposition 2.2. [16, Proposition 2.7] Let C' be an (X, 1)-neighbour-transitive code in H(m, q)
with minimum distance § > 3 and |C| > 1. Then X' acts 2-transitively on Q; for all i € M.

The concept of a block design, introduced below, comes up frequently in coding theory.
Recall that we identify vertices in H (m, 2) with subsets of M so that a design as defined below
can be identified with a code in H (m, 2).

Definition 2.3. A t-(m, k, \) design is a collection D of subsets of a set M of size m such that
every t-subset of M is contained in exactly \ elements of D. The elements of D are called
blocks.

The following equations can be found, for instance, in [37]. Let D be a t-(m, k, \) design
with | D| = b blocks and let r be the number of blocks containing any given point. Then mr = bk,
r(k—1)=Am—1) and

m(m—1)---(m—s+1)

= =D (k=51

(2.1)

The definition below is required in order to state the remaining two results of this section.
Recall that any s-neighbour-transitive code is s-regular code and any completely transitive code
is completely regular.

Definition 2.4. Let C be a code in H(m,q) with covering radius p, and s be an integer with
0 < s < p. Then,

1. C'is s-regular if, for each i € {0,1,...,s}, each k € {0,1,...,m}, and every vertex
v € C;, the number |I;(v) N C| depends only on i and k, and,

2. C'is completely regular if C'is p-regular.

Lemma 2.5. [16, Lemma 2.16] Let C' be an (X, s)-neighbour transitive code in H(m, q). Then
C'is s-regular. Moreover, if C' has minimum distance 0 > 2s and contains 0, then foreach k < m
the set of codewords of weight k forms a g-ary s-(m, k, \) design, for some \.

2.3 Completely transitive codes

This section contains mostly new preliminary results relating to the main concern of this paper,
completely transitive codes. In particular, many of the results of this section assume Hypothe-
sis We believe the next result to be known, though we were unable to find an exact reference.

Lemma 2.6. Let C' be a completely transitive code on H(m, q), let X = Aut(C') and suppose
that X, acts t-homogeneously, but not (t + 1)-homogeneously, on M. Then § < 2t + 2.
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Proof. Suppose, for a contradiction, that 6 > 2t + 3. Then L‘S_le >t + 1, so that any two balls

of radius ¢ 4 1 centered around distinct codewords are disjoint. Note that this also implies that
the covering radius p of C'is at least ¢ + 1. By assumption, C' is (X, p)-neighbour-transitive,
and hence Proposition implies that X acts at least (¢ + 1)-homogeneously on M, giving a
contradiction. O

The following relies on [26, Proposition 3.5] and gives more explicit information about a code
satisfying Hypothesis

Proposition 2.7. Assume Hypothesis|1, Then each of the following hold:
1. Xmax = Tcmax X XO.

2. Chrax is (Xpax, 2)-neighbour-transitive with 0,z > 5.

3. The kernel K of the action of X on M is equal to the kernel of the action of X ., on M,
thatis, K = X NB = XpxNB=1T¢,,.

4. Chax is an Fy Xo-module

< (R <]
Crod ~ ol 1X37]

O

Proof. We shall apply [26] Proposition 3.5], and so we first we argue that C' satisfies the required
conditions. Since C' has minimum distance > 5, it follows that C' has covering radius at least
2. Hence, X acts transitively on C, C; and C5, each of which are non-empty, so that C' is
(X, 2)-neighbour-transitive. By Proposition X acts transitively on M, by Proposition
we have that XZ-QZ' = S,, foreach i € M, and T, < X implies that K # 1. Hence C'is
X-alphabet-affine (see [26, Definition 1.4]) and we may apply [26), Proposition 3.5].

We claim that Oy(K) = K = T¢,,,, where K = X N B and Oy(K) is the largest normal
2-subgroup of K. This implies that the code W = 092(K) appearing in the statement of [26,
Proposition 3.5] is in fact Cna, and that the above parts 1, 2, 3 and 4 hold. Since Tt is
a 2-group and hence O, (71¢,..) = Tc,.., in order to prove the claim we need only show that
K =Tg,,,- Suppose = € K. Thenz = (hq, ..., h,,) and each h; € Z, thatis, x = t, where
a is the vertex of H(m,2) such that o, = 0if h; = 0and o; = 1if h; = 1,foreachi € M. It
follows that there exists a subcode C’ of C' such that X' = Tr. Since K is a group and g = 2
(and hence 7 is the trivial group) we have that C” is linear. The fact K = X N B implies that
there is no larger group of translations contained in X and thus, by Definition we have that
(" = Chax and K = T¢,,, proving the claim.

Now K = T, is normal in X, which means that the Tt _ -orbits of C' form a system of
imprimitivity for the action of X on C. Since X acts transitively on the set of 7, -orbits of C,
the orbit-stabiliser theorem implies that

O] IX] _ 1X/Tol XM
’CmaX| ‘XmaX| ’XmaX/TCmax| \Xé”|’

where the final equality follows from parts 1 and 3. Thus, part 5 holds. O

The following result shows, roughly speaking, that if a completely transitive code is not much
bigger than its maximal linear subcode then the minimum distance of the maximal linear subcode
is not much bigger than the minimum distance of the code. When combined with Lemma [2.6]
this leads to non-existence results in several cases.



Lemma 2.8. Assume Hypothesis |1 holds. If

| _mlm-1)
Cra] ~ 00 —1)

then Opmax < 20.

Proof. We shall prove the contrapositive, and hence we assume that 0. = 20 + 1 and will

prove that then \cl*ﬂx| > "EE?_Z? By Lemma the set C' N I'5(0) of weight 6 codewords of C'

form a 2-(m, 0, \) design, for some integer A. Hence

m(m — 1)\ < m(m — 1)

CNI0)] = 56—1) = s(6—1)

For o, B € C'NIs(0) we have, by the triangle inequality, that d(«a, ) < 24. Since dmax = 20 +1,
it follows that no two elements of C' N F(;(O) are contained in the same coset of Cpay. Thus, C
is comprised of at least |C' N ['5(0)| cosets of Cpax and the result holds. O

The following lemma is useful for proving non-existence of X -neighbour-transitive codes in
the case where we are dealing with a family of groups X having order that is polynomial in the
length m of the code.

Lemma 2.9. Let C' be an X -completely transitive code in H(m, q). Then
(m+DIX] = ¢™

Proof. Since C'is X-completely transitive, we have that there are p+ 1 orbits of X on the vertex
set of H(m, q). Now, the covering radius p is bounded above by the diameter m of H(m,q),
and hence m + 1 > p + 1. Thus, using the fact that the length of any orbit of X on vertices of
H(m, q) is bounded above by | X |, we have that

(m+DIX[ > (p+D|X[ > |VI'|=q",
and the result holds. O

The next result shows that any completely transitive code in H(m, 2), where () is taken to
be [F,, is a subcode of some linear completely transitive code.

Lemma 2.10. Assume Hypothesis|1] Furthermore, suppose C' # C,.x, let n be the integer such
that |C'| = n|Cjax| and let (C') be the IF5-span of the codewords of C'. Then each of the following
holds:

1. Aut(C) < Aut((C)).

2. (C) is completely transitive.

3. The codimension of Ci,a in (C)) is at least 2 and at most n. — 1.

Proof. Let € (C). Then there exists an integer k such that « = «; + - - - + a;, where each
a; € C. Letx = ho € Aut(C),where h € B~ Z and o € L, and let 3 = 0". Note that
B € C since o, and hence o1, fixes the vertex 0, so that

-1

Om — 00’71}171 — 0/7,71 — ﬁ’
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with the last step following from the fact that h = h~!. Hence x = tgo, where t 5 is the translation
by 5. Now PermAut(I") = S,, embeds as the group of permutation matrices in GL,,,(2), from
which it follows that V' I"is an [Fy PermAut(/")-module. Since o € PermAut(I"), we have that

o =(a+0)" = ()" +-- + ()" + 57
= (@ +p8)"+--+(ar+ 5)" + 0%

As 0 and each o;+fF arein C,and z € Aut(C'), we have that 0” and each (a;+3)* are alsoin C.
Thus, we deduce that o € (C'), which implies that 2 € Aut((C)). Thus Aut(C) < Aut((C)).

Since C'is a subcode of (C), it follows that the covering radius p’ of (C) is at most the
covering radius p of C'. First, note that Aut({C')) contains the translations by (C') and thus acts
transitively on (C'). Let u, v € (C'); for some i, where 1 < i < p. Then there exist o, 5 € (C)
such that d(«, u) = d(,v) = i. If t, and ts are the translations by « and (3, respectively, then
it follows that a'> = 0 and 3" = 0 so that d(0, ') = d(0, v'*) = i. Hence, since 0 € C, we
have that p'» and v*# are in C;, and thus there exists an = € Aut(C) such that (u'~)* = v's.
This implies that p'** = v and, since Aut(C) < Aut((C)), that Aut({C))) acts transitively on
(C');. Thus (C') is completely transitive, proving part 2.

By Theorem part 3 (b), C'is the union of C\,a and n — 1 non-trivial cosets of Cya. Let
v1,-..,U,_1 be coset representatives for these n — 1 non-trivial cosets. It follows that (C') =
(Crax, V1, - - -, Un—1), and hence that the codimension of Ci . in (C') is at most n — 1. Suppose
that the codimension of Ci,. in (C') is 1 and hence, since ¢ = 2, we have that n = 2. Thus
|C| = 2|Crax| @and (C') = (Chax, v1), thatis [(C)| = 2|Chax|, and in fact C' = (C'). This implies
that C' is linear, contradicting the assumption that C' # Ci,ax. Thus the codimension of Cay in
(C) is at least 2, as in part 3. O

The following result effectively gives upper bounds for the number of weight  codewords in
a binary completely transitive code when ¢ is 5 or 6.

Lemma 2.11. Let C be a completely transitive code in H (m, 2) with minimum distance = 5 or
6. Then the set of all weight 6 codewords form a t-(m, 0, \) design, where:

1. 0=5t=2and A < (m—2)/3, or;
2. 0=6t=3and A < (m—3)/3.

Proof. The set of all weight § codewords form the block set 55 of a ¢-(m, d, A) design by [8,
Theorem 2.12], where t = 2 when d = 5andt = 3 when § = 6. First,letd = 5 and i, 7
be distinct elements of M. Let B; ; be the set of blocks incident with ¢ and j projected down
to M \ {i,j}. It follows that there are A elements of 13; ;, each one being a subset of size 3 in
M\ {i,j}. Letwand f3 be distinct subsets of M of size 5 with i, j € «, 5. Then d(«, /) is either
2, 4 or 6 depending on whether o N 5 has size 4, 3 or 2, respectively. Thus, since § = 5, if we
assume «and ( are in C, then |a N 5| = 2 and the images of « and 3 in 13; ; are disjoint. Since
any two distinct blocks of B; ; are disjoint there are at most (m — 2) /3 such blocks, and hence at
most (m — 2) /3 weight 5 codewords that are non-zero in a particular pair of coordinates, proving
part 1.

Let 6 = 6 and 1, j, k be pairwise distinct elements of M. Let B; ;. be the set of blocks
incident with 7, j and & projected down to M \ {4, j, k}. Again, there are A elements of B; ; 1,
and each block is incident with 3 elements of M \ {i,j,k}. Let a and ( be distinct subsets of
M of size 6 with i, j, k € «, 5. Then d(«, () is either 2, 4 or 6 depending on whether o N 5 has
size 5, 4 or 3, respectively. Thus, since d = 6, if we assume « and 3 are in C, then |a N 5| = 3
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and the images of avand 3 in B; ; ;. are disjoint. Since any two distinct blocks of B; ; , are disjoint
there are at most (m — 3)/3 such blocks, and hence at most (m — 3)/3 weight 6 codewords
that are non-zero in a particular triple {1, j, k} of coordinates, proving part 2. O

3 The Codes

In this section we fix our notation for the codes that arise in later sections, giving explicit con-
structions where required, references and other details required in later sections. From this point
forward, all codes considered are binary. Recall that for binary codes we will be flexible with our
interpretation of the vertices of H(m,2); see Section 2l More specifically, we interchangeably
view vertices as: binary strings indexed by M, subsets of M, or functions from M to @ = {0, 1}.

Example 3.1. [16, Definition 4.1] We obtain the Hadamard 12 code H and its punctured code
PH as follows (see [32, Part 1, Section 2.3]). First, we construct a normalised Hadamard matrix
H, of order 12 using the Paley construction.

1. Let M = Fy; U {x} and let H}, be the 12 x 12 matrix with first row v, where v, = —1 if
a is a square in 17 (including 0), and v, = 1 if a is a non-square in [F1; ora = x € M,
taking the orbit of v under the additive group of IF{; acting on M to form 10 more rows and
adding a final row, the vector (—1,...,—1).

2. The Hadamard code # of length 12 in H (12, 2) then consists of the vertices « such that
there exists a row u in Hy, or —Hy4 satisfying a, = 0 when u, = 1 and o, = 1 when
Ug = —1.

3. The punctured code PH of H is obtained by deleting the coordinate x from M. The
weight 6 codewords of PH form a binary 2-(11, 6, 3) design D. The code PH consists
of the following codewords: the zero codeword, the vector (1,..., 1), the characteristic
vectors of the 2-(11, 6, 3) design D, and the characteristic vectors of the complement of
that design, which forms a 2-(11, 5, 2) design. (Both D and its complement are unique up
to isomorphism [39].)

4. The even weight subcode £ of PH is the code consisting of the zero codeword and the
2-(11, 6, 3) design.

Example 3.2. The Nordstrom—Robinson code, which we denote throughout by N'R is a well-
known non-linear code having parameters (15,256, 5;3). Since we will not require a precise
definition of the Nordstrom—Robinson code here, we refer the reader to [22] or [24], suffice it to
say that A'R is the union of 8 cosets of the Reed—Muller code RM(1,4) and is contained in
RM(2,4).

Example 3.3. Let M be the set of points of PGy (4). We define the following codes:

1. Let P be the code generated by the set of all complements of lines of PG, (4) and £ be
the code generated by the set of all lines of PGy (4).

2. The group PSL3(4) has three orbits H1, Hs, H3 on hyperovals (i.e. sets of ¢ + 2 points
with no three collinear), and three orbits F7, F>, F3 on Fano subplanes labelled so that if
A € H;and ® € F; then |[ANP| < 3ifandonly if i # j (see [13, Theorem 6.5B] and
also Example [3.4). Let ¢ be a line of PGy(4) and, for each i = 1,2,3, let ®; € F; and
let A; € H;. Let R = {{, Ay, Ay, Ag, &1, Dy, P3}. For a given code C'in H(21,2) and
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some ay, ..., a; € R we shall often consider the code given by the linear span of C' and
aq, ..., o  over Fy, which we denote simply by

<C, A,y . .. ,Ojj>.

For example, we show in Section[g|that (P, ¢) = L. The codes arising in this manner and
appearing in Table[2are (£, A1) and (£, Ay) U (L, Ay).

Example 3.4. Let {a,b, c} be a set of size 3 that is disjoint from the set P of points of PG(4)
andlet M = P U S, where S is a subset of {a, b, ¢} of size 1, 2 or 3. Thus m = 22, 23 or 24.
Following [13, Theorem 6.7C and Section 6.5-6.7], fix a construction for the block set of the Witt
design W54, which will correspond to the set of weight 8 codewords of the extended binary Golay
code Goy in H(24,2). The group PSL3(4) has three orbits H1, H2, H3 on hyperovals (sets of
q + 2 points, no three collinear), and three orbits F7, F5, F3 on Fano subplanes labelled so that
for A € H; and ® € F; we have that |A N ®| < 3if and only if i # j. The blocks of Wy, are
then:

1. £U{a,b,c} for each line £ of PGy (4),
2. AU {a,b} for each hyperoval A € H,,
3. AU {b, c} for each hyperoval A € H,,
4. AU {c,a} for each hyperoval A € Hs,
5. ® U {c} for each Fano plane ¢ € 7,
6. ® U {a} for each Fano plane ® € F»,
7. ® U {b} for each Fano plane ® € Fj,

8. the symmetric difference ¢; + (5 for each pair of distinct lines of PGy (4).
We define the following codes:

1. For S = {a, b, c}, and hence m = 24, we denote the code spanned by the blocks of Wy,
by Ga4, which is self-dual.

2. For S = {a, b}, and hence m = 23, we denote the punctured code of Go, by Go3 and its
dual, the shortened code of Gy, by Gas.

3. For S = {a}, and hence m = 22, we denote the punctured code of Go3 by Gas, the
shortened code of Gy3 by S5 and the even weight subcode of Goo by Eos.

Remark 3.5. Note that there is a typographical error on page 204 of [13] in the list of the different
types of blocks in Ws, (v) and (vii): F; and F3 should be interchanged. It is not difficult to see
that this is required by the condition that if A € #; and ® € F; then |A N ®| < 3 if and only if
i # j. Also, [13, Theorem 6.5B (iv)] claims that PT'Li3(4) induces a cyclic permutation on the set
{H,,Ha, Hs} of PSL3(4)-orbits of hyperovals. In particular, the proof of [13, Theorem 6.5B (iv)]
claims without justification that the quotient PI"L3(4)/ PSL3(4) is cyclic of order 6. Note that this
is not true; indeed we show in Lemma|5.3|that PT'L;(4)/ PSL3(4) is isomorphic to Ss.
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3.1 Distance-regular graphs

The standard method (see [9, Chapter 11]) of constructing a distance-regular graph from com-
pletely regular code C' in a distance-regular graph " is to use C' (in some way) to determine a
completely regular partition 11 of the vertex set of I'. In particular, each element of II must be a
completely regular code with the same intersection numbers as C'. Given such a distance-regular
partition IT of I” we have that, by [9, Theorem 11.1.6], the quotient graph I"/I1 is distance-regular.

Suppose C'is a linear completely regular code in a Hamming graph H (m, ¢) with a group 7" of
translations acting transitively on the vertex set of H(m, ¢). Then the group T¢ of all translations
by elements of C' is a normal subgroup of 7" and hence the set of orbits of 7> form a system of
imprimitivity IT for the action of 7" on the vertex set of H(m, ¢) and, by [9, Theorem 11.1.6], [T is
completely regular. The graph H(m, q)/I1 constructed from C'in this manner is called the coset
graph of C'. Hence, all of the linear codes from Table [2| give rise to (known) distance-regular
coset graphs in this manner. A reference for each is given in the relevant line of Table [2| Note
that g2l3 and &y, are the even weight subcodes of Gy3 and G, respectively, so that their coset
graphs are the bipartite doubles of the coset graphs of Go3 and Go,.

The question of whether a given non-linear completely regular code can be used to construct
a distance-regular graph is more complicated. By [9, Proposition 11.1.5 (i)], each part of a
completely regular partition II involving a completely regular code C' must have the same size
as C. Thus, such a construction requires that the number of vertices of H(m, ¢) is a multiple of
|C'|. Now, the codes H, PH and (L, A;)U(L, A) each have size divisible by an odd prime, and
hence these codes do not give rise to distance-regular graphs as quotients of H(m,2). From
Table[2] this leaves the code 'R, for which we outline a construction in the following paragraph.
Note that while the construction appears to be known, it is not explicitly described in the literature,
as far as the authors are aware.

The Preparata codes (see [1]) of length 2% — 1 are an infinite family of completely regular
codes, of which the Nordstrom—Robinson code N'R is the smallest, given by setting ¢t = 2.
It should be noted that although N'R is the unique code when ¢t = 2, there are several non-
equivalent Preparata codes for each ¢ > 3. In [1, Section Ill], for all t > 2, a partition of the
extended Hamming code H of length 2% by translates of the extended Preparata code C' of
length 2%t is provided, which (upon puncturing) carries over to a partition of the perfect Hamming
code H of length 2% — 1 by translates of the Preparata code C' of the same length. Note that
H = C U (3, which means that in order to construct the required partition II it remains to
partition the set of all vertices of H (2% — 1,2) not contained in H. Since the Preparata codes
have minimum distance 5, we may thus construct P as the union of i) the partition of H just
described with ii) the set of all translates of C' by a vertex of weight 1 or 2. Each translate of
the Preparata code is an equivalent code, so is completely regular with the same intersection
numbers, and thus the graph > = H (22" — 1,2)/II is distance-regular. The intersection array
of ¥is {2% — 1,22 — 2 1;1,2,2% — 1}, which implies that 3 is a 2%~ !-antipodal cover of the
complete graph Koa:.

4 A
In this section we assume that Hypothesis [1| holds, and that the socles of X/K and Xax/K

are distinct. As we shall see, this occurs in precisely one case: when X .. /K = A7 and C'is
equivalent to the Nordstrom—Robinson code.

Lemma 4.1. Assume Hypothesis|1| Then soc(X/K) # A,,.

Proof. Suppose that soc(X/K) = A,,, in which case we have that XM =~ X/K =~ A, or S,,,.

14



Hypothesis[1]implies that C falls under part 3 of Theorem[1.5] Thus, it follows from [26, Table 1]
that X does not contain A,,. By Proposition [2.1, we have that X}/ is 2-homogeneous, and
hence also primitive. Thus, by [40, Theorem 14.2], we have that

m—+ 1 |
5 l.

Now |S,, : X¢f| < 2|X™ : X{!| and hence, by part 4 of Proposition 2.7} we have that

VL_HJ!@ Cl

|Sm:Xéw]>{

2 |Cmax| .
Since Cy .« has dimension at least 2, and thus size at least 4, we deduce that
1

{%J <l
Since § > 5, the Singleton bound implies that |C| < 2™~*. Combining the last two inequalities
gives

{m_HJ | < oms,

2

However, this does not hold for m > 5, and hence soc(X/K) # A,,. O

Lemma 4.2. Assume Hypothesis (1| holds, and suppose that soc(Xmae/K) # soc(X/K). Then
m = 15, Xma/ K = A7 and X/K = As.

Proof. By Proposition Xé” is 2-homogeneous on M and, by Proposition we have that
XM = Xna/K. By [30], any 2-homogeneous but not 2-transitive group of degree m is a
subgroup of AT'L;(m), that is, has socle the additive group ! of the field F,,,. If X}/ is 2-
homogeneous but not 2-transitive then, since soc(X/K) # soc(Xma/K), it follows that the
socle of X/K = XM is not Ff, and hence that X acts 2-transitively on M. Hypothesis
requires that Cnax has dimension at least 2, and hence Theorem implies that soc(Xy) is as
in one of the lines of [26, Table 1]. By Lemma we have that soc(X/K) # A,,. Thus, we
may apply [16, Proposition 4.4], in which case X is one of the groups G in [16], Table 3]. Those
groups G = X, such that soc(X¢) appears in [26] Table 1] and G appears in [16}, Table 3] (thus
giving the corresponding H = X/ K) leave us with the possibility that either:

m = 15, X() g1A7 andX/K’E Ag;
2. m =23, XO = Z23 X le and X/K = M23; or,
3. m =24, XO = PSL2(23) and X/K = M24.

Suppose m = 23. Then by part 4 of Proposition
1O = | XM X |Crax| = 2732257+ |Crnax-

In particular, |C| > 2| Cruaxl- Crmax| = 2" so that |C| > 22°. However, this is
greater than the total number of vertlces in H(23 2), giving a contradiction. Suppose m = 24.
Then by part 4 of Proposition

|IC| =27-3%-5-7|Craxl-

In particular, |C| > 2'|Cpax|- Crmax| = 2'? so that |C] > 226, However,
this is greater than the number of vertlces in H(24 2), giving a contradiction. Thus m = 15,
X%XNA'y and XMgAg O]
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This brings us to the first of our classification results.

Proposition 4.3. Suppose Hypothesis |1| holds, m = 15 and X . /K = A;. Then C' is the
Nordstrom—Robinson code N'R in H(15,2) and § = 5.

Proof. Suppose 6 = 5. Then, by [22, Theorem 1.1], C'is equivalent to the Nordstrom—Robinson
code. Thus § > 6. Now A~ acts 2-transitively, but not 3-homogeneously, on 15 points so that, by
Lemma 0 = 6. Thus, by [2, Table 1], |C| < 128. Also, by Theoremand [26] Table 1, line
4], the minimal (X, 2)-neighbour-transitive subcode of C' has minimum distance 8, and hence C'
contains codewords of weight 8. By [8, Theorem 2.12], the set of all weight £ codewords form a
3-design, so that, for some integers \g, A\s > 1, we have:

713 5-13

Since each of these must be integers, we have that 4 divides \¢ and 8 divides \g. Hence |C' N
I5(0)] = 91 and |C' N I5(0)] > 65. However, this implies that |C| > 91 + 65, contradicting
|C| < 128. O

5 The Mathieu Groups

Throughout this section we assume that Hypothesis [2| holds. In particular, now soc(X/K) =
s0¢(Xmax/K). Moreover, we assume that soc(X/K) = M,,, where m = 22, 23 or 24. For
the constructions of the codes of this section, and an explanation of the notation used, see

Example

We now determine the possibilities for Ci,a«, which must be a submodule of the permutation
module over [y for M,,, and, since 2 < dim(Cha) < m — 2, not equal to either (1) or (1),
For m = 23 and 24 this is covered in the discussion at the beginning of Section 8 of [29], with
only partial information given there for m = 22. Code parameters can be found in [8, Section
4.1]. If m = 24 then Ci, is the extended binary Golay code Gy, with parameters [24, 12, 8; 4].
If m = 23, then (s contains the dual code gzg) of the binary Golay code Go3. Hence Chay is
either Go3, which has parameters [23, 12, 7; 3], or G55, which has parameters [23, 11, 8; 7]. Note
that if M is then taken to be the points of PG4 (4) with @ and b (see Example adjoined then
Go3 may be obtained as the linear span of the blocks of 115, containing the point ¢, and g;g may
be obtained as the linear span of the blocks not containing c.

Let m = 22 and G,, denote the punctured binary Golay code. Then Ci,., contains g;z,
which has parameters [22, 10, 8; 7], and is contained in Gas, which has parameters [22, 12, 6; 3].
Letting M be the points of PG4 (4) with a adjoined (see Example , the linear span of the
set of those blocks of W54 containing both b and ¢ is Gs9, and the linear span of the set of
blocks containing neither b nor c is QQLQ. The linear span of the set of blocks containing neither
b nor ¢ along with the vector (1,1, ..., 1) gives the even weight subcode &, of Gao, which has
parameters [22,11,6;7]. Two further (equivalent) codes, each with parameters [22, 11, 7; 6],
are obtained by taking the linear span of either the blocks containing b but not ¢, or the blocks
containing c but not b, one of which is the shortened code Ss; of Go3. Each of Gas, ng and &,- are
invariant under Aut(Mas) = Aut(Waa)gp,ep = Mo 1 2 < XM, whilst the outer automorphism
of Moy = Aut(Way),. interchanges the two [22,11,7; 6] codes. These are all the codes for
m = 22, since there are three non-trivial cosets of G5, in Go». Thus, we have shown the following.

Lemma 5.1. Let m = 22,23 or 24, let C be a linear code in H(m, 2) with2 < dim(C') < m—2,
let X = Aut(C) and suppose soc(X/K) = M,,. Then C = Cpnay is equivalent to one of
following codes in H(m, 2).
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e The [24,12, 8; 4] extended binary Golay code Ga,.
e The [23,12,7; 3] binary Golay code Gas.

e The [23,11,8;7] dual G of Gos.

e The [22,12,6; 3] punctured binary Golay code Gs,.
e The [22,11,6;7] even weight subcode Ez; of Gas.
e The [22,11,7;6] shortened binary Golay code Ss,.
e The [22,10,8; 7] dual code Gy.

In the remainder of this section we determine all the completely transitive codes that arise in
this case, each of which is ijn fact a code from the previous lemma.

Lemma 5.2. Suppose m = 23 or 24 and Hypothesis |2 holds with soc(X/K) = M,,,. Then C'is
equivalent to one of following completely transitive codes in H(m, 2):

e The [24,12, 8; 4] extended binary Golay code Gy,.
e The [23,12,7; 3] binary Golay code Gas.
e The [23,12,8; 7] dual code Gs;.

Proof. Since we are assuming soc(X/K') = soc(Xmax/K) and we know that Aut(M,,,) = M,,
for m = 23 and 24, we have, by Proposition[2.7] part 4, that C' = Ciax. Thus, by Lemmal[5.1] C
is either Gag, Goz OF G53. Both Goy and Gos are completely transitive, by [36, Example on p. 199].

LetC' = QQLB which, as noted in the discussion preceding Lemma may be obtained as the
linear span of the blocks of 1754 not containing ¢, where M is taken to be the points of PGy (4)
with a and b adjoined. In particular, A U {a,b} is a codeword, for each hyperoval A € H;.
Since T acts transitively on C' and C' has covering radius 7, it is enough to prove that My acts
transitively on C; N ;(0) foreach i = 1,...,p = 7. First, Mys acts 4-transitively on M, and
thus transitively on 77(0) fori = 1,2, 3, 4.

Consider a vertex a € C; N I;(0), where 5 < ¢ < 7, identified with the subset of which it
is a characteristic vector. Since Ms3 acts 4-transitively, and thus 2-transitively, on M, we may
assume that a,b € a. Suppose three points p1, p2, p3 € « \ {a, b} form a triangle in PGy (4).
Then, by [13| Theorem 6.6B], there exists a hyperoval A € H; such that pi, p2, p3 € A, and
AU {a,b} € C. ltfollows that o N (A U {a,b})| > 5, which implies that

d(c, AU {a,b}) = |a| + |A U {a,b}] — 2Jan (AU {a,b})| <i—2,

contradicting o € C;. Thus, all points in o\ {a, b} lie on a single line of PG (4). Now (Ma3),, , =
PSL3(4) acts transitively on the set of j-subsets, where j = 3,4, 5, of collinear points in PGz (4).
Thus M3 acts transitively on C; N I;(0) fori = 5,6, 7, completing the proof. O

The main purpose of next result is to help in determining the complete submodule structure
of the permutation module over F for the action of PSL3(4) on PGy (4). However, we include it
in this section as it is required to complete the proof of Lemma[5.4] Note that, as mentioned in
Remark [3.5] the result below contradicts [13, Theorem 6.5B (iv)], which erroneously claims that
PI'Ls(4)/ PSL3(4) = Zs.
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Lemma5.3. Let A and A, be hyperovals of PGy (4) such that Ay and A, intersect in a triangle.
Then the symmetric difference A, + Ay = Aj is a hyperoval of PGo(4) and each of A, A
and As lie in different orbits under PS1.3(4). Moreover, the action induced by PI'Li3(4) on the
set {H1, Hz, H3} of PSL3(4)-orbits of hyperovals is that of S3 on three points.

Proof. Let w be a generator of the multiplicative group F, so that w satisfies w? +w + 1 = 0,
and identify M with the set {(z,y, 2) | z,y, 2z € Fy, (z,y, z) # (0,0, 0)} with the understanding
that two triples (x1, z2, x3) and (y1, ¥z, y3) represent the same point of M whenever there exists
some ¢ € F4 such that x; = cy; for all i = 1,2, 3. Moreover, let

A; ={(1,0,0),(0,1,0),(0,0,1),(1,1,1), (1,w,w?), (1,w*,w)} and
A, ={(1,0,0),(0,1,0),(0,0,1), (1,1,w), (1,w,1), (w,1,1)},
so that
Az ={(1,1,1),(1,w,w?), (1,0} w), (1,1,w), (1,w, 1), (w, 1,1)}.

Then A; is indeed a hyperoval since it has the standard form
{(1,,#%) |t € Fa} U{(0,1,0),(0,0,1)},

made up of a conic and its nucleus (see, for instance, [27]). Also, A, is a hyperoval since it
is the image of A; under the diagonal matrix with non-zero entries 1, 1, w, corresponding to an
element of PGL3(4) \ PSL3(4). To see that A3 is a hyperoval, consider the quadrangle

=={(1,1,1), (1,1, w), (1,w,1), (w,1,1)}.

)

The line through (1,1, 1), (1, 1,w) meets the line through (1,w, 1), (w, 1, 1) at the point (1, 1, 0),
the line through (1, 1,1), (1, w, 1) meets the line through (1, l,w) (w,1,1) at the point (1,0, 1),
and the line through (1,1,1), (w,1,1) meets the line through (1, 1,w), (1,w,1) at the point
(0,1,1). These three points, (1, 1,0) (1,0,1),(0,1,1) all lie on the same line, and the re-
maining two points on this line, namely (1, w,w?) and (1,w?, w) are the only points of PGy (4)
not on one of the six lines through a pair of points of =, and thus are the remaining points on
the (unique) hyperoval containing =. Thus Aj is a hyperoval. Now, A;, A, and A3 all pairwise
intersect in a triangle, and hence, by [13, Theorem 6.6B], are all in different PSL3(4)-orbits.

Let
Ay ={(1,0,0),(0,1,0),(0,0,1),(1,1,w?), (1,w? 1), (w? 1,1)}.

Then, again by [13, Theorem 6.6B], A, Ay, A4 are in different PSL3(4)-orbits. The diagonal
matrix with non-zero entries 1, 1, w then maps

A1P—>A2'—>A4l—>A1.
The Frobenius automorphism fixes A; and interchanges A, and A4, completing the proof. [

We are now in a position to prove the last result of this section.

Lemma 5.4. Suppose m = 22 and Hypothesis [2 holds with soc(X/K) = M. Then C'is
equivalent to one of following completely transitive codes in H(22,2).

e The [22,12, 6; 3] punctured binary Golay code Gos.
e The [22,11,6; 7] even weight subcode Ess.
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e The [22,11,7;6] shortened binary Golay code S,.

Proof. Since My, has index 2 in Aut(Mas) we have, by part 4 of Proposition and part 3
of Lemma that C' = Chax. The possibilities for Cpay are given in Lemma (5.1, First, QQLQ
has 11 non-zero weights, and thus C' has external distance 11, but covering radius 7. By [36),
Theorem 4.1], the covering radius of a completely regular code must equal its external distance,
therefore 925 is not completely regular, and hence not completely transitive. Thus C'is Gas, Ea9
or 822.

As each of the codes G, a2 01 Sy are linear, Proposition [2.7]implies that X = T x X,
and in each case 7> < X acts transitively on C. Thus, to show complete transitivity, it suffices
to show that X, acts transitively on C; N I3(0) fori = 1,...,p. Moreover, My, < X} acts
3-transitively on M, and thus X, acts transitively on [7;(0), for each ¢ = 1,2, 3. Since Gs, has
covering radius p = 3, Go, is completely transitive. Recall that M here is the set of all points of
PG, (4) with the extra point a adjoined, as in Example 3.4]

Let C' = Sz. Then C contains the codeword A U {a} for each hyperoval A € H; U Hs.
Consider a vertex a € C; N ;(0), where i = 4,5 or 6, identified with the corresponding subset
of M. Since My, acts transitively on M, we may assume that a € «. Suppose three points
p1,D2,p3 € a\ {a} form a triangle in PGy (4). Then, by [13, Theorem 6.6B], there exists a
hyperoval A € H; such that p, p2, p3 € A. It follows that |a N (A U {a})| > 4, which implies
that

d(o, AU{a}) = |of +|AU{a}| = 2len(AU{a})| <i—1,

contradicting o € C;. Thus, all points in « \ {a} lie on a single line of PG4 (4). Now (Mg), =
PSL3(4) acts transitively on the set of j-subsets, where j = 3, 4, 5, of collinear points in PGz (4).
Thus My, acts transitively on C; N I;(0) fori = 4, 5,6, and C'is completely transitive.

Let C' = &y. Then, C' contains the codewords ¢ U {a} for each line ¢ of PGy(4) as well
as the codewords A for each hyperoval A € H,. Note that here X! = My, : 2 = Aut(May)
and PXL3(4) is isomorphic to the stabiliser of a inside X}!. Consider a vertex a € C; N I;(0),
where ¢ = 4,5, 6 or 7, identified with the corresponding subset of M. Since X acts transitively
on M, we may assume that a € a. Suppose three distinct points py, ps, p3 €  \ {a} lie on a
line £ in PGy(4). It follows that o N (¢ U {a})| > 4, which implies that

dla,0U{a}) = |a| + 0 U{a}| =2lan (fU{a})| <i-2,

contradicting o € C;. Thus, no 3 points in a \ {a} lie on a single line of PGy(4). It follows that
a \ {a} is contained in some hyperoval A in Hy, Hs or Hs. If i = 4 then the group Xo, =
PYL3(4) acts transitively on triangles, so that X, acts transitively on Cy N I4(0). Suppose
i="5060r7. Ifa\{a} C A € Hythend(a,A) < 3, contradicting o € C;. Hence, A € H;
or H3. By Lemma there is an element of X, , that interchanges H; and #3 (and also
interchanges b and ¢). Moreover, by [13, Exercise 6.5.13], the stabiliser of A inside this copy
of PX13(4) acts as the symmetric group Sg on the points of A. Thus, we have that X, acts
transitively on C; N I;(0) for each i = 5,6, 7. Hence C' is completely transitive. O

6 PSLy(4)

In this section we shall consider codes satisfying Hypothesis [2, where M is the point-set of the
projective plane PG, (4) and where soc(X/K) = PSL3(4). See Example 3.3]for the construc-
tions of the codes arising in this section.
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Lemma 6.1. Assume Hypothesis [2 holds, m = 21 and soc(X/K) = PSL3(4). Then Cpay
contains the code P, which has parameters [21,9, 8; 7], and is contained in the code P+, which
has parameters [21,12, 5; 3].

Proof. By [29, Section 8], the unique minimal submodule of the permutation module over [F,
for the action of PSL3(4) on PGy(4), which we identify here with the vertex set of H(21,2),
is P, that is, the code generated by the set of all complements of lines in PGz(4). Now, for
any two distinct lines /1, {5 the sum of their complements is (¢; + M) + (lo + M) = {1 + (5.
Thus, it follows that P contains the code generated by the symmetric difference ¢; + /5 of all
pairs of lines ¢1, {5 of PGy(4). Moreover, if /1, (5, (3, ¢, are pairwise distinct lines in PGz (4) all
through a common point p, then (¢; + ¢2) + ({5 + £4) = {5 + M, where /5 is the remaining
line through p. As the complement of any line may be formed in this way, P is in fact generated
by the set of all symmetric differences ¢; + ¢, of pairs ¢4, {5 of lines of PGy(4). It follows that
‘P is generated by only those blocks appearing under case 8 of Example and therefore P
is the shortened code of the [22, 10, 8; 7] code 925 (see Lemma , and thus has parameters
21,9, 8;7]. Since Hypothesisassumes that Crnax has codimension at least 2 in V1" = F', it
follows that Cpax is contained in P+, which is the punctured code of the [22, 12, 6; 3] code Go»
(again, see Lemma, and so P+ has parameters [21, 12, 5; 3]. O

The following lemma demonstrates an important relationship between the cosets of P in P-.
Note that the sum in the conclusion should be interpreted in terms of characteristic vectors, and
is equivalent to the symmetric difference of the subsets of points.

Lemma 6.2. Let ¢ be a line of PGy(4) and, for each i = 1,2,3, let A; be a hyperoval in H,;
and ®; be a Fano subplane in F;, as in Example[3.3| Then (, A; and ®; may be chosen so that

Proof. Let w be a generator of the multiplicative group F, so that w satisfies w? + w + 1 = 0,
and identify M with the set {(z, v, 2) | z,y, 2z € Fy, (x,y, z) # (0,0, 0)} with the understanding
that two triples (x1, 22, x3) and (y1, ¥z, y3) represent the same point of M whenever there exists
some c € F, such that z; = cy; foralli = 1,2, 3. Let

¢=1{(1,0,0),(0,1,0),(1,1,0), (1,w,0), (1,w?, 0)},

and let
o, = {(1,0,0),(0,1,0),(0,0,1),(0,1,1),(1,0,1),(1,1,0),(1,1,1)}.

Consider the subset
g + ®1 = {(1,(&1, O)’ (17w27 0)’ (07 07 1)7 (07 17 1)7 (17 OJ 1)7 (17 17 1)}7

of M. Now the four points (0,0, 1), (0,1,1),(1,0,1), (1,1, 1) form a quadrangle =, and consid-
ering each pair of points in the quadrangle gives six lines. These six lines contain all the points
of M except for (1,w, 0) and (1,w?, 0), and hence ¢ + @ is the unique hyperoval containing the
guadrangle =. Moreover, since ®; and ¢ + ®; intersect precisely in =, it follows that £ + ®; is
a hyperoval in H; (see Example [3.3). Thus we may let A; = ¢ + ®;. Let 7 be the permutation
on M defined by 7 : (z,y,2) — (z,y,2w). Since T corresponds to a linear transformation
with determinant w, 7 corresponds to an element of PGL3(4) \ PSL3(4). Now, by Lemma5.3]
the quotient group PI'L3(4)/ PSL3(4) acts as S3 on the set {#1, H2, H3}, from which it follows
that 7 induces a 3-cycle on each of the sets {1, Hs, H3} and {F;, F2, F3}. Note that T also
fixes the line ¢. Hence, we may choose ®, = 7, &3 = ®T°, Ay = AT and Ay = AT so that
A; =+ &, foreach i = 1,2, 3. This completes the proof. O
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Figure 1: Arrangement of the non-trivial cosets of P in P+, labelled by their representatives as
in the proof of Lemma6.4]

We now determine the structure of the submodule lattice, which in turn allows us to determine
all the possibilities for Cpay.

Lemma 6.3. The submodule lattice of the permutation module over I, for the action of PSL3(4)
on PG, (4), identified with V' I", is as in Figure [

Proof. By Lemma P and P+ are, respectively, the unique minimal and unique maximal non-
trivial submodules. Fori = 1,2, 3, let /, A;, ®; be as in Example[3.3] chosen as in Lemmal6.2]
so that A, = ¢ + ®,. We claim that the Fano plane in Figure [1| represents the configuration
of the non-trivial cosets of P in P, where a vertex with label o represents the coset P + .
First, P has codimension 3 in P+, and hence the non-trivial cosets of P may be represented
by the points of a Fano plane. Also, P has minimum distance 8 and so, for a = ¢, A;, ®; with
i = 1,2, 3, we see that P does not contain «, and hence P + a # P. Note that since P+ has
covering radius 3, P+ does indeed contain each of ¢, A;, ®; fori = 1,2,3. Now, A; = { + ®;
for each v = 1,2, 3. Moreover, since each coset of P also has minimum distance 8 we deduce
that each of P + ¢, P + A; and P + &, are pairwise distinct, for i = 1,2, 3, giving the three
lines through ¢. By Lemma[5.3, P + Ay, P + Ay and P + Aj are distinct cosets and lie on a
common line, which then forces the remainder of the configuration. Thus our claim holds.

Each module in the submodule lattice, as in Figure [2) may then be deduced from Figure [1}
the points of the Fano plane correspond to the codes £, (P, A;), (P, ®;), fori = 1,2,3
and the lines of the Fano plane correspond to the codes (P, Ay, Ay, As), (P, ¢, A;, ®;) and
(P, Ay, @i, Pira), fori = 1,2, 3 and with subscripts modulo 3. Now, all codewords of P have
even weight, and hence P does not contain the repetition code <1>, whilst set M is the sum of
the five lines through a given point, and hence £ does contain (1). The remaining inclusions in
Figure [2|follow from the incidences of Figure [1] completing the proof. O

Lemma 6.4. Suppose m = 21 and Hypothesis 2 holds with soc(X/K) = PSL3(4). Then Ciay
is equivalent to one of following codes:

e The [21,12,5; 3] code P+ with Xy = PT'L3(4).

e The [21,11,5;6] code (L, A1) = (P, ¢, Ay, 1) with Xo = PXL3(4).

e The [21,11,6;5] code (P, ®,)t = (P, Ay, &y, ®3) with X¢ = PYL3(4).
e The [21,11,6;5] code L+ = (P, A1, Ag, As) with X = PI'L3(4).
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(P4, Ay, ®q)
<Pa év A27 q)2>
<Pa év A37 q)3>
<7)7 Ala (I)Qa (I)3> S
'(
<P7 AQa q)h q)3> S
<P7 A37 q)27 q>1>

Figure 2: The submodule lattice of the permutation module over [, for the action of PSL3(4) on
the points of PGy (4). Each vertex is labelled with the corresponding code; each edge indicates
the codimension of the corresponding inclusion, with an empty label denoting codimension 1.
For definitions of the codes see Example [3.3and for further information see Lemma[6.3]

o The [21,10,5; 6] code £ = (P, () with Xo = PTLs(4).

e The [21,10,6;7] code (P, A1) = (L, Ay)* with X = PX1L3(4).
o The [21,10,7; 6] code (P, ®,) with Xo = PXLs(4).

o The [21,9,8;7] code P with Xo = PT'Ly(4).

Proof. Let C' = Chax. Since 2 < dim(C') < m — 2, the possibilities for C' are determined by
the non-trivial submodules as in Lemma and Figure |2, from which the dimension of each
code and equivalences between codes can be deduced. The equality (£, A1) = (P, {, Ay, $y)
follows from the fact that £ = (P, /) and from Lemma and Figure |2/ implies the equality
Lt = (P, A1, Ay, A3). In each case X, can be deduced by considering the Fano plane in
Figure [1]and the fact that PSLs(4) fixes it point-wise while, by Lemmal5.3] PT'L;(4) fixes P + ¢
and induces S; on {P + A, | i = 1,2,3}. Indeed, the codes containing precisely one orbit of
hyperovals, or precisely one or two orbits of Fano subplanes, satisfy Xy = PXL3(4) whilst the
remaining codes satisfy Xy, = PI'Li3(4). Note that there are three copies of PYX.1.3(4) inside
PI'L3(4) and these corresdond to the stabilisers of each of the three lines through ¢ in Figure 1]
The equalities

<7D7(I)1>J_ - <P7A17q)27q)3> and <P7A1>J_ = <£7 Al)v

among the four codes that are invariant under the same copy of PX15(4), can be seen from the
factthat (PP, A;) is contained in three pairwise inequivalent codes of dimension 11 but (P, ®4) is
contained in a pair of equivalent codes of dimension 11, whilst (£, A;) contains three inequiva-
lent codes of dimension 10 but (P, Ay, @5, ®3) contains a pair of equivalent codes of dimension
10.
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Now, the set of all lines of PGy(4) form the set of weight 5 codewords of P+; the set of
all hyperovals of PG,(4) form the set of weight 6 codewords of P+; and the set of all Fano
subplanes of PGy (4) form the set of weight 7 codewords of P+. Thus, the codes (£, A;) and
L both have minimum distance 5; the codes (P, <I>1>l, L+ and (P, A1) have minimum distance
6; and (P, ®;) has minimum distance 7. The covering radii were determined via computation in
the GAP package GUAVA [11]. O

Lemma6.5. Suppose m = 21 and Hypothesis[8holds with soc(X /K ) = PSL3(4). IfC = Crpay,
then C' is equivalent to one of the following codes in H(21,2), each of which is completely
transitive:

e The [21,12,5; 3] code P+,
e The [21,11,5;6] code (L, Ay), or,
e The 21,10, 5; 6] code L.

Proof. The possibilities for Crax are given in Lemmal6.4] Using the GAP package GUAVA [11] to
compare the covering radius of a code with the number of non-zero weights of its dual, which for a
completely regular code must be equal by [8, Theorem 2.15 (iii)], allows many of the possibilities
to be eliminated. The covering radius of (P, ®;)* is 5, but (P, ®;) has 6 non-zero weights, so
(P, <I>1>L is not completely regular, and hence not completely transitive. The covering radius of
L+ is 5, but £ has 7 non-zero weights, so £+ is not completely transitive. The covering radius
of (P, A)is 7, but (P, A1)+ = (£, A1) has 13 non-zero weights, so (P, A;) is not completely
transitive. The covering radius of (P, ®,) is 6, but (P, ®;)* has 9 non-zero weights, so (P, ®,)
is not completely transitive. The covering radius of P is 7, but P+ has 13 non-zero weights, so
‘P is not completely transitive.

Now, P+ has covering radius 3 and minimum distance 5, so I3(0) N (PL)S consists of

the set of all triangles of PGy (4). As PSL3(4) acts transitively on triangles we have that P is
completely transitive.

The code (£, A1) has covering radius 6 and contains all lines of PGy(4) as well as one
PSL3(4)-orbit of hyperovals and one PSL;3(4)-orbit of Fano subplanes. Thus, I5(0) N (£, A;)3
again consists of the set of all triangles of PGy(4), on which PSL3(4) acts transitively. Since
each quadrangle of PGz (4) is contained in a unique hyperoval and a unique Fano subplane,
I'y(0) N (L, Aq), consists of two PSL3(4)-orbits of quadrangles. However, Xy = PXL3(4)
acts transitively on {#s, Hs}. Hence PXL3(4) acts transitively on I4(0) N (£, Ay)4. Simi-
larly, two PSL3(4)-orbits of ovals of PGy(4) make up I5(0) N (£, A;)s. Again, these orbits
are interchanged under the field automorphism of F,, and hence PXL;(4) acts transitively on
I's(0) N (L, Aq)5. Moreover, the remaining two PSIL3(4)-orbits of hyperovals of PG,(4) make
up I5(0) N (L, A1)g, these orbits are again interchanged under the field automorphism of F,, so
that PY.13(4) acts transitively on I'5(0)N (L, A )¢. It follows that P(A)~ is completely transitive.

Finally, £ has covering radius 6 and contains all lines of PG5(4). Now PI'L3(4) acts transi-
tively on the quadrangles, ovals and hyperovals of PGy (4), respectively, which make up 74(0) N
Ly, I5(0)N L5 and I5(0) N Lg, respectively. Since L is also invariant under PT'L3(4) acting on
M it follows that £ is completely transitive. O

In the remainder of this section we consider C' # Cp,, introducing two new non-linear
codes. One of these codes is 2-neighbour-transitive, but not completely transitive, while the
other is completely transitive.
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Figure 3: Images of the cosets of PP in P+ under the induced action of 7o = ta,0 and x4 = te,0
as in the proofs of Lemmas [6.6]and

Lemma 6.6. Let C = (P,A,) U (P,A3). Then C has parameters (21,2° - 3,6;7) and is

2-neighbour-transitive, but not 3-neighbour-transitive, having automorphism group Aut(C') =

Proof. First, T’» has three orbits on C', namely P, P+ A, and P+ A;. By Lemma[5.3] we know
that PT'Li3(4), as a subgroup of the top group L, induces an action of S3on {P+A,; | i = 1,2, 3}
with kernel PSL3(4). Hence, for each i, the stabiliser of P + A; is some copy of PXLs(4),
with this copy of PXL3(4) still acting transitively on {P + A, | j € {1,2,3};j # i}. Thus,
Aut(C)o = PXL3(4). Let za = ta,0 € Aut(l'), where o is an element of PGL3(4) < L
inducing the permutation:

P+A1HP+A2I—>P+A3I—>P+A1

Then, applying Lemma to find the images under t,, Figure (3| gives the orbit of P under
(za). It follows that Aut(C) = Tp x (PXL3(4),z), and also that Aut(C') acts transitively
on C. Since Aut(C')g is 2-transitive on M it follows that C' is 2-neighbour-transitive. Moreover,
no element of Aut(C') maps three collinear points of PGy(4) to a triangle, so that Aut(C) is
not transitive on ('3, and thus C' is not 3-neighbour-transitive. Finally, since ®; € F; satisfies
IAN®| > 4forall A € Hy UH3 C C, and hence d(A, ;) > 7, we have that &, € C' + 7
and C' has covering radius 7. O

Lemma 6.7. Suppose m = 21 and Hypothesis[2holds with soc(X /K ) = PSL3(4). If C # Cpax
then, up to equivalence, C = (L, Ay)U(L, A3) with parameters (21,2'°-3, 5: 6), which is indeed
completely transitive with Aut(C') = T x PI'Ls(4) and Aut(C)o = PXL3(4).
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Proof. Suppose C' # Cha and C'is completely transitive. Note that PSL3(4) has index 6 in
PT'L3(4), so that, by Proposition |C']/|Crmax| divides 6. Furthermore, by Lemma[2.10] we
have that either |C'| = 3|Chax| or |C| = 6|Chax|- It follows that X induces an orbit of either size
3 or 6 on some set of cosets of P. By Lemmal5.3] we know that PI'Li;(4), as a subgroup of the
top group L, induces an action of Sy onthe sets {P+A; | i = 1,2,3}and {P+ P, | i = 1,2,3}
with kernel PSL3(4). Indeed, for each i, the stabiliser of P+ A;, which is equal to the stabiliser of
P+, is some copy of PXL3(4) that acts transitively onthe sets {P+A; | j € {1,2,3};5 # i}
and {P + ®; | j € {1,2,3}; 5 # i}.

Let o be an element of PGL3(4) < L inducing the permutation:
P+A1 ’—>P+A2HP+A3|—>P+A1

Moreover, let ¢ o, be the translation by A,, te, be the translation by @5, xA = ta,0 and x¢ =
te,0. Figure [3| gives the images of each of the cosets of P under xA and 4. By the above
considerations on |C|/|Crax| We see that the relevant orbits are the two orbits of length 3 under
(xa) and the orbit of length 6 under (x4). Individually, the length 3 orbits correspond to the code
(P, A2)U(P, Az) and its translate by ¢. These codes are not completely transitive by Lemmal6.6]
However, their union is the same code given by the orbit of length 6, namely (£, As) U (L, A3).
Note that the actions of () and (x¢) cover, up to equivalence, all possibilities. Hence it remains
to show that (£, Ay) U (£, A3) is completely transitive.

Let C = (L£,Ay) U (L, A3). Then Aut(C) = T, x (PXL3(4),za) and, since T, acts
transitively on £ and (xa) acts transitively on {£, £ + Ay, L+ A3}, it follows that Aut(C') acts
transitively on C. Now (£, As) has covering radius 6, and hence C' has covering radius p < 6.
For each hyperoval A € H, U H3 we have that d(A, A;) > 6, and hence p = 6. Since C'
contains all lines of PGy(4), we have that 3(0) N Cj is the set of triangles, 14(0) N Cy is one
PSL3(4)-orbit of quadrangles, I'5(0) N Cj is one PSL3(4)-orbit of ovals, and 1(0) N Cy is one
PSL3(4)-orbit of hyperovals of PGy(4). It follows that Aut(C')g acts transitively on I3(0) N C;
foreachi =1,...,6. Thus C'is completely transitive. O

7 Higman-Sims and Conway Groups

Again, assume that Hypothesis [2| holds. We note that both of the groups considered here are
equal to their automorphism group. Proposition[2.7]then implies that C' = Ciyay.

First, consider the case that soc(X/K) is the Higman—Sims group HS. From the proof of
[29, Theorem 8.1] we have that the [Fo-permutation module for the 2-transitive action of HS is
uniserial with structure 1\20\1\132\1\20\1. Codes invariant under this action are constructed
in [33, Section 5], and verified by our own GAP [15] computations. The codes constructed are
a [176,21, 56] code, a [176,22,50] code, a [176, 154, 6] code and a [176, 155, 6] code, each
invariant under HS. Since the permutation module is uniserial, these codes, along with the
repetition code and its dual, give all proper submodules invariant under HS. By Lemma [2.6] it
follows that C' is either the [176, 154, 6] code or the [176, 155, 6] code. By [8, Theorem 2.12
(i))], the weight 6 codewords of C' form a 3-(176,6, \) design, for some integer A, and hence
|I5(0) N C| is divisible by

(5)

6
()
However, the number of weight 6 codewords of the [176, 154, 6] code and the [176, 155, 6] code

are 92400 and 129360 respectively. Thus, these codes are not completely regular and hence
also not completely transitive.

= 44660.
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Turning to consider soc(.X/K') isomorphic to the Conway group Cog, the proof of [29, The-
orem 8.1] says that the [Fo-permutation module for the 2-transitive action of Cog is uniserial with
structure 1\22\230\22\1. A [276, 23, 100] code invariant under Coy is given in [25] with its dual,
by computations in GAP [15], being a [276, 253, 6] code. Since the permutation module is unise-
rial, these codes, along with the repetition code and its dual, give all proper submodules invariant
under Cos. By Lemma it follows that C'is the [276, 253, 6] code. By [8, Theorem 2.12 (ii)], the
weight 6 codewords of C' form a 3-(276, 6, A) design, for some integer A, and hence |I5(0) NC|
is divisible by

(*5)
—== = 173305.

6
(s)

However, the number of weight 6 codewords of the [276, 253, 6] code is 708400. Thus, this code

is not completely regular and hence also not completely transitive.

In summary:

Lemma 7.1. There are no codes satisfying Hypothesis [ with soc(X/K) = HS or Cos.

8 PSL2 (7“)

Suppose that Hypothesis 2 holds, and that soc(X/K) = PSLy(r) where m = r + 1 > 24 with
r = pt for some prime p and integer ¢. It follows from [30, Theorem 1] and Lemmathat either:

1. r=3 (mod 4), 6 < 8 and Xé” is 3-homogeneous, but not 4-homogeneous; or,
2. r=1 (mod 4), § < 6 and X} is 2-homogeneous, but not 3-homogeneous.

Lemma 8.1. Suppose m = r + 1, where r = p' with p prime, and Hypothesis @ holds with
soc(X/K) 2 PSLy(r). Then Cpay has dimension "1+ and t < 4.

Proof. By [29, Lemma 5.4], we have that C',,,, is one of two equivalent codes U; and U, where
U, and U are interchanged under the action PGLy(r). Furthermore, U; and U, are self-dual
when r = 3 (mod 4), and Uj- = U, when 7 = 1 (mod 4). Either way, we have that U; and
U, have the same dimensions and minimum distances. Hence C,.x has dimension %

Suppose ¢t > 5. Now [26, Lemma 4.4] gives the bound 2 > /7 + 1. Since r is odd, and
hence p > 3, we have that r > 243 and dma > 17. We claim that

m(m — 1)

|C|/|Cmax| < 5(5 . 1) )

in which case we may apply Lemma which implies that §.c < 2. Since § < 8, but
Omax = 17, we then have a contradiction, and hence ¢ < 4. It remains to prove the claim.

First, PSL(r) has index 2 in PT'Ly(r). Thus, by Proposition[2.7} |C|/|Crax| = | X : X1
is at most 2¢. Now, for all ¢ > 5 the inequality 2¢ < 3'(3' + 1)/56 holds. Using this, and since
d<8andm —1=1r=p'> 3! we obtain:

|C 3B 4+1)  m(m—1)
<2t < ,
Com] ST 7708 50 —1)

thus proving the claim. O

Lemma 8.2. Suppose m = r + 1 and Hypothesis [g holds with soc(X/K) = PSLy(r). Then
r € {23,25,31,41}.
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Proof. By Lemma we have that the dimension of Crax is “5. Proposition [2.7|part 3 implies
that X/T¢,,, = X and hence | X| = |T¢,, || X™]. Since XM < PT'Ly(r), we have that

| X| = |Tc,,, XM| < 2(T+1)/27‘(r + 1)(r — 1)t.

It then follows from Lemma[2.9]that
2 < (m+ 1) X < (r +2)20 D 20 (r 4 1) (r — 1. (8.1)
Moreover, Lemmaimplies that ¢ < 4, so that the above becomes
20 ED/2 (4 2)(r + 1) (r — 1),

This holds for » = 23, 25, 31, 41 and 47. Note thatt = 1 when » = 47, in which case the
inequality (8.1) becomes 2" +1/2 < (r + 2)r(r + 1)(r — 1), which no longer holds. O

Lemma 8.3. Suppose m = r + 1 and Hypothesis [g holds with soc(X/K) = PSLy(r). Then
C = C1max-

Proof. Suppose C' # Cpax. By Lemma we have that t < 2. Since soc(Xo/K) =
soc(X/K) = PSLy(r), we have that PSLy(r) < X7 and XM < PI'Ly(r). Therefore
| XM . X}| divides 4 and hence, by Proposition [2.7| part 5, we have that |C/|/|Cra| divides
4. Lemma[2.10] part 3 then implies that |C|/|Crnax| # 2 and hence that |C|/|Cinax| = 4. Ap-
plying Lemma [2.10] part 3 once more, we have that Cr.x has codimension 2 or 3 in the code
(C') spanned by the codewords of C', which must be also be completely transitive. Hence (C')
has dimension (r 4+ 5)/2 or (r + 7)/2. By [29, Lemma 5.4], the only submodules of dimen-
sion greater than (r + 1)/2 that are invariant under PSLy(r) are (1)* and VI". This implies
that (r + 5)/2 or (r + 7)/2 is equal to r or r + 1, in which case r = 3, 5 or 7. However this
contradicts Lemma[8.2]

O

Lemma 8.4. There are no completely transitive codes satisfying Hypothesis[@with soc(X / K) =
PSLQ (T) .

Proof. By Lemmal8.2] we have that r € {23, 25, 31,41}, by Lemma([8.3] we have that C' = Clay
and, by [29, Lemma 5.4], there are only two possibilities for Cy,.x, which are in fact equivalent
codes. First, by [32, p. 482], if r = 23 then C'is the extended Golay code G,4, in which case
X/K = My, # PSLy(23).

Suppose r = 25. Then a calculation in GAP involving the package GUAVA shows that both
of the two possibilities for Cy,,.x here have external distance 9 but covering radius 5, and thus, by
[36, Theorem 4.1], are not completely regular.

Let » = 31. The two codes that arise here have minimum distance 8, and hence, by [8
Theorem 2.12 (ii)], the weight 8 codewords form a 4-design. This implies that the number of
weight 8 codewords is a multiple of 3596. However, there are only 620 such codewords in each
code.

Finally, let » = 41. Then a calculation in GAP using the GUAVA package shows that Cax
has minimum distance 10, and is thus not completely transitive. O

9 PSUg(T)
Suppose Hypothesis 2| holds and soc(X/K) = PSU;(r) with 7 an odd prime power.
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Lemma 9.1. Suppose r = p' is an odd prime power, m = r3 + 1 and Hypothesis @ holds with
soc(X/K) = PSUs(r). Thenr = 3 or 5.

Proof. By the remark following Theorem 7.3 in [29], any code invariant under X that has dimen-
sion at least 2 must have dimension at least r? — r + 1. By duality, it follows that the dimension
of Chay iS at most

m—(r*—r+1)=r"—r>+r

Now X /K < PI'Us(r). Hence, applying Lemma [2.9]
2 < (m+ 1) X| < (P +2)27° 73 (2 — 1) + 1)t
Thus, since ¢ < r holds, r satisfies
2Tl (P 2)rt(r* — 1)(r* + 1).
This holds for an odd prime power r only when r = 3 or 5. O

Lemma 9.2. There are no codes satisfying Hypothesis [@with soc(X/K) = PSUs(r).

Proof. By [30], Xé‘” is 2-transitive but not 3-homogeneous, and therefore Lemma implies
that 0 = 5 or 6. By Lemma 9.1, we have that » = 3 or 5. We first consider the case r = 3.
Suppose § = 5. Then, by Lemma the weight 5 codewords form a 2-(28, 5, \) design, for
some integer A < (m — 2)/3. That is, A < 8. Now, the number of blocks of such a design is:

28 - 27
—A\.
5-4
Since this number must be an integer, we have that 5 divides A, and hence A = 5. Thus, there
must be 189 weight 5 codewords. However, an analysis in GAP [15] shows that the smallest
orbit on 5-sets for PSU3(3) in its 2-transitive action has size 1512.

Suppose ¢ = 6. Then, by Lemma[2.11} the weight 6 codewords form a 3-(28, 6, ) design,
for some integer A < (m —3)/3. Thatis, A < 8. Now, the number of blocks of such a design is:

28 -27-26

A
6-5-4

Since this number must be an integer, we have that 5 divides \, and hence A\ = 5. Thus, there
must be 819 weight 6 codewords. However, an analysis in GAP [15] shows that, for PSU;3(3) in
its 2-transitive action, the orbits on 6-subsets having length at most 819 either have size 756 or
504.

Let r = 5 and k be the dimension of Ci,,y. It follows from [29, Theorem 7.2] Cpay is either
contained in the code U generated by the unital (a 2-(126,6, 1) design; see [13, Section 7.7]
for more information), which has dimension 105, or its dual U+, which has dimension 21. By
Lemma[2.9] we have that

(m +1)2%| PGU5(5)| > 2™.

This implies that £ > 104, so that £ = 104 or 105, and hence that either Cp.x = U or Ciax
has codimension 1 in U. By [29, Theorem 7.2] there is no such code of codimension 1 in U, so
Crmax = U. Since PSU3(5) has index 3 in PGU;(5), part 5 of Proposition[2.7]and Lemma [2.10]
imply that C' = Cipax or Crax has codimension 2 in (C'). By [29, Theorem 7.2], there is no linear
code invariant under Xy having dimension 107, and hence C = Cy.x = U. Constructing U
in the GAP package GUAVA, we see that it has minimum distance 6 and 21525 codewords of
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weight 6. By Lemma2.11} the weight 6 codewords form a 3-(126, 6, ) design for some integer
A. Now, the number of blocks of such a design is:

126 - 125 - 124
——— A =21-25-31A.
6-5-4
This gives a contradiction, since 21525 is not divisible by 31. O

10 Ree(r)

Suppose Hypothesis 2 holds and that soc(X/K) = Ree(r) with r = 3% and m = r3 + 1.

Lemma 10.1. Suppose r is an odd power of 3, that m = r3 + 1 and Hypothesis @ holds with
soc(X/K) = Ree(r). Thenr = 3.

Proof. By [29, Lemma 7.4], any code invariant under X that has dimension at least 2 must have
dimension at least > — r + 1. By duality, it follows that the dimension of Cp,,, is at most

m—(r*—r+1)=r"—r>+r

Since X/K < Ree(r), we have that | X/ K| divides (73 + 1)(r — 1)(2t + 1). Hence, applying
Lemma[2.9] we have,

2 < (m+ D)X < (P 4227303 1) (r — 1)(2t + 1),
Thus, since (2t + 1) < r holds, r satisfies
2L (B 2t (P 1) (r - 1),
This holds for r = 3?1 only when r = 3. O

Lemma 10.2. There are no codes satisfying Hypothesis 2 with soc(X/K) = Ree(r).

Proof. By [30], X3! is 2-transitive but not 3-homogeneous. Thus, Lemmaimplies thato =5
or 6. By Lemma(10.1] we have that the only possibility for is » = 3. Suppose 6 = 5. Then, by
Lemmal2.11] the weight 5 codewords form a 2-(28, 5, \) design, for some integer A < (m—2)/3.
That is, A < 8. Now, the number of blocks of such a design is:

28 - 27
S

Since this number must be an integer, we have that 5 divides A, and hence A = 5. Thus, there
must be 189 weight 5 codewords. However, an analysis in GAP [15] shows that the smallest
orbit on 5-sets for Ree(3) in its 2-transitive action has size 756.

Suppose ¢ = 6. Then, by Lemma[2.11} the weight 6 codewords form a 3-(28, 6, ) design,
for some integer A < (m —3)/3. Thatis, A < 8. Now, the number of blocks of such a design is:
28 - 2726
6-5-4
Since this number must be an integer, we have that 5 divides A, and hence A = 5. Thus, there

must be 819 weight 6 codewords. However, an analysis in GAP [15] shows that, for Ree(3) in
its 2-transitive action, each orbit on 6-subsets has even length. This completes the proof. O
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11 Proof of main result

We now prove Theorem Suppose that C'is a non-trivial completely transitive code in H (m, 2)
with minimum distance § > 5. Let Cpox be the maximal linear subcode of C', let X = Aut(C)
and let Xpa = X¢,,,. It then follows from Proposition part 3 that K = X N B is equal
to Xmax N B = T¢,,,. Furthermore, suppose that soc(Xma/K) = G, where G is one of the
groups appearing in Table [1| Note that & > 5 implies Cy # () from which it follows that C' is
2-neighbour-transitive and that Theorem applies.

Suppose that Cya is contained in the binary repetition code (1). It follows that C' comes
under part 1 or 2 of Theorem Now, by [16, Lemma 4.2], the even weight subcode of the
punctured Hadamard code is not completely transitive. Moreover, by [18, Corollary 5], both the
Hadamard code of length 12 and its punctured code are completely transitive. This gives lines 1
and 2 of Table [2| Hence, we may assume that C',,, has dimension at least 2 for the remainder
of the proof, which implies that C' is as in part 3 of Theorem In particular, this means that
M;j; and M;, do not need to be considered in the remainder of the proof as they do not appear
in [26) Table 1].

Now, Theorem [1.5|implies that the repetition code in H(m,2) is the unique linear code of
dimension 1 stabilised by Xg. It follows that the dual (1)l of the binary repetition code is the
only linear code of codimension 1 stabilised by X. Since (1)1 has minimum distance 2 it
follows that C' # (1)*. Thus 2 < dim(Cpax) < m — 2 and Hypothesis [1| holds. Suppose
that soc(X/K) # soc(Xmax/K). Then, by Propositions 4.2/ and we have that m = 15,
s0¢(Xmax/K) = Ay and C = N'R, as in line 3 of Table Moreover, by [22, Theorem 1.1],
N'R is completely transitive. Note that Proposition [4.3) means that we do not need to consider
s0¢(Xmax/K) = A7 in the remainder of the proof.

We now have that soc(X/K) = soc(Xma/K) and so Hypothesis [2| holds. Suppose that
soc(X/K) = PSL3(4). Then, by Lemmas [6.5 and we have that C' is one of the codes
appearing on lines 4-7 of Table each of which is completely transitive. Let soc(X/K) = M,,
with m = 22,23 or 24. Then, by Lemmas[5.2]and 5.4} it follows that one of the lines 8—13 holds,
and that the codes appearing there are indeed completely transitive. By Lemmas
and[10.2] no codes satisfying Hypothesis[2]exist with soc(X/K) = HS, Cog, PSLs(r), PSU3(r)
or Ree(r). This completes the proof.
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